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Abstract The objective of the present work is divided into

threefold. Firstly, we developed intuitionistic fuzzy Ein-

stein hybrid averaging (IFEHA) aggregation operator and

intuitionistic fuzzy Einstein hybrid geometric (IFEHG)

aggregation operator along with their desirable properties.

Secondly, we introduced two generalized aggregation

operators along with their desirable properties, namely

generalized intuitionistic fuzzy Einstein hybrid averaging

(GIFEHA) aggregation operator and generalized intu-

itionistic fuzzy Einstein hybrid geometric (GIFEHG)

aggregation operator. The main advantage of using the

proposed methods is that these operators and methods give

a more complete view of the problem to the decision

makers. These methods provide more general, more accu-

rate and precise results as compared to the existing meth-

ods. Therefore, these methods play a vital role in real-

world problems. Finally the proposed operators have been

applied to decision-making problems to show the validity,

practicality and effectiveness of the new approach.

Keywords IFEHA aggregation operator � IFEHG

aggregation operator � GIFEHA aggregation operator �
GIFEHG aggregation operator � Group decision making

1 Introduction

In 1965, Zadeh introduced the notion of fuzzy set [1],

which has a basic component called membership function.

After its positive applications, Atanassov [2] developed the

notion of intuitionistic fuzzy set to generalize the concept

of FS. In IFS, each element is expressed by an ordered pair,

and each pair is characterized by a membership degree and

a nonmembership degree, and the sum of the membership

degree and the nonmembership degree of each ordered pair

is less than or equal to one. Since the appearance of IFS,

several researchers [3–19] have made important contribu-

tions to the development of intuitionistic fuzzy set theory

and its applications, resulting in the great success from the

theoretical and technological points of view. Xu and Yager

[20–22] introduced the notion of some aggregation opera-

tors, such as IFWA operator, IFOWA operator, IFHA

operator, IFWG operator, IFOWG operator, IFHG opera-

tor, and applied them to multiple attribute group decision

making. Wang and Liu [23, 24] introduced the concept of

some Einstein aggregation operators, namely intuitionistic

fuzzy Einstein weighted geometric operator, intuitionistic

fuzzy Einstein ordered weighted geometric operator, intu-

itionistic fuzzy Einstein weighted averaging operator,

intuitionistic fuzzy Einstein ordered weighted averaging

operator, and applied them to group decision making. Zhao

and Wei [25] introduced the notion of some Einstein hybrid

aggregation operators, namely intuitionistic fuzzy Einstein

hybrid averaging operator, intuitionistic fuzzy Einstein

hybrid geometric operator, and applied them to group
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decision making. Zhao et al. [26] introduced the notion of

GIFWA operator, GIFOWA operator, GIFHA operator,

GIIFWA operator, GIIFOWA operator, GIIFHA operator

and applied them to group decision making.

Thus keeping the advantages of the above-mentioned

aggregation operators, in this paper we introduce the notion

of two new generalized Einstein hybrid aggregation oper-

ators based on IFNs such as generalized intuitionistic fuzzy

Einstein hybrid averaging operator and generalized intu-

itionistic fuzzy Einstein hybrid geometric operator. Com-

paring with Einstein hybrid aggregation operators proposed

by Zhao and Wei [25], they are only the special cases of the

proposed operators in this paper. Obviously, the operators

proposed in this paper are more general. Of course,

superficially, it is more complicated in calculation. How-

ever, in real applications, we need assign the specific

parameter k, firstly.

The remainder of this paper is structured as follows. In

Sect. 2, we give some basic definitions and results which

will be used in our later sections. In Sect. 3, we discuss

IFEHA operator and IFEHA operator. In Sect. 4, we

introduce the notion of generalized intuitionistic fuzzy

Einstein hybrid averaging operator and generalized intu-

itionistic fuzzy Einstein hybrid geometric operator. In

Sect. 5, we apply these propose operators to group decision

making. In Sect. 6, we develop a numerical example. In

Sect. 7, we have conclusion.

2 Preliminaries

This section reviews the basic concepts of fuzzy set,

intuitionistic fuzzy set, score function, accuracy function,

some Einstein operations and intuitionistic fuzzy hybrid

aggregation operators.

Definition 1 [1] Let Z be a fixed set, then a fuzzy set can

be defined as follows:

F ¼ z; lF zð Þh ijz 2 Zf g; ð1Þ

where lF zð Þ is a mapping from Z to 0; 1½ �; and denotes the

degree of membership of the element z to the set F.

Definition 2 [2] Let Z be a fixed set, then an intuitionistic

fuzzy set can be defined as follows:

I ¼ z; lI zð Þ; gI zð Þh ijz 2 Zf g; ð2Þ

where lI zð Þ and gI zð Þ are mappings from Z to 0; 1½ �; such

that 0� lI zð Þ þ gI zð Þ� 1; 8z 2 Z. Let pI zð Þ ¼ 1 � lI zð Þ �
gI zð Þ; 8z 2 Z; then pI zð Þ is called the degree of indeter-

minacy of the element z to I; 8z 2 Z:

Definition 3 [23] Let a ¼ la; gað Þ be an intuitionistic

fuzzy value, then score of a can be defined as follows:

S að Þ ¼ la � ga; ð3Þ

where S að Þ 2 ½�1; 1�:

Definition 4 [23] Let a ¼ la; gað Þ be an intuitionistic

fuzzy value, then the accuracy degree of a can be defined

as follows:

H að Þ ¼ la þ ga; ð4Þ

where H að Þ 2 ½0; 1�:

Definition 5 [23] Let a1 ¼ la1
; ga1

� �
and a2 ¼ la2

; ga2

� �

are two intuitionistic fuzzy values then the following

conditions hold:

(i) If Sða2Þ � Sða1Þ; then a1 � a2

(ii) If Sða1Þ ¼ Sða2Þ; then

(a) If Hða1Þ ¼ Hða2Þ; then a1 ¼ a2

(b) If Hða1Þ � Hða2Þ; then a1 � a2

Definition 6 [23] Let a ¼ la; gað Þ, a1 ¼ la1
; ga1

� �
and

a2 ¼ la2
; ga2

� �
be the three intuitionistic fuzzy values and

k � 0 be any real number, then

a1 �e a2 ¼
la1

þ la2

1 þ la1
la2

;
ga1

ga2

1 þ 1 � ga1

� �
1 � ga2

� �

 !

; ð5Þ

a1 	e a2 ¼
la1

la2

1 þ 1 � la1

� �
1 � la2

� � ;
ga1

þ ga2

1 þ ga1
ga2

 !

; ð6Þ

að Þk¼ 2 lað Þk

2 � lað Þkþ lað Þk
;

1 þ gað Þk� 1 � gað Þk

1 þ gað Þkþ 1 � gað Þk

 !

; ð7Þ

k að Þ ¼
1 þ lað Þk� 1 � la1

� �k

1 þ lað Þkþ 1 � lað Þk
;

2 gað Þk

2 � gað Þkþ gað Þk

 !

: ð8Þ

Definition 7 [20] The intuitionistic fuzzy hybrid aver-

aging operator can be defined as follows:

IFHAw;w a1; a2; . . .; anð Þ

¼ 1 �
Yn

j¼1

1 � l _ad jð Þ

� �wj

;
Yn

j¼1

g _ad jð Þ

� �wj

 !

; ð9Þ

where w ¼ w1;w2; . . .;wnð ÞT
is the weighted vector of

ajðj ¼ 1; 2; . . .; nÞ such that such that wj 2 0; 1½ � andPn
j¼1 wj ¼ 1:

Definition 8 [21] The intuitionistic fuzzy hybrid geo-

metric aggregation operator can be defined as follows:

IFHGw;w a1; a2; . . .; anð Þ

¼
Yn

j¼1

l _ad jð Þ

� �wj

; 1 �
Yn

j¼1

1 � g _ad jð Þ

� �wj

 !

; ð10Þ
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where w ¼ w1;w2; . . .;wnð ÞT
is the weighted vector of

ajðj ¼ 1; 2; . . .; nÞ such that wj 2 0; 1½ � and
Pn

j¼1 wj ¼ 1:

3 Intuitionistic Fuzzy Einstein Hybrid
Aggregation Operators

In this section, we develop some properties of intuitionistic

fuzzy Einstein hybrid averaging aggregation operator and

intuitionistic fuzzy Einstein hybrid geometric aggregation

operator.

3.1 Intuitionistic Fuzzy Einstein Hybrid Averaging

Aggregation Operator

Definition 9 [25] The intuitionistic fuzzy Einstein hybrid

averaging operator can be defined as:

IFEHAw;w a1;a2; .. .;anð Þ¼
Qn

j¼1 1þl _ad jð Þ

� �wj

�
Qn

j¼1 1�l _ad jð Þ

� �wj

Qn
j¼1 1þl

_ad jð Þ

� �wj

þ
Qn

j¼1 1�l _ad jð Þ

� �wj

;
2
Qn

j¼1 g _a
d jð Þ

� �wj

Qn
j¼1 2�g

_ad jð Þ

� �wj

þ
Qn

j¼1 g
_ad jð Þ

� �wj

0

B@

1

CA;

ð11Þ

where _ad jð Þ is the jth largest of the weighted intuitionistic

fuzzy values _aj _aj ¼ nwjaj; j ¼ 1; 2; . . .; n
� �

), w ¼ w1;ð
w2; . . .;wnÞT

is the weighted vector of aj j ¼ 1;ð 2; . . .; jÞ;
such that wj 2 0; 1½ � and

Pn
j¼1 wj ¼ 1; where n is the bal-

ancing coefficient, if the vector w ¼ w1;w2; . . .;ð wnÞT
goes

to 1
n
; 1
n
; . . .; 1

n
ð ÞT; then the vector nw1a1; nw2a2; . . .; nwnanð ÞT

goes to a1; a2; . . .; anð ÞT
.

Theorem 1 Let aj ¼ ðlaj ; gajÞðj ¼ 1; 2; . . .; nÞ be a col-

lection of intuitionistic fuzzy values ; then their aggregated

value by using the intuitionistic fuzzy Einstein hybrid

averaging operator is also a intuitionistic fuzzy value and

IFEHAw;w a1; a2; . . .; anð Þ ¼
Qn

j¼1 1 þ l _ad jð Þ

� �wj

�
Qn

j¼1 1 � l _ad jð Þ

� �wj

Qn
j¼1 1 þ l

_a
d jð Þ

� �wj

þ
Qn

j¼1 1 � l _ad jð Þ

� �wj

;
2
Qn

j¼1 g _a
d jð Þ

� �wj

Qn
j¼1 2 � g

_a
d jð Þ

� �wj

þ
Qn

j¼1 g
_a
d jð Þ

� �wj

0

B@

1

CA;

ð12Þ

where w ¼ w1;w2; . . .;wnð ÞT
is the weighted vector of

ajðj ¼ 1; 2; . . .; nÞ such that wj 2 0; 1½ �;
Pn

j¼1 wj ¼ 1:

Proof This theorem can be proved by mathematical

induction. For n ¼ 2;

w1a1 ¼
1 þ la1

� �w1� 1 � la1

� �w1

1 þ la1

� �w1þ 1 � la1

� �w1
;

2 ga1

� �w1

2 � ga1

� �w1þ ga1

� �w1

 !

w2a2 ¼
1 þ la2

� �w2� 1 � la2

� �w2

1 þ la2

� �w2þ 1 � la2

� �w2
;

2 ga2

� �w2

2 � ga2

� �w2þ ga2

� �w2

 !

Then

IFEHAw;w a1; a2ð Þ ¼
Q2

j¼1 1 þ l _ad jð Þ

� �wj

�
Q2

j¼1 1 � l _ad jð Þ

� �wj

Q2
j¼1 1 þ l

_ad jð Þ

� �wj

þ
Q2

j¼1 1 � l _ad jð Þ

� �wj

;
2
Q2

j¼1 g _a
d jð Þ

� �wj

Q2
j¼1 2 � g

_ad jð Þ

� �wj

þ
Q2

j¼1 g
_ad jð Þ

� �wj

0

B@

1

CA:

Thus the result is true for n ¼ 2; now, we assume that

Eq. (12) holds for n ¼ k; then,

IFEHAw;w a1; a2; . . .; akð Þ ¼
Qk

j¼1 1 þ l _ad jð Þ

� �wj

�
Qk

j¼1 1 � l _ad jð Þ

� �wj

Qk
j¼1 1 þ l

_ad jð Þ

� �wj

þ
Qk

j¼1 1 � l _ad jð Þ

� �wj

;
2
Qk

j¼1 g _a
d jð Þ

� �wj

Qk
j¼1 2 � g

_ad jð Þ

� �wj

þ
Qk

j¼1 g
_ad jð Þ

� �wj

0

B@

1

CA

If Eq. (12) is true for n ¼ k;, then we show that (12) is

true for n ¼ k þ 1;; thus,

IFEHAw;w a1; a2; . . .akþ1ð Þ ¼
Qk

j¼1 1 þ l _ad jð Þ

� �wj

�
Qk

j¼1 1 � l _ad jð Þ

� �wj

Qk
j¼1 1 þ l _ad jð Þ

� �wj

þ
Qk

j¼1 1 � l _ad jð Þ

� �wj
;

2
Qk

j¼1 g _ad jð Þ

� �wj

Qk
j¼1 2 � g _ad jð Þ

� �wj

þ
Qk

j¼1 g _ad jð Þ

� �wj

 !

�e
1 þ l _akþ1

� �wkþ1� 1 � l _akþ1

� �wkþ1

1 þ l _akþ1

� �wkþ1þ 1 � l _akþ1

� �wkþ1
;

2 g _akþ1

� �wkþ1

2 � g _akþ1

� �wkþ1þ g _akþ1

� �wkþ1

� �
:

ð13Þ

Let

p1 ¼
Yk

j¼1

1 þ l _ad jð Þ

� �wj

�
Yk

j¼1

1 � l _ad jð Þ

� �wj

; r1 ¼ 2
Yk

j¼1

g _ad jð Þ

� �wj

; r2 ¼ 2 g _akþ1

� �wkþ1

q1 ¼
Yk

j¼1

1 þ l _ad jð Þ

� �wj

þ
Yk

j¼1

1 � l _ad jð Þ

� �wj

; p2 ¼ 1 þ l _akþ1

� �wkþ1� 1 � l _akþ1

� �wkþ1

q2 ¼ 1 þ l _akþ1

� �wkþ1þ 1 � l _akþ1

� �wkþ1 ; s1 ¼
Yk

j¼1

2 � g _ad jð Þ

� �wj

þ
Yk

j¼1

g _ad jð Þ

� �wj

s2 ¼ 2 � g _akþ1

� �wkþ1þ g _akþ1

� �wkþ1 :

Now putting these values in Eq. (13), we have

IFEHAw;w a1; a2; . . .; akþ1ð Þ ¼ p1

q1

;
r1

s1

� �
�e

p2

q2

;
r2

s2

� �

¼
p1

q1

� �
þ p2

q2

� �

1 þ p1

q1

� �
p2

q2

� � ;
r1

s1

r2

s2

1 þ 1 � r1

s1

� �� �
1 � r2

s2

� �� �

0

@

1

A

¼ p1q2 þ p2q1

q1q2 þ p1p2

;
r1r2

2s1s2 � s1r2 � r1s2 þ r1r2

� �
:

ð14Þ

Now putting the values of p1q2 þ p2q1; q1q2 þ
p1p2; r1r2; 2s1s2 � s1r2 � r1s2 þ r1r2 in Eq. (14), we have

IFEHAw;w a1; a2; . . .; akþ1ð Þ ¼

Qkþ1

j¼1

1 þ l _ad jð Þ

� �wj

�
Qkþ1

j¼1

1 � l _ad jð Þ

� �wj

Qkþ1

j¼1

1 þ l _ad jð Þ

� �wj

þ
Qkþ1

j¼1

1 � l _ad jð Þ

� �wj

;
2
Qkþ1

j¼1

g _ad jð Þ

� �wj

Qkþ1

j¼1

2 � g _ad jð Þ

� �wj

þ
Qkþ1

j¼1

g _ad jð Þ

� �wj

0

BB@

1

CCA:

Thus Eq. (12) is true for n ¼ k þ 1. Hence Eq. (12) is

true for all n. h

Lemma 1 [23] Let aj � 0;wj � 0 j ¼ 1; 2; . . .nð Þ and

wj 2 0; 1½ �;
Pn

j¼1 wj ¼ 1: then

Yn

j¼1

aj
� �wj �

Xn

j¼1

wjaj; ð15Þ

where the equality holds if and only if aj j ¼ 1;ð
2; . . .; nÞ ¼ a:
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Theorem 2 Let aj ¼ laj ; gaj

� �
j ¼ 1; 2; . . .; nð Þ be a

collection of intuitionistic fuzzy values, then

IFEHAw;w a1; a2; . . .; anð Þ� IFHAw;w a1; a2; . . .; anð Þ; ð16Þ

where w ¼ w1;w2; . . .;wnð ÞT
is the weighted vector of

ajðj ¼ 1; 2; . . .; nÞ such that such that wj 2 0; 1½ � andPn
j¼1 wj ¼ 1.

Proof Since

Yn

j¼1

1 þ l _ad jð Þ

� �wj

þ
Yn

j¼1

1 � l _ad jð Þ

� �wj

�
Xn

j¼1

wj 1 þ l _ad jð Þ

� �

þ
Xn

j¼1

wj 1 � l _ad jð Þ

� �

As

Xn

j¼1

wj 1 þ l _ad jð Þ

� �
þ
Xn

j¼1

wj 1 � l _ad jð Þ

� �
¼ 2:

Thus

Yn

j¼1

1 þ l _ad jð Þ

� �wj

þ
Yn

j¼1

1 � l _ad jð Þ

� �wj

� 2:

Also

Qn
j¼1 1 þ l _ad jð Þ

� �wj

�
Qn

j¼1 1 � l _ad jð Þ

� �wj

Qn
j¼1 1 þ l _ad jð Þ

� �wj

þ
Qn

j¼1 1 � l _ad jð Þ

� �wj

¼ 1 �
2
Qn

j¼1 1 � l _ad jð Þ

� �wj

Qn
j¼1 1 þ l _ad jð Þ

� �wj

þ
Qn

j¼1 1 � l _ad jð Þ

� �wj
� 1

�
Yn

j¼1

1 � l _ad jð Þ

� �wj

;

ð17Þ

where the equality holds if and only if l _ad jð Þ
ðj ¼ 1; 2; . . .nÞ

are equal.

Again

Yn

j¼1

2 � g _ad jð Þ

� �wj

þ
Yn

j¼1

g _ad jð Þ

� �wj

�
Xn

j¼1

wj 2 � g _ad jð Þ

� �

þ
Xn

j¼1

wj g _ad jð Þ

� �
:

As

Xn

j¼1

wj 2 � g _ad jð Þ

� �
þ
Xn

j¼1

wj g _ad jð Þ

� �
¼ 2;

then

Yn

j¼1

2 � g _ad jð Þ

� �wj

þ
Yn

j¼1

g _ad jð Þ

� �wj

� 2:

Thus

2
Qn

j¼1 g _ad jð Þ

� �wj

Qn
j¼1 2 � g _ad jð Þ

� �wj

þ
Qn

j¼1 g _ad jð Þ

� �wj


Yn

j¼1

g
~a
�

d jð Þ

 !wj

; ð18Þ

where the quality holds if and only if g _ad jð Þ
ðj ¼ 1; 2; . . .nÞ

are equal.

Let

IFHAw;w a1; a2; . . .; anð Þ ¼ a ¼ la; gað Þ ð19Þ

and

IFEHAw;w a1; a2; . . .; anð Þ ¼ ae ¼ lae ; gaeð Þ: ð20Þ

Then Eqs. (17) and (18) can be transformed into the

following forms: la 
 lae and ga � gae , respectively :

Hence

SðaÞ ¼ la � ga 
 lae � gae ¼ SðaeÞ:

Thus

SðaÞ
 SðaeÞ:

If

SðaÞ � SðaeÞ;

then

IFEHAw;w a1; a2; . . .; anð Þ � IFHAw;w a1; a2; . . .; anð Þ: ð21Þ

If

SðaÞ ¼ SðaeÞ;

then

HðaÞ ¼ la þ ga ¼ lae þ gae ¼ HðaeÞ:

Thus

IFEHAw;w a1; a2; . . .; anð Þ ¼ IFHAw;w a1; a2; . . .; anð Þ: ð22Þ

Hence from Eqs. (21) and (22), we have

IFEHAw;w a1; a2; . . .; anð Þ� IFHAw;w a1; a2; . . .; anð Þ:

h

3.2 Intuitionistic Fuzzy Einstein Hybrid Geometric

Aggregation Operator

Definition 10 [25] The intuitionistic fuzzy Einstein

hybrid geometric operator can be defined as:
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IFEHGw;w a1; a2; . . .; anð Þ ¼
2
Qn

j¼1 l _ad jð Þ

� �wj

Qn
j¼1 2 � l _ad jð Þ

� �wj

þ
Qn

j¼1 l _ad jð Þ

� �wj
;

Qn
j¼1 1 þ g _ad jð Þ

� �wj

�
Qn

j¼1 1 � g _ad jð Þ

� �wj

Qn
j¼1 1 þ g _ad jð Þ

� �wj

þ
Qn

j¼1 1 � g _ad jð Þ

� �wj

 !

;

ð23Þ

where _ad jð Þ is the jth largest of the weighted intuitionistic

fuzzy values _aj _aj ¼ aj
� �nwj ; j ¼ 1; 2; . . .; n

� �
), w ¼ w1;ð

w2; . . .;wnÞT
is the weighted vector of aj j ¼ 1; 2; . . .; jð Þ;

such that wj 2 0; 1½ � and
Pn

j¼1 wj ¼ 1; where n is the bal-

ancing coefficient, if the vector w ¼ w1;w2; :. . .;wnð ÞT

goes to 1
n
; 1
n
; . . .; 1

n
ð ÞT; then the vector anw1

1 ; anw2

2 ; . . .; anwn
n

� �T

goes to a1; a2; . . .; anð ÞT
.

Theorem 3 Let aj ¼ laj ; gaj

� �
j ¼ 1; 2; . . .; nð Þ be a col-

lection of intuitionistic fuzzy values, then their aggregated

value by using the intuitionistic fuzzy Einstein hybrid

geometric operator is also a intuitionistic fuzzy value, and

IFEHGw;w a1; a2; . . .; anð Þ ¼
2
Qn

j¼1 l _ad jð Þ

� �wj

Qn
j¼1 2 � l _ad jð Þ

� �wj

þ
Qn

j¼1 l _ad jð Þ

� �wj
;

Qn
j¼1 1 þ g _ad jð Þ

� �wj

�
Qn

j¼1 1 � g _ad jð Þ

� �wj

Qn
j¼1 1 þ g _ad jð Þ

� �wj

þ
Qn

j¼1 1 � g _ad jð Þ

� �wj

 !

;

ð24Þ

where w ¼ w1;w2; . . .;wnð ÞT
is the weighted vector of

ajðj ¼ 1; 2; . . .; nÞ such that wj 2 0; 1½ � and
Pn

j¼1 wj ¼ 1:

Proof For proof follows the proof of Theorem 1. h

Theorem 4 Let aj ¼ laj ; gaj

� �
j ¼ 1; 2; . . .; nð Þ be a col-

lection of intuitionistic fuzzy values, then

IFHGw;w a1; a2; . . .; anð Þ� IFEHGw;w a1; a2; . . .; anð Þ; ð25Þ

where w ¼ w1;w2; . . .;wnð ÞT
is the weighted vector of

ajðj ¼ 1; 2; . . .; nÞ such that wj 2 0; 1½ � and
Pn

j¼1 wj ¼ 1:

Proof For proof follows the proof of Theorem 2. h

4 Generalized Intuitionistic Fuzzy Einstein
Hybrid Aggregation Operators

In this section, we introduce generalized intuitionistic

fuzzy Einstein hybrid geometric aggregation operator and

generalized intuitionistic fuzzy Einstein hybrid averaging

aggregation operator.

4.1 Generalized Intuitionistic Fuzzy Einstein

Hybrid Geometric Aggregation Operator

Definition 11 Let aj ¼ ðlaj ; gajÞ ðj ¼ 1; 2; . . .; nÞ be a

collection of IFVs, then the generalized intuitionistic fuzzy

Einstein hybrid geometric operator can be define as:

GIFEHGw;w a1; a2; . . .; anð Þ ¼ 1

k
�e 	

n

j¼1
k �e _ad jð Þ
� �wj

� �
;

ð26Þ

where _ad jð Þ is the jth largest of the weighted intuitionistic

fuzzy values _aj _aj ¼ aj
� �nwj ; j ¼ 1; 2; . . .; n

� �
), w ¼

w1;w2; . . .;wnð ÞT
is the weighted vector of aj j ¼ 1;ð

2; . . .; jÞ; such that wj 2 0; 1½ � and
Pn

j¼1 wj ¼ 1; where n is

the balancing coefficient, if the vector w ¼ w1;w2; . . .;ð
wnÞT

goes to 1
n
; 1
n
; . . .; 1

n
ð ÞT; then the vector anw1

1 ; anw2

2 ; . . .;
�

anwn
n ÞT

goes to a1; a2; . . .; anð ÞT
, and k is a real number

greater than zero.

Theorem 5 Let aj ¼ ðlaj ; gajÞðj ¼ 1; 2; . . .; nÞ be a col-

lection of intuitionistic fuzzy values and w ¼
w1;w2; . . .;wnð ÞT

be the associated weighted vector of

aj j ¼ 1; 2; . . .; nð Þ such that wj 2 0; 1½ � and
Pn

j¼1 wj ¼ 1;

then their aggregated value by using the GIFEHG operator

can be expressed as:

GIFEHGw;w a1; a2; a3; . . .; anð Þ

¼

Yn

j¼1
1 þ l _ad jð Þ

� �k
þ3 1 � l _ad jð Þ

� �k� 	wj

þ3
Yn

j¼1
1 þ l _ad jð Þ

� �k
� 1 � l _ad jð Þ

� �k� 	wj
� �1

k

�
Yn

j¼1
1 þ l _ad jð Þ

� �k
þ3 1 � l _ad jð Þ

� �k� 	wj

�
Yn

j¼1
1 þ l _ad jð Þ

� �k
� 1 � l _ad jð Þ

� �k� 	wj
� �1

k

Yn

j¼1
1 þ l _ad jð Þ

� �k
þ3 1 � l _ad jð Þ

� �k� 	wj

þ3
Yn

j¼1
1 þ l _ad jð Þ

� �k
� 1 � l _ad jð Þ

� �k� 	wj
� �1

k

þ
Yn

j¼1
1 þ l _ad jð Þ

� �k
þ3 1 � l _ad jð Þ

� �k� 	wj

�
Yn

j¼1
1 þ l _ad jð Þ

� �k
� 1 � l _ad jð Þ

� �k� 	wj
� �1

k

;

2
Qn

j¼1 2 � g _ad jð Þ

� �k
þ3 g _ar jð Þ

� �k� 	wj

�
Qn

j¼1 2 � g _ad jð Þ

� �k
� g _ar jð Þ

� �k� 	wj
 !1

k

Yn

j¼1
2 � g _ad jð Þ

� �k
þ3 g _ar jð Þ

� �k� 	wj

þ3
Yn

j¼1
2 � g _ad jð Þ

� �k
� g _ar jð Þ

� �k� 	wj
 !1

k

þ
Yn

j¼1
2 � g _ad jð Þ

� �k
þ3 g _ar jð Þ

� �k� 	wj

�
Yn

j¼1
2 � g _ad jð Þ

� �k
� g _ar jð Þ

� �k� 	wj
 !1

k

0

BBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBB@

1

CCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCA

Proof Proof is easy so it is omitted here. h

Theorem 6 Let aj ¼ ðlaj ; gajÞ ðj ¼ 1; 2; . . .; nÞ be a col-

lection of intuitionistic fuzzy values, then

GIFHGw;w a1; a2; . . .; anð Þ�GIFEHGw;w a1; a2; . . .; anð Þ;
ð27Þ

w ¼ w1;w2; . . .;wnð ÞT
be the associated weighted vector of

aj j ¼ 1; 2; . . .; jð Þ; such that wj 2 0; 1½ � and
Pn

j¼1 wj ¼ 1:

Proof Proof is easy so it is omitted here. h

4.2 Generalized Intuitionistic Fuzzy Einstein

Hybrid Averaging Aggregation Operator

Definition 12 Let aj ¼ ðlaj ; gajÞ j ¼ 1; 2; . . .; nð Þ be a

collection of IFVs, then the generalized intuitionistic fuzzy

Einstein hybrid averaging operator can be define as:

GIFEHAw;w a1; a2; . . .; anð Þ ¼ �
n

j¼1
w �e _ad jð Þ
� �1

k

� �
; ð28Þ
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where _ad jð Þ is the jth largest of the weighted intuitionistic

fuzzy values _aj _aj ¼ nwjaj; j ¼ 1; 2; . . .; n
� �

, w ¼ w1;ð
w2; . . .;wnÞT

is the weighted vector of aj j ¼ 1; 2; . . .; jð Þ;
such that wj 2 0; 1½ � and

Pn
j¼1 wj ¼ 1; where n is the bal-

ancing coefficient, if the vector w ¼ w1;w2; . . .;wnð ÞT
goes

to 1
n
; 1
n
; . . .; 1

n
ð ÞT; then the vector nw1a1; nw2a2; . . .; nwnanð ÞT

goes to a1; a2; . . .; anð ÞT
, and k is a real number greater than

zero.

Theorem 7 Let aj ¼ ðlaj ; gajÞ ðj ¼ 1; 2; . . .; nÞ be a col-

lection of intuitionistic fuzzy values and w ¼ w1;w2; . . .;ð
wnÞT

is the weighted vector of aj j ¼ 1; 2; . . .; jð Þ; such that

wj 2 0; 1½ � and
Pn

j¼1 wj ¼ 1; using the generalized intu-

itionistic fuzzy Einstein hybrid averaging aggregation

operator, then the aggregated intuitionistic fuzzy value can

be expressed as:

GIFEHAw;w a1; a2; a3; . . .; anð Þ

¼

2
Qn

j¼1 2 � l _ad jð Þ

� �k
þ3 l _ad jð Þ

� �k� 	wj

�
Qn

j¼1 2 � l _ad jð Þ

� �k
� l _ad jð Þ

� �k� 	wj
 !1

k

Yn

j¼1
2 � l _ad jð Þ

� �k
þ3 l _ad jð Þ

� �k� 	wj

þ3
Yn

j¼1
2 � l _ad jð Þ

� �k
� l _ad jð Þ

� �k� 	wj
 !1

k

þ
Yn

j¼1
2 � l _ad jð Þ

� �k
þ3 l _ad jð Þ

� �k� 	wj

�
Yn

j¼1
2 � l _ad jð Þ

� �k
þ3 l _ad jð Þ

� �k� 	wj
 !1

k

;

Yn

j¼1
1 þ g _ad jð Þ

� �k
þ3 1 � g _ad jð Þ

� �k� 	wj

þ3
Yn

j¼1
1 þ g _ad jð Þ

� �k
� 1 � g _ad jð Þ

� �k� 	wj
� �1

k

�
Yn

j¼1
1 þ l _ad jð Þ

� �k
þ3 1 � l _ad jð Þ

� �k� 	wj

�
Yn

j¼1
1 þ g _ad jð Þ

� �k
� 1 � g _ad jð Þ

� �k� 	wj
� �1

k

Yn

j¼1
1 þ l _ad jð Þ

� �k
þ3 1 � l _ad jð Þ

� �k� 	wj

þ3
Yn

j¼1
1 þ l _ad jð Þ

� �k
� 1 � l _ad jð Þ

� �k� 	wj
� �1

k

þ
Yn

j¼1
1 þ l _ad jð Þ

� �k
þ3 1 � l _ad jð Þ

� �k� 	wj

�
Yn

j¼1
1 þ l _ad jð Þ

� �k
� 1 � l _ad jð Þ

� �k� 	wj
� �1

k

0

BBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBB@

1

CCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCA

Proof Proof is easy so it is omitted here. h

Theorem 8 Let aj ¼ ðlaj ; gajÞ ðj ¼ 1; 2; . . .; nÞ be a col-

lection of intuitionistic fuzzy values, then

GIFEHAw;w a1; a2; . . .; anð Þ�GIFHAw;w a1; a2; . . .; anð Þ;
ð29Þ

where w ¼ w1;w2; . . .;wnð ÞT
is the weighted vector of

aj j ¼ 1; 2; . . .; jð Þ; such that wj 2 0; 1½ � and
Pn

j¼1 wj ¼ 1:

Proof Proof is easy so it is omitted here. h

5 An Application of the Generalized Intuitionistic
Fuzzy Einstein Hybrid Aggregation Operators
to Group Decision Making

In this section, we will use these generalized intuitionistic

fuzzy Einstein hybrid aggregation operators to the multiple

attribute group decision-making problems.

Algorithm Let G ¼ G1;G2; . . .;Gmf g be the set of a

finite m alternatives, and A ¼ A1;A2; . . .;Anf g be the set of

a finite n attributes, and D ¼ D1;D2; . . .;Dkf g be the set of

k decision makers. Let w ¼ w1;w2; . . .;wnð ÞT
is the

weighted vector of Aj j ¼ 1; 2; . . .; jð Þ; such that wj 2 0; 1½ �
and

Pn
j¼1 wj ¼ 1: Let x ¼ x1;x2; . . .;xnð ÞT

be the

weighted vector of the decision makers Ds s ¼ 1; 2; . . .; kð Þ;
such that xj 2 0; 1½ � and

Pn
j¼1 xj ¼ 1:

Step 1 Construct Ds ¼ a sð Þ
ij

h i

m�n
s ¼ 1; 2; . . .; kð Þ for

decision. If the criteria have two types, such as benefit criteria

and cost criteria, then Ds ¼ asij

h i

m�n

can be converted into

Rs ¼ rsij

h i

m�n

, where rsij ¼
asij; for benefit criteria Aj

�asij; for cost criteria Aj;

�

j ¼ 1; 2; . . .; n; and �asij is the complement of asij:

Step 2 Utilize (IFEWA, IFEWG) operator to aggregate

Rs ¼ rsij

h i

m�n

into a single R ¼ rij

 �

m�n

Step 3 Utilize _aij ¼ nwjaij and _aij ¼ aij
� �nwj

to derive the

overall preference values, and then calculate the scores of

riði ¼ 1; 2; 3; . . .;mÞ:

Step 4 Utilize (GIFEWA, GIFEWA) operator to derive

the overall preference values, and then calculate the scores

of riði ¼ 1; 2; 3; . . .;mÞ:

Step 5 Arrange the scores of the all alternatives in the

form of descending order and select that alternative which

has the highest score function.

6 Illustrative Example

Suppose a man wants to invest has money in the following

best option G1: Medicine Company, G2: Army Company,

G3: Computer Company and G4: Mobile Company.

The man must take a decision according to the following

four attributes, whose weighted vector is w ¼ 0:1; 0:2;ð
0:3; 0:4ÞT

. A1: risk analysis, A2: growth analysis, A3: social

political impact analysis and A4: environmental analysis,

where A1; A3 are cost-type criteria and A2; A4 are benefit-

type criteria. There are three experts Dsðs ¼ 1; 2; 3Þ, from a

group to act as decision makers, whose weight vector is

x ¼ ð0:3; 0:3; 0:4ÞT
.

Step 1 Construct the decision matrices (Tables 1, 2, 3)

Step 2 Construct the normalized decision matrices

(Tables 4, 5, 6)

Step 3 Utilize IFEWA operator, where x ¼ ð0:3; 0:3;

0:4ÞT
(Table 7)
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Step 4 Utilize _aij ¼ nwjaij we have

_a11 ¼ 0:15; 0:79ð Þ; _a12 ¼ 0:41; 0:49ð Þ; _a13 ¼ 0:43; 0:46ð Þ;
_a14 ¼ 0:73; 0:19ð Þ _a21 ¼ 0:12; 0:79ð Þ; _a22 ¼ 0:38; 0:48ð Þ;
_a23 ¼ 0:45; 0:35ð Þ; _a24 ¼ 0:74; 0:11ð Þ _a31 ¼ 0:13; 0:81ð Þ;
_a32 ¼ 0:47; 0:39ð Þ; _a33 ¼ 0:45; 0:45ð Þ; _a34 ¼ 0:75; 0:11ð Þ
_a41 ¼ 0:13; 0:80ð Þ; _a42 ¼ 0:44; 0:42ð Þ; _a43 ¼ 0:33; 0:50ð Þ;
_a44 ¼ 0:77; 0:19ð Þ

Now we calculate the score functions:

S _a11ð Þ ¼ �0:64; S _a12ð Þ ¼ �0:03; S _a13ð Þ ¼ �0:33;

S _a14ð Þ ¼ 0:53; S _a21ð Þ � 0:67

S _a22ð Þ ¼ �0:09; S _a23ð Þ ¼ 0:09; S _a24ð Þ ¼ 0:63;

S _a31ð Þ ¼ �0:68; S _a32ð Þ ¼ 0:07

S _a33ð Þ ¼ 0:00; S _a34ð Þ ¼ 0:64; S _a41ð Þ ¼ �0:66; S _a42ð Þ
S _a44ð Þ ¼ 0:58

Thus we obtain Table 8

Step 4 Utilize IFEWA operator, where w ¼ 0:1; 0:2;ð
0:3; 0:4ÞT; we have

r1 ¼ 0:36; 0:55ð Þ; r2 ¼ 0:35; 0:50ð Þ; r3 ¼ 0:38; 0:55ð Þ;
r4 ¼ 0:30; 0:54ð Þ

By calculating the scores, we have

S r1ð Þ ¼ �0:18; S r2ð Þ ¼ �0:15; S r3ð Þ ¼ �0:17;

S r4ð Þ ¼ �0:24

Step 5 Thus the best option is G2 (Table 9).

Table 1 Intuitionistic fuzzy decision matrix D1

A1 A2 A3 A4

G1 (0.5, 0.4) (0.5, 0.4) (0.6, 0.4) (0.6, 0.4)

G2 (0.6, 0.3) (0.4, 0.5) (0.4, 0.5) (0.6, 0.3)

G3 (0.5, 0.4) (0.5, 0.3) (0.5, 0.3) (0.4, 0.3)

G4 (0.6, 0.3) (0.5, 0.4) (0.5, 0.4) (0.5, 0.4)

Table 2 Intuitionistic fuzzy decision matrix D2

A1 A2 A3 A4

G1 (0.6, 0.3) (0.5, 0.4) (0.6, 0.3) (0.6, 0.4)

G2 (0.5, 0.3) (0.6, 0.4) (0.4, 0.5) (0.5, 0.3)

G3 (0.6, 0.3) (0.6, 0.3) (0.6, 0.4) (0.5, 0.3)

G4 (0.4, 0.5) (0.6, 0.2) (0.5, 0.4) (0.5, 0.4)

Table 3 Intuitionistic fuzzy decision matrix D3

A1 A2 A3 A4

G1 (0.5, 0.4) (0.5, 0.4) (0.5, 0.4) (0.4, 0.4)

G2 (0.5, 0.3) (0.4, 0.3) (0.5, 0.3) (0.6, 0.3)

G3 (0.6, 0.3) (0.6, 0.3) (0.5, 0.4) (0.6, 0.3)

G4 (0.6, 0.2) (0.5, 0.4) (0.7, 0.1) (0.6, 0.4)

Table 4 Normalized decision matrix R1

A1 A2 A3 A4

G1 (0.4, 0.5) (0.5, 0.4) (0.4, 0.6) (0.6, 0.4)

G2 (0.3, 0.6) (0.4, 0.5) (0.5, 0.4) (0.6, 0.3)

G3 (0.4, 0.5) (0.5, 0.3) (0.3, 0.5) (0.4, 0.3)

G4 (0.3, 0.6) (0.5, 0.4) (0.4, 0.5) (0.5, 0.4)

Table 5 Normalized decision matrix R2

A1 A2 A3 A4

G1 (0.3, 0.6) (0.5, 0.4) (0.3, 0.6) (0.6, 0.4)

G3 (0.3, 0.5) (0.6, 0.4) (0.5, 0.4) (0.5, 0.3)

G3 (0.3, 0.6) (0.6, 0.3) (0.4, 0.6) (0.5, 0.3)

G4 (0.5, 0.4) (0.6, 0.2) (0.4, 0.5) (0.5, 0.4)

Table 6 Normalized decision matrix R3

A1 A2 A3 A4

G1 (0.4, 0.5) (0.5, 0.4) (0.4, 0.5) (0.4, 0.4)

G2 (0.3, 0.5) (0.4, 0.3) (0.3, 0.5) (0.6, 0.3)

G3 (0.3, 0.6) (0.6, 0.3) (0.4, 0.5) (0.6, 0.3)

G4 (0.2, 0.6) (0.5, 0.4) (0.1, 0.7) (0.6, 0.4)

Table 7 Collective intuitionistic fuzzy decision matrix R

A2 A3 A4

G1 (0.37, 0.52) (0.50, 0.40) (0.37, 0.55) (0.52, 0.40)

G2 (0.30, 0.52) (0.46, 0.38) (0.42, 0.43) (0.54, 0.30)

G3 (0.33, 0.56) (0.57, 0.30) (0.39, 0.52) (0.55, 0.30)

G4 (0.32, 0.53) (0.53, 0.32) (0.28, 0.57) (0.57, 0.40)

Table 8 Intuitionistic fuzzy hybrid decision matrix

A1 A2 A3 A4

G1 (0.73, 0.19) (0.41, 0.49) (0.43, 0.46) (0.15, 0.79)

G2 (0.74, 0.11) (0.45, 0.35) (0.38, 0.48) (0.12, 0.79)

G3 (0.75, 0.11) (0.47, 0.39) (0.45, 0.45) (0.13, 0.81)

G4 (0.77, 0.19) (0.44, 0.42) (0.33, 0.50) (0.13, 0.80)
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6.1 Compare with the Other Methods

First we compare the propose methods with methods pro-

posed by Zhao et al. [26], the aggregation operators pro-

posed by H. Zhao et al. [26] are based on algebraic

operations, and those in this paper are based on the gen-

eralized Einstein operations. Obviously the methods pro-

posed in this paper are more general, more accurate and

more flexible. Comparing with Einstein operators proposed

by Zhao and Wei [25], they are only the special cases of the

proposed operators in this paper. When k = 1, then the

GIFEHA aggregation operator and GIFEHG aggregation

operator proposed in this paper can be reduce to IFEHA

aggregation operator and IFEHG aggregation operator,

respectively. If we change the value of parameter k, we get

different ranking results.

7 Conclusion

The objective of this paper is to present some generalized

Einstein hybrid aggregation operators based on intu-

itionistic fuzzy numbers and applied them to the multi-

attribute group decision-making problems where attribute

values are the intuitionistic fuzzy numbers. Firstly, we

have developed two Einstein hybrid aggregation operators

along with their properties, namely intuitionistic fuzzy

Einstein hybrid averaging aggregation operator and intu-

itionistic fuzzy Einstein hybrid geometric aggregation

operator. Furthermore, these operators have been exten-

ded to its generalized operators by incorporating the

attitude parameter of the decision making k during the

aggregation process. It has been obtained from these

operator that when k = 1, then the generalized operators

reduce to intuitionistic fuzzy Einstein hybrid averaging

aggregation operator and intuitionistic fuzzy Einstein

hybrid geometric aggregation operator. Furthermore, have

developed a method for multi-criteria group decision

making based on these operators, and the operational

processes have illustrated in detail. An illustrative

example of selecting the best company to invest money

has been considered for demonstrating the approach. The

results corresponding to the proposed approach have been

compared with the existing operator results, and it has

been found that the decision-making method proposed in

this paper is more stable and practical.
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