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Abstract This research studies a fuzzy inventory model
for a deteriorating item with permissible delay in pay-
ments. For this paper, the demand depends on selling price
and the frequency of the advertisement. In order to make a
more realistic inventory model, it is considered the case of
stock-out which is partial backlogged. In this work, it is
taken account the shortage follows inventory (SFI) policy.
Several scenarios and sub-scenarios have been provided,
and each corresponding problem has been defined as a
constrained optimization problem in the fuzzy environ-
ment. Further, these problems have converted into a new
problem using the nearest interval approximation technique
of fuzzy numbers. Quantum-behaved particle swarm
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optimization (QPSO) algorithm with the help of interval
mathematics has been used to solve the optimization
problems. Numerical examples have been solved in order
to illustrate the proposed inventory model. Finally, with the
aim to analyse the significant influence of different factors
on the optimal policies, a sensitivity analysis is done.

Keywords Inventory model - Deterioration - Partial
backlogging - Particle swarm optimization - Fuzzy number

1 Introduction and Literature Review
1.1 Motivation

Inventory management is essential for the smooth func-
tioning of any firm. On the one hand, too much of inven-
tory may lead to an addition of a high cost to the company.
On the other hand, holding very few inventories may lead
to stock-out situations and result in loss of potential cus-
tomers. Inventory theory provides a solution to such
problems by addressing the fundamental questions of when
and how much to order. One of the basic models of
inventory theory is the economic order quantity (EOQ)
inventory model, which was derived by Harris [1] in 1913.
Several studies have been done in the past on inventory
management. Inventories are primarily classified as two
types: perishable and non-perishable. Non-perishable items
have a very long lifetime and hence can be used for
demand fulfilment over a long period. Products that
degrade in quality and utility with time are called perish-
able products. Perishable products are primarily of two
categories: one, which maintains constant utility through-
out the lifetime, for example medicines; while the other
with exponentially decaying utility, for example,


http://orcid.org/0000-0002-6290-8095
http://crossmark.crossref.org/dialog/?doi=10.1007/s40815-018-0466-7&amp;domain=pdf
http://crossmark.crossref.org/dialog/?doi=10.1007/s40815-018-0466-7&amp;domain=pdf
https://doi.org/10.1007/s40815-018-0466-7

A. A. Shaikh et al.: A Fuzzy Inventory Model for a Deteriorating Item with Variable Demand, Permissible Delay... 1607

vegetables, fruits and fish [2]. Management of perishable
items with limited lifetime is a challenge. The assure and
care of deteriorating items of production inventories has
obtained much attention of various investigators in the
recent years as most tangible goods deteriorate through
time. Because in reality, some of the goods either dis-
credited or decomposed when the environment of products
is changing due to weather conditions, pollution, etc. The
effect of deterioration is increasing rapidly in manufac-
turing goods in various fields like food items, products
related to pharmaceuticals and many others. Some part of
such physical goods either got damaged or spoiled or
evaporated or perished or affected due to many factors.
Thus, the goods become not as good as they used to be and
these cannot be supplied to customers to fulfil their
demand. Therefore, the damage due to the deterioration
phenomenon is very important to consider in the formu-
lation of an inventory model.

The effect of globalization brings a high competition in
the market that makes producers to hold inventory in such
way so that they can capture more and more customers and
the permissible delay in payment policy plays an important
role in the businesses. Nowadays, suppliers provide dif-
ferent schemes and facilities to their retailers so that
business can make smooth in nature. For example, one
policy is to provide goods on credit under defined terms
and conditions. Creditors pay no charge under the defined
period of time but once the time got elapsed then they have
to pay an extra payment in the form of the charge. This
inventory problem is called as trade credit inventory or
permissible delay in payments problem. Trade credit gen-
erates the following two benefits to the seller as stated in
Chen et al. [3]: (a) it reduces the buyer’s cost and attracts
new customers, and (b) it avoids permanent price compe-
tition. Trade credit enables separating flows of money from
the flows of goods, which can be highly volatile or
seasonal.

Haley and Higgins [4] first solved this class of inventory
problem. Afterwards, Goyal [5] derived an EOQ inventory
model considering conditions of permissible delay in
payments. Subsequently, Aggarwal and Jaggi [6] revisited
and extended the Goyal’s [5] inventory model for a dete-
riorating item. Their inventory model does not consider
shortages. Jamal et al. [7] built a general EOQ inventory
model, which considers fully backlogged shortages. It is
important to remark that very few studies have addressed
an inventory model for deteriorating items taking into
consideration permissible delay in payment with shortage
follow inventory policy. This has motivated us to develop a
fuzzy inventory model for a deteriorating item with vari-
able demand, permissible delay in payments and partial
backlogging with shortage follows inventory (SFI) policy.

Haley and Higgins [4] first solved this kind of inventory
problem. Later, Goyal [5] derived an EOQ inventory model
under the conditions of permissible delay in payments.
Subsequently, Aggarwal and Jaggi [6] revisited and
extended the Goyal’s [5] inventory model for a deterio-
rating item. Their inventory model does not consider
shortages. Jamal et al. [7] built a general EOQ inventory
model, which considers fully backlogged shortages. It is
important to note that very few studies have addressed a
fuzzy inventory model considering deterioration with trade
credit by shortage follows inventory (SFI) policy. This has
motivated us to develop an inventory model considering
the SFI policy.

1.2 Literature Review
1.2.1 Deteriorating Items

The first inventory model for deteriorating items was
developed by Ghare and Schrader [2]. Afterwards,
Emmons [8] built an inventory model for variable deteri-
oration rate. After this, many researchers have extended the
previous works in this field such as Covert and Philip [9],
Giri et al. [10] and Ghosh and Chaudhuri [11], Chakrabarty
et al. [12], Giri et al. [13], Sana et al. [14], Sana and
Chaudhuri [15] and many more. Misra [16] derived an
EOQ inventory model taking into account Weibull deteri-
oration rate for a perishable item without considering
backorders. In the same line of research, there are the
works of Deb and Chaudhuri [17], Giri et al. [18], Gos-
wami and Chaudhuri [19], Bhunia and Maiti [20, 21],
Mandal and Phaujdar [22], Padmanabhan and Vrat [23],
Pal et al. [24], Mandal and Maiti [25], Goyal and Guna-
sekaran [26], Sarker et al. [27], Pal et al. [28], amongst
others. The reader may be directed to literature reviews on
perishable inventory systems by Raafat et al. [29], Goyal
and Giri [30], Bakker et al. [31], and Janssen et al. [32].

1.2.2 Trade Credit in Inventory

The real and favourable advantage of delayed payments is
that suppliers give capital access and in this manner
empower their clients to expand order sizes without mov-
ing towards a liquidity bottleneck. Likewise, they help to
increase the competitive position of the suppliers who can
utilize payments delays rather than value rebates to
enhance sales and build up market position of their items
[33]. Different empowering influences that encouraging the
supply of trade credits are contrasts in the price elasticity
amongst supplier and purchasers, credit intermediation
amongst purchasers and banks and the insurance of non-
salvageable interests in purchasers [34]. Thus, in numerous
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businesses, trade credits have turned out to be a standout
amongst the most essential sources of short-term financing.

Goyal [5] demonstrated that the order quantity increases
if predefined payment delays are allowed, when contrasted
with the traditional EOQ inventory model. Teng [35]
additionally expanded the inventory model of Goyal [5]
and exhibited that in specific cases, it is useful for the
purchaser to diminish its order quantity if trade credits are
offered, and to profit by the admissible delay in payments
by ordering more as often as possible.

1.2.3 Trade Credit and Fuzzy Inventory Model

The parameters in the previous mentioned studies related to
inventory models are assumed to be known and constant.
Regardless, at least one parameter of the inventory model
frequently varies from cycle to cycle and displays a degree
of uncertainty over the planning horizon. Within the sight
of different vulnerabilities, it is tricky for retailers and
merchandisers to have an accurate measure of demand.
Moreover, most of the time, adequate historical informa-
tion is not accessible to the inventory decision-maker or
statistical inferences are incredible. Each situation raises
challenges for applying traditional inventory models in real
practice. To cope with uncertain accessible data in deci-
sion-making, it is ideal to describe inventory parameters
using a fuzzy number. In addition, interest income and
interest payments are two imperative issues that concern
trade credit. Because of economic globalization and
advancement, the interest rate is probably not going to stay
stable consistently. In this way, it is advantageous to
describe the interest rate as a fuzzy number. Das et al.
[36, 37] and Guchhait et al. [38, 39] investigated the
inventory model under fuzzy trade credit with decaying
items considering various scenarios. They assumed two
types of deterioration for finished product and raw material
as well. Several inventory models have been proposed by
academicians and researchers. These inventory models
include different types of considerations with respect to
deterioration, demand, shortage policy, level of permissible
delay in payments, inventory policy, amongst others
characteristics. The details of some research works are
presented in Table 1.

Recently, Bhunia et al. [56] studied an inventory pricing
model for a deteriorating product considering demand
depends on both stock and price discount. After that,
Bhunia and Shaikh [57] introduced an inventory model by
considering that inventory parameters are interval valued
with both inventory follows shortage (IFS) and shortage
follows inventory (SFI) policies. They solved this problem
by particle swarm optimization technique. However, this
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inventory model does not consider permissible delay in
payments.

The present paper contributes to the existing literature
proposing an inventory model for a deteriorating item
taking into account permissible delay in payments, demand
dependent on selling price and advertisement’s frequency
and shortage follows inventory (SFI) policy in a fuzzy
environment.

2 Assumptions and Notation

The assumptions and notation that are needed to develop
the inventory model are shown below.

2.1 Assumptions

1. The demand rate depends on selling price of the item
and frequency of advertisement in different media.
Here, the demand rate is given by D(A,p) = A”(a—
bp), where a, b,y > 0 and with the condition 0 <p < {.

2. The entire lot is supplied in one order.

3. Lead time is constant and known, and replenishment
rate is infinite.

4. Deterioration occurs only after the lot is received.
There is neither repair nor replacement of deteriorated
items for the period of the replenishment cycle.

5. The planning horizon is infinite.

Supplier offers a fixed credit period to the retailer.

7. Shortages are permitted, and unsatisfied demand is
partially backlogged. During the shortage period, the
backlogging rate depends on the duration of the
waiting time till the arrival of the next order. The

*

backlogging rate is determined with [1 + d(r, — )] ",
0> 0.

2.2 Notation

Parameters

C,,C, Crisp and fuzzy ordering costs per order ($/order)

Cyp, Cp Crisp and fuzzy purchasing costs of retailer per unit ($/unit)

Ch, G, Crisp and fuzzy holding costs per unit per unit time ($/
unit/time unit)

Cy, Gy, Crisp and fuzzy shortage costs per unit per unit time ($/
unit/time unit)

Cis, Cs  Crisp and fuzzy opportunity costs per unit due to lost sale ($/
unit)

Ca Advertisement cost per advertisement ($/advertisement)
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Parameters

I, Interest earned by the retailer per unit time (%/time
unit)

I, Interest payable to the supplier per unit time
(%/time unit)

D Selling price per unit ($/unit)

0 Constant deterioration rate (0<0 < 1)

M Length of credit period offered by the supplier to
his/her retailer(time unit)

(1) Inventory level at time ¢ (units)

D(A,p) Demand function (units/time unit)

Zy, = [Zy1, Zyr]  Total profit per unit of time of the inventory system

($/time unit)

Decision variables

A Frequency of advertisement (an integer value)

t Time when the shortage quantity achieves to the
highest level R (time unit)

t Time when inventory level attains to zero. Also, it
represents the cycle length (time unit)

Dependent

variables

N Highest stock quantity at the starting of stock period
(units)

R Maximum shortage quantity (units)

(0] Lot size, Q = S + R, (units)

3 The Nearest Interval Approximation of a Fuzzy
Number

A fuzzy number is a fuzzy set that is both convex and
normal. This number plays a significant role to formulate
the model of real-world decision-making problems with
uncertain parameters. The basics of fuzzy sets and fuzzy
numbers are described in the existing literature. This paper
uses nearest interval approximations of fuzzy numbers such
as triangular fuzzy number (TFN), Trapezoidal fuzzy
number (TrFN) and parabolic fuzzy number (PFN).

Let A be a fuzzy number with interval of confidence at
the level o; [AL(«),Ar(a)]. According to Grzegorzewski
[58], the nearest interval approximation of fuzzy number A
is a crisp interval number which is represented by

1 1
JAL(x)dor, [Ar(er)der|. Applying this formula, interval
0 0

approximations of three different fuzzy numbers are shown

in Table 2.

4 Mathematical Formulation of the Inventory
Model Under Crisp Environment

Here, the inventory cycle starts with shortage and ends
without shortage at time #; (see Fig. 1). In the beginning
(i.e. at time t = 0), shortages start to accumulate with a rate

[14 6(t, — )] ', > 0 and continue till the time ¢ = #,. At
time ¢t = £, a lot of (Q = S + R) units of the item is pur-
chased and received. Then, the inventory level diminishes
by reason of demand and deterioration, and it achieves to
zero at t = 1.

The inventory level I(z) at time ¢ is modelled by the
according to differential equations:

d{i(tt) T +D5((1:€)t)}’ O=r<t m
d{d—(tt)—&—ﬂl(t) =—D(A,p), t,<t<n (2)
with the conditions

I(t)=—-R at r=t, (3)
and

I()=0 at t=r1. (4)

Using (3) and (4), thus the solutions of (1) and (2) are

expressed by
I(t) = =R+ D(A,p)log|1 +d(r; — 1) /0, 0<r<1

(5)
1) = D(Ap){" ) 1} [0, 1<1<ny (6)
Moreover, I(t) =0att=0 and I(f)=Satt=t.

(7)

Therefore,

S = D(A,p){e()(t"’S) - 1}/9 (8)

The total holding cost (Cyo) is calculated by

1

Chol = Ch/l(t)dt (9)

ts

From I(¢t) =0 at t = 0, then the shortage level is deter-
mined with

R = D(A,p)log|1 + 8|/ (10)

The total shortage cost (Cgpo) for the duration of the whole
inventory cycle is expressed by

ts

Cao = Co / [—1(r)]dt (11)

0

The total cost of lost sale (OCLS) for the period of the
inventory cycle is obtained with

@ Springer
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Table 1 Related literature for trade credit inventory models

Author(s) Deterioration Demand rate Shortage policy Level of permissible delay in Inventory
payments policy
Chang et al. [40]  Yes Constant No Single -
Abad and Jaggi No Linearly time dependent No Single -
[41]
Ouyang et al. [42] Yes Constant No Single -
Huang [43] No Linearly time dependent No Two level -
Huang [44] No Constant No Single -
Huang [45] No Constant No Two level -
Sana and Yes Selling price dependent No Single -
Chaudhuri [46]
Huang and Hsu No Constant No Two level partial trade credit —
[47]
Ho and Ouyang No Constant No Two level -
[48]
Bhunia et al. [49] Yes Linearly time dependent Partial Single IFS and SFI
backlogging
Jaggi et al. [50] Yes Constant No No -
Jaggi et al. [51] Yes Selling price dependent No Single -
Jaggi et al. [52] Yes Selling price dependent Complete Single IFS
backlogging
Tiwari et al. [53] Yes Constant Partial Single IFS
backlogging
Jaggi et al. [54] No Selling price dependent Complete Single 1FS
backlogging
Jaggi et al. [55] Yes Constant Partial No IFS
backlogging
This paper Yes Frequency of advertisement and selling  Partial Single SFI
price dependent backlogging
Table 2 Interval Type of fuzzy number Representation Interval approximation

approximations of three
different fuzzy numbers

Triangular fuzzy number (TFN)

Parabolic fuzzy number (PFN)

Trapezoidal fuzzy number (TrFN)

A= (a1,az,a3) [(“!;ﬂlz) , (azzrllz)]

A= (a1,a2,az) [ 2ay + az),5 (a2 +2a3)]

1 1
3 3
A= (a1, az,a3,a4) [% (ay +02),%(03 +a4)]

ts

1
LS=Cs [ DAl ——
OCLS Cl/ ( p){ 1+5(ts—t)}dt
0

(12)

Advertisement cost (C,gy) during the inventory cycle is
computed by

Cagy = CAA
As M is the fixed trade credit period provided by the
supplier to the retailer then there exist two scenarios as

follows: Scenario 4.1 t;<M <t; and Scenario 4.2 t; <M.
Now, these two scenarios are discussed in detail below.

@ Springer

Scenario 4.1 1, <M <t;. In this case, the total sales

M
revenue during (75, M] is determined with p [ D(A, p)dr and

1
the interest earned on that sales revenue from ¢, to M is

M
calculated with pl. [ [ D(A,p)duds. At time t =M, the

Iy 1
retailer has accumulated the amount:

M Mt
p/D(A,p)dt+p1e//D(A,p)dudt
g I

Is

Uy =

+bR{1 +1e(M — 1)}
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16)

Fig. 1 Inventory level through time

On the other hand, the retailer must pay C,(S+R)
amount to the supplier. Here, the following two sub-sce-
narios arise: Sub-scenario 4.1.1 U, <Cy(S + R) and Sub-
scenario 4.1.2 U; > Co(S + R). These two sub-scenarios
are explained below.

Sub-scenario 4.1.1 U, <C,(S+ R) In this sub-scenario,
the retailer’s earning amount is not enough to the payable
amount of the supplier. In that case, supplier may agree to
take the partial payment or not. Considering these situa-
tions, two cases occur: Case 4.1.1.1 When partial payment
is allowed at time t = M and Case 4.1.1.2 When partial
payment is not permitted at time ¢ = M. These two cases
are described below.

Case 4.1.1.1 When partial payment is allowed at time
t = M. In this case, at time ¢ = M, the retailer must pay U,
amount to the supplier and the rest amount
{Cp(S+R) — U, } along with the interest charged must be
paid at time + = B(B > M). Therefore, at time ¢ = B, the
total payable amount is
{Cy(S+R) — Ui }{1 + I,(B— M)}. During the time per-
iod [M, B], the retailer also earns the interest on the sales
revenue. The interest earned from M to B is obtained with

B it
pl. [ [ D(A, p)dudtand the total sales revenue for the time
MM

B
period [M,B] is computed with p [ D(A,p)dr. Now, the
M

total available amount to the retailer is given by

(selling amount during [M, B])

+ (the interest earned on that selling amount)

B B i (13)

=p / D(A,p)dt + pl. / /D(A,p)dudt.
M M M

Thus, at time ¢ = B, the amount payable to the supplier
is equal to the total amount available to the retailer which is
given by

{G(S+R) - U {1 +I,(B—M)}

B B t
= p/D(A,p)dterIe//D(A,p)dudt
M M M

From Eq. (14), B can be expressed explicitly in terms of
other parameters.
Now, the total sales revenue during the time period

(14)

Il
[B,t1] is p [ D(A,p)dt and the interest earned during the
B

not
time period [B, 1] is pl, [ [ D(A, p)dudr.
BB

Therefore, the total profit per unit of time for the cycle is
expressed mathematically by

X
ZED (A 1) = t—ll (15)

where
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X, = (total sales revenue during [B, #{])
+ (interest earned during [B, #;]) — {(ordering cost)
—(holding cost) — (shortage cost)
—(cost of lost sales) — (advertisement cost)

|

N t
Xi :p/D(A,p)dt+p1e//D(A,p)dudt
B B B (16)

- Co - Chol - Csho — OCLS — Cadv

Hereafter, the resultant constrained optimization prob-
lem is given by Problem 1 as follows:
Problem 1

X
At 1) = —
(A, 15, 11) " (17)

M<rn

. 4.1.1.1
Maximize Zlg )

subject to g
Case 4.1.1.2 When partial payment is not permitted at
time t+ = M. In this case, full payment is made after any
time t = M. Let this time point be B. At time ¢ = M, the
retailer has U; amount available, so from this amount, he or
she earns interest for the time period [M, B], but he must
pay the interest for the time period [M, B].
The interest earned on U; from M to B is UI.(B — M).
The interest earned on the sales revenue M to B is

B 1
pl. [ [ D(A,p)dudt and the total sales revenue for the
MM

B
period [M,B] is p [ D(A, p)ds.
M
Thus, the total amount earned by the retailer up to time

t=B is Ui{l +I.(B— M)} +

Bt B
(pleffD(A,p)dudter fD(A,p)dt) and the payable
MM M

amount to the supplier is C,(S + R){1 + I,(B — M)}.
Clearly, the quantity payable to the supplier is equal to
the total quantity available to the retailer at time ¢t = B.
Therefore,
Co(S+R){1+1,(B—M)}
=U{l+1(B-M)}
B 1 B (18)
—|—ple/ /D(A,p)dudt +p / D(A,p)dt
M M M

from which B can be expressed explicitly in terms of other
parameters.
Now, the total sales revenue during the time period

1
[B,1;] is calculated with p [D(A,p)dt and the interest
B

@ Springer
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earned during [B,#;] is determined with pl [ [
BB

D(A, p)dudr.
Consequently, the total profit per unit of time for the
cycle is expressed as

X
Z}()4‘1'1‘2>(A,ts,t1) :t_lz (]9)

where

X, = (total sales revenue during [B, #])
+ (interest earned during [B,#]) — (ordering cost)
— (holding cost) — (shortage cost)—(cost of lost sales)

— (advertisement cost)

]

n t
X, :p/D(A,p)dt + pl, / /D(A,p)dudt — Co — Chol
B B B
— Csho — OCLS — Cadv

(20)

As a result, the resultant constrained optimization
problem is stated by Problem 2 as follows:

Problem 2
s (4.1.1.2) X2
Maximize Z; (A t,11) =—
I (21)
subject to t; <M <t

Sub-scenario 4.1.2 U, > C,(S+R)

In this sub-scenario, at time t = M, retailer must pay
only C,(S + R) amount to the supplier. So, he or she earns
the interest for the time period [M,#] from the excess
amount {U; — C,(S+ R)}. The retailer starts to accumu-
late the revenues continuously on the sales and earns
interest on that revenue after time t = M.

Thus, the total sales revenue is

f
p/D(A,p)dt. (22)
M
The interest earned by the retailer is
n t
ple//D(A,p)dudt. (23)
M M

Then, the total profit per unit of time for the cycle is
computed by
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70194, 1, 1) =2 (24)
h

where X3 = (Excess amount after paying the amount to
the supplier)+  (interest earned for the excess  amount
during [M,t#;]) + (total sales revenue during [M,#]) +
(interest earned during [M, £]) —(ordering cost)— {
holding cost) — (shortage cost) —(cost of lost sales)
—(advertisement cost)

X3 ={U; = Co(S+R)}{1 + L.(t — M)}

5]

n t
+p/D(A,p)dt+pIe//D(A,p)dudt (25)
M M M

- Co - Chol - Csho — OCLS — Cadv

So, the resultant constrained optimization problem is
written in Problem 3 as follows:

Problem 3

X
Maximize Zlg‘“'z) (A, 15,11) = =
5] (26)

subject to t; <M <t

Scenario 4.2 1 <M In this scenario, the total sales rev-
enue during the time period [f5,#] is determined with

n

p / D(A,p)dt. (27)

8

The interest earned during the time period [f;, 1] is given
by

pl. ] / D(A, p)dudt (28)

Is I

and the interest earned during the time period [t;,M] is
calculated as

I ot
p/D(A,p)dt+ple//D(A,p)dudt I.(M—1).
rS TS

ts

(29)

Hence, the total revenue earned by the retailer is
obtained with

U, = {p/tlD(A,p)dl‘+pIe/n/D(Avp)dudt} (30)

15 s 1

{1 +1.(M— 1)} +pR{l + I.(M — 1,)}.

Therefore, the total profit per unit of time for the cycle is
given by

X
Z8D(A, 1) = t_14 (31)

where

X4 = (excess amount) + (interest earned for the excess
amount) — (ordering cost) —(holding cost)

— (shortage cost)—(cost of lost sales) — (advertisement cost)

Xy = Us — Gy(S+R) — Co — Chol — Cspo — OCLS — Cagy

In this scenario, the resultant constrained optimization
problem is expressed in Problem 4 as follows:

Problem 4
P (4.2) X4
Maximize Z3*“ (A, t, 1) = —
P f (32)
subjectto ) <M

5 Fuzzy Inventory Model

In fuzzy environment, all the differential equations, their
solutions and the expressions for S and R are the same as in
the formulation of crisp environment.
~ ~ . h
The total holding cost Ch is given by Choi = Cy, [ 1(1)dt
15
Here, the total shortage cost Ceho through the complete
inventory cycle is computed as
Is
Cao = Gy / —1(0))dr (33)

0

The total cost of lost sale OCLS thru the inventory cycle
is determined with
1

OCLS = éls/D(A,p){l — m}dt (34)
0

Like in crisp inventory model, here two scenarios arise:
Scenario 5.1 ty<M <t; and Scenario 5.2 t; <M. These
two scenarios are explained below.

Scenario 5.1 <M <t At time t = M, the retailer has
accumulated the amount

M M t
U, :p/D(Am)dterIe//D(A,p)dudt
Is ts I

+pR{1 +1.(M — 1)}

But, the retailer must pay C,(S+ R) amount to the
supplier. Thus, two sub-scenarios occur: Sub-scenario
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511 U <Cy(S+R) and  Sub-scenario  5.1.2
U, ZCP(S + R). These two sub-scenarios are addressed

below.

Sub-scenario 5.1.1 U, <C~’p(S + R) Like crisp inventory
model, in this sub-scenario, again two cases occur: Case
5.1.1.1 when partial payment is allowed at time ¢t = M and
Case 5.1.1.2 when partial payment is not permitted at time
t=M.

Case 5.1.1.1 When partial payment is allowed at time
t = M. In this case, the total profit per unit of time for the
cycle is given by

X
ZF @A) =T (35)
where

X, = (total sales revenue during [B,t;])
+ (interest earned during [B,#]) — (ordering cost)
—(holding cost) — (shortage cost)—{cost of lost sales)
— (advertisement cost)

ot

~ n ~
Thus, X; =p [ D(A,p)dt +pl. [ [ D(A,p)dudr — Co—
B B B

Chol - ésho — OCLS — Cadv
Then, the constrained optimization is expressed below:

Problem 5

Xi
aximize Z; (A,t5,11) " (36)

subject to t; <M <1y

Case 5.1.1.2 When partial payment is not permitted at
time t = M In this case, the total profit per unit of time for
the cycle is given by

X
25Nt =3 (37)

where

X, = (total sales revenue during [B, #;])
+ (interest earned during [B, #;]) — (ordering cost)
—(holding cost) — (shortage cost)

—(cost of lost sales) — (advertisement cost)

1

1 t
X, :p/D(A,p)dt + pl. / /D(A,p)dudl — Co — Chal
B B B

— Lsho — OCLS — Cadv

@ Springer

Therefore, the constrained optimization problem is
shown below

Problem 6

X
Maximize ZO D (A, 1, 1) = =2
aximize Z; (A, ts,11) y (38)

subject to t; <M < t;.

Sub-scenario 5.1.2  U; > C,(S + R) In this sub-scenario,
the total profit per unit of time for the cycle is given by

2812, 1) =7 (39)
where X3 = (Excess amount after paying the amount to
the supplier) + (interest earned for the excess amount
during [M,1]) + (total sales revenue during [M,1]) +
(interest earned during [M,t]) — (ordering cost) —
(holding cost) — (shortage cost) — (cost of lost sales) —
(advertisement cost)

X3 = {U; —Co(S+R) M1 +L(n —M)}—i—p}D(Ap)dt

n ot

+ ple f fD(A,p)dudt— CNwo - CNwhol - ésho — OCLS — Cygy
MM

Hence, the constrained optimization problem is set as

Problem 7

X
L S(5.12) 23
Maximize Z; (A, t,11) = t1 (40)

subject to t; <M <t

Scenario 5.2 t; <M In this scenario, the total profit per
unit of time for the cycle is expressed as

X
2394, 1,1m) == (41)
1

where

X, = (excess amount) + (interest earned for the excess amount)
— (ordering cost)—(holding cost)

— (shortage cost)—(cost of lost sales) — (advertisement cost)

Thus,
X4 = U2 - ép(S ‘|’R) - éo - éhol - ésho — OCLS — Cadv

Therefore, the constrained optimization problem is for-
mulated as follows:

Problem 8

X
Maximize Z}(,S'z) (A1, 1) = ?14 (42)

subject tot; <M
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To solve nonlinear optimization problems (17), (21),
(26), (32), (36), (38), (40) and (42), an efficient soft com-
puting method named as quantum-behaved particle swarm
optimization (QPSO) method is applied (Bhunia and
Shaikh [57]). A brief description of QPSO and interval
order relation is given in Appendix A and Appendix B,
respectively. The general pseudo-code of QPSO is given
below:

a=100,b=05,0=0.1,I, = 0.12, [, = 0.15, M = 0.25,
p=45Cy=50,y=0.1,5=25

In order to obtain the solution, the soft computing
method QPSO is applied. This QPSO was coded in C
programming language. The computational experiments
were made on a PC with Intel Core-2-duo 2.5 GHz pro-
cessor in LINUX. For each case, 20 independent runs were

begin

particle.
find gbest of the population.
while (not termination condition).
begin
set t<—1t+1.

update the mean best position.

update the position of each particle.
end
print the gbest result.

end

initialize the PSO parameters and bounds for the decision variables.
set t <0 [t indicates generation number].

initialize p(t) [ p(t) denotes the population of particles at t-th generation).

evaluate the fitness function of each particle of p(t), store the fitness of each

compare each particle’s fitness with the particle’s pbest. Store better one as pbest.

compare current gbest position with earlier gbest position.

6 Numerical Examples

The following three examples are solved with the aim to
provide a numerical illustration of the proposed inventory
model,

Example 1 C, = (158,160,162), C, = (18,20,22),
Ch=(1,152), GC,=(6,8,10), Cys=(9,10,11),
a=100,b=0.5,0=0.1,1. = 0.12, [, = 0.15, M = 0.25,
p=145 Cy=50,7=0.1,0=25

Example 2 C, = (160,162,164), C, = (20,22,24),
Ch=(2,25,3), GCp=(8,10,12), G = (10,12,14),
a=100,b=0.5,0=0.1,1, =0.12,, = 0.15, M = 0.25,
p=45Cy=50,7=0.1,6=25

Example 3 C, = (148,150,152), C, = (14,16,18),
Ch = (1,1.25,1.5), Cy, = (10,12,14), C;, = (14,16,18) ,

executed by QPSO of which the best objective value of the
total profit per unit of time function is taken.

It is important to remark that the three examples are
solved by two different versions of QPSO (i.e. GQPSO and
WQPSO) and the computational results are presented in
Tables 3, 4, 5, 6, 7 and 8. The bold in the Tables 3-8
denotes the optimal solution.

7 Sensitivity Analysis

Using the numerical Example 1 mentioned earlier, a sen-
sitivity analysis was performed on different parameters in
order to know the effect of particular parameter on optimal
solution. The corresponding computational results are
presented in Table 9.

Form Table 9, the following interpretations are made:
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Table 3 Computational results of Example 1 by GQPSO

Scenario  Sub-scenario Case A

Z

Z

Centre value of total profit

tg 151 pL PR
1 1.1 1I.I.1 10 0.1310 1.3345 205.29 18.18 223.47 3107.57 3521.02 3314.29
1.1.2 11 0.1358 14152 221.16 1895 240.11 3099.85 3553.53 3326.69
1.2 - 12 0.1445 1.5438 24552 20.16 265.68 3135.78 3568.59 3352.19
2 - - 05 0.1113  0.7138 95.86 1471 110.57 2824.79 311821 2971.50
Table 4 Computational results of Example 1 by WQPSO
Scenario  Sub-scenario Case A ts 1 S R ] Zp1. Zor Centre value of total profit
1 1.1 1.1.1 10 0.1310 1.3364 205.63 18.18 223.81 3107.43 3521.15 3314.29
1.1.2 11 0.1361 14156 221.17 1898 240.15 3099.86 3553.52  3326.69
1.2 - 12 0.1447 1.5436 245.44 20.18 265.62 3135.82 3568.55 3352.19
2 - - 05 0.1079  0.7305 96.19 1431 1105 2824.17 311892 2971.55
Table 5 Computational results of Example 2 by GQPSO
Scenario  Sub-scenario Case At t S R (0] Zy Zyr Centre value of total profit
1 1.1 1.I.1. 6 0.1378 1.4486 129.84 1098 140.82 169332 2023.07 1858.20
1.1.2 7 0.1441 15486 14197 11.58 15355 1685.85 2048.32 1867.09
1.2 - 7 01524 1.6567 152.82 12.15 164.97 171498 2057.17 1886.08
2 - - 3 0.1157 0.8385 64.84 8.78 73.62  1506.35 174040 1623.38
Table 6 Computational results of Example 2 by WQPSO
Scenario  Sub-scenario Case A t S R (0] ZyL Zpr Centre value of total profit
1 1.1 1.I.1. 6 0.1370 14507 130.14 1092 141.06 1693.12 2023.28 1858.20
1.1.2 7 0.1439 1.5520 14235 11.57 15392 1685.61 2048.56 1867.09
1.2 - 7 01514 1.6547 152.72 12.09 164.81 171496 2057.20 1886.08
2 - - 3 0.1158 0.8355 64.55 8.79 73.34  1506.46  1740.28  1623.37
Table 7 Computational results of Example 3 by GQPSO
Scenario  Sub-scenario Case A t S R (0] ZyL Zpr Centre value of total profit
1 1.1 1.I.1. 6 0.1536 13645 11934 12.05 131.39 1498.11 1974.17 1736.14
.12 6 0.1548 13958 12249 12.13 134.62 149561 1991.14 1743.38
1.2 - 6 0.1632 1.4844 13094 12.68 143.62 1522.17 1999.54 1760.86
2 - - 3 0.1357 0.8476 63.82 10.11 73.93  1364.68 1707.39  1536.04
Table 8 Computational results of Example 3 by WQPSO
Scenario  Sub-scenario Case A f I8 S R (0] Zor Zor Centre value of total profit
1 1.1 1.I.1 6 0.1528 13611 119.06 11.99 131.05 149825 1974.03 1736.14
1.1.2 6 0.1563 13969 12244 1223 134.67 149577 199098 1743.38
1.2 - 6 0.1641 14816 130.55 12.74 143.29 1522.52 1999.19 1760.86
2 - - 3 0.1316 0.8183 61.48 9.84 7132 1365.31 1707.54 1536.43
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Table 9 Sensitivity analysis for Example 1

Parameters %change of parameters % in change in
ATt 1y §* R* Z. A Centre value of total profit (Z)
a — 20 9 15.36 0.13 —26.85 —16.02 —2507 —2637 — 2576
— 10 10 13.08 — 457 —19.27 — 372 —1147 —1326 —1242
10 13 8.79 — 6.56 2.88 21.13 16.19 13.70 14.86
20 13 6.99 —11.74 6.45 31.99 30.47 27.26 28.76
b - 20 13 754 —-637 —5.10 10.22 6.41 4.19 5.23
- 10 12 734 —698 — 646 8.88 4.28 2.20 3.17
10 11 6.92 —7.14 —10.76 8.63 0.23 —-193 —-0.92
20 10 6.51 — 834 —15.38 10.09 — 1.82 —4.01 — 2.98
C, — 20 11 8.30 — 4.74 — 6.09 — 3.26 0.86 0.43 0.63
— 10 11 8.10 — 1.54 — 1.10 — 0.57 0.36 0.27 0.31
10 11 7.93 0.93 0.99 0.93 —0.35 —0.27 —0.31
20 11 7.41 1.84 1.89 1.12 —0.70 —0.53 — 0.61
Ch - 20 12 9.48 6.24 8.35 0.26 1.01 0.99 1.03
- 10 11 7.96 1.76 225 —1.34 0.55 0.44 0.49
10 11 6.13 —4.32 — 5.88 —2.33 — 041 — 0.54 — 048
20 11 5.62 — 5.86 — 7.80 — 3.17 — 091 — 0.94 —0.93
ép — 20 13 4.43 42.70 59.70 8.53 27.23 24.26 25.65
— 10 12 6.64 20.03 27.46 4.46 13.02 11.64 12.29
10 11 1052 — 1546 — 20.40 —-273 —1216 —10.79 —11.43
20 — - —2694 —3510 —342 —12365 -—20.87 -—2217
0 - 20 12 7.40 1.63 —0.34 6.30 3.58 1.47 2.46
— 10 12 8.31 0.14 — 1.48 6.20 2.84 0.83 1.77
10 11 8.78 — 034 —13.25 6.15 1.67 — 0.51 0.51
20 10 9.34 — 386 —17.74 6.00 1.16 — 1.14 — 0.07
C‘b — 20 10 2.70 0.65 2.00 —9.67 —0.71 —0.34 — 0.51
— 10 11 5.74 0.27 0.94 — 4.86 —0.36 —0.18 — 0.26
10 11 7.82 035 —0.96 5.70 0.39 0.18 0.28
20 11 14.05 080 —2.22 9.91 0.8 0.38 0.57
y - 20 8 1.80 -1487 —2408 —645 —254 —506 —3.88
— 10 8 548 — 1481 —22.54 — 6.35 —0.22 — 2.80 — 1.59
10 14 12.94 0.12 2.92 15.72 5.07 3.26 4.10
20 16 16.12 3.45 11.27 23.61 8.30 6.65 7.42
o — 20 11 30.19 —9.58 —15.55 40.07 4.55 1.25 2.80
— 10 11 25.54 — 824 —13.22 22.27 3.22 0.56 1.81
10 11 — 558 —657 —8.11 — 5.46 1.65 —0.26 0.64
20 11 —20.88 — 6.21 —7.11 —15.82 1.17 —0.52 0.27
Ca — 20 14 7.68 — 6.80 — 742 8.18 4.95 2.69 3.75
— 10 13 6.16 —17.73 —9.77 5.31 3.55 1.29 2.35
10 10 5.67 —7.81 —10.63 5.11 1.19 —0.99 0.03
20 9 5.40 — 821 —10.95 1.69 0.15 - 1.59 —0.97
1. The total profit per unit of time (Z,,) is highly sensitive =~ 2. The highest shortage level (R) is highly sensitive with

with respect to the demand parameters a (location
parameter), purchasing cost C,, whereas moderately
sensitive with respect to the parameters b, Cx and 7.
The total profit is insensitive with respect to the
parameters 0, Cy, C,, Cy, and 0.

respect to a, d and ), whereas it is moderately sensitive
with respect to the parameters b and Cyp. It is less
sensitive with respect to C,, 0 and C,; insensitive with
respect to C, and Cy,.
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3. The highest on-hand stock level (S) is insensitive with
respect to the parameter b. It is highly sensitive with
respect to a (location parameter), purchasing cost Cp
and parameter Y.

4. The time (#;) in which inventory level reaches to zero
is moderately sensitive with respect to a, b, C,, 7, 9,
C,, Cp and Cya, whereas it is less sensitive with respect
to the parameters 0 and Cy.

5. The time (#) in which inventory level reaches to
maximum shortage level (R) is moderately sensitive
with respect to all parameters.

6. The frequency of advertisement (A) is moderately
sensitive with respect to all parameters.

8 Conclusion

Due to globalization of market economy along with highly
competitive market situation, trade credit financing has a
significant role in retail business. By this policy, retailers
are encouraged to begin their business without any
investment. On the one hand, suppliers/wholesalers are
highly benefitted to promote their business by providing
the facility to their retailers. In any inventory system,
demand of any product plays a vital role to take a proper
decision regarding the replenishment size of the order. It
depends on several factors such as, selling price, displayed
stock level, time, advertisement, amongst other factors.
Additionally, in many situations of the real world, the costs
involved are no fixed. In this direction, this research work
has developed an inventory model with trade -credit
financing under fuzzy environment for a particular type of
deteriorating item whose demand depends on both selling
price and frequency of advertisement. For future research,
this inventory model can further be extended by consid-
ering other types of demand in both environments deter-
ministic and stochastic, finite planning horizon, inflation
and also two level trade credit policy. These are more or
less remarkable research guidelines that can be worked by
academicians and researchers in the immediate future.
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Appendix A: Brief Description of Quantum-
Behaved Particle Swarm Optimization (QPSO)

This Appendix is briefly discussing about the efficient soft

computing method named as quantum-behaved particle
swarm optimization method (see for instance Bhunia and

@ Springer

Shaikh [59]). The solution found by this QPSO method is
known as efficient solution or in other words can be termed
as optimal answer. Unfortunately, the optimality of the
solution cannot be proved theoretically. It is well known
that Kennedy and Eberhart [60] developed the particle
swarm optimization technique considering generic beha-
viour of bird flocking/fish schooling.

In particle swarm optimization, the different attributes
of ith (1 <i<pg,e) particles are as follows:

l. x;i = (x1,%2,...,%p) 1s current position in search
spaces.
2. vi= (vi1,v2,-..,Vin) is current velocity.

3. pi=(pa,pi2,---Pin) 1is personal best position or
(pbest)

4. pg: (Pg17pg27"

According to Kennedy and Eberhart [60], the velocity of
ith particle in kth iteration/generation is updated by the
following rule:

) ) ey ) e (o) o).
where j=1,2,...,n, k=1,2,...,m,

.,Dan)- is global best (gbest) position

Here, inertia weight is w, acceleration coefficients are
c1&ey; & rgf) ~U(0, 1); rgf) ~U(0, 1).

At (k + 1)-th iteration, the new position of ith particle is
calculated by

xg‘*” = xlg@ + vg{H) ie., xl(

k+1) (k+1)

= xz@ +v;
The personal best (pbest) position of i-th particle is
updated as follows:
(k+1)

k) (k+1) (k)
i I;Ek) EJ{(%"*”)) ij:((;(lk))) with pf()) - xl(0>

where the objective is to maximize function f.

Global best (gbest) position p, can be identified by any
particle at the time of all previous iterations/generations is
defined as pékﬂ) = arg maxpif(pgkﬂ)), 1 <i < pyige.

Each particle must converge to its local attractor p; =
(PitsPins - - - Pin) (Clerc and Kennedy [61]) whose compo-
nents are given by

) = e +enl)] Jler+e) j=1,2.

5k k k .
Orpgi) = ¢jp§/‘) + (1 - ¢j)l7§;j>7 j=12,...n
0
where ¢; = WQWWhefe ¢;~U(0,1).

After Kennedy and Eberhart [60], some new variants of
PSO have been proposed considering different velocity
updating rules. Amongst these, the popular versions of PSO
are: (1) weighted PSO (Clerc [62]) and (2) PSO-CO (Clerc
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and Kennedy [61]). It is worth mentioning that in these
versions of PSO, particle’s behaviour is according to the
rule of classical mechanics; here its position and velocity
vectors only depict a particle in the swarm. Nevertheless,
this is not true in quantum mechanics. Considering quan-
tum behaviour of particle, Sun et al. [63, 64] introduced
quantum-behaved PSO (QPSO). According to Sun et al.
[63, 64], the iterative equation for the position of the par-
ticle in QPSO is determined by

1

ko xf]k>‘ log (—(k)>
u:
J

where u( >NU(O 1) and B is acted as contraction—ex-

%

=Py

pansion coefﬁment which worked in order to control con-
vergence speed of an algorithm. The value of f/ can be
decreased linearly from 1.0 to 0.5. The global point is
called as mainstream (or mean best (m*))) of the popula-
tion at k-th iteration is the mean of the pbest positions of
each and every particles.

m®) = (m§k>, . mgp)

1 Dsize Psize Psize *)
B S e

size 1 Psize ‘= Psize =7

In WQPSO, weighted mean best position is replacing
mean best position of QPSO. Therefore, particles can be
ranked in decreasing order as per their fitness values.
Further, weighted coefficient o; is assigned and linearly
decreasing with the particle’s rank such that nearer the best
solution, the larger its weighted coefficient is. The mean
best position m<k), therefore, is calculated with:

mh = (m<lk),m(2k)7 e m(k>>

n

1 Dsize " 1 Dsize
—( S, LSS

size 5 size S Psize

Z oCmp in >

i=1

where «; is the weighted coefficient and ;4 is the dimen-
sion coefficient of every particle. In this work, the weighted
coefficient for each particle decreases linearly from 1.5 to
0.5.

On the hand, in GQPSO, 135;() is calculated as follows:

~(k k k
By = [G(“pfj )4 g®plk >} / (G<k) n g<k>)7
j=12,...n

where G®) and g be the random numbers (at kth itera-
tion) which are generated using the absolute value of the
Gaussian (Normal) probability distribution with mean (0)
and variance (1).

k)

Here m™®) is computed by

n

1 Psize ) 1 Psize ) 1 Psize ®
B P DL ) B SR B
Psize Psize =4

S1Z€ =1 i=1

m® = (m(lk>, m(2k>7 A m<k)>

and the iterative equation for the position of the particle is

given by
() 1
Yy ’log <G<k>)

where ' decreases linearly from 1.0 to 0.5.

o

=5y

Appendix B: Interval Arithmetic and Order
Relations

A real number A is represented as an interval number with
the form A = [ar,ar] = {x:aL <x<agr,x € R} of the
width (ag — ap). So, each real number x € R is represented
as an interval number [x, x] with zero width. In the other
way, an interval number can be represented with the centre
and radius form as follows A = (ac,aw) = {x:ac—
aw <x<ac + aw,x € R}, where centre ac = (ar, + ar)/2
and radius = aw = (ar—ar)/2.

Definition 1 Let A = [ar,agr] and B = [b.,br] be two
interval numbers. Then addition of two interval numbers,
subtraction of two interval numbers, multiplication with
scalar number, multiplication of two interval numbers and
division of two interval numbers are described below:

Addition of two interval numbers:
A+ B= [ClL,ClR] + [bL, bR] = [aL + br,ar + bR]
Subtraction two interval numbers: A — B = [ar, agr] =

[bL,br] = |ar,ar] +[—br, —bL] = [aL — br,ar — br].
Multiplication with scalar number:
) o [/ICZL, )MClR} if A 2 0

A =, ar] = { Uar, jai] i 2<0

Multiplication of two interval numbers: A X B =

[min(aLbL, aLbR, aRbL ,aRbR), IIlElX(ClLbL7 aLbR, aRbL,
arbr)]
Division of two interval numbers:

A—A 1y 1
E =AX (E) = [aL, ClR] X [E’
0 ¢ [br, by

Definition 2 Let us consider A = {ac,aw) and B =
(bc,bw) in the form of centre and radius. Then, addition,
subtraction and scalar multiplication of interval numbers
with centre and radius form are described as follows:

1
E} where
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B A
A B
[ 1 [ 1
a ar by by by br ar agr
Fig. 2 Type-1 intervals
B B
A A
[ [ 1 [ [ 1
ar by ar bg b, 9L by ag
Fig. 3 Type-2 intervals
B B
A
[ 1]
a, b, br ag by ap ar  bg
Fig. 4 Type-3 intervals
A+ B = (ac + bc, aw + bw) 2. A> B& either ac > b. N\ ay <by or

A—B = (ac,aw) — (bc,bw) = (ac,aw)
+ (=bc,bw) = (ac—bc,aw + bw)
JA = Jac,aw) = (lac, ray)

Interval Order Relations
Consider A = [ar,ar] and B = [by,bg| are two interval

numbers. There may be any one of the form happened of
these two intervals which describe as follows:

Case 1 These two intervals are distinct and disjoint
(see Fig. 2).

Case 2 These two intervals are partially related or
overlapping (see Fig. 3).

Case 3 Any one of the intervals contains other (see

Fig. 4).

Sahoo et al. [65] have proposed the definitions of
interval order relations between two interval numbers in
order to solve the maximization and minimization
problems.

Definition 3 Order relation of type > .« between two
intervals. Let us consider two intervals A = [aL,ar] =
(@c,ayw) and B = [br, br] = (b, by,). Therefore, for solving
the maximization problems, the following properties hold:

1. A> B & ac > b, for Type I and Type II intervals,

@ Springer

ac > be N\ ag > by for Type III intervals,

According to the above definition, the interval number A
is accepted for maximization case. So, the order relation
A > B is not symmetric, but it is reflexive and transitive.

Definition 4 Order relation of type <, between two
intervals. Let us consider two interval numbers A =
[aL,ar] = {ac,ay) and B = [by,br] = (bc, by). Then, for
solving the minimization problems, the following proper-
ties hold:

1. A<min B & ac<b. for Type I and Type II intervals,
2. A<pin B& either ac <b. N\ ay <by, or
a. <b. N ar, <by, for Type Il intervals,

According to the above definition, the interval A is
accepted for minimization case. So, the order relation
A < nin B is reflexive and transitive, but it is not symmetric.

A <min B 1s reflexive and transitive, but it is not
symmetric.
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