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Abstract In practical decision-making problems, proba-
bilistic linguistic term sets (PLTSs) are a very useful and
flexible way to represent the qualitative judgments of
experts. The PLTSs also have strong ability to express the
information vagueness and uncertainty in the real-world
applications. Considering the interrelationship among the
input arguments of PLTSs, we extend the geometric Bon-
ferroni mean to the probabilistic linguistic environment and
design an approach for the application of multi-criteria group
decision-making with PLTSs. First, we develop the proba-
bilistic linguistic geometric Bonferroni mean and the
weighted probabilistic linguistic geometric Bonferroni mean
(WPLGBM) operators. The properties of these aggregation
operators are investigated. Second, we utilize the WPLGBM
operators to fuse the information in the probabilistic lin-
guistic multi-criteria group decision-making (PLMCGDM)
problem, which can obtain much more information in the
process of group decision-making. By introducing the grey
relational analysis method, we present its extension and
further design a new approach for the PLMCGDM. Finally,
an example is given to elaborate our proposed algorithm and
successfully validate its performance.
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1 Introduction

As a new granulation of hesitant fuzzy sets (HFSs)
[14, 22,23, 34], hesitant fuzzy linguistic term sets (HFLTSs)
were introduced by Rodriguez et al. [20]. The HFLTSs are a
very useful and flexible way to represent the qualitative
judgments of experts [8]. Nowadays, it has attracted much
attention in the field of multi-criteria decision-making
(MCDM). For example, in the hesitant fuzzy decision-
making, Gou et al. [8] introduced two aggregation operators
for HFLTSs. Liao et al. [16] developed the distance and
similarity measures for HFLTSs. Then, Liao et al. [17] also
discussed the correlation coefficients of HFLTSs. With
respect to the qualitative MCDM, Liao et al. [18] designed a
hesitant fuzzy linguistic VIKOR method. Wang [24] pro-
posed extended hesitant fuzzy linguistic term sets
(EHFLTSs). Wang and Xu [25] deeply studied the total
orders of EHFLTSs. Rodriguez et al. [21] constructed a
group decision-making model dealing with comparative
linguistic expressions based on HFLTSs. In most of the
current studies about HFLTSs, all possible values provided
by the decision-makers (DMs) have equal importance. In the
some practical problems, the DMs may prefer some of the
possible linguistic terms so that the set of possible values
may have different importance degrees [6, 19]. To overcome
this question, Pang et al. [19] extended HFLTSs and pro-
posed a new concept of probabilistic linguistic term sets
(PLTSs). Then, under the multi-criteria group decision-
making (MCGDM), He et al. [11] discussed the probabilistic
interval reference ordering sets and the application.


http://crossmark.crossref.org/dialog/?doi=10.1007/s40815-017-0374-2&amp;domain=pdf
http://crossmark.crossref.org/dialog/?doi=10.1007/s40815-017-0374-2&amp;domain=pdf
https://doi.org/10.1007/s40815-017-0374-2

D. Liang et al.: Grey Relational Analysis Method for Probabilistic...

2235

Considering the multi-granular linguistic information, Zhai
et al. [35] proposed a probabilistic linguistic vector-term set
and applied it into the group decision-making (GDM). Zhang
et al. [36] discussed the consistency-based risk assessment
with probabilistic linguistic preference relation. Under the
hesitant probabilistic fuzzy environment, Zhou and Xu [37]
analysed the consensus building of GDM. As mentioned
above, PLTSs recently have became a hot topic in the area of
HFLTSs. With the PLTSs, the DMs can not only provide
several possible linguistic values over an object (alternative
or attribute), but also reflect the probabilistic information of
the set of values [19]. The PLTSs have strong ability to
express the information vagueness and uncertainty in the
real-world applications. In the existing literature, most
aggregation operators developed for PLTSs are based on the
independence assumption.

During the information aggregation, the Bonferroni
mean (BM) proposed by Bonferroni [4] takes into account
the interrelationship between the input arguments
[32, 33, 15] and has been successfully applied in the
MCDM. The research works of BM have been developed
in the last decades. For instance, Xu and Yager [31]
extended the BM to the intuitionistic fuzzy decision envi-
ronments. Then, Xu [32] further enriched the results of
intuitionistic fuzzy BM. Beliakova et al. [2] generalized the
BM and presented a composed aggregation operator.
Beliakova and James [3] introduced the generalized BMs
into Atanassov orthopairs. He et al. [9] and He and He [10]
developed some intuitionistic fuzzy interaction BM oper-
ators. Wei et al. [28] designed some uncertain linguistic
BM operators. Xia et al. [29] proposed some generalized
intuitionistic fuzzy BMs. Xia et al. [30] applied the well-
known geometric mean (GM) to the BM and introduced the
geometric Bonferroni mean (GBM) to the intuitionistic
fuzzy information. Yager [33] elaborated the BM and
suggested some generalizations that can enhance their
modelling capability. Zhu et al. [38] and Zhu and Xu [39]
extended BM and GBM to the hesitant fuzzy environment.
For the PLTSs, it also encounters the interrelationship
phenomenon and needs to depict the interrelationship
between the input arguments. Therefore, considering the
special characters of GBM [38], we introduce it into the
probabilistic linguistic environment.

Under the novel probabilistic linguistic environment, we
develop two new aggregation operators based on GBM, i.e.
probabilistic linguistic geometric BM (PLGBM) and
weighted  probabilistic ~ linguistic ~ geometric =~ BM
(WPLGBM). On the basis of group decision-making
(GDM), we utilize the WPLGBM operator to fuse the
information and design the corresponding approach for the
probabilistic linguistic multi-criteria group decision-mak-
ing (PLMCGDM). With respect to the decision procedure
of PLMCGDM, we further develop an extended grey

relational analysis method based on PLTSs. Grey relational
analysis method originally developed by Deng [5] is a
decision-making approach under conditions of uncertainty
and has been found to be superior to comparable methods
in the mathematical analysis of systems with incomplete
information [12, 13]. As a complement of the existing
generalization of GBM, this paper expands the applied field
of GBM to the probabilistic linguistic situations and
designs the corresponding aggregation operators. Mean-
while, we improve the grey relational analysis method to
make it adapt to the probabilistic linguistic environment.

To accomplish this, the remainder of the paper is orga-
nized as follows. In Sect. 2, we briefly review some basic
concepts of PLTSs and GBM. Under the probabilistic lin-
guistic environment, we develop some aggregation operator-
based GBM in Sect. 3, ie. PLGBM and WPLGBM.
Besides, some special properties of them are explored. With
the aid of grey relational analysis method, Sect. 4 proposes a
new extension model and design an approach for the
application of PLMCGDM by employing the WPLGBM
operator. In Sect. 5, we give an illustrative example to
elaborate and verify our proposed method. Section 6 con-
cludes the paper and elaborates on future studies.

2 Preliminaries

Basic concepts of PLTSs and GBM are briefly reviewed in
this section [1, 4, 19].

2.1 Probabilistic Linguistic Term Sets (PLTSs)

The concept of PLTSs [19] is an extension of the concepts
of HFLTSs [1, 16]. In the following, we review some basic
concepts of PLTSs and the corresponding operations.

Definition 1 Let S = {s;]t = —1,...,—1,0,1,...,7} be a
linguistic term set. Then a probabilistic linguistic term set
(PLTS) is defined as:

L(p) = {L<k><p<k>>L<k> €5, ¢ 1,p >0,

#L(p) (1)
k=1,2,..,#Lp), > p¥< 1},
k=1

where L®) (p®)) is the linguistic term L®) associated with
the probability p*), r*) is the subscript of L*) and #L(p) is
the number of all linguistic terms in L(p).

In order to facilitate the information aggregation and
keep the consistency, Gou et al. [7] defined two novel
transformation functions between the HFLTS and the HFS.
For the PLTSs, Bai et al. [1] also came up with the cor-
responding transformation functions:
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Definition 2 Let S = {s;|t = —7,...,—1,0,1,...,7} be a
linguistic term set. L(p) is a PLTS. The equivalent trans-
formation function of L(p) is defined as:

k)

e ={[5-+3] () } = Lo 2)

where g : [—7,7] — [0,1] and y € [0, 1]. Additionally, we
can obtain the transformation function of L, (p) as follows:

§ L0 = oo e 0,1} =), ()
where g7! : [0,1] — [~1,1].

Definition 3 Let S = {5t = —7,...,—1,0,1,...,t} be a
linguistic term set. Given three PLTSs L(p), Li(p;) and
L,(p»), their basic operations are summarized as follows [1]:

(1) Li(p1) @ La(p2) = g~
W(II)EH(LIM?

e g){ (nl" +n = ") (opY) } |

2 Li(p1) @ Ly(p2) =g

) eg(Ly)nd

e s { (W) w'p) } |:

@ Lp) =g | Upegr {1 = 1 =10)) ) |

and 1>0;

@ @) =g (Uppean {019 0¥)} ). where 1 €
R and 7 >0.

In order to compare the PLTSs, Pang et al. [19] defined
the score and the deviation degree of a PLTS:

Definition 4 Let L(p) = {LW(p")|k =1,2,...,#L(p)}
be a PLTS, and % is the subscript of linguistic term LK.
Then, the score of L(p) is defined as follows:

E(L(p)) = sz, (4)

where & = Z,iLl(p) rOpl/ Z;ﬁfmp(k)-
degree of L(p) is:
0 0 - )
olLlp)) = =L
2=t P

Based on the score and the deviation degree of a PLTS,
Pang et al. [19] further proposed the following laws to
compare them:

The deviation

(5)

Definition 5 Given two PLTSs L;(p;) and Ly(p>).
E(Li(p)) and E(Ly(p,)) are the scores of L;(p;) and

@ Springer

Ly(py), respectively. a(Li(py)) and o(L,(p,)) denote the
deviation degrees of L;(p;) and L,(p,). Then, we have:

() If E(Ll (Pl)) > E(Lz(pg)), then Ll(l?l) is bigger than
Lz(pz), denoted by Ll(Pl) > Lz(pz);

2) IfFE(Li(p1)) < E(L2(p2)), then Ly (p;) is smaller than
L2(]72), denoted by L] (p]) <L2(p2);

(3) IfE(Li(p1)) = E(Ly(p>)), then we need to compare
their deviation degrees:

(@ Ifa(Li(p1)) = o(La(p2)), then Li(p;) is equal
to Lz(pg), denoted by L, (pl) NLz(pz);

(b)) If O'(Ll(pl)) > O'(Lz(pz)), then L, (Pl) is
smaller  than  L,(p,), denoted by
Li(p1) <Ly(p2);

() Ifa(Li(p1))<a(Lz(pa2)), then Li(p;) is bigger
than L,(p,), denoted by L;(p1) > Lr(p2).

2.2 Geometric Bonferroni Mean (GBM)

Considering the interrelationships among the input argu-
ments and the BM [4], Xia et al. [30] proposed the geo-
metric Bonferroni mean (GBM) as follows:

Definition 6 Let p,¢>0, and a;(i=1,2,...,n) be a
collection of non-negative numbers. Then the geometric
Bonferroni mean (GBM) is defined as:

1 L 1
GBM(ay,ay,...,a,) = —— H (pa; + qa;)™0.
Py

(6)

3 Probabilistic Linguistic Geometric Bonferroni
Mean Aggregation Operators

In this section, we mainly study the GBM aggregation
operators under the probabilistic linguistic environment. In
practical terms, we propose two aggregation operators of
PLGBM and WPLGBM based on GBM, respectively.

3.1 PLGBM

Under the probabilistic linguistic environment, we discuss
that the input arguments of GBM reported in Ref. [30] are
PLTs and then propose the PLGBM operator. Based on the
results of Definitions 1 and 6, we give the definition of
probabilistic  linguistic geometric Bonferroni mean
(PLGBM) operator as follows:

Definition 7 Let Li(p) = {L¥ ")k =1,2,... #L
(p))} (i=1,2,...,n) be n PLTSs. Then, for any p,q >0,
we define the probabilistic linguistic geometric Bonferroni
mean (PLGBM) as:
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PLGBM" (L, (p1),La(p2), - - - Lu(pn))

1 : T (7)
EY (iJ(%i%j(PLi(Pi) & qL;(p;))™ ))'

According to the operational laws of the PLTSs, we can
derive the following results from Definition 5:

Proposition 1 Let Li(p;) = {L¥ (p")k = 1,2,.. . #L;
(p))} (i=1,2,...,n) be n PLTSs and p,q > 0. Then for any
i, jand i # j, we have:

pLi(pi) ® qL;(p;)
:g71 U

k (d,
1V eg(Li) . es(Ly)

{0y a—nmen"} |
(8)
| A
where g(L;) = { [z—f + z} } and g(L;) = { [27 + z} }
Proof With respect to the two PLTSs L;(p;) and L;(p;),
we have:

- k k
) =gt U {0-a-a""eM} |,
115”68(14)
_ d d
i) =gt U {0 -0 =006}
0 eg(Ly)
By operational law (1) described in Definition 3, pL;(p;) ®
gL;(p;) is calculated as:

pLi(pi) & qLi(pj) =g

U {a-a-a"neM}

k
¥ eg(Li)

o' U {a-a-1"96"}

d
" eg(L)

1
= U
k d
nVeg(L) " eg(L;)

{a= =Py a—me s}

Thus, we complete the proof of Proposition 1. U]

Proposition 2 Let Li(p) = {Lgk) (pgk))|k =
1,2,...,#L(p:)} (i=1,2,...,n) be n PLTSs and p,q > 0.
Then for any i, j and i # j, we have:

(PLi(p:) @ 4Ly (p)) ™7

_1
=g U {a-a=n®ya—n®aelp®)}

k d|
) eg(L).n eg(Ly)

©)

Proof In light of the results of Proposition 1 and opera-
tional law (4) of Definition 3, we have:

(PLi(pi) @ al(p)) /™D

1
r

n(n=T)
— 0\ A\ ? d
(oo U - Gy
Y eg(Li) " es(lLy)
- ©\? N\NN\TT( (| (d
=g U {(17(141,(»)) (lfn})))(')(pf)p,(-))} :
0 eg(L)n eg(Ly)

Hence, the statement of Proposition 2 holds. O

Proposition 3 Ler Li(p;) = {Lgk) (pl(k>)|k =1,2,..,#L
(p)} i=1,2,...,n) be n PLTSs and p,q>0. For any
i, j and i # j, we have:

(PLi(po) © 4Ly (p)) ™7 © (pLy(p;) & qLipi))™ 7

:gil

w)

k d d'
P eg(Li) " gty es(r) "

J

{l0- 0=y (-4
(1= (=) (- nﬁk'))q)ﬁ(p,(k)p}‘”pgk’)pj(d')) }

(10)

€s(Ly)

1
n(n—1)

Proof According to the result of Proposition 2, we can
obtain:

(PLi(p:) 4L (p)™7

p NTT [k
—g! U {(l _ (1 71150) (1 _ rl;d)) ) o) (p‘(k)n;d))} ’
Y eg(L) . es(Ly)

(pLi(p)) ® qL,v(p,.))ﬁ

—l U O ) (=) )R )
0 eg(L) " es(ty)
With the aid of operational law (2) presented in Defini-

tion 3, we have:

(PLi(pi)  4Li(p3) )77 @ (pL(p) © qLi(py) ™7

- k)\P N[ (k) (@
(U )
0 eg(L) 0" eg(ty)
. )\ \N\TT [ @) (@
oo U {0 Geay e
ieg( ™ es(ty)
p N\
- {0ty o)
1P eg(L) ' eg () n) eg (L es(Ly)
1
)\ K\ ([ (k) (d) (K) (d'
(1 ~ (1= )) (1= ) ) (pf)p} P p! >>})

@ Springer



2238

International Journal of Fuzzy Systems, Vol. 20, No. 7, October 2018

Thus, we complete the proof of Proposition 3. [

Based on the result of Proposition 3 and operational law
(2) of Definition 3, we can deduce the following
proposition:

Proposition 4 Let L;(p;) = {Lgk) (pgk))\k =1,2,...,#L
(p))} (i=1,2,....n) be n PLTSs and p, q > 0. Then for any
i, j and i # j, we have:

®Zi=l:i;éj(pLi(pi> ® qu(pj))ﬁ

= g71 U {
0 eg(Li). " eg(Ly)

(11)

Proof According to the definition of PFGBM, suppose
that there are two different cases: (1) i, j and i # j; (2) u,
v and u # v. Following the result of Proposition 3, we
have:

(PLi(Pi) © qLi(p)) ™7 @ (pLy(py) & qLi(py))™
:g_l U

L/
M eg(Lnes(ty)n eg(Lin es (L)

1 /
{= =y a -y - - gy,

1 / a
w1 (pp ) } :

(1 — )y

(PLu(Pu) © 4Luo(p))TT @ (Lu(py) ® qLu ()& T

! hl
es(L)l eg(L)a" eg(Ly)

AT - (1= Y.

g h
negL)

{a=a-nPya-

(1= n) (L pd ) }

By using operational law (2) of Deﬁnition 3, ((pLi(pi)®

qL; (P/))"" ® (PLi(p}) ® qLi(pi)) ™)@ ((PLu(p) @ gL,
(Pv))”“’” ® (pLy(py) ® gLy (pu))"“*”) is calculated as
follows:

@ Springer

((Lip) @ aLi(p) T2 (L (1) & aLi(po) )
Q@ ((PLulPa) & L ()T @ (PLu(p,) & gLy (p)77)

:gil
Vet ety gL esly)
k d')\p
{a=a—nPya—n®y@aa -1 -ny.

(1 =n) s (ppp >>}) ®

(h)
('1 Veg(La)an! E::(L ) es(L,

(1-— lfqy)”

,
D eg(Ly)

— )@ — (1

_ n&h’))p.

7 . o /
(1 =)= (pdpPpp") })

— ! U
i es() " est)n egya est)ml eo(t)n es(L) ! es(t) " eg(L,)
d 1 d 14 1
{a—a—nfya—n® @ — 1 gy -y,

(1 =y (1 = )ty

1

(1= (1= (1 =)= (1 ~

)

(@) () () ()

k d) (K
() )17} ! )pj Pl pl by

In this case, the result of ((pLi(pi)G}qu(pj))ﬁ@

(PLi(py) © gLiPi)™ MR (PLu(pa) ® gL (p) P T

(pLy(py) ® qLy( u))ﬁ) can be extended into any situa-
tion. Therefore, the statement of Proposition 4 holds. [

On the basis of the results of Definition 7, Proposition 4,
and operational law (3) of Definition 3, we deduce the
following theorem:

Theorem 1 Let Li(p) ={LY(pM)k=1,2,.. . #L
(p))}(i=1,2,....,n) be n PLTSs and p,q>0, then the
aggregated value by using the PLGBM operator is also an
PFN, and

PLGBM?(Ly(p1),L2(p2), - -sLn(pn))

) es(L) ) es(L) =Lz

Y ) )

)

(12)

Proof 1In light of operational law (3) of Definition 3,
PLGBM?4(Ly(p1),Ly(p2), - - -, Lu(pn)) can be computed as
follows:

11 %

ij=1,i#j
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PLGBM"(Li(p1),L2(p2); - - -, Ln(Pn))
1 n 1
=tq (@uzl;i# (PLi(pi) ©qL; (Pj))’“"*”)
1 _ . k
-l U {( [T ==y
n gL eg(ty) N \NWI=LIAT

x (1 _nj@)q)m) ( H p[(k)pj(d)) }))
ij=Li#j

g U

Y eg(Li).a es(Ly) =LA

I 7 L
< (1= (1= P -y ) ) ( 1] pi“p}‘”) }
ij

=LA

Therefore, the statement of Theorem 1 holds. O

With respect to PLGBM?”(L,(p1),L2(p2), - -, Lu(pn))
of Theorem 1, we can further deduce the following
corollaries based on the results of Ref. [30].

Corollary 1 Commutativity. If L'(p!) is any permutation
of Li(pi) (i = 1,2,...,n), then we have the relationship:

PLGBM”“(L;(p1), Ly(p2), - - -, La(py))

= PLGBMP"(I(L/I (pll)7 le(p/2)7 R L:‘l(p:‘l))
Corollary 2k Monotozzicity.lLet 1Sij =1— (1= (II}jz1y
(1—-(01- r]l( (1 — ]( )Y )7, When the values of n,
p , and q are constant, g; is monotonously increasing with

the increase of nfk) and n](-d>.

3.2 WPLGBM

Considering the importance of the aggregated arguments
[30, 32], we further define a weighted probabilistic lin-
guistic geometric Bonferroni mean (WPLGBM) operator
as follows:

Definition 8 Let Li(p:) = {LY(p")k=1,2,.. . #L
(p)}(i=1,2,....n)and p,q>0.w = (wi,wa,...,w,)" is
the weight vector of L;(p;), where w; indicates the impor-
degree of L;(p;), satisfying w; €[0,1] and
> Pw; = 1. Given the value of the weight vector w =
w,,)T , the WPLGBM is defined as:

tance

(Wi, wa, ..,

WPLGBMP"[](LI (Pl); Lz(P2)7 .- '7Ln(pn))

zlfq (@ s P(Lilpi))™ @ aLy ()7 ).
(13)

On the basis of Theorem 1 and the operational laws of
Definition 3, we can deduce the following theorem:

Theorem 2 Let ; = P(uy,vp) (i = 1,2,...,n) be the set

of PFNs and p,q>0. w = (wy,wa,...,wy)" is the weight
vector of B;, where w; indicates the importance degree of
B:, satisfying w; € [0,1] and "7 w; = 1. Based on these
results, the aggregated value by using the WPFGBM is
also an PFN, and

WPLGBMp’q(LI (pl); LZ(PZ), o '7Ln(pn))

Y eg(Li)n " es(Ly) ij=Li]
x (1—(1— (nl(k))w,)P(l _ (’7,('d)) /)q)nmfn)) )

n k d
ij=1,i#j

Proof In light of the result of Definition 8 and operational
law (4) of Definition 3, the elements (L;(p;))" and
(Lj(pj))" are calculated as follows:

(14)

L) =gt U e e}

0" eg(Ly)

(Lj(pj))WJ = g_l U {(nj(k>)w,(p](k))}
’l,(-k)Eg(L/)

Then, by utilizing the results of Definition 8 and Theo-
rem 1, we can get:

WPLGBM?(Ly(p1), La(p2); - - -, Lu(Pn))

: (®Zj:1;i7éj(p(Li(pi))Wi D CI(LJ(PJ))W")”("_LI))

ptgq

0 eg(Li)n”eg(Ly) =LA

x (1= (1= ()" (1 = <n,<d>>wf‘>%~<n‘l>))ﬁ)

ij=1,i%j

Thus, we complete the proof of Theorem 2. O
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From Theorems 1 and 2, the results of the PLGBM
operator and the WPLGBM operator are PLTSs. Besides,
WPLGBM also has considered the importance of the
aggregated arguments and is the extension of PLGBM.

4 Grey Relational Analysis Method
for PLMCGDM with WPLBM

In this section, we firstly present the PLMCGDM problem.
Then, we adopt the WPLGBM aggregation operator to
collect the individual evaluations and obtain an integrated
evaluation for each alternative. By introducing grey rela-
tion analysis method, we further order the collective
evaluations to obtain the best alternative(s). Finally, we
summarize the decision-making procedure and propose the
corresponding approach.

4.1 The Problem Description of PLMCGDM

For the PLMCGDM problem, it has multiple decision
matrices whose elements denote the evaluations with
PLTSs of all alternatives with respect to each criterion
[19]. Let X = {x,x2,...,X,} be a discrete set of alterna-
tives, C = {cy, ¢, .-
(A1, A2y - .,)L,l)T be the weight vector of the criteria. Sup-
pose that E = {e}, ez, ...,e,} is the set of experts with the
corresponding weight information W = (wy, wy, .. .,wy)T,
which satisfies 0<w, <1 and } ) jw,=1. Let D*=
(L5;(P;)) mxn e the probabilistic linguistic decision matrix

., cn} be the set of criteria, and 1 =

provided by the expert e, (z=1,2,...,y). Hence, the
probabilistic linguistic decision matrix D* can be written
as:

ﬁ?l:LZil(pZil)
B3 =L5,(p31)

B> =L, (p,)
B3 =L5,(p5,)

Bin =11, (Pi,)
50 = L3, (P3,)

N
I

:Blznl :Lfnlujinl) ﬁinZ:LfnZ(p;lZ) tznn:LJ:nn(pinn)
In this matrix D?, the element f3; = Li;(pj;) denotes the
evaluation value of the alternative x; with respect to the
criterion ¢; provided by the expert e, (i=1,2,...,m;
j=12,...,n).

4.2 The Fusion Analysis with the Aid of WPLBM
and the Grey Relational Analysis Method

With the help of the WPLGBM operator, the collective
outcome of the alternative x; with respect to the criterion c;
is aggregated based on (13) and (14) (i=1,2,...,
m;j=1,2,...,n). The result is shown as follows:

@ Springer

= WPLGBMP* (L}(p}), L3(53), . (1)

ij \ij
1 ( y
=— &
P+ q \zi=1z#1

(p(L?,-(p?j))wr@q (L’J(p’J ))w,)nm'n>
= g—l U

Y
nl(/kz)eg(Lf ) WM)Eg(Lf-j) z,l=1,z#1

i) Mijt

(= (-0 (-0 )™)Y )

y
k d
» ( 11 p§,2p5ﬂ>)}
z,l=1,z#1
(15)

Then, we eventually obtain an integrated group decision
matrix D = (L;(p;)) The decision matrix D can be

mxn*
written as:
Bui=Liu(pi1) Pro=Li2(p12) Bin=Lin(p1n)
ﬁ2n =Ly, (p2n)

Bai =Lai1(pa1) P =La2(p22)

:Bml =L (Pml) ﬁmZ =L (me) T .an = L (Pmn)

For the matrix D, the element f;=L;(p;) is the group
evaluation of the alternative x; with respect to the criterion
¢;. Based on the matrix D, the evaluation of the alternative
x; is denoted as x;=(f;,fn,---Pi)- According to the
results of Refs. [13, 26, 27], we need to determine the
positive ideal solution based on the matrix D. Note that we
only utilize the score of Definition 4 when we compare the
PLTSs in the application [14] and assume that all criteria
are benefit. Inspired by the idea, the positive ideal solution
x* can be determined by the following formula:

x+:(ﬁlvﬂ27"'aﬁn>7 (16)

B; = argmaxj’ E(ﬁu) =Lp) (=1,2,...,n).
Meanwhile, f8; is a PLTS. In light of the grey relational

where

analysis method, we calculate the grey relational coeffi-
cient of each alternative from the positive ideal solution
using the following equation:

L minj<icpming <<, d(By, f;) + pmax <;<mmaxi <j<nd(By. B))

&=
Y d(Byjs B;) + pmaxi <i<mmaxi <j<nd(fy, ;)

)

(17)

where p is the identification coefficient. The value of p
normally is 0.5 [27]. d(B;, B;) denotes the deviation degree
between f8; and f8;. Fortunately, Pang et al. [19] defined the
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deviation degree between PLTSs. Considering the results
of Definition 2, the deviation degree between two PLTSs
can be defined as:

Definition 9 Let L;(p1) = {LYp )k =1,2,.. . #L,

(p)} and Ly(p) = {LY )k = 1,2,..., #L,(p2)} be
two PLTSs, then the deviation degree between L;(p;) and
Ly(p) is computed as:

S he(h) — phe(Lh))?

d(Ll(P1)7L2(P2))—\/ =l 4L (07 e
(18)

where #L (p1) = #Lo(p2), 8(Lf) = % + 14, g(Lh) = % +1

k (k)

rg ) and r2k are the subscript of L(lk) and L(2k>, respectively.

When we analyse the comparison of PLTSs, we
encounter that the number of their corresponding number
of the linguistic terms may not be equal. In order to solve
this problem, Pang et al. [19] normalized the PLTSs by
increasing the numbers of linguistic terms for PLTSs. The
normalized definition of PLTSs is:

Definition 10 Let L;(p) = {LY (p\")|k = 1,2,.. ., #L,

(P1)} and La(pa) = {LY (") k = 1,2, ., #La(p2)} be
any two PLTSs. #L;(p1) and #L,(p,) are the numbers of
the linguistic terms in Li(p;) and Ly(pp). If
#L1(p1) > #La(p2), then we will add #Li(p1) — #L2(p2)
linguistic terms to Ly(p;) so that the numbers of linguistic
terms in L;(p;) and L,(p,) are identical. The added lin-
guistic terms are the smallest ones in L,(p,), and the
probabilities of all the linguistic terms are zero. Analo-
gously, if #L,(p1) <#Lx(p2), we can use the similar
method.

Based on (17) and (18), we further calculate the degree
of grey relational coefficient of each alternative from the
positive ideal solution using the following equation:

g = 2)78;. (19)
=1

The basic principle of the grey relational analysis method is
that the chosen alternative should have the largest degree of
grey relation from the positive ideal solution [27]. Obvi-

ously, given the weight vector of the criteria
A= (A1, 42,y )»n)T, the larger the value of ¢, the better
the alternative x; is (i = 1,2,...,m).

4.3 The Decision Procedure

With the above-mentioned results, we develop an approach
of the application for PLMCGDM with WPLBM and grey
relational analysis method. On the one hand, we utilize the

WPLBM to fuse the information of GDM. On the other hand,
the grey relational analysis method can help us to make the
decision. The new approach is designed as follows:

Step 1  In light of the practical decision-making problem,
we determine the discrete set of alternatives X =
{x1,%2,..., %} and the set of criteria

C ={cy,¢2,...,cy}. Meanwhile, we obtain the
weight vector of the criteria 1 = (41, 4, .. ., i,,)T.
Suppose that E = {ej,es,...,e,} is the set of
experts with the corresponding weight information
w= (wi,wa,..., wy)T. By using the linguistic
term set S = {s;]t = —7,...,—1,0,1,..., 7}, the
probabilistic linguistic decision matrix provided
by the expert e, is constructed as D* =

(L5 (P mscn
i=12,...mj=12,...nz=12,...,y).
Given the values of p and ¢, we utilize the
WPLGBM operator to integrate the individual
evaluations into the group opinion. In light of
(15), the collective evaluation value of the
alternative x; with respect to the criterion ¢; is
aggregated as follows:

Bij = Lij(py)

y
Y es(Ls) s es(Ll) zi=1.z#l

(-6 -y )))
W@
X H pijzpljl
zl=1z

2l

Step 2

Thus, the integrated group decision matrix D =
Bip)msen = (Lij(Pij)) e is obtained
i=1,2,...m;j=1,2,...,n).

With respect to each criterion, we normalize the
evaluation with PLTSs of the matrix D by using
the result of Definition 10.

On the basis of (16) and the integrated decision
matrix D, we identify the positive ideal solution
xt = (Bys Bas -5 By)-
In light of (17)—(18), the positive ideal solution x*
and the identification coefficient p, we calculate
the grey relational coefficient of each alternative
with each criterion, i.e. sfjr
(i=1,2,...mj=12,...,n).
For each alternative x;, we compute its
corresponding degree of grey relational coefficient
based on (19), i.e. & (i =1,2,...,m).
We finally rank all the alternatives in accordance
with & (i = 1,2,...,m).

Step 3

Step 4

Step 5

Step 6

Step 7
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5 An Illustrative Example

In this section, we illustrate the proposed approach of
Sect. 4 by evaluating the personalized healthcare system of
some domestic hospitals in China. Due to the increasingly
serious environmental pollution in China and limited
medical resources, several domestic hospitals have to be
evaluated to search for the optimal one [1], especially their
personalized healthcare system [7, 8]. According to the
study of Gou et al. [8], we invite three professional experts
to aid the evaluation, denoted as E = {ej, e2,e3}. We also
assume  that the  weights of  experts are
w = (wi,wz,w3)" = (0.3,0.3,0.4)". In light of the results
of Refs. [1, 7], the criteria considered for the assessment of
the decision problem are summarized as follows: (1) the
environmental factor of medical and health service (¢y); (2)
personalized diagnosis and treatment optimization (c); (3)
social resource allocation optimization under the pattern of
wisdom medical and health services (c3). The weight
vector of the criteria is given by experts as
A= (Xl,iz,lg)T = (O.2,O.1,O.7)T. There are four hospi-
tals to be evaluated, ie. X = {x|,x2,x3,x4}. Let §=
{s¢t = -3,-2,—1,0,1,2,3} be the linguistic term set.
Then, the assessments of the alternatives with respect to
each criterion provided by the experts are assumed to be
represented by PLTSs. Their results are given in the
probabilistic linguistic decision matrices, see Tables 1, 2,
and 3.

5.1 Decision Analysis with the Proposed Approach

Based on the proposed approach of Sect. 4, we fuse the
information presented in the decision matrices D' — D3,
Following the results of Ref. [8], we assume that the values
of p and g are 1. With the aid of the WPFGBM operator,
the collective evaluation value of the alternative x; with
respect to the criterion ¢; can be derived from (13)

Table 3 The probabilistic linguistic decision matrix D* provided by
the expert e3

1 (&) c3
a o As(1)} {s2(1)} {so(1)}
x o A{s(1)} {so(1)} {s3(1)}
X3 {91( 8)52(02)} {S1(0.7)752(0.3)} {51(02),Y2(08)}
o As(D} {s1(1)} {s:(1)}

(i=1,2,3,4;j=1,2,3). In order to illustrate the calcu-
lation procedure, we take the alternative x4 as an example.
In light of the results of Tables 1, 2, and 3 and (14), the
collective evaluation value of the alternative x4 with
respect to the criterion c3 is calculated as:

/;4} - L43(P43)
zl=1z#1

:gil U
’741 €g(Liy Vlmlel’
“ P wi 1(1 ) ﬁ
(1= (- (e ) = ()"))

3
( I s
=124

= {S‘z 1()48 0 0001 382, ]624 0 0081 s 82, 1816(0 0081) Y2‘2453(0.6561)}.

Analogously, we can calculate the other collective evalu-
ation values and construct the integrated group decision
matrix D = (B;)4,.3 = (Lij(pij))4x3- With respect to each
criterion, we normalize the evaluation with PLTSs of the
matrix D by using the result of Definition 10. On the basis
of (16) and the integrated decision matrix D, we then
identify the positive ideal solution x™ = (8, f,, #3). With
respect to (17), we compute the deviation degree between
the alternative and the positive ideal solution under the
each criterion. The result is shown in Table 4.

From Table 4, the row denotes the alternative and the
column represents the deviation degree. Suppose that the

Table 1 The probabilistic

linguistic decision matrix D' ° o o

provided by the expert e; X {50(0.4),51(0.6)} {52(1)} {so(1)}
X {s3(1)} {s0(1)} {51(0.2),52(0.4),53(0.4)}
X3 {s1(1)} {51(0.5),52(0.5)} {52(0.6),53(0.4)}
X4 {52(0.5),53(0.5)} {50(0.4),51(0.6)} {s1(1)}

Table 2 The probabilistic ¢ e e

linguistic decision matrix D? _

provided by the expert e; X {50(0.5),5:(0.5)} {51(0.5),5,(0.5)} {522(0.2),5-1(0.4),50(0.4)}
x {51(0.3),52(0.3),53(0-4)} {so(1)} {s3(1)}
x3 {50(0.3),5:(0.7)} {s:(1)} {s3(1)}
X4 {51(0.2),53(0.8)} {s:(1)} {50(0.1),5:(0.9)}

@ Springer
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Table 4 The deviation degree between the alternative and the posi-
tive ideal solution under the each criterion

d(Bir B1) d(Bia, B2) d(Bi3, Bs)
x| 0.0079 0 0.0126
X 0 0.1989 0
X3 0.0223 0.0279 0.0183
X4 0.0096 0.0177 0.1592

identification coefficient p is 0.5. In light of (17)—(18), we
calculate the grey relational coefficient of each alternative
with each criterion, see Table 5.

Based on (19) and the weight vector of the criteria, we
further compute the degree of grey relational coefficient for
each alternative. The result is shown in Table 6.

In accordance with the results of Table 6, we finally
rank the alternatives, that is, x, > x; > x3 > x4. Therefore,
the best candidate is x».

5.2 Comparison Analysis and Discussion

Based on the multi-attribute group decision-making with
PLTSs, Pang et al. [19] developed an extended TOPSIS
method. On the basis of the evaluations of four hospitals of
Tables 1, 2, and 3, we compute the decision results by this
method and compare it with our proposed method. The
decision results of different methods are shown in Table 7.

From Table 7, we can find the rank result of the method
proposed in Ref. [19] is: x; > x3 > x4 > x;. Compared
with the decision results of our proposed method, the
extended TOPSIS with PLTSs can select the same best
candidate, i.e. x,. However, the desirable advantages of our

Table 5 The grey relational e et et e
. . i il i2 i3
coefficient of each alternative
with each criterion x; 09266 1 0.8874
x 1 0.3333 1
x3 0.8165 0.7810 0.8449
xs 09123 0.8487 0.3845

Table 6 The degree of grey relational coefficient for each alternative

Xi X1 X2 X3 X4

& 0.9065 0.9333 0.8328 0.5365

Table 7 The decision results of different methods

Method Rank

The extended TOPSIS with PLTSs [19]
Our proposed method

X2 > X3 > X4 > X
X2 > X| > X3 > X4

proposed method are summarized as follows: (1) it not only
involves the probabilistic information, but also considers
the interrelationship of the individual evaluation; (2) it
utilizes the subscript-symmetric additive linguistic term
set, which is more convincing in the calculation process
[8]. (3) Our proposed method measures the relationship
between the alternative and two reference points. Thus, our
proposed method takes the decision information into
account as much as possible.

6 Conclusions

Considering the interrelationship between input arguments
with PLTSs, we extend the GBM to the probabilistic lin-
guistic environment. In this paper, we develop the PLGBM
and WPLGBM operators, respectively. Based on the
PLMCGDM problems, we present a new extension of the
grey relational analysis method and design the corre-
sponding approach for the application by employing the
WPLGBM. By introducing GBM, this paper expands the
applied field of PLTSs and designs the corresponding
aggregation operators. In addition, we improve the grey
relational analysis method and GBM to make them adapt to
the new probabilistic linguistic environment. Our proposed
method can be useful in dealing with many operational
research problems in the qualitative assessment, such as the
selection of project investments and the evaluation of P2P
platform. Future research work may focus on developing
some new generalized aggregation operators of PLTSs in
the complex decision scenarios.
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