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Abstract Conventional methods for analyzing system
reliability involve the use of unit reliability and system
composition. However, these methods have limitation on
considering the type of failure distribution that exists in
unit of system, resulting in inaccurate evaluation of system
reliability as the bathtub curve. The process in which unit
and system go from a normal working state to a failure
state can be described as a fuzzy process. The fuzzy
probability of unit reliability is defined in formula, and its
curve is drawn based on bathtub curve, reliability function
curve and fuzzy probability. For two systems that have the
same system reliability, conventional methods also fail to
take into account the effect of differences in unit reliability
on system reliability. In this study, we introduce a novel
method to analyze system reliability that based on fuzzy
probability. This method is an assumption that unit relia-
bility is a fuzzy probability-based event, and then these
concepts of system failure probability and integrated sys-
tem reliability are proposed. The system failure probability
is a characteristic quantity used to measure the effect of
different unit in system reliability. The integrated system
reliability is a characteristic quantity that evaluated the
comprehensive system reliability. These proposed concepts
are applied in the reliability analysis of series system,
parallel system and compound system. These results verify
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the effectiveness of the proposed method by the application
and comparison in these examples.
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1 Introduction

The system reliability is a basic attribute that ensures
normal system operation. Therefore, the study of system
reliability is essential. In conventional system reliability
analysis theory, probability theory-based calculations have
been widely used. The system is made of different unit,
whereas the failure probability of a unit is obtained under
independent test conditions. At times, it is assumed that the
unit has exact probability under failure test and perfor-
mance level of each unit state is given. But in an actual
working environment, it is difficult to obtain sufficient
failure data to estimate the precise value of the probability.
The multistate system (MSS) model provides a more
flexible tool for representing engineering system in actual
working environment in [1-4], and recent research has
focused on reliability evaluation and optimization of MSS
in [5-9]. The multiple failure model typically exhibits
performance states going from perfect operation to com-
plete failure in [10-12]. In [13], proposed an efficient
logarithmic-encoded binary decision diagram (LBDD)-
based method for analyzing MSS. Several papers have
been devoted to model common cause failure (CCF) dis-
tributions and estimate the effect of CCF on system relia-
bility or availability in [14-16]. A straightforward
procedure is suggested for evaluating reliability functions
of non-repairable series—parallel multistate system with
common cause failure in [17].
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By contrast, using the Monte Carlo method as the basis
and combining it with related methods to evaluate the
reliability of large complex networks. The randomness of a
system and its units can be accurately illustrated in
[18, 19]. In [18], a new particle swarm optimization (PSO)
based on Monte Carlo simulation (MCS), named MCS-
PSO, is proposed to solve complex network reliability
optimization problems. In [19], comparisons with the
chronological, pseudo-chronological and quasi-sequential
MCS are carried out using the IEEE-RTS-96 (reliability
test system) and modifications of this system that includes
renewable sources.

Some methods are used to analyze hidden failures that
cause system units to malfunction and identify weaknesses
that hinder system reliability. In [20], it provides the defi-
nitions of vulnerability and reliability of protection system
to numerically characterize this impact and also proposes
an economical system upgrading strategy that can best
enhance the protection system reliability under limited
budget.

With system has being increasingly complex, predicting
the reliability of complex system has become a popular
research topic in [21, 22]. In [21], it describes a hierar-
chical Bayesian model for assessing the early reliability of
complex system, for which sparse or no system-level fail-
ure data are available, except that which exists for com-
parable system developed by different categories of
manufacturers. In [22], a new estimation method is derived
to approximate the vector of failure probabilities associated
with a complex, one-shot system.

For many systems, it is often difficult to evaluate the
failure probability of unit from past occurrences because
the environment of the system changed. It might be nec-
essary to consider possible failure of units even if they have
never failed. In [23], a fuzzy-probabilistic method is pro-
posed based on the results of the statistical analyses of the
features and employed to assess the condition of circuit
breaker through the evaluation of the risk of failure. In
[24], based on the failure rate and fuzzy probability, a new
method is proposed to evaluate the system reliability. In
[25], it proposes a method to incorporate a combined fuzzy
and probabilistic load model in power system reliability
assessment. In [26], it proposes a new extension of crisp
probability theory, which is based on independent inputs
and each with a fuzzy probability. In [27], it uses a fuzzy
line-segment method to calculate the fuzzy unreliability of
a system when only discrete-interval probabilities of stress
and strength inside an interference region are available. In
many engineering applications, however, it is difficult to
evaluate the probabilities and consequences from past
experiences, because of dynamic environments of system,
and especially because there are situations where past
experience does not exist. Some studies combine fuzzy
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probability, fault tree and event tree to analyze system
reliability in [28-36]. In [28], the application of fuzzy
event tree is further demonstrated by using a set of event
tree and explained for dealing with event tree analysis
under uncertainty. In [29], it proposes a method combining
fuzzy probability theory with Bayesian network that
improves the ability of Bayesian networks to deal with
uncertainty and reliability of system.

The process in which unit goes from a normal working
state to a failure state can be described as a fuzzy process
that is gradual and cumulative. That typically exhibits
multiple performance states, going from perfect operation
to complete failure, and is named multiple failure models.
Thus, the reliability of unit and system is fuzzy at failure
time. In this paper, we describe this phenomenon as “the
fuzzy probability of reliability.” Firstly, the fuzzy proba-
bility of unit reliability is described with formula and curve
based on bathtub curve, reliability function curve and fuzzy
probability. Secondly, the system is consisted of different
unit, so the analysis of fuzzy probability can be considered
for system reliability. When the system operates, the pos-
sibility of failure exists; failure entails the system from a
normal working state to a failure state. We describe this
probability as the “system failure probability” and denote
it as Ly(¢), that is a characteristic quantity used to measure
the effect of different unit in system reliability. Thirdly, if
the fuzzy probability of system reliability and system
failure probability are, respectively, assigned different
weight such as wgr and w;. We propose another charac-
teristic quantity named “integrated system reliability” and
denote it as Z(¢), which represents a comprehensive
evaluation of system reliability. At last, the aforementioned
method is applied to analyze the system reliability of series
system, parallel system and compound system. By making
actual calculation and performing a detailed comparative
analysis, the effectiveness of the proposed method is
verified.

This paper is organized as follows. In Sect. 2, the
method for calculating fuzzy probability of unit reliability
is introduced. In Sect. 3, the concept of system failure
probability is introduced and applied. In Sect. 4, the con-
cept of integrated system reliability is introduced and
applied. In Sect. 5, a conclusion is summarized.

2 Method for Calculating Fuzzy Probability
of Unit Reliability

In the theory of reliability analysis, product failure rate
refers to the product has been working to the time #. The
probability of failure will occur in the unit time after the
time #, and it is denoted as A(f), A(¢) € (0,1). Through
statistical analysis of a large number of experimental data,
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the failure rate curve likes a bathtub under the time ¢,
known as the “bathtub curve,” as shown in Fig. 1. From
the curve, we can see that the product failure rate with the
change of time ¢ divided into three periods, which names
the early failure period (0,#) , random failure period
(t1,1,) and loss failure period (,,13).

The reliability refers to the product under specified
conditions. The probability of failure does not occur in the

HMadr with a

interval (0,¢), and its function is R(¢) = effo
curve that is as shown in Fig. 2.

The functions of A(¢) and R(¢) are obtained through a lot
of test data for the unit, that statistics are obtained from the
universal law. But specific to the system in the selection of
a unit, it also has its own particularity. The key lies in the
actual characteristics of the unit itself for the system reli-
ability. It is not appropriate to use Fig. 2 to describe the
unit reliability in early failure period in Fig. 1. Similar
instances occurred in the actual system, as described in
Example 1.

Example 1 An aerospace equipment occurred failure
during launch, the reason was that a unit had occurred failure
firstly. After tracing, the original installation and commis-
sioning in the first time, the staff found that the unit had
occurred failure, but did not pay enough attention. Then the
staff selected the spare unit to install and thought it reliable,
but the result of the entire launch was failure because that
unit had occurred early failure. The reliability of the overall
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Fig. 1 Bathtub curve
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Fig. 2 Reliability function curve

units meets the requirement of the performance in the sta-
tistical test, but these selected two units failed in the early
failure period, resulting in the failure of the launch.

From Example 1, we can find that the expression of unit
reliability has limitation with A(¢) and R(f), because we
cannot find the unit in which failure period. The reliability
is a random event, and cannot completely represent the
reliability characteristics of a unit, so that description of a
unit itself is fuzzy and then is called fuzzy probability of
unit reliability.

In this paper, based on the theory of fuzzy probability,
we combine the reliability bathtub curve and reliability
function curve to make the fuzzy probability of unit reli-
ability as the following assumptions.

1. The domain is (0, 1).
The fuzzy set represents “the fuzzy probability of unit
reliability.”

3. The function of fuzzy probability of unit reliability

(denoted as r(¢)) is as shown in formula (1)

1— [P A1) O<t<t

a H<t<n (1)
5]

1— [ A1)

Hh<t<n
where A(¢) € (0,1), a € (0, 1) and a represents the demand
unit reliability under system design and is a constant.

r(t) =

1. At the time 7, the curve of r(¢) is approximate
expressed in Fig. 3, based on the bathtub curve in
Fig. 1 and the reliability function curve in Fig. 2.

3 Introducing and Applying System Failure
Probability

3.1 Introducing System Reliability Based on Fuzzy
Probability

The conventional analysis of system reliability involves the
use of probability theories. It is assumed that a system is

r(f)a

a

Fig. 3 Curve of the fuzzy probability of unit reliability
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Table 1 Formulas for calculating system reliability

Series system Parallel system

l;IlRi(t) 1—1:_[117[ )
k) 0 [1F0)

made up of n mutually independent unit. The symbol R;()
represents the probability that the ith unit function nor-
mally at time 7, whereas the symbol F;(¢) represents the
probability that the ith unit failure at time #. The reliability
(i.e., R(?)) and failure (i.e., F(t)) are served as two indi-
cators for the system. Calculation formulas are used to
determine the reliability of series and parallel system, as
shown in Table 1.

Assuming that the test result shows that the failure rate
function of the ith unit is A(¢), it is shown in formula (1).
The fuzzy probability can be used to find reliability and
failure of the ith unit at time # (;(¢) and f;(¢)), respectively,
and are shown in formulas (2) and (3).

nm1£%@m 2)

= /t Ar) dt (3)
0

Applying calculation method of the fuzzy probability of
unit reliability in the system reliability analysis, the fuzzy
probability of system reliability denoted as r(¢) and fuzzy
probability of system failure denoted as f(¢). These for-
mulas can be derived as shown in Table 2.

3.2 Introducing System Failure Probability

The analysis combined probability theory and fuzzy theory
divides system failures into three sections. In the first
section, all system units operate normally and system
reliability is represented by the symbol r,(¢). In the second
section, all system units fail and system failure is repre-
sented by the symbol f(¢). In the third section, some

Table 2 Formulas for calculating the fuzzy probability of system
reliability

Series system Parallel system

1—§ﬁm
ﬁﬂﬂ
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system units fail but the system continues to operate nor-
mally for the parallel system, and some system units have
hidden failure but the system continues to operate normally
for the series system. These situations lead to the risk of
system failure. The system failure probability is repre-
sented by the symbol L;(z). These three sections constitute
all possible working state combinations of these units;
therefore, they can be used to derive the following math-
ematical formula.

rs(f) + £(t) + L(tr) = 1 (4)

Based on the aforementioned analysis, we define “sys-
tem failure probability” as the fuzzy probability of system
failure during the fuzzy process in which a system goes
from a normal working state to a failure state and is
denoted as Ly(r). It can be expressed in formula as follows.

(o) =T nl0)
70) = 1140) ®)
LS()—l_VS()_fs(t)

3.3 Applying System Failure Probability

There is a problem that if two systems have the same
reliability, how to judge the effect on system reliability for
different unit, such as Examples 2, 3 and 4.

Example 2 Assuming that two series systems (i.e., Sys-
tems E and F) are composed of units A; and A,, as well as
Aj and Ay, respectively (as shown in Figs. 4, 5). The fuzzy
probability of unit reliability is calculated as r; = 0.2,
rn=0.8, r3=04 and r, = 0.4 at time ¢ for these four
units. These values are substituted back into the systems to
calculate and determine the r(z), f(¢) and L(¢) of systems E
and F.

SystemE : rg(t) = rir, = 0.2 x 0.8 =0.16
JeE(@)=1—rg(t) =084
L(t) = 1 —rin — fifa
=1l—-rnn—(1=-rn)1-r)

=0.68
@ A Ay L J
Fig. 4 System E
@ As Ay @

Fig. 5 System F
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System F : rg(t) = r3r4 = 0.4 x 0.4 =0.16
fr(t)=1—rr(t) = 0.84
Lip(t) = 1 = r3ry — fify
=1—rr—(1—r)1—r)
=048

Comparison analysis: rg(t) = rp(t) and fr(t) = fr(1)
indicate that these two systems have the same reliability at
time ¢ and there is no difference between these two sys-
tems. However, because Ly (f) > Ly (), when the series
system goes from a normal working state to a failure state,
the failure probability of the system E is greater than that of
system F. Therefore, under the same system reliability,
system F is more reliable than system E.

Example 3 Assuming that two parallel systems (i.e., systems
G and H) are composed of units A; and A,, as well as Az and A,
respectively (as shown in Figs. 6, 7). The fuzzy probability of
unit reliability is calculated as r; = 0.2, r, = 0.7, r; = 0.4
and r4 = 0.6 at time ¢ for these four system units. These values
are substituted back into the systems to calculate and deter-
mine the r(¢), f(¢) and L(t) of systems G and H.

System G f5 (1) = fif
=1-r){1-r)=024
ro(t) = 1 — fo(t) = 0.76
Li(t) =1 —rin = fifz
=1l—-rnn—-—_01-r){1-r)
=0.62

System H : fu(t) = fifa
=(1=r3)(1—rs) =024
ry(t) =1 —fy(r) =0.76
Liy(t) = 1 —r3rs — fafa
=1—rr—(1-r)1—r)

=0.52

A

— —0
Ay

Fig. 6 System G

As

o— —e
Ay

Fig. 7 System H

E

{5 e

[ A, |

Fig. 8 Compound system

Comparison analysis: rg(t) = ry(t) and f5(f) = fu(?)
indicate that these two systems have the same reliability
at time ¢ and there is no difference between these two
systems. However, because Lys(t) > Lyy(t), when the
parallel system goes from a normal working state to a
failure state, the failure probability of system G is
greater than that of system H. Therefore, under the
same system reliability, system H is more reliable than
system G.

Example 4 Assuming that a simplified compound system
(as shown in Fig. 8) is composed of units A;, A, and As.
The fuzzy probability of unit reliability of these three
system units (i.e., 7, 7, and r3) is calculated using two
different choices (i.e., A and B) at time . The values of r,
r, and r3 are listed as follows.

A={r =085r,=089,r; =0.80}
B={r =0.80,r, =0.80,r; = 0.82}

Next, these two choices are compared and the optimal
solution is selected.

ChoiceA : rip(t) = 1 — fifa
=1-(1=r)(1—r)=0984
ra(t) = ria(t)rs = 0.787
= 0.787
L (1) = 1 — rirars — fifof3
=0.210

Choice B : r2(t) = 1 — fifs
=1- (1 — 7‘1)(1 - 7‘2) =0.96
rB(t) = Vlz(l)r3 =0.787

Ly(t) =1 —rirrs — fifafs
= 0.206

Comparison analysis: ra(z) = rz(¢) indicates that these
two systems have the same reliability at time 7 and there is
no difference between these two systems. However,
because L (1) > Lig(t), when the system goes from a
normal working state to a failure state, the failure proba-
bility of choice A is greater than that of choice B. There-
fore, under the same system reliability, the choice B is
more suitable.

@ Springer
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4 Introducing and Applying Integrated System
Reliability

To assess the reliability of system when that is different,
this study performs a comprehensive analysis by evaluating
the reliability and failure of the system. The concept of
integrated system reliability is introduced, and it is repre-
sented by the symbol Z(¢). The calculation procedures are
described as follows.

Step 1: Assigning different weights of reliability and
failure for system. Allocating the weights based on system
operation requirements and their prior working perfor-
mances. Assuming that reliability and failure of system are
given weights of wg and w;, respectively. The relationship
between two weights can be described as follows.

WR + Wy = 1 (6)

Step 2: Multiplying fuzzy probability of system relia-
bility (i.e., r(¢)) and system failure probability (i.e., Ly(?))
by their respective weight (wg and w;, respectively), and
then calculating their sum in formula (7). It is denoted as
Z,(1), and it is named integrated system reliability.

Zs(t) = wgr(t) + opLs(t) (7)

Step 3: Combining (6) and (7), a comprehensive eval-
uation method of system reliability is obtained and is
shown as follows.

g+ oy =1
{ CZos(f) i)w:er(t) + o Ly(t) (8)

Example 5 Assuming that a compound system is com-
posed of units Ay, A, A3 and A4 at time ¢ (as shown in
Fig. 9). The fuzzy probability of unit reliability of these
four units (i.e.,ry, r», r3 and r4) is calculated at time f.
Assuming that two different combinations (i.e., A and B)
are available for r; and r, as A = {r; =0.91,, = 0.82},
B ={r =0.88,r, =0.85}; two different combinations
(i.e., C and D) are available for r; and ry; as
C={r;=086,rs =087}, D= {r; =091,r, = 0.83}.

1. Drawing the block diagram showing the reliability of
the simplified system.

2. Selecting suitable combination from A, B, C and D, in
which fuzzy probability of system reliability and
system failure are assigned weights of 0.8 (i.e.,
wg = 0.8) and 0.2 (i.e., oy = 0.2), respectively.

L Aj

[}

4 2

Fig. 9 Block diagram of the compound system
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Solutions:

1. Block diagram shows the reliability of a simplified
system.

Firstly, the parallel system comprising A; and A, is
simplified to obtain A;,. Secondly, the series system
comprising Az and A4 is simplified to obtain Az4. Finally,
the equivalent reliability of the system is obtained, as
shown in Fig. 10.

2. Calculating integrated system reliability.

1 The fuzzy probability of system reliability r(¢) and
system failure f(¢) are calculated under the following four
sections.

When
A= {rl = 0.9171’2 == 082} (9)
fa(t) =fifa
=1 =r)(1-r) (9.1)
=0.0162
ra(t) = 1 —fa(t) 9.2)
= 0.9838 ’
When B = {r, =0.88,r, = 0.85} (10)
f8(t) =fifa
=1 =r)(1-n) (10.1)
=0.0180
I’B(Z) =1 *fB(t) (10 2)
= 0.9820 '
When C = {r; =0.86,r, =0.87} (11)
re(t) = rary (11.1)
=0.7482 '
fc(t) =1- rc(t) (11 2)
=0.2518 '
When D = {r; =0.91,r, = 0.83} (12)
rp(t) = r3ry (12.1)
=0.7553 '
fD([) =1- FD([) (12 2)
=0.2447 '

2. Calculating integrated system reliability when dif-
ferent methods are incorporated together.
Calculating combination of A and C:

A, Aszy

Fig. 10 Equivalent block diagram of the compound system
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rac(t) = ra(t)re(t)

13
= 0.7361 (13)
t)=1-— t
Jac(?) rac(?) (14)
= 0.2639
Liac(t) = 0.4414 (15)
Zac(t) = wrrac(t) + orLac(t) (16)
= 0.6772
Calculating combination of A and D:
t) = t t
rap(t) = ra(t)rp(1) (17)
=0.7431
t)=1- t
Jap(t) rap(1) (18)
= 0.2569
Liap(t) = 0.4361 (19)
Zap(t) = o t) + wpLap(t
‘AD( ) RrAD( ) L AD( ) (20)
= 0.6817
Calculating combination of B and C:
t) = t t
rac(t) = ra(t)re(r) o)
= 0.7347
t)=1-— t
Tec(?) rac (1) (22)
= 0.2653
Ligc(t) = 0.5593 (23)
Zppc(t) = t) + wrLpe(t
ch( ) CUR"BC( ) wr BC( ) (24)
= 0.6996
Calculating combination of B and D:
t) = t t
rep(t) = rg(1)rp(1) (25)
=0.7417
t)=1—rpp(t
Jep(t) (1) (26)
=0.2583
Ligp(t) = 0.4349 (27)
Zgp(t) = wrrep(t) + opLpp (1) (28)
= 0.6803
These calculation data are compared in Table 3.
Table 3 Compared data
Result AC AD BC BD
r(t) 0.7361 0.7431 0.7347 0.7417
Ly(1) 0.4414 0.4361 0.5593 0.4349
Z(1) 0.6772 0.6817 0.6996 0.6803

Comparing the integrated system reliability results,
those are revealed as follows.

Zpc(t) > Zaup(t) > Zgp(t) > Zsac (1) (29)

It is shown that combination of B and C is the best inte-
grated system reliability and that is the most favorable
combination. The fuzzy probability of unit reliability A, A,
A3 and A4, respectively, is r; = 0.88, r, = 0.85, r; = 0.86
and r4; = 0.87. The combination of A and C is the worst.

Example 6 Assuming that, under the requirement of the
new technology for Example 5 in the system, it is supposed
in the new working environment. The fuzzy probability of
system reliability and system failure are assigned weights
of 0.3 (i.e.,wg = 0.3) and 0.7 (i.e., w; = 0.7), respectively.
Try to choose the right combination from the combination
A, B, C and D.

Solutions:

According to the Example 5 of the known conditions
and calculation method, the calculation results are shown
as follows.

Zsac(t) = wrrac(t) + opLac(t) = 0.5298 (30)
Zoap(t) = wprap(t) + wpLaap(t) = 0.5282 (31)
Zspc(t) = wgrrpe(t) + opLgpe(t) = 0.6119 (32)
Zspp(t) = wrrpp(t) + opLgp(t) = 0.5269 (33)

Comparison of the above calculation result is shown as
follows.

Zpc(t) > Zac(t) > Zup(t) > Zpp(2) (34)

As a result, the combination of B and C is the best com-
bination. The fuzzy probability of unit reliability A, A,, A3
and Ay is r; =0.88, r, =0.85, r; =0.86 and ry = 0.87,
respectively. The combination of B and D is the worst.

By comparing those above Examples 5 and 6, we can
found that the system performance requirements determine
the selection of weights of the fuzzy probability of system
reliability and system failure probability.

From these references, the system reliability has not yet
found about this aspect. That is, the system is reliable, but
there is the risk of failure, how to weigh the pros and cons,
for a comprehensive consideration. In the design, must pay
attention to the system failure probability and the weight
distribution. Need to be assigned according to the experience
of the system in the past and the experience of experts.

5 Conclusion
Based on the bathtub curve, reliability function curve and

the fuzzy probability, the fuzzy probability of unit relia-
bility is obtained. Next, the system reliability analysis is

@ Springer



1766

International Journal of Fuzzy Systems, Vol. 19, No. 6, December 2017

converted into a fuzzy probability analysis. Then, the
concept of system failure probability is introduced, that is,
a characteristic quantity for measuring the effect of dif-
ferent unit reliability on system reliability. Subsequently,
this study proposes the concept of integrated system reli-
ability to enable a comprehensive evaluation of system
reliability, in which the fuzzy probability of system relia-
bility and system failure probability are assigned different
weight to evaluate a more complete system reliability
analysis.

The aforementioned method is used to analyze system
reliability on series system, parallel system and compound
system. By making actual calculation and performing a
detailed comparative analysis between these results
obtained from the analysis and those acquired from the
calculation, the present study verified the effectiveness of
method. The analysis successfully solves the problem of
optimal system evaluation. The method proposed in this
study can be used in system reliability-related domains
such as system design, evaluation and so on.
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