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Abstract This paper is concerned with the H,, filtering
problem for switched Takagi—Sugeno (T-S) fuzzy systems
with asynchronous switching, where “asynchronous”
means that the switching of the filters has a lag to the
switching of system models. In the switched T-S fuzzy
systems, every subsystem is represented by the well-known
T-S fuzzy model. Using the multiple Lyapunov functions
approach and mode-dependent average dwell time tech-
nique, a sufficient condition is developed to ensure the
filtering error system to be globally uniformly asymptoti-
cally stable with a weighted H,, performance index.
Moreover, the desired asynchronous H,, filters can be
constructed by solving a set of linear matrix inequalities.
Finally, an example about the continuous stirred tank
reactor is provided to demonstrate the applicability of the
obtained results.
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1 Introduction

During recent decades, switched systems have been
extensively investigated because many systems encoun-
tered in practice possess switching features [1]. A general
switched system comprises some discrete-time or contin-
uous-time subsystems and a switching signal which
orchestrates the switching among these subsystems. Until
now, the problems of stability analysis and stabilization for
switched systems have received considerable attention. A
number of methodologies have been developed to solve the
above problems [2-11]. For the stability analysis of swit-
ched systems under arbitrary switching, the main method is
constructing a common quadratic Lyapunov function for
all subsystems [1]. For switched systems under constrained
switching, together the multiple Lyapunov functions
approach [2] with the average dwell time switching [3]
may lead to well analysis results. Furthermore, by fully
taking consideration of the characteristics of every sub-
system, the mode-dependent average dwell time method is
proposed in [12]. The conservativeness of the results
obtained by the average dwell time approach can be further
reduced by using the mode-dependent average dwell time
method. Therefore, it is of practical and theoretical
importance for us to study switched systems using the
mode-dependent average dwell time method.

Due to the widespread existence of nonlinearlity in real
world, the study about the nonlinear switched systems has
become a hot spot. However, the existence of nonlinearity
makes it difficult to analyze nonlinear switched systems
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directly. For nonlinear control systems, it has been proven
that an effective approach is to model the studied nonlinear
systems as T-S fuzzy systems [13-28]. The T-S fuzzy
model utilizes the local linear system description for every
fuzzy rule and then connects these local models. Recently,
the T-S fuzzy model has been extended to study the non-
linear switched systems. Using the T-S fuzzy model to
represent every nonlinear subsystem, the considered non-
linear switched systems can be modeled as the switched T—
S fuzzy systems. Based on the switched T-S fuzzy systems,
considerable efforts have been made to study the nonlinear
switched systems [29-33].

The state estimation problem of dynamic systems has
received considerable attention because of its practical
applications in signal processing and control. Among the
various methods of state estimation, the H, filtering keeps
attracting more and more attention [34—37]. The advantage
of H, filtering is that there is no restriction on the statis-
tical properties of disturbances, which is more general than
the classical Kalman filtering [38]. Naturally, the H, fil-
tering problem for switched systems has also been exten-
sively investigated [5, 6, 10, 30, 33]. However, all of these
works assumed that the switching between the system
model and its matched filter is synchronous. In practice, the
synchronous switching is a quite ideal case. Due to system
identification and other reasons, the matched con-
troller/filter of every subsystem would not be operated
immediately at each switching instant. Therefore, the
asynchronous switching generally exists in switched sys-
tems. In recent years, the effects of asynchronous switching
on the filter/controller design have been studied
[4, 5, 10, 39, 40].

As mentioned above, the works [5] and [10] have
studied the asynchronous H,, filtering problem for dis-
crete-time and continuous-time linear switched systems,
respectively. However, to the best of our knowledge, the
problem of asynchronous H,, filtering for continuous-time
nonlinear switched systems remains to be unsolved, which
motivates the research in this paper. The average dwell
time technique was used in [5] and [10] to study the
asynchronous H,, filtering problem for linear switched
systems. It has been pointed out that the conservativeness
of the results obtained by the average dwell time approach
can be further reduced by using the mode-dependent
average dwell time method [12]. Based on the above
considerations, using the T-S fuzzy model, our work
investigates the asynchronous H,, filtering problem for
nonlinear switched systems with mode-dependent average
dwell time switching.

The main contributions of our work are listed as follows:
(1) Using the T-S fuzzy model, the asynchronous H, fil-
tering problem for the continuous-time nonlinear switched
systems is studied in this paper, which receives little

attention. (2) The obtained results can also be reduced to
study the asynchronous H,, filtering problem for linear
switched systems with mode-dependent average dwell time
switching.

The organization of this paper is given as follows. The
preliminaries and problem formulation are presented in
Sect. 2. The main results are shown in Sect. 3. In Sect. 4, a
practical example about the continuous stirred tank reactor
is given to demonstrate the applicability of our approach.
Finally, some conclusions are drawn in Sect. 5.

Notations The notations used throughout this paper are
fairly standard. R" represents the n-dimensional Euclidean
space. The symbol “x” in a matrix stands for the trans-
posed elements in the symmetric positions. M denotes the
transpose of the matrix M. I and O represent the identity
matrix and zero matrix in the block matrix, respectively.
For a vector, | - || denotes its Euclidean norm. The space
of square-integrable functions is denoted by L,[0,00). For

V(1) € L1[0,00), [v(@®)], =/ fo" v t)dt represents its

norm. The space of contmuously dlfferentlable function is
represented by C!'. A continuous function « : [0,00) —
[0, 00) is said to be of class K if it is strictly increasing and
a(0) = 0. If o is also unbounded, then it is said to be of
class Ko. A function f: [0,00) x [0,00) — [0, 00) is said
to be of class KL if (-, ) is of class K for each fixed t >0
and f(s,?) decreases to 0 as t — oo for each fixed s> 0.
The symbol M >0 (>0, <0, <0) is used to denote a
positive definite (semi-positive definite, negative definite,
semi-negative definite) matrix M. If not explicitly stated,
matrices are assumed to have compatible dimensions.

2 Preliminaries and Problem Formulation

In this paper, let us consider the switched T-S fuzzy system
with every subsystem described as
Rule m for a subsystem &(): IF v, (t) is My(;)1,, and
- and Va(t)p(t) is Mo’(t)pm’ THEN

x(t) = Agymx(t) + Bomw(t),
¥(t) = Co(ymx(t) + Do(mw(1), (1)
Z(t) = Eo’(t)mx(t)7

where x(¢) € R™ is the state vector, y(¢) € R is the
measurement vector, z(f) € R™ is the output signal to be
estimated, and w(z) € R™ is the disturbance that belongs to
L,[0,00). A piecewise constant function of time o(f) :
[0,400) = S ={1,2,...,N} is called the switching sig-
nal, where N is the number of subsystems. For a switching
sequence 0 = fo<t; < -+ <t <t+1 < ---, o(t) is contin-
uous from right everywhere. When ¢ € [y, fx11), the o(#)
subsystem is  activated. For o(f) =i, €S,
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Aim, Bim, Cim, Diny and Ej,,, are constant real matrices of the
m local model of the i subsystem. ()=
(vit (1), via(2), ..., vip(t)) are some measurable premise
variables, and My;,,(I = 1,2,...,p) are fuzzy sets.

By “fuzzy blending,” the final output of the i subsystem
is inferred as follows

i(r) = i i () A (1) + Banw (1),

¥(#) = 32 him(1)[Cinx() + Dimw ()], (2)

3
I
-

2(t) = 22 hin(1)Eimx(1),
where him( ) = Vlm( )/ Zm 1Vtm( )’ vim(t) = H?:] M,
(vi(2)), r is the number of IF-THEN rules, and M;,, (v(t))
is the grade of the membership function of v; in Mj,,. It is
assumed that v;, () >0 for all ¢, m=1,2,....r. It is
obvious that the normalized membership function #;,(t)
satisfies

3
I

Zi:h,-m(r) =1 (3)

The following mode-dependent fuzzy filter is designed for
the T-S fuzzy subsystem (2).

Rule m: IF v;i(t) is M, and --- and v;,(¢) is Migm,

THEN
X (1) = Apimxr (1) + Bpimy (1)
{ 7 (t) = Efimxs (1) (4)

where x/(r) is the state vector of the filter, Ay, Bfim, Efim
are the filter parameters to be designed. The final output of
the filter is inferred as follows

i(0) = 3 hin(0) [Asnr (1) + By (1)),
(5)
zr(t) = 3 him(6) Efmxy (2).

m=1

In this paper, in view of the asynchronous switching
behavior, we aim to design the more practical asyn-
chronous filter. Thus, combing (2) with (5) and defining
() = [7(1), 27 (1)) and e(r)

the following filtering error subsystem

= z(t) — z¢(r), we can obtain
i Dove [t, Tk),

(6)
) Dvi e (ks ti1)
)
where the notation 7 (t; <1 <t;,1) represents the starting-

operating instant of the matched filter, and
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_ A,‘(l‘) :| 0
A,'(l‘) = htm t)hl(t |: :| ’
_Bﬂ( )C () ; ; L BaCin Ap
= [ Bim
B,‘(l) = :| hml l([ |: :| 3
Bf m=1 121: ! BfﬂD""’

r

Ei(r) = [E(t) —E;(t)] = Zzhun(f)hﬂ(f)[ﬂm —E],

m=

1 =1
) (1) 0 roor 0
Ailr) = | Ba(1)Cilt)  Ag(1) Z;hm hae) { BgirCin Aﬁl}
o B( ahy Bim
E) = [E(1) ~Ex(n)] = iihm@hﬂ(”wm’ ~Fal
=1

m=1 =

To obtain the main results, the following definitions will be
needed.

Definition 1 [1] The filtering error system (6) with
w(?) =0 is globally uniformly asymptotically stable if
there exists a class KL function f such that for all
switching signals ¢(¢) and all initial condition X(ty), the
solutions of the filtering error system (6) satisfy the fol-
lowing inequality

X < BIx(0)l, 1),

Definition 2 [12] For any 7, >T7,>0, i€ S, let
N,i(Ty,T>) denote the switching numbers such that the
i subsystem is activated over the interval [Ty, T»|, T;(Ty, T»)
represent the total running time of the i subsystem over the
interval [T}, T5]. If there exist two constants T,,; > 0 and Ny,
(Ny; is the mode-dependent chatter bounds), such that the
following inequality holds

Ti(T),T»)
Tai ’

Yt > to. (7)

Noi(T1, T2) < Noi + (8)
then, we can say that the switched systems have mode-
dependent average dwell time 7;.

Definition 3 For « >0 and y > 0, the filtering error
system (6) is said to have a weighted H,, performance
index v, if under zero initial condition (i.e., ¥(fp) = 0), the
following inequality holds

/ e el (s)e(s)ds < yz/ w! (s)w(s)ds. 9)
0 0
3 Main Results

In this section, the asynchronous H, filtering problem for
the switched T-S fuzzy system (2) is studied. To begin
with, three notations are introduced, i.e., T(f,%1),
Ty (tk, trr1) and T (tk, trt1)- T(t, k1) represents the run-
ning time interval of one subsystem. Ty (#, #x41) represents
the running time of the unmatched filter in T(#, fx11)-
T (t, tx+1) denotes the running time of the matched filter in
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T(ty, tet1). Therefore, during Ty(f,tx+1), the Lyapunov
function may increase or decrease, while during
T (tx, tk41), the Lyapunov function is strictly decreasing. It
can be seen from (6) that T(tg, 1) =
Ty (tx, tir1) U T (tk, te1 ). The conditions for the stability of
the filtering error system (6) with a weighted H,, perfor-
mance index can be summarized in the following lemma.

Lemma 1 For the given filtering error system (6), and

constants  o; >0, f;>0, y>0 and p;>1,
V(o(ty) =i,0(ty) =Jj) € S X S,i #j, if there exists posi-
tive definite C' function Vo(n): R" — R with V) (X(t0)) =

0 satisfying
Vi(®(t) < Vi (X(10)), (10)

and

sy < { FU) ST, rE B

—oVi(x(1)) = T(1), 1€ [, tes1),
where T'(t) = el (t)e(t) — y*wT (H)w(t),
switching signal satisfying

TP+ o)+ 1ny

T, > T;,' = ) (12)
o

(11)

then for any

the filtering error system (6) is globally uniformly asymp-
totically stable with a weighted H., performance index

Jexp{z, (T5) + OnaT 11,
T : max {TT(tk7tk+1)7Vk =0,1,2,.. }

where

Proof Here, we consider the worst situation, i.e., for an
arbitrary running time interval [t fx1) (k = 0,1,2,-- ), let
the asynchronous time T (#, fx+1) of this time interval take
its maximal value 7. Denote 0;=o+f; and
Omax = max{0;}. Vt € [tx, tx41), integrating (11), we have

V(1) <e Ty (5(1)) — /

u+7T

1

e 4= (s)ds

47T
_ e—alt=1=T) / eﬁj(tk+T7S)F(S)dS

I

= e*ai(f*tk)Jr@,-TV(j(tk)) _ /

th+7T

t

e 4= (s)ds

47T
_ / efai(z—s)+0i(tk+7*5)F(s)ds.

Ir
(13)
By (10) and (13), we have

t

VGE0) < e TV () — [ e I

n+7T
n+7T
7/ e % i(1—5)+0; (e +T —s 1"(9)
I
S#ie—u,(t—tk)—u,,|(rk—u,|)+((I,+(} )TV( (fk 1))
— e m+0T [/“ e 1 I (5)ds
4 +T
o +T
+/ e*%—l(lk*S)Jrﬂy—x(fk—1+7—*S)I“(S)ds]
Tk—1

nw+T t
_/ e—z.(tfs)+0,(u+7—s)1-(s)d5_/
I nw+T

e 409 (5)ds

< ."u]e—x,(/—tk)—x,,.(/k—qu)—---—om(n—lu)+T(0i+0H+~'+0A1)V(f(t0))
S GG

— Wity ,‘ule*‘lv(f*fk)*‘lv 1(te—ti—1) == (ta—11 )+ T (Oi+---+01)
it

1 to+T
{/ e (n ’S)l"(s)ds +/ e—au(nfs)+00(m+77s>r(s)ds]
1 o

0+7T

u+T ot
___4_/ e—x,(r—x)Jr(),(lkJrT—s)r*(s)ds_/ o
I n+7T

= () — A(s),

%= (5)ds

(14)

where

(1) = eln gy ,+-v~+lnﬂ1—x,(lfu)fx,q(tlﬁuq)*-"*Xr»(ﬂ*ln)*’T(()Hr”:—J*“'*0‘1)V(j('(to))

N
A(s) = exp{Z(ln Wi+ 0T)—oi(t—t) — - —ay(ta — zl)}
i=1

f rto+T
|:/ e*’«)(’lff)r(s)ds +/ efi«l(fl*S)Jr(’u(lu*’T*S)]"(s)ds]
[

0+T fo

cty+T rl
+._.+/ e—x,(!—s)+0,(tk+7*5)l"(s)dS+/ eI (5)ds.
I 13

+T

Let N,; denote N(t,ty) for simplicity. The following
equation can be obtained

N
®(r) = eXp{ZNm(—ociTm +1Iny + 0;7)}V(x‘(ro)).
=1
(15)
If supposing
—0;Tgi +In; + 0,7 <0, (16)

a sufficient condition that guarantees the filtering error
system (6) to be globally uniformly asymptotically
stable can be obtained. The inequality (16) can be rewritten
as

T(ﬁi"’“i) +1nﬂi. (]7)

Tai > T;,‘ = o
i

Then, it can be concluded that V;(X(¢)) converges to zero as
t — oo if the inequality (17) holds.

Next, the weighted H., performance index for the
filtering error system (6) will be established. Defining
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Omax £ max{o;} and letting all o; = otmax, the following
inequality can be obtained

A(s) > ©(s)

N f
= eXp{Z (ln ‘ui —+ 017)} |:/IO+T efo‘mmx(ffs)r(s)ds

i=1

to+7T
+ / e—(xmax(t—s)-i—%(toﬁ-T—s)r(s)ds:|

ty

t
+ / g omax(1=9) ['(s)ds
u+7T

w+T
+ / e_“max(t_‘v)+9i(tk+7_s)r(s)ds.

k (18)

As for T'(s) = e’ (s)e(s) — y*w” (s)w(s), we define A(s)
and A(s) with the e’(s)e(s) and 72w’ (s)w(s) terms,
respectively. The following equality is introduced

O(s) = A(s) — A(s), (19)

where

A(S) =exp { Z(h‘l,ui + H,T) } |:/:I_T e*fxmax(tfs)eT(s)e(s)ds

to+7
+/ eamax(tS)+00<t0+TS)CT(S)€(S)ds:|
fo

u+T
k

t
+ / e (=T (5)e(s)ds,
nw+7T

and

@ Springer

A(S) —exp{Z(ln u; + ()IT)} |:/’I efzmax(t—x)VZWT(S)W(S)ds

i=1 +T
to+T
+ / efotmax(t*S)Jrf)o(foJrT*S)ysz(s)w(s)ds]
fo

n+7T
n / et (=9 0+ T =5) 2, T (01 (6) g
I

t
+/ g omax(1— Y)ysz( Yw(s)ds.
n+7T

(21
Owing to exp{zyzl(ln 1+ 0;7)} >1 and 0;(1x + T — s)
>0, the following inequality can be obtained

1
/ e =T (5)e(s)ds
I

o+T

A(s)> [

to+T

+ g tmax (1=5) e’ (s)e(s)ds

+ ~ma(1=9)eT () e (s)ds

/
/tk+7 (22)

—|—/ “ma(1=9) T (5) ¢ () ds
lk+7

:/ e =9eT (5)e(s)ds.
fo

Since OpaxZ >0 and 0;(fy + T — 5) < 0imax 7, the following
inequality can be obtained

N

n
A(s) < exp{Z(ln Wi+ 0{]’)} {/ e (1=t T 2T (Y (5)dls
Jit+T

i=1

to+7T
n / e (1=5)+0nx T ysz(c)w(S)dS:|
fo

+"'

N rtx+T
+exp Z (Ing; + 6,7) {/ e (=) 0T 20T (g)y(5)ds
13

i=1

t
+/ Te’“"‘“‘("S)“'"“‘*T“,'ZWT(S)w(s)ds}
It

N t
= exp{Z(ln ; + H,-T)} / e =) H T2, T (Y (5)ds.
i=1 fo
(23)
Combining (17) with (23) leads to
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N t
ﬂéﬁ%E}%M}/ﬁmw”m”ﬁfﬁwﬂh
to

i=1

(24)
As for A(s), under zero initial condition, (14) gives
A(s) <0. (25)

Then, combining (19), (22), (23), (24) with (25), the fol-
lowing inequality can be obtained

. N
/ e el (s)e(s)ds < eXP{Z(T:i“i) T QmaxT}
I i=1

t
/ e =927 () w(s)ds.
)
(26)

Let #, = 0, integrating both sides of inequality (26) form
t =0 to oo leads to

OCe’f"“‘“‘SeTses s <52 OOwTsws s
/ ()Udézl (wisds,  (27)

where j = \/exp{zl W ( +9maXT}y The proof is
completed. O

Remark 1 1In the above proof, the worst situation that is
the asynchronous time T (#, fx+1) takes its maximal value
7T is considered. Therefore, the obtained results have more
or less conservativeness compared with the case that not all
the asynchronous time T (#, fx+1) takes its maximal value
7. In practice, if not all the asynchronous time T (, tx+1)
takes its maximal value 7, the filtering error system (6) can
be globally uniformly asymptotically stable with a rela-
tively small T, and has a relatively better H,, performance.

Remark 2 By the same procedure as the proof of Lemma
1, we can conclude that the filtering error system (6) with
w(t) = 0 is globally uniformly asymptotically stable for
any switching signal satisfying (12).

Lemma 2 For the given filtering error system (6), and

constants  o; >0, f;>0, y>0 and p;>1,
V(i,j) € Sx S,i#j, if there exist matrices P; >0
satisfying
Pi<w;Pj, (28)
PA(1) + Al (1)P; — B;Pi P:Bi(t) E. (1)
* —2I 0 <0, Vte€ k),
* * -7
(29)

P,Ai(t) +AA1T(Z‘)P, + O(,'P,' Pié,‘(l‘)
* —",721 0 <07

* * -1

Vt € [fi, trer)s

(30)

then the filtering error system (6) is globally uniformly
asymptotically stable with a weighted H,, performance
index 7 for any switching signal satisfying (12).

Proof Choose the following Lyapunov functions for the
filtering error system (6)
Vi(x(1)) = & (1)) Pix(1). (31)

First, let us consider ¢ € Ty (#, tx+1). The following equality
can be obtained from the filtering error system (6)

Vil#(1) = BViF0) + & (1)e(t) = 7w (1pw(t) = " (1) T (),
where

0 (1) = [ (1), w (1)),

1 | P +A] (0P = BPi+ E[ (DE(t)  PiBi(1)
i * -2 |

Similarly, for € T (t, t41), the following equality holds

Vi(E(1)) + o Vi(&(1)) + €T (1)e(t) — y*w" ()w(r) = n" (1) (o),
where

= PiAi(t) —|—AiT(l‘)P,' + o, P; + EZT(Z‘)EA,(Z) PiBi(l‘)

i2 * —21 .

Using the Schur’s complement, it can be concluded that the
inequalities (29) and (30) imply I1;; <0 and Il;; <O0. Let
[(t) = e’ (t)e(t) — y*wT (t)w(z), the following inequality
can be obtained

BVi(E(1)) — T(1),
—o;Vi(%(1)) = I'(1),

For P; <, P;, it can be obtained

Vi(x(1e)) < Vi(x (1)

By Lemma 1, it can be concluded that the filtering error
system (6) is globally uniformly asymptotically stable with
a weighted H,, performance index j for any switching
signal satisfying (12). The proof is completed. [J

t € Ty (tr, tegr),
t € Ttk tes1)-

WHM§{

In Lemma 2, the filter parameter matrices are coupled
with the matrix variable P; in (29) and (30). Therefore, it is
difficult to use Lemma 2 to design the asynchronous H,
filter directly. To overcome this problem, a decoupling
technique is introduced in the following lemma.
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Lemma 3 Leto; >0, f; >0,y >0and y; > 1 be given
constants. ¥(i,j) € S x S,i # j, if there exist matrices Py,
I_)i2, PB, Apl‘(t), BF,'([), EFi(l‘), L, R and X satisfying

— Py P; — -
Pi:|: ! —2]>0, P < P, (32)
* Pl'3
(@1 @i Dz Pia s EN(1) ]
¥ Dy Dz Oy Dps  —Ep(r)
* * (Di (I)I' (Di 0
33 34 15 <0, (33)
* * * 0 Dus Dips 0
* * * Al | 0
L * * * * * -1
and
(Wi Wio Wiz Yas Was  EN(1) ]
*  Woo Wz Wou Wos —EL(1)
* * ¥, Y, ¥, 0
33 34 15 <0, (34)
* * ¥  Wus Wos 0
* * * Sl | 0
L * * * * -1 ]
where

@11 = A] (1)L + Br;(1)Ci(1) + L"Ay(t) + C] (1) B (1) — BiPar,
Qiip = Ap(t) + A] ()R + C[T(I)B;j(l) — PBiPi,

@13 = Py — L + A] (1)L + C] (1) BL; (1),

®yis = P — X" + Al ()R + C] (1)B; (1),

D5 = L'Bi(1) + Br(1)Di(1), @2 = Api(1) + Ag(1) — BiPis,
D3 = Py — RT + AL(1), @y = Py — X"+ AL(1),

O3 =—-L—L", ®py=-R-X', Ou=-X-X,
Wit = Al (t)L + Bri(t)Ci(t) + LTAi(t) + CT BE,(t) + wiPa,
W2 = Ari(t) + AT ()R + CT (1)BL;(1) + 0Py,

Wiz = Py — LT + AT ()L + CT(1)BL,(1),

Wis = L"Bi(1) + Bri(1)Di(1),

Wis = Ph —RT +AL(1), Wiy =Ps — X" +AL(1),

Va3 =—-L—L", Wa=-R-X', Wy=-x-Xx"

then, we can conclude that the inequalities (28), (29) and
(30) hold.

Proof In order to decouple the matrix variables P; and
filter parameter matrices, we introduce a slack matrix
Q. Moreover, introducing slack matrices can also reduce
the design conservativeness [15]. Similar as in [41], by
introducing a slack matrix Q, we introduce the following
inequalities

@ Springer

(T Pi— Q" +A[ (00 OBi(t) E[()]
* -0-0" Q"'Bi() 0 |  (35)
* * —21 0

B * * -1 |

(1 Pi— 0" +A[ (00 OB E ()]
* -0-0" O"Bi(t) 0 <0,  (36)
* * —2 0

_* * * —1I 1

where

g = Q" A(t) +Air(f)Q — B:Pi,

= OTA(1) +AiT(t)Q + oiPj.

Multiplying (35) from the left and right, respectively, by

Q; (1) and its transpose. Similarly, multiplying (36) from the

left and right, respectively, by €;(¢) and its transpose,
where

I A1) 0 0 I A@ 00
Qt)=|0 B/t 1 o[- «W="10 B 1 0
0 0 0 1 0 0 0 I

Then, we can conclude that (29) and (30) hold. If the
conditions in (35) and (36) hold, the matrix Q is nonsin-
gular. Partition the matrix Q as

(G O
Q_{Qét QJ.

Because of our consideration about a full-order filter, O,
and Q4 are both square. Without loss of generality, Q3 and
Q. are assumed to be perturbed, respectively, by matrices
AQs; and AQ4. The matrices AQz and AQ4 are norms
bounded, and the norm bounds are sufficiently small. Then
03 + AQ3 and Q4 + AQ, are nonsingular and satisfy (35)
and (36). Define some matrices as follows

(37)

_[1 0 } P_[P,-I Piz}_ o=
q= O Q;1Q4 ’ [ % pi?) =49 iq ?
L=0i1, R=0,07'0s, X=0107704
(38)
and
{Aﬂ(f) BFi(f)] _ [QZ 0] {Aﬂ'(f) Bﬁ(t)} {Q31Q4 0
Epi(f) 0 0 I Eﬁ'([) 0 0

(39)

1

|
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Performing a congruence transformation to (35) and (36)
by the diagonal matrix diag(q;,I) with ¢ = diag(q, g, I),
the following inequalities can be obtained

11 1 q"Q"Bi(1) q"E;(1)]

* —q"(0+0"q q"O0"Bi(r) 0 <0, (40)
* * —21 0

| * * * Y

R i 7B q'E] (1) ]

+ —q"(Q+0"g ¢"Q"Bi(r) 0 | <o, (41)
* * —21 0

| * * * =1 ]

where

1= [Q"Ailr) + 4] (0 — BPi]a,

F61 =q" P - o" +A,-T(t)Q} q,

I = ¢" [0"Ai(0) + 4] (0 + Pi] g,

r AT
M= g |P; — 0" +A, (t)Q]q.
Considering (35)—(39) and (6), it can be concluded that
(40) and (41) imply (33) and (34), respectively. Moreover,
performing a congruence transformation to P; < u;P; by the
matrix g, it can be obtained

q"Piq < 1q" Pig & P < Py, (42)

Then, it can be concluded that (28)—(30) hold if (32)-(34)
hold. The proof is completed. O

Based on the above lemmas, a set of mode-dependent
filters will be designed to estimate the output of the swit-
ched T-S fuzzy system (2).

Theorem 1 For the given filtering error system (6), and
constants  o; >0, f;,>0, y>0 and p>1,
V(i,j) € S x S,i # j, if there exist matrices P;, Arim, BFims
Efgim, L, R and X satisfying

P = {P” P’Q] >0, (43)
* P

P < wpP;, (44)

éijml<07 (45)

Oiimt + Ojitn <0, m<1, (46)

where

M & = = = = T
Dy Dy Pz iy Pys E,
= = = = T
k0 Doy Dz Py Dos  —Epy
6 —| * * Opz Dpy D5 0
iml — —_ _ y
* * ¥ Dy Dps 0
* * * x =2 0
* * * * * —1I
B 7 5 5 P T
Yii Yie Wiz WYas Yas Ej,
5 5 9 5 T
x Wi Wiz Wiu Wios Eg;
6. —| * * Wiz Wias WYis 0
iml — ~ N )
* * *  Wis Wos 0
* * * * —yzl 0
* * * * * -1

O,y = Al L+ BriCipy + L"Ap, + C,{,,BITEJ-; — PP,
@12 = A + Ay, R + Cl,Bryy — BiPa,

Qi3 =Py — L' +A] L+ C;nBIle’

®jus = P — X" + AL R+ C},BL,

®i15s = L"Bi + BrjiDim,  Pi2 = Ay +A£ﬂ — BiPs,
®p3 = P, — R” + AL, Ona =P — X +AL,

®ps = R"Biy, + BrjiDim,

D3 =—L—L", ®pg=-R—-X', Quyy=-X-X,
Wit = Al L + BriCin + L™ A + C},Bfy + 0Py,

Wi = Apy + AR + Ch B, + 0P,

W3 =Py — LT + Al L+ Ch B,

Wiig = P — X" + AR+ C} B,

Wiis = L"Biy + BriDim, Win = Api + Apy + 2Py,
Wiy =Pl —RT + AL, Wpy =Py — X" + AL,

o5 = R" By + BriDim,

Wiy =—-L—LT, Way=-R-X, Wy=-X-X,

then the filtering error system (6) is globally uniformly
asymptotically stable with a weighted H., performance

index 7§ for any switching signal satisfying (12). Further-
more, the filter matrices are given as

Aim Bim X_T 0 A im B i

o B O s B
Epm O 0 I)|Emm O

Proof Denote the left side of (33) and (34) as O(¢),

®;(1), respectively. If the conditions in Theorem 1 hold,
the following inequalities can be obtained

Oi(1) = i i Rim (1) s (£) @it <0,

m=1 [=1

and
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r r

0;(1) = Z Z B (£) it (£) Ot

m=1 I=1
=D RO+ D D han (a1
=1 m=1p <]

(é)iiml + @iilm) <0.

~

From Lemmas 1, 2 and 3, it can be concluded that the
asynchronous H, filter design problem for the switched T—
S fuzzy system (2) is solved.

Finally, by (39), the filter matrices can be obtained as
follows

|:Afim Bfim:| _ [Q4T 0:| |:AFim BFim:| |:Q;1Q'§ O:|

Efim 0 0 1 EFim 0 0 1
_(@'es)'x T o [Amm BFimHQZlQ3 O]
0 1 EFim 0 0 1 ‘
(48)

Then, the filter matrices Agm, Bsim and Ep, in (5) can be
written as (48). Setting Q;1Q3 =1, we can obtain (47).
Then, the filter matrices in (5) can be constructed by (47).
The proof is completed. [J

Remark 3 Theorem 1 provides a sufficient condition for
the existence of the asynchronous H,, filter for the swit-
ched T-S fuzzy system. If (45) in Theorem 1 is removed,
Theorem 1 can also be used to study the H,, filter design
problem for the switched T-S fuzzy system without
asynchronous switching. Then, it can be concluded that the
filtering error system without asynchronous switching is
globally uniformly asymptotically stable with a weighted

H,, performance index j = \/exp{Z?Ll(T;ioci)}y for any

switching signal satisfying T,; > T); = gy

o

Remark 4 The conclusions of Theorem 1 describe how
to obtain the filter gains for switched T-S fuzzy systems
with asynchronous switching. All of these conditions have
a general form for the asynchronous filter design. There-
fore, the presented approach in this paper can also be
applied to handle the asynchronous H,, filtering problem
for other switched systems, such as switched time-delay
systems, linear switched systems.

Remark 5  All the parameters (o;, §; and ;) of Theorem
1 have their physical meaning. Specifically speaking, the
parameter «; > 0 denotes the decline rate of the Lyapunov
function, which corresponds to the convergence rate of the
switched system in the synchronous state. The parameter
f; > 0 denotes the increasing rate of the Lyapunov func-
tion when the switched system is running in the asyn-
chronous state. The parameter u;,>1 represents the
increasing rate bound from the j subsystem to the

@ Springer

i subsystem. In practice, all these parameters can be
designed in a proper range. The design of these parameters
increases the flexibility of our approach.

4 Example

In this section, a practical example is used to show the
effectiveness of the obtained results. Consider a continuous
stirred tank reactor where an exothermic, irreversible
reaction of the form A — B happens. There are two dif-
ferent feeding streams to feed the reactor, and these two
feeding streams are selected by a selector. In other words,
the reactor has two modes with respect to the feeding
stream. For each mode of operation, the mathematical
model for the process has the following differential equa-
tions [29].

. F, _
Ca =7 (Car = Ca) —koe E/RTeC,,

(49)

~

. _AH 0
Tp =2 (Tay — T, koe E/RTeCy 4+ =2
R V(A r) + P 0c A+pch’

where Cy4 represents the concentration of the species A, Tg
denotes the temperature of the reactor, Q, is the heat
removed from the reactor, V is the volume of the reactor,
ko, E, AH are the pre-exponential constant, the activation
energy, and enthalpy of the reaction, c,, p are the heat
capacity and fluid density in the reactor, and o(z) € {1,2}
is the switching signal which is a discrete variable. The
values of all process parameters can be found in [29].

The system (49) is a nonlinear switched system. Sub-
stituting the process parameters into equation (49), the
following two subsystems can be obtained

Subsystem 1: (¢ = 1)

Cy = —0.0334C4 — 1.2 x 10%e7199007kc, 1 0.026386,

Tr = —0.0334Tx + 2.4 x 10'1e=1000TC, 4 1177684 + 2%9,
Subsystem 2: (g = 2)
Cy = —0.0167C4 — 1.2 x 10%e71%%07kc, 1 0.0167,
Tr = —0.0167Tg + 2.4 x 10'1e 1007k, 4 5177 + 2%"9.

When Q, = 0, the two steady states can be easily obtained
as (CA7 TR)I = (057, 3953) and (CA, TR)Z =
(0.738,509.12).

Using the T-S fuzzy model [13] and from [29], the
nonlinear switched system (49) can be approximated by the
following subsystem S;:

Subsystem S,;:
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Rule 1: IF the concentration of the species A is My (x1)
(i.e.,x; () is 0.57), THEN

0X(t) = AL, 0x(1), (50)

Rule 2: IF the concentration of the species A is My, (x1)
(i.e.,x1(¢) is 0.738),THEN

0X,(t) = AS,0x(1), (51)

where ¢ € {1,2} represents the subsystem subscript,
xa (1) = 0y (1), ()] = [CTL TR Ox(t) = (1) — 2,
and x4 is the stationary point of the subsystem a. It was
shown in [29] that the AY, and A{, have the following
values

e _ [ 45803 1072 6.6748 x 10—5]
Tl 24807 —3.61 x 1073 ]’
A = [—3.5728 5.1826 x 105]’
| 707.89  —0.010268
4o _ [ 70029103 5.1833 x 105}
A 2.4807 —0.0036045 |’
. [-3.564 5.1826 x 1075
=1 20613 0010265 }

Note that both of the models in (50) and (51) are unstable.
However, in order to use the filtering techniques, all the
models of the switched T-S fuzzy system (2) should be
stable. Different from [29], we assume that each model is
firstly stabilized by some control law and get a closed-loop
switched system 0x, () = Ag,0x(t). Then, the closed-loop
switched T-S fuzzy system can be obtained with the fol-
lowing matrices

—0.0458  —0.002 ~3.5728  —0.002
”{2.4752 —1.436]’ ]2[707.8839 —1.658]’
_[-0291 —0002) [ 3564 —0.002
21_{2.4752 —1.437}’ 22_[706.1236 —1.743}

Suppose other system parameters to be
By = By = Byy = Bn = [0.01; 0],
Ci1=Cipn=Cy =Cxp=10 0.01],
Dy =Dy =Dy =Dy =0,
Ew=En=E)=Exn=][ 0]

So the measurements are y;(¢f) = 0.0lx12(7), y2(7) =
0.01x2,(¢), and the signals to be estimated are
z1(1) = xu (1), 22(1) = x21(2).

The normalized membership functions for Rule 1 and
Rule 2 of the two subsystems are taken as

arctan(50 *x (x; — 0.654)) + n/2
hin(x1) = ha1(x1) = ( ( ln ) / )

hia(xi) =1 —=hy(x1), hoo(x1) = 1 — hay(x1).

Let o7 =0.02, o, =0.01,
W = 1.5, Hr = 1~5’

p, =0.012, p,=0.01,
y =2, 7T =35, and
Ef11 = Ef12 = Ef21 = Ef22 = [1 O] By Theorem 1, we
can get T = 282733, T, =35.3643 and j = 3.6826.
Using the LMI toolbox to solve the LMIs (43)-(46), and by
(47), the filter parameters can be obtained as

[—0.9609 1.1371
Apn = )
| 62.0370 —235.6692 |
[—1.1573 1.1411
Arpp = )
| 70.4219  —236.6697 |
[—0.9762 1.1363
Apy = )
| 59.9555 —235.6900 |
[—1.2888 1.1410
Apn = )
| 81.7358 —236.5881 |
B [ 114 B — 114
M o3462 0 TP T | 23568 |
B — [ 114 B — 115
U 34607 TP T | 223560 |
The initial conditions are assumed to be x(f) =

[0.4,404.9]" and x(1o) = [0.5,400]". The disturbance
input is assumed to be w(t) = 0.01 exp(—0.007¢) cos(0.57).
With the consideration of asynchronous behavior, the
output signal z(#) of the switched T-S fuzzy system and the
estimated signal z;(¢) of the filter are shown in Figure 1.
The filtering error e(f) of the filtering error system with
asynchronous behavior is given in Figure 2. As shown in
Figure 1 that after every switching, the output signal z¢(r)
of the designed filter can estimate the output signal z() of
the switched T-S fuzzy system quickly. The simulation
results demonstrate the effectiveness of our method.

5 Conclusion

In this paper, the H,, filtering problem has been investi-
gated for the switched T-S fuzzy systems with asyn-
chronous switching. Every subsystem of the studied
switched systems is represented by the T-S fuzzy model.
Using the multiple Lyapunov functions approach and
mode-dependent average dwell time technique, a more
general result is obtained. Based on the obtained results,
the desired filters are designed to guarantee the filtering
error system to be globally uniformly asymptotically
stable with a weighted H,, performance index. It is also
remarked that the obtained results can be reduced to study

@ Springer



1480 International Journal of Fuzzy Systems, Vol. 20, No. 5, June 2018
1 T T T T | | | | |
model switching signal
— — — filter switching signal
0.9 z(t) |
- —— zf(t) with consideration of asynchronous behaviors
0.8 |

0.4 I

]
I

50

100

150 250

Time t

Fig. 1 Output signal z(r) of the switched T—S fuzzy system and the output signal z;(¢) of the designed filter
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Fig. 2 The filtering error e(f)
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the fuzzy H, filtering problem for switched systems
without asynchronous switching. Finally, a practical
example is provided to illustrate the effectiveness of the
proposed method.

In our work, all the premise variables are assumed to be
measurable. Using the sector nonlinearity approach to
derive a T-S formulation from a nonlinear model, the T—S
fuzzy systems with unmeasurable premise variables are
likely to be considered. This case is much more complex
than the condition considered in our work. How the asyn-
chronous filter design for switched T-S fuzzy systems in
this case can be implemented has to be left as a future
work.
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