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Abstract This paper presents a new Line-integral poly-
nomial Lyapunov functional approach for observer-based
control for a class of polynomial fuzzy systems with time
delay and unmeasured state variables. To guarantee the
global asymptotic stability and estimation error conver-
gence, a design method is proposed. In this work we
consider a Line-integral polynomial Lyapunov function in
which the Lyapunov matrices are polynomial matrices
depending not only of the estimated states but also of the
estimated delayed states and we use the dual system to
reduce the computational efforts. The design conditions are
established in terms of Sum Of Squares (SOS) which can
be numerically and symbolically solved via the recent
developed SOSTOOLS and a Semi-Definite Program sol-
ver. Finally, numerical examples are proposed to show the
validity and applicability of the proposed results.
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1 Introduction

The well-known Takagi—Sugeno (T-S) fuzzy model is
recognized as a powerful tool in approximating nonlinear
systems. Since its introduction in 1985 [23], it has been
attracting ever-increasing interest. The fuzzy model-based
control methodology provides a natural, simple and
effective design approach to complement other nonlinear
control techniques (e.g [20]) that require special and rather
involved knowledge.

On the other hand, time delay often occurs in many
practical systems such as chemical processes, telecommu-
nication, and mechanical systems, etc. As a consequence,
T-S fuzzy model has been extended to tackle analysis and
design problems of nonlinear systems with time delay. Lots
of efforts have been made to develop updated stability
analysis methods and various techniques have been
obtained. The standard methods which use common Lya-
punov-Krasovskii Functional, often lead to conservative
results [10, 14, 30, 31]. Recently, different design tech-
niques, aimed at reducing the conservatism, have been
proposed. Thus, a result has been developed in [15] by
applying the fuzzy function approach and the delay dis-
cretisation technique. The delay partitioning method,
where the time delay is divided into several segments, has
been proposed in [33]. It is shown in this work that the
resulting conditions based on this technique are less con-
servatives when the number of partitions increases. More
recently, less conservative result is given in [21] by using a
novel integral inequality based on the Wirtinger inequality.
In [32], the authors have studied stability of T-S fuzzy
systems with time-delay by combining the fuzzy LKF with
the Wirtinger-based integral inequality. We notice that all
the results previously cited give sufficient conditions in
terms of Linear Matrix Inequalities (LMIs) which can be
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easily solved using existing solvers such as the LMI
Toolbox of Matlab software. Although the LMI-based
approaches have received great interest and progress, the
results obtained through LMIs are too conservative.

By the introduction of the Sum Of Squares (SOS)
approach and numerical tools related to SOS program-
minga great interest has been given to analysis and design
problems of polynomial nonlinear systems. SOS pro-
gramming is considered as a powerful technique in auto-
matic and control theory since it provides convex
relaxations to solve optimization problems [16, 17].

Recently, the SOS approach is firstly considered to solve
the polynomial fuzzy control system design problems
[24, 29]. It is a completely different approach from the
existing LMI approaches [5, 28]. SOS approach can sup-
plied more relaxed results than the existing LMI approach,
see [29] and [24].

Latest evolution in SOS programming techniques [4]
make possible to state analysis design problems of poly-
nomial control systems. For instance, novel robust fault
detection design procedure for nonlinear systems has been
developed in [6] via sum of squares decomposition. In [1],
stability analysis of networked control systems is proposed.
In [22], the problems of stability and stabilization are
studied for polynomial fuzzy system with time varying
delay. The SOS based local stabilization of polynomial
fuzzy models with time delay has been investigated in [9]
and the control design with saturation constraint for poly-
nomial fuzzy systems with time delay is proposed in [7].

More latterly, numerous design of observer based con-
trol for polynomial fuzzy systems have been developed
with a classical Lyapunov function in which the Lyapunov
matrix is constant. For example, in [11] the problem of
polynomial fuzzy observer design has been proposed via
sum of squares approach. In [19, 26] and [25], a large class
of free delay polynomial fuzzy models are proposed where
state and control matrices are not dependent on unmea-
surable states. Overall, there exists only very few literature
works on SOS observer-based control designs for polyno-
mial fuzzy systems with state delay. For example, we can
cite [8], where the authors investigated the problem of
observer-based control for nonlinear systems with time-
varying delay, in which the Lyapunov matrix is constant.

In this paper, we introduce a new SOS based design
method of the observer based control for polynomial fuzzy
system with time delay. The framework gives key ideas to
reduce the conservatism, get more relaxed results and
reduce the computational efforts compared to work in [8].
The first key idea concerns the use of the dual system to
reduce the computational efforts. The second key idea
focuses on the analysis of the stability of the observer-
based control system by using the newly proposed line-
integral polynomial Lyapunov function, in which the
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polynomial Lyapunov matrix dependent in estimated states
and the estimated delayed states. To the best of our
knowledge, there are no works dealing with polynomial
Lyapunov matrix depending on the same time on estimated
states and estimated delayed states. The third key idea is
that both the polynomial state matrices and the polynomial
input matrices are depending not only on the estimated
states but also on the estimated delayed system states.
Furthermore, the polynomial delayed state matrices are
depending on the estimated delayed system states. These
ideas provide some added advantages of the relaxation. The
stability of the control system is analysed using the newly
proposed time-delay line-integral Lyapunov function,
which provides more decision variables than the classical
Lyapunov function. In addition, by introducing a novel
integral inequality, we formulate the proposed stability
conditions in terms of SOS. Two numerical examples are
introduced. In the first example we compare our result with
the result of [8] and we demonstrate that our approach
improves the result in [8] for several main aspects. The
second example is given to validity and illustrate the pro-
posed approach.

The remainder paper is organized as follows. In Sect. 2,
some preliminaries are proposed. Next in Sect. 3, the
problem formulation of polynomial fuzzy models and the
polynomial fuzzy observer-based are described. Section 4
presents a SOS design method for polynomial fuzzy con-
troller and observer. In Sect. 5, numerical examples are
given to demonstrate the effectiveness of the proposed
method. Finally, Sect. 6 provides the conclusion.

2 Preliminaries

The following definitions and lemmas are helpful for next
developments.

Definition 1 A polynomial Y(x(r)) is an SOS if there

exists a set of polynomials ¢;(x(¢)),i = 1,...,s such that:
s

Y(x(1)) =) 4} (x(1)) (1)
i=1

So if Y(x(r)) is SOS that signify Y (x(¢)) > 0, Vx(¢).

Definition 2 Let x* = 0 be an equilibrium of the auton-
omous system x(1) = g(x(7)), if V(x(r)) :R" - R is a
continuous scalar function satisfying the conditions as
follows:

(1) V(0)=0.
2) V(x(#)) >0, ¥x(r) € R"\0"  (globally positive
definite).

3)  |x(®)]] = 00 = V(x(t)) — oo (radially unbounded).
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(4)  V(x(»)) is a continuously differentiable function.
then, V(x(¢)) is a Lyapunov function candidate to
prove global asymptotic stability of the underlying
system.

Lemma 1 [12] If the time derivative of the Lyapunov
function candidate V(x(t)) of the autonomous system x(t) =
g(x(1)) is globally negative definite, i.e., V(x(t))<O0,
Vx(t) € R™0", then the equilibrium of the underlying
system is proven to be globally asymptotically stable.

Lemma 2 [18] Let g(x) = [g1(%), ..., g.(¥)]". A neces-
sary and sufficient condition for V(X) to be a path-inde-
pendent function is

0gi(¥) _ 0g;(%)

_ %W 2
% 0% @

fori,j=1,...,n.

3 Problem Formulation

Consider a nonlinear system with time delay represented
by the following delayed Polynomial Fuzzy Model (PFM)
with r plant rules.

Rule i (i=1,2,...,r):

If 0,(x(¢)) is p;; and ... and 0,(x(¢)) is w;, Then

x(t) = Ai(x(1), x(t — ©))x(t) + A, (x(r — 7))x(t — 1)
+ Bi(x(2),x(t — 7))u(t)
y(t) = Cix(1)
x(t) =y(t),t € [-1,0]
(3)

where 0;(x(1))(j = 1, ..., p) are the premise variables. Note
that 0;(x(r)) are assumed to be independent of the states
x(7) to be estimated. In other words, each 0;(x(z)) is a
measurable time-varying quantity that may be measurable
external variables, outputs and/or time. This has been also
assumed in the existing works of the T-S fuzzy observer-
based designs [27, 28]. w;(i = 1,...,r,j=1,...,p) are the
fuzzy sets; y(f) is a continuous vector-valued initial
function on [—t  0]; x(¢) € R™ is the state vector, u(t) €
R"™ is the control input vector and y(7) € R™ is the output
vector. A;(x(¢),x(t — 7)) and B;(x(¢),x(t — 7)) are polyno-
mial matrices in (x(¢),x(¢t — 1)), A, (x(t —7))) are poly-
nomial matrices in x(# — ), C; are known constant real
matrices. r is the number of IF-THEN rules. Delay 7t is
assumed to be known and constant.

Remark I We note that the state and control matrices not
only depend on the system states but also on delayed
system states. Hence, this class of nonlinear system is more

general than the polynomial fuzzy systems that can be met
in literature.

After deffuzzication process of model (3), the global
system dynamics is given by the following equation :

(1) = Xr:hi(e(X(l))){Ai(X(t),X(f —7)x(1)
i=1

+ Aq (x(t = 7))x(t = 7) + Bi(x(1), x(t — 7))
u(n)}

Y0 = 3 m(0Gx(1))Cixlr)
i=1

(4)

in which
. X p .
(0(x(0))) = 5 gy H(O0G0) = TLay(@,(0) is

the membership function.
It is obvious that fuzzy weighting functions 4;(0(x(t)))
satisfy

(Q(X(t)) =1 (5)
(0(x(1)) =1

In the sequel, for brevity time # is dropped. /;(0(x(¢))) and
x(t — 1) are respectively denoted by A; and x;.

Usually, since the output vector can be measured by
sensors in many real systems, we assume C; = --- = C, =
C such that the polynomial fuzzy model can be rewritten as

O -
I/\HM\

hi
i=1
hi

hi{Ai(x, x¢)x + Aq, (X )x, (X, x0)u
H{()+()+B( Juy ©)

y=0Cx

’
X =

Let consider the following polynomial fuzzy observer
based PDC (Parallel Distributed Compensation) controller:

= 3 AR TR + A ()R + Bi(R TJu
i=1
+ Li(x)(y =)}

y=Cx

u—= — le:h,F,(EC\)EC\

where X € R™ is the estimated state, y € R™ is the esti-
mated output vector, L;(X) and F;(X) are the polynomial
observer gains and polynomial controller gains to be
designed, respectively.

The augmented polynomial fuzzy model based observer
control system is written as
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ECL = Zzhihj{Gij(xvxra/x\7 /-f‘t)fi_FMi(xﬂ’x\r)}r}
i=1 j=1 (8)

X=y,te[-1,0],

- x ~ X. ~

S S R 7
G} (%, %) G2 (%) 1

Gy (x,x¢, X, X2) Gizj2

— B;(X, X )Fj(X)

(xaxn X

©)

Lemma 3 There exist two orthogonal matrices U €
R»*™ agnd Z € R™*"™ such that

v'cz = [6 0} (10)
where C = diag{cl,cz, .. .7c,,y} and ¢; (i=1,...,ny) are
nonzero singular values of C.

Proof Since rank(C) = n. O

A new SOS framework will be presented in Sect. 4. The
usefulness of the new SOS design framework will be
demonstrated in design examples.

4 Main results

Before proceeding, knowing that the dual system of system
(8) is asymptotically stable, if and only if system (8) is
asymptotically stable, then we simply use the stability of
the dual system.

The proposed line-integral polynomial Lyapunov func-
tion has the following form:

V(x) = Vi(x,%:) + Va(ex) + V3(¥) (11)

where V; € I is a Lyapunov functional that is described as
follows:

(12)
(13)

%@£J=2/gWMM

r

Va(ey) = eZPgex

@ Springer

(14)

where I is paths from the origin to X, € R”" is the dummy
vector, dy € R" is an infinitesimal displacement vector,
ex = x — X is the estimation error via the observer, S(X) is
symmetric positive definite matrix to be determined,
g(y) € R" is vector function and has the following form

(15)

with P(X,%;) € R™" is a symmetric positive definite
matrix such as
dii (X1,%7,)

plZ(/x\7/x\‘E)

g(X, %) = P (R, %)%

Pi2(X,%;)
- dy(X2,X:,) -
P](X,XT):

~ o~

pln(k\,jc\r) P2n(f>35\r) : dnn(xnax‘:,,)

where py(X,X;) is written as

q
p]d(;C\, 5‘7\1) = Z CP(BEZEC\?"’_?{;),{}%) +pkl(i7 )EI)
p=1

(16)

such that ¥CX, x CXx,,
{551(,351}0)? =0.

and P, € R™" is a symmetric positive definite matrix
and has the following form:

{Xe, X p%; =0 and

Py = ZP,7" (17)
5 [P0

P=1|"2 18
2 [0 sz} ( )

The following lemma shows that proposed Vi(X,X.) is
suitable polynomial Lyapunov candidate for (8)

Lemma 4 V| (X,X;) is path-independent, positive definite
and continuously differentiable.

Proof A necessary and sufficient condition for V; (¥, X;)
to be path-independent is
agi(}73€‘r) _ agj(k\a /-x\‘c)

— = — fori,j=1,...,n.
axj 6x,- hJ "

(19)

where g;(X, ;) is the ih row of the vector function g(X,x;)
and X; is the jth element of column vector X. On the other
hand expanding (15), the ith row of g(X, Xx;) becomes:
n
&%, %0) = die(Xi, %o )% + Y pis (X, %)%
I

(20)

For j # i, taking a partial derivative with respect to X;, we
obtain:
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agig;;x ) ad,,(ax),cj, X)) - %t py(® 3
MUGEORS e
ox; /
= pij(%, %) + pCpx} 5’, Vi<i<n
Similarly
%?:Pﬂ(x Xo) +pCXx;, V1<j<n (22)

We already set p;(X,X;) = p;i(x,%,) for 1 <i,j<n. This
implies that (19) holds, and thus V;(X,X;) is path-
independent.

Moreover, considering Theorem 2 of [18], it can be
easily proved that V;(X,Xx;) is positive definite and
continuously differentiable because P;(%,%.) is positive
definite matrix. O

Theorem 1 Consider polynomial fuzzy model (6) with
observer based control (7). If there exist matrices

]31(35 X), f)“ € R, f’? e Rin—m)x(m=m) =g, (%),
S (X), W ( ), WL( ) such that the following SOS-based
condmons are satisfied:

VI(PI(R,%:) — e (X, %))y is SOS
P2 — €2I)V2 is SOS

(23)
vy ( (24)
vi(81(X) — e&(¥))vs is SOS (25)
Vi (S2(F) — e3(X)1)v3 is SOS (26)
=T (T y(x, x0, X, %) + Tjilx, %0, X, Xz 27)
+eq(x, x, X, X)) is SOS  Vi<j
where
Py =27Py7" (28)
=1 5 >
UeRY™, ZeR"™ and C are given by applying
lemma 3.

-Til' X, Xg, X, 56\1) T,z‘ Xe, X, Xp
T,'J'(X,XT,EC\,}\T) = j( j( ) 3.
L * Tij(x)
1 ~ Tiljl (36\, EC\I) Tiljz(xvxrayy 351)
Th(xx, 5. 50) = i X%
L * TU (xvxnxaxr)
s [ TPER) TR )
T3 (0,2, 5. 50) = i o h
L * TU (-x‘ra-xa-xr)
-8 (% 0
ryw -0 0
’ * —52(%)
T (%, %) = AT %) P1(R,T0) - Bi(R, %)W (%)
+ Pi(R,3)A(X, %)
— WIE)Bi(x, %) +81(%)
T}ﬁ(x,xnm}) WE(R)C + Py (3, %) (Ai(x, x0)
AR, %)) = W (%) (Bi(x, xc)
— Bi(x, xf))T
T[1j3(/‘x\’ /‘x\f) = Pl('xa-x‘t)Ari(-xr)T
Tilj4(xﬁ§c\v Xo) = Pl(jc\v yr) Ar,-(xr) _Ar,(k\r))T

)
T2 (x, %, X, %) = Ai(x, )Py — WE(X)C

+ PzAi(xMCr)T - CTWiL@)T
+ $2(%)

N ~ T
Tl,zj4(xt,x,xr) = P>(X, %) Aq (x;)

(30)

V1, V2 and v3 denote vectors that are independent of x, x;, X
and ., and 7] denotes vectors dependent of x, x., X and X.
ei(x)is a slack variable (a radially unbounded positive
definite polynomial) to keep the positivity of the SOS
condition.

Then closed-loop polynomial fuzzy system (8) is asymp-
totically stable and polynomial controller and observer
gains are given by:

Fi(®) = W (®)P; (% %.) (31)
Li(%) = W-®R)UC(PY) ' T 'U" (32)

Proof Since the stability of the system implies the sta-
bilization of its dual, we will be interested in the stability of
the dual system, many papers [2, 3, 13] had investigated
with the dual systems. So, we can deal with the stability of
the dual system.

Deriving Lyapunov function (11), we obtain:

@ Springer
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V() = 25/}@ & L at 4 6T Pre, + T Bré s@) = |51 WF(R) = Fy(%)P1 (3, %)
dr 0 1 dt x4 2€x x12€x 0 Sz(;C/) ) i i 1Ay At
+ 78(X)x — I S(X)x, (40)
t
_ 2% / FTP () ddt + T Brey + e Pré, Substituting (40) into (30), we obtain
0 33 ~ o~ ~ o~
FETS(R)F — TSR (33) Tij(x, %0, X, %) + T, X0, X,%;) < 0 (41)
= 2}T}31(}, 21)35 +2e§P2éx +35TS(35)35 The SQS conditions in Theorem 1 imply (41), then, we
— TSR have V(x)<0. Therefore, dual system is asymptotically
e~ e stable. O
=2X"P(X, %)% + X' S(X)x — X' S(X)%,
Remark 2 Thanks to equivalence principle between the
where closed loop systems and its dual, the polynomial fuzzy
P ®%) 0 % model based control system (8) is guaranteed to be
]3(35, X.) = l 14, X2 ]and X = [ } (34)  asymptotically stable if the SOS-based conditions in The-
0 Py Ex orem 1 are satisfied.

Changing X by its expression of the dual system, function

V(x) will be of the form:

VE) =2 ) hih® P(%, %) [G](x, x:, £, %)
i=1 j=1 (35)
+ M;T (e, %)% 4+ X S(X)X — XL S(X)x,

The time derivative of V(%) satisfies

V) = X i Qo xe, X300+ 2 Xy byl
(Qij(x,xr;}a 3(\':) + jS(xvxrak\v }\t))fﬁ
(36)
where 717 = [37,%7]".
11 FAPN 12 ~
Q[j(xj-xfa-/x\7-/x\f) _ ‘Qij (x,xr,x,xf) Q[j (x>x‘ra~x7xr)
* -S(x)
11 S oy P oo T ~ =
Qi (%, %0, %, %) = P(X,%:) Gy (x, %, X, Xo)
+ Gij(x,x;,%,X;)P(X,X;) + S(X)
Qiljz(x,xf,?, %) = P(X, %)M (x;, %) (37)
If the following conditions hold, V(X) <0 at X # 0
Q,:]-(x,xr,f, 36\1) —+ .Qj,(X,XT,BC\, EC\z) <0 (38)

By applying Lemma 3 and taking into account that P, is in
form of (28)—(29), we obtain

. Pl 0

L($)CP, = L(®)U[C 0]Z'z| > _ |Z"
=L(X)U[CP}' 0]Z 2

= L(x)UCP)'C 'U"U[C o0]Z"

Let WE(R) = Li(X)UCPL C~'UT, we obtain:
Li(X)CP, = WE(%)C (39)

Define

@ Springer

Remark 3 Unlike the classical fuzzy Lyapunov function
approach in [11, 25] in which the Lyapunov matrix is a
constant matrix, our approach focuses on the analysis of the
stability of the observer-based control system by using the
newly polynomial fuzzy Lyapunov in which the polyno-
mial Lyapunov matrix dependent on the estimated states
and the estimated delayed states as well. Therefore, the
proposed stability conditions are more relaxed than those
obtained using the conventional Lyapunov function
approaches even if the system doesn’t deal with the delay
problem.

5 Tllustrative Examples

To show the effectiveness of the developed approach and
the less conservativeness of Theorem 1 using the new line-
integral polynomial Lyapunov function, we present three
numerical examples of the polynomial fuzzy system, where
in the first one we compare our result with the result of
algorithm 1 in [8].

5.1 Example 1

In the first example , we design an observer based control
for polynomial fuzzy systems with time delay:

2
X = Z hi{ Ay (x, x0)x 4+ Aq, (%) x: + Bi(x, x;)u}

i=1

(42)
y=Cx

where
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1 —0.6x2
A](X,XT): 22
10 —3-x
[ 02172 —0.6x2 |
As(x,x.) =
2( %) 10 —3-2
1
Bi(x,x;) = Ba(x,x;) = {O],C[l 0]
0.1 0 [—0.1 0
A-[ 1) — ) A‘E ) =
) =10 o} ) =10 0}

The membership functions are defined as
h] = 05(1 — sin(xl)), /’l2 =1- hl.

Remark 4 The goal is to find more relaxed result. For this,
we propose to compare our result with the result presented
in [8]. The proposed result is especially interesting from
computational load point of view. Thus, the use the dual
system allowed to introduce a vector dependent of x, x,, X
and x;. Consequently, we reduce not only the computa-
tional efforts but also the conservatism. Secondly, both
polynomial state matrices A; and polynomial input matrices
B; are depending on both the estimated system states and
the estimated delayed system states. Finally, in our method
we adopt a new Line-integral polynomial Lyapunov func-
tion in which the Lyapunov matrices P, (%,%;), S;(X) and
S,(X) are not constant but polynomial matrices depending
on the estimated states and the estimated delayed states. we
can conclude that our approach improves the result in [8]
for many main aspects.

The SOS conditions in algorithm 1 of [8] are infeasible

if Lyapunov matrices X;, Xp, §1 and §2 are constant
matrices. However, our SOS conditions in Theorem 1 are
feasible if we select P (%,X;), $1(X) and $,(X) as poly-
nomial matrices. Thus, the polynomial Lyapunov function
in (11) with the polynomial Lyapunov matrices is more
useful than the Lyapunov function in [8]. This shows the
utility of our SOS based approach.

We choose €(X,%;) = e, = €3(%)
= 107*, degree of P, (X,X;)is 2 in X and X, degree of P, is
0, degrees of S;(x) and S,(X) are 2 in X, and the degrees of
Wf (%) and W} (%), j = 1,2, are 2 in X;.

By solving the SOS conditions in Theorem 1, we obtain
the following solution:

Bt ) = [f’%l(f,m

where

= €4<x7-x‘ra /-x\a /x\f)

PP(%,
PP (%, %)

=
A
~

] (43)

Pl (%, %) = —1.548¢ 8% — 4.19¢7 %%, + 0.1525

P2(%, %) = 9.742¢ %1%, — 3.631e™*
P2(%,%,) = 1.641e 552 — 8.292¢ 7%, 4+ 8.439¢ 73 (44)
{ 8.256¢ 3 0 }
2.54¢73
Sll()ez) SIZ()EZ)
Si(h) =|"" : 45
1) [ £ SP(R) )
with

S1'(%2) = 0.960653 — 7.654¢ "%, + 1.671

512 (%) = —6.302¢%%5 + 1.758¢ 1%, + 1.868¢
S (%) = 7.501e %3 — 4.523¢ 3%, +2.908¢ 2 (46)
. Sll % S12 3
Sz()C2) _ 2 ( 2) ;2(/\2)
* S2 ()Cz)
where

S (%) = 0.3048%3 +3 826¢ %, + 0.6666

S (%) = 1.664e %3 +3.03¢ 2%, + 6.769¢ 3 )
S (%) = 2. 364[3 . 2+ 4.642¢ %, + 1.096¢ 2
Wi (%) = [W (£) Wi2()]
W (%) = 1.09913 — 4.515¢ %%, + 2.492
Wi (%) = —6.177¢ 353 +1.207¢ %, — 1.562
W (2) = [W;" (%) Wf”( 2)]
W3 (%) = 1.099%5 + 3.955¢ %%, +2.316
W3 (%) = —6. 174‘«3*3 2 +4.995¢ 2%, — 1.562
W) = l 03234 — 8.703¢ 7”;2%+ 1.852 21
3.817e 4% + 7.848¢ 2%, — 6.829¢
W) l 0.3222%; 8.7216*";21: +1.843 _2]
—3.804¢ 453 — 3.938¢ — 6.823¢

(48)

The simulation was carried out from the initial states,
x(0)=[6 —1)",%0)=[1 —1.5]" and a constant time
delay t = 1. Figure 1 shows the states of open-loop system
(42). It is seen that unforced open-loop system (42) is
unstable.

Figure 2 shows the evolution of state variables and their
estimated values, for the same initial states as Fig. 1, by the
polynomial controller and observer using Theorem 1. In
fact, the controller guarantees the global asymptotic sta-
bility of the controlled system.
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a1 (t) and x>(t)

R | | | | | | |
0 0.05 01 0.15 02 025 03 035 04 045 05

Time t(s)

Fig. 1 Response of open-loop state system (42)

—

--iH

08 07 08

—1

"

Time t(s)

Fig. 2 Response of the state x(¢) and its estimated
5.2 Example 2

Consider the following polynomial fuzzy model with time
delay

2
X = Z hi{Ai(x,x0)x + A, (x0)x; + Bi(x, x;)u}

= (49)

y=Cx

where
1 —0.3x

A = -

105y 37) [—1.5 —2—x§]
Ao ) = —-0.2172 - 0.3x,,

2O s —2-

Bi(x,x;) = Ba(x,x;) = Ll)],c =[1 0]

0.1 0} Ao (x) = {0.1 0]

A =
0 (%) [—0.1le 0 01 0

The membership functions are the same as in example 1.
Figure 3 shows the behavior of the nonlinear system
with u = 0. System (49) is unstable.

@ Springer

18 16 14 -2 40 8 4

Fig. 3 Behaviors in x; () — x,(¢) plane (without feedback)

By solving the SOS conditions in Theorem 1, we obtain
the following solution:

< P (x,%.) P2(x %,

Pi(i) = | 1T L (50)
* Pl (X,Xr)

where

PV (%, %) = —5.866¢ % + 6.068¢ %%, + 0.02433

P (%,%,) = —1.785¢~ “;eﬂ;efz +1.503¢*
PP (%,%,) = 7.022¢ 7953 — 4.634¢7 %%, + 0.1746 (51)

9.133¢4 0 ]
Py =
* 5.512¢72
Sll()ez) 512()22)
Si(%2) = | - (52)
[ x  SP ()
Si'(%2) = 0.83743 — 7.171e % + 1.369
S12(%,) = 3. 678e—5 2+ 7.542¢ 5%, +5.378¢ 4
ST (%) = 0.1601%5 + 6.012¢ %, + 0.5299 (53)
Sll S12
i) = | ) B
* S2 ()Cz)
Sy (%) = 0.2688%3 + 5.223¢ % + 0.5262
S (%) = 1.47e7% AZ — 1.388¢ %%, — 6.827¢7° (54)
522( t)) = 5.722¢ %% A2 — 8.123¢ %%, 4 0.1935
Wi (%) = [W F“(xz) Wi (%) ]
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W (%) = 0.96245% + 2.982¢ 4%, + 1.778
WF‘Z( 2) = 2.528¢ %3 4 7.81e %y — 3.769¢ 2
W3 (%2) = [Wf“(xz) Wi (%)) ]
W (%)) = 0962242 + 2.316¢ 4%, + 1.745
Wy (%) = 1.923¢ %3 + 6.547¢ %, — 3.784¢ 2
W) — l 0.2791:2 +2.097¢5%, + 1.386 ]
3.894¢ 7583 + 1.231e %%, — 1.444¢73
W) l 0.2792%% — 6. 175e*5;e2 +1.365 1
—1.328¢ 52 — 3.478¢ %, — 1.514¢ 3

(55)

Figure 4 shows control results, for several initial states, by
the polynomial controller and observer using Theorem 1.
In fact, the controller guarantees the global asymptotic
stability of the controlled system.

Figure 5 shows the evolution of state variables and their
estimated values, from the initial states, x(0) = [6 — 3]",
£(0)=[1 —1]" and a constant time delay t = 1.5.
5.3 Example 3

Consider the following polynomial fuzzy model with time
delay

X = 21.2:1 hi{Ai(x, x0)x + Ar, (x0)x; + Bi(x, xc)u} (56)
y=Cx
where
Xz 5
aen= [ 7]
Ao - —0.2172x,, 5
2 x7x‘r - _1 _x%
245
Bl(x7xr):B2(x;xr): |:X2(—)’_ :|aC:[1 O]
0.1 0 0.1 0
Ar t) — P A‘E t) —
(o) [—0.1% o} : (%) [0.1 o}

The membership functions are defined as

sin(xy) + 0.2172x,

hy =
! 1.2172x, ’

hy =1—hy.

The membership functions of the polynomial fuzzy model
have only x; that is measurable.

By solving the SOS conditions in Theorem 1, we obtain
the following solution:

Pl'(%,%) P*(% %)
* P (%, %)

=

(57)

wu(t)
=
T
1

Fig. 4 Behaviors in x;(f)—x;(¢) plane (with feedback)

(€3]

—n||

21 (1) and @,
=
T

2
0 0.05 0.1 0.15 02 025 03 0.3 04 045 05

# (1)

1
T
1
1
=
T

@5 () and

Time t(s)
Fig. 5 Response of the state x(¢) and its estimated
Sl o -8 Az —7a
Py (%,%;) =2.215¢ —3.682¢ %) + 1.683¢7°

P2(%,%) = 6.632¢ ‘%eﬂxn 1 6.745¢7°
P2 (%,%,) = 6.737¢" 53 — 4.797¢ °%; + 6.685¢>  (58)

b [3 82¢7° 0 }
Tl o« 258
Sll()ez) SIZ()EZ)
Si(%) = | ! 59
. [ © SP(o) )
S' (%) = 3.656e %5 — 5.74e °%, + 2.886¢°
S12(%) = 1.531e7% Az —2.212¢ "%y — 7.717¢77
§2 (%) = 4.026¢ % o 2 +2.071e 8%, +4.957¢°° (60)
. Sll 3 S12 3
S2(-x2) — 2 ( 2) §2<A2)
* Sz ()Cz)
Sy (%) = 6.759¢ 7% — 1.579¢™ "%, + 7.352¢7°
Sy (%) = 3.792¢ %% — 4.133¢ "%, — 4.793¢77 (61)
S (%) = 3.077¢ %5 +2.2¢ %% — 4.631e™°
Wi (%) = [Wf“( ) W)
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(1)
=
)

Fig. 6 Behaviors in x;(¢) — x»(¢) plane (with feedback)
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Fig. 7 Response of the state x(¢) and its estimated

Wit (%) = 1.86e %43 + 4.041e %%, + 5.549¢
FIZ( ) 1. 393g77 2 _|_ 3. 552878)(2 + 7. 1846

W3 () = [W;" (£2) wf (42)]
Wi (%) = 1.97¢ %42 — 3.756¢ 8%, +5.038¢
WE2 (%) = —1.743¢7 753 — 9.279¢ 3%, + 7.195¢ 7>
1.313¢ 453 — 2.257 7.73¢™*
Wiy = | |5 - 2+ 1T
1.872¢ 5% 2 —6.508¢7 7%, + 8.683¢ 7>
A 1.277¢74%3 — 1.336e %%, + 6.92¢~*
W3 (%) =

2.049¢ 5% A2 —2.503¢ "%y + 8.646¢7°

(62)

Figure 6 shows control results, for several initial states, by
the polynomial controller and observer using Theorem 1. In
fact, the controller guarantees the global asymptotic sta-
bility of the controlled system.

Figure 7 shows the evolution of state variables and their
estimated values, from the initial states, x(0) =[0.3  — 8]”,

%(0) = [-0.1 3])" and a constant time delay T = 4. It can be
found that the estimated state converges to the real state
during the stabilizing control.

@ Springer

6 Conclusion

In this paper, we have presented a SOS based design
approach of the observer and the controller for polynomial
fuzzy system with time delay. We have proposed a poly-
nomial fuzzy observer to estimate the states of the poly-
nomial fuzzy system. A key feature of the SOS design
conditions is the use of the dual system to reduce the
computational efforts and a new Line-integral polynomial
Lyapunov function in which the polynomial Lyapunov
matrix is depending on the estimated states and estimated
delayed states. In addition, all the design conditions are
represented in terms of SOS and can symbolically and
numerically be solved via the recent developed SOS-
TOOLS and an SDP solver. To illustrate the validity of the
design approach, illustrative examples have been provided.
This examples have shown the utility of our SOS approach
for the polynomial fuzzy observer-based control design.

As a future work, the authors intend to derive SOS
observer design conditions for polynomial fuzzy systems
wiyh time delay considering unmeasurable premise
variables.

References

1. Bauer, N.W., Maas, P.J., Heemels, W.: Stability analysis of
networked control systems: a sum of squares approach. Auto-
matica 48(8), 1514-1524 (2012)

2. Benzaouia, A., Oubah, R.: Stability and stabilization by output
feedback control of positive Takagi—Sugeno fuzzy discrete-time
systems with multiple delays. Nonlinear Anal. Hybrid Syst. 11,
154-170 (2014)

3. Benzaouia, A., Oubah, R., El Hajjaji, A.: Stabilization of positive
Takagi—Sugeno fuzzy discrete-time systems with multiple delays
and bounded controls. J. Franklin Inst. 351(7), 3719-3733 (2014)

4. Chesi, G.: LMI techniques for optimization over polynomials in
control: a survey. IEEE Trans. Autom. Control 55(11),
2500-2510 (2010)

5. Feng, G.: A survey on analysis and design of model-based fuzzy
control systems. IEEE Trans. Fuzzy Syst. 14(5), 676-697 (2006)

6. Franze, G., Famularo, D.: A robust fault detection filter for
polynomial nonlinear systems via sum-of-squares decomposi-
tions. Syst. Control Lett. 61(8), 839-848 (2012)

7. Gassara, H., El Hajjaji, A., Chaabane, M.: Control of time delay
polynomial fuzzy model subject to actuator saturation. Int.
J. Fuzzy Syst. 18(5), 763-772 (2016)

8. Gassara, H., El Hajjaji, A., Chaabane, M.: Design of polynomial
fuzzy observer—controller for nonlinear systems with state delay:
sum of squares approach. Int. J. Syst. Sci. 48(9), 1954-1965
(2017)

9. Gassara, H., Siala, F., El Hajjaji, A., Chaabane, M.: Local sta-
bilization of polynomial fuzzy model with time delay: SOS
approach. Int. J. Control Autom. Syst. 15(1), 385-393 (2017)

10. Guan, X.P., Chen, C.L.: Delay-dependent guaranteed cost control
for TS fuzzy systems with time delays. IEEE Trans. Fuzzy Syst.
12(2), 236-249 (2004)



L. I. Ammar et al.: New Polynomial Lyapunov Functional Approach to Observer-Based Control for Polynomial Fuzzy...

1067

11.

12.

13.

14.

15.

16.

17.

18.

19.

20.

21.

22.

23.

24.

25.

26.

27.

Tanaka, K., Ohtake, H., M.\W.H.O.W., Chen, Y.J.: Polynomial
fuzzy observer design: a sum of squares approach. In: 48th IEEE
Conference on Decision and Control, 28th Chinese Control
Conference, pp. 7771-7776 (2009)

Khalil, H.K.: Nonlinear Systems. Prentice-Hall, New Jersey
(1996)

Li, X., Lam, H.K,, Liu, F., Zhao, X.: Stability and stabilization
analysis of positive polynomial fuzzy systems with time delay
considering piecewise membership functions. IEEE Trans. Fuzzy
Syst. (2017). https://doi.org/10.1109/TFUZZ.2016.2593494

Lin, C., Wang, Q.G., Lee, T.H.: Delay-dependent LMI conditions
for stability and stabilization of T-S fuzzy systems with bounded
time-delay. Fuzzy Sets Syst. 157(9), 1229-1247 (2006)
Mozelli, L., Souza, F.O., Palhares, R.: A new discretized Lya-
punov—Krasovskii functional for stability analysis and control
design of time-delayed TS fuzzy systems. Int. J. Robust Non-
linear Control 21(1), 93-105 (2011)

Parrilo, P.A.: Structured semidefinite programs and semialgebraic
geometry methods in robustness and optimization. Ph.D. thesis,
California Institute of Technology (2000)

Prajna, S., Papachristodoulou, A., Wu, F.: Nonlinear control
synthesis by sum of squares optimization: a Lyapunov-based
approach. In: Control Conference, 2004. 5th Asian, vol. 1,
pp. 157-165. IEEE (2004)

Rhee, B.J., Won, S.: A new fuzzy lyapunov function approach for
a Takagi—Sugeno fuzzy control system design. Fuzzy Sets Syst.
157(9), 1211-1228 (2006)

Seo, T., Ohtake, H., Tanaka, K., Chen, Y.J., Wang, HO.: A
polynomial observer design for a wider class of polynomial fuzzy
systems. In: 2011 IEEE International Conference on Fuzzy Sys-
tems (FUZZ), pp. 1305-1311. IEEE (2011)

Sepulchre, R., Jankovic, M., Kokotovic, P.V.: Constructive
nonlinear control. Springer, Berlin (2012)

Seuret, A., Gouaisbaut, F.: Wirtinger-based integral inequality:
application to time-delay systems. Automatica 49(9), 2860-2866
(2013)

Siala, F., Gassara, H., El Hajjaji, A., Chaabane, M.: Stability
analysis and stabilization of polynomial fuzzy systems with time-
delay via a sum of squares (SOS) approach. In: American Control
Conference (ACC), 2015, pp. 5706-5711. IEEE (2015)

Takagi, T., Sugeno, M.: Fuzzy identification of systems and its
applications to modeling and control. IEEE Trans. Syst. Man
Cybern. 1, 116-132 (1985)

Tanaka, K., Komatsu, T., Ohtake, H., Wang, H.O.: Micro heli-
copter control: LMI approach vs SOS approach. In: Fuzzy Sys-
tems, 2008. FUZZ-IEEE 2008. (IEEE World Congress on
Computational Intelligence). IEEE International Conference on,
pp. 347-353. IEEE (2008)

Tanaka, K., Ohtake, H., Seo, T., Tanaka, M., Wang, H.O.:
Polynomial fuzzy observer designs: a sum-of-squares approach.
IEEE Trans. Syst. Man Cybern. Part B Cybern. 42(5), 1330-1342
(2012)

Tanaka, K., Ohtake, H., Seo, T., Wang, H.O.: An SOS-based
observer design for polynomial fuzzy systems. In: American
Control Conference (ACC), 2011, pp. 4953—4958. IEEE (2011)
Tanaka, K., Tanaka, M., Chen, Y.J., Wang, H.O.: A new sum-of-
squares design framework for robust control of polynomial fuzzy
systems with uncertainties. IEEE Trans. Fuzzy Syst. 24(1),
94-110 (2016)

28.

29.

30.

31.

32.

33.

Tanaka, K., Wang, H.O.: Fuzzy Control Systems Design and
Analysis: A Linear Matrix Inequality Approach. Wiley, Hoboken
(2004)

Tanaka, K., Yoshida, H., Ohtake, H., Wang, H.O.: A sum of
squares approach to stability analysis of polynomial fuzzy sys-
tems. In: American Control Conference, 2007. ACC’07,
pp. 4071-4076. IEEE (2007)

Wu, H.N,, Li, H.X.: New approach to delay-dependent stability
analysis and stabilization for continuous-time fuzzy systems with
time-varying delay. IEEE Trans. Fuzzy Syst. 15(3), 482-493
(2007)

Yoneyama, J.: Robust stability and stabilization for uncertain
Takagi—Sugeno fuzzy time-delay systems. Fuzzy Sets Syst.
158(2), 115-134 (2007)

Zhang, Z., Lin, C., Chen, B.: New stability and stabilization
conditions for T-S fuzzy systems with time delay. Fuzzy Sets
Syst. 263, 82-91 (2015)

Zhao, L., Gao, H., Karimi, H.R.: Robust stability and stabilization
of uncertain T-S fuzzy systems with time-varying delay: an
input-output approach. IEEE Trans. Fuzzy Syst. 21(5), 883-897
(2013)

Imen Iben Ammar received
her engineering degree in 2015
from the National School of
Engineering of Sfax, Tunisia,
where she is currently working
toward a Ph.D. degree. Her
current research interests
include analysis and control for
polynomial  fuzzy systems,
observer based control for
polynomial fuzzy systems, sum
of squares approach and delay
systems.

Hamdi Gassara received the
Ph.D degree in automatic con-
trol from the University of
Picardie Jules Vernes (UPJV),
in 2011. Prior to his Ph.D., he
received his Master degree from
UPJV in 2008. His teaching
experience started when he was
a Ph.D. student in UPJV France
from 2008 to 2011. He is cur-
rently an assistant professor in
Electrical department at
National School of Engineering
of Sfax, Tunisia. His research
focuses on analysis and control

for fuzzy model with time delay, fault tolerant control, diagnostics,
saturations, polynomial fuzzy model.

@ Springer


https://doi.org/10.1109/TFUZZ.2016.2593494

1068

International Journal of Fuzzy Systems, Vol. 20, No. 4, April 2018

Ahmed El Hajjaji received the
Ph.D.degree in automatic con-
trol and HDR degree from the
University  ofPicardie  Jules
Verne (UPJV), France in 1993
and 2000, respectively.He is
currently a full professor and
head of Automatic control
andVehicle Research Group in
MIS Lab (Modeling Informa-
tion SystemsLaboratory) of
UPJV. He has been the director
of the Professionallnstitute of
Electrical ~ Engineering  and
Industrial Computing from 2006
to 2012. Since 1994, he has published more than 350 Journal and-
conference papers in the areas of advanced fuzzy control, faultde-
tection and diagnosis and fault tolerant control and theirapplications
to vehicle dynamics, engine control, power systems,renewable energy
conversion systems and to industrial processes. Hisresearch interests
include fuzzy control, vehicle dynamics,fault-tolerant control, neural
networks, maglev systems, andrenewable energy conversion systems.

-

@ Springer

Mohamed Chaabane was born
in Sfax, Tunisia, on August 26,
1961. He received the Ph.D.
degree in electrical engineering
from the University of Nancy,
Nancy, France, in 1991. He is
currently a Professor with the
National School of Engineering,
University of Sfax, where he has
been a Researcher with the
Laboratory of Sciences and
Techniques of Automatic Con-
trol and Computer Engineering
(Lab-STA) since 1997. The
main research interests are in
the field of robust and optimal control, fault tolerant control, delay
systems, descriptor systems, fuzzy logic systems and applications of
these techniques to fed-batch processes, asynchronous machines,
agriculture systems and renewable energy. Currently, he is an asso-
ciate editor of the International Journal on Sciences and Techniques
of Automatic Control and Computer Engineering (www.sta-tn.com)


http://www.sta-tn.com

	New Polynomial Lyapunov Functional Approach to Observer-Based Control for Polynomial Fuzzy Systems with Time Delay
	Abstract
	Introduction
	Preliminaries
	Problem Formulation
	Main results
	Illustrative Examples
	Example 1
	Example 2
	Example 3

	Conclusion
	References




