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Abstract Data envelopment analysis (DEA) is a linear
programming-based methodology to measure the relative
performance efficiencies of DMUs which produce multiple
outputs by consuming multiple inputs. The input data and
output data can be considered as a linguistic variables
characterized by fuzzy numbers. So, in the present study, we
extend DEA to fuzzy DEA (FDEA) in which the input and
output data are taken as fuzzy numbers (FNs), in particular
triangular FNs. In this paper, we develop two FDEA models
to measure the left hand and right hand relative performance
efficiencies of each DMU using a-cut approach. Further, we
propose a ranking method to rank the DMUs based on left
hand and right hand efficiencies. Finally, the developed
FDEA models and proposed ranking models are illustrated
with an example and then compared the results with geo-
metric average efficiency index ranking method. The pro-
posed model is also experimented with a real-life problem.

Keywords Hospitals - FDEA - Ranking methods - Health
sector efficiencies

1 Introduction
Charnes et al. [7] developed DEA approach to measure the

relative performance efficiencies of decision making units
(DMUs), and Banker et al. [5] extended to study returns to
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scale (RTS). DMUs can be any governmental agencies and
nonprofitable organizations like hospitals, educational
institutions, banks, transportation. The relative perfor-
mance efficiency of DMU is defined as the ratio of its
performance efficiency to the largest performance effi-
ciency. The relative performance efficiency of a DMU lies
in the range (0, 1].
DEA is useful due to the following reasons:

e DEA determines the efficient and inefficient DMUs and
also finds the most efficient DMUs and the inefficient
DMUs for which efficiency improvements are possible.

e DEA improves the productivity of the inefficient DMUs
by reducing inputs and/or increasing outputs.

e DEA calculates the efficiency of DMUs which have
multiple inputs and multiple outputs.

The most important role in the economy of any country is
health care of rural and urban areas. Health care is of three
types: primary (in which individuals and families are
directly connected to health system), secondary (in which
patients from primary health care are referred to specialists
in higher hospitals for treatment) and tertiary health care
(in which specialized consultative care is provided usually
on referral from primary and secondary medical care).
Real-world problems have some input and/or output
data which possess some degree of fluctuation or impre-
cision or uncertainties such as quality of input resources,
quality of treatment, the satisfaction level of patients,
quality of medicines in health sector. The fluctuation can
take the form of intervals, ordinal relations and fuzzy
numbers etc. Therefore, to deal with such type of real-life
situations, we propose to extend crisp DEA to Fuzzy DEA
(FDEA) by making the use of fuzzy numbers in DEA.
FDEA models represent real-world applications more
realistically than the conventional DEA models.
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Despotis et al. [8] proposed left hand and right hand
DEA models with imprecise input—output data. These
models are not suitable for fuzzy data. In real-life appli-
cations, the input—output data fluctuate. In this paper, we
have taken the fluctuation in the form of fuzzy numbers
(FNs), particularly triangular fuzzy numbers (TFNs). So,
we have propose the left and right hand fuzzy DEA
(FDEA) models using a-cut.

The rest of the paper is organized as follows: Sect. 2
presents literature review. Section 3 presents the prelimi-
nary, Sect. 4 presents the proposed FDEA models and
proposed ranking approach. Section 5 presents an example
and an application of the proposed approach to the health
sector. Conclusions of the study are given in the last sec-
tion of the paper.

2 Literature Review

In this section, we will give literature review for FDEA and
ranking.

2.1 Literature Review for FDEA

There exist various mathematical programs in DEA such as
fractional DEA program, output maximization (input ori-
ented) and input minimization (output oriented), SBM
DEA programs. Mogha et al. [17] proposed a new slack
model (NSM) of DEA, which directly deals with input and
output slacks, to assess the efficiency of public sector
hospitals of State of Uttarakhand (India). Tyagi et al. [24]
applied DEA to determine the performance efficiencies of
academic departments of IIT Roorkee (India).

There are some studies of DEA with applications to
health care both public and private sector in Indian context
[17-20]. Hollingsworth et al. [12] described the economic
theory of efficiency and productivity, and their measure-
ment in health care using DEA and found the potential
benefits and problems of measuring efficiency. Adang and
Wensing [1] presented the potential discrepancy between
long-run and short-run efficiencies of innovative tech-
nologies in health care and explored dis-economy of scale
in Dutch hospitals. Barnum and Walton [6] presented the
effect of the conflict between DEA and hospital applica-
tions and found efficiency indicators that assume nonsub-
stitutability rather than substitutability. Akdag et al. [3]
evaluated the service quality of some Turkish hospitals by
fuzzy MCDM approach.

Several researches have been done in different areas
both from DEA and FDEA perspective. Alizadeh et al. [4]
presented the location—allocation models of fuzzy multi-
objective nonlinear programming in FDEA and found the
solution procedure based on a modification of fuzzy
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parametric programming (FPP) and minimum deviation
method. Tsai et al. [23] proposed the fuzzy analytic hier-
archy process (FAHP) and fuzzy sensitive analysis-based
approach to resolve the uncertainty and imprecision of
service evaluations during pre-negotiation stages, where
the comparison judgments of a decision maker are repre-
sented as triangular fuzzy numbers (TFNs). Dotoli et al. [9]
developed a novel cross-efficiency fuzzy DEA model for
evaluating different elements under uncertainty with
application to health-care system. Jahanshahloo et al. [13]
proposed a slack-based measure (SBM) model which is
employed for evaluation and ranking of all DMUs and
extended this model to an FDEA model for evaluating
efficiency and ranking of DMUs with fuzzy data. Kao and
Liu [14] reduced the crisp DEA model into the fuzzy DEA
model using o-cut method and expressed performance
efficiency as a fuzzy number.

2.2 Literature Review for Ranking

Khodabakhshi et al. [15] developed a ranking method to
rank all DMUs. Lotfi et al. [16] proposed a ranking method
by using generalized variance for inputs and outputs. Wen
et al. [26] transformed fuzzy model into linear program-
ming with the help of new approach combined with fuzzy
simulation and genetic algorithm. Guo and Wu [10] pro-
posed a unique ranking method by using undesirable out-
puts through new Maximal Balance Index (MBI) based on
the optimal shadow prices. Adler et al. [2] discussed dif-
ferent ranking methods in DEA. Puri and Yadav [21]
proposed a ranking method for crisp as well as fuzzy
numbers for optimistic and pessimistic models and finally
proposed a complete ranking method using super-effi-
ciency technique. Wang et al. [25] proposed the geometric
average efficiency index to determine the overall perfor-
mance efficiency and ranking of the DMUs in crisp DEA.

3 Preliminary

This section includes some basic definitions and notions of
fuzzy set theory which are required to develop the concept
of FDEA for handling fuzzy inputs/outputs in real-life
problems. It includes the definitions of fuzzy set (FS),
fuzzy number (FN) and triangular fuzzy number (TFN).

3.1 Performance Efficiency

The performance efficiency of a DMU is defined as the
ratio of the weighted sum of outputs (called virtual output)
to the weighted sum of inputs (called virtual input). Thus,



A. Arya, S. P. Yadav: Development of FDEA Models to Measure the Performance... 165

. Virtual output
Performance efficiency = 4p
Virtual input

DEA evaluates the relative performance efficiency of a
DMU in a set of homogeneous DMUs. The relative per-
formance efficiency of a DMU lies in the range (0, 1].

3.2 Fuzzy Number (FN)
Zadeh [27] A FN A is a convex fuzzy set A of the real line
R such that

e there exists exactly one xo € R with p;(x) = 1.
e u;(x) is a piecewise continuous.

3.3 Triangular Fuzzy Number (TFN)

The TEN A is a fuzzy number denoted by A = (a, b, ) and
is defined by the membership function u; given by (see
Fig. 1)

2751’ a<x<b,
—a
#A(x): c—x, b§x<c’
c—b
0, elsewhere,
for all x € R.

o cut: The a-cut of a fuzzy set A is denoted by A, and
defined by
Ay = {x € X: py() >}, where o € [0, 1].

4 Proposed Methodology for Fuzzy Efficiencies
and Ranks of the DMUs

4.1 Description of DEA Model

Let us suppose that the performance of a set of n homo-

geneous DMUs (DMUj; j=1,...,n) is to be measured.
Suppose that m inputs produce s outputs. Let us assume

Triangular fuzzy number graph for (a,b,c)

Membership value
o
o

(abc) —m8 ——

Fig. 1 TEN (ab,c)

=
('Sl

that the amount of the rth output produced by the jth DMU
is y,r=1,2,3,...,5 and the amount of the ith input
consumed by the jth DMU is x;,i = 1,2,3,...,m.

m inputs s outputs

J

X :
, DMU

The CCR (ratio) fractional DEA program [7] for DMU;,
is given by the following model:

Model 1

s
> 1 ViV
— r=1"r’1jo
max E; = =r——

subject to

S
Dot ViV
r=1"rJn
Z'n v Sl’
i=1 UiXij

ui7vr267 Vi>r7

V), J #Jo

where u; is the weight corresponding to x; and v, is the
weight corresponding to y,;.

The fractional program in Model 1 is reduced to the
following LPP (Model 2)

Model 2

m

min Ej, = g U;iXjj,
i=1

subject to

)
: : Vryrja = 1
r=1

) m
§ vrylju - E ui-xl'ju S 07
r=1 i=1

) m

E VeV — E uix;; <0,
r=1 i=1

j: 1727.-.7”,.].#‘].0
up, v, > ¢, Vi, r

In real-world problems, input and output data x; and y,;
cannot be obtained exactly due to vagueness/fluctuation.

: - U L U
Suppose that they lie the intervals [xs, xl»j} and [yrj7yrj:|7

(i=1,2,3...mj=1,23...mr=1273...53),
where xf;, y& > 0. To deal with such type of situations, the
CCR DEA model [25] in left limit and right limit is given
below:

@ Springer



166

International Journal of Fuzzy Systems, Vol. 20, No. 1, January 2018

Model 3
S phh )
Zm 1 Ui {X” ll/],,:|

max E;, =
B

subject to

Jj= 1,2,3,...,}1,]‘#]},

4.2 Proposed Input-Oriented Minimization FDEA
Model

> Vel il
i il x]
Obviously, E; should also be an interval form. Let
doriVr [yfp yf,’}
S u [xs, xﬂ
The left and right hand performance efficiencies of DMU;, are
given by the following fractional DEA models for DMU; :
Dot VY L'n
X B =Sl
i=1 WiXij,

subject to

Let E; = Lj=1,2,3,....n

£ = |EFEP). Then|ELEV] = c (0.1,

S ] F Jo
ui, vy >¢e, Vi, r.
U Zr— ’yrjn
max B, = =—7°
o T ST L
i=1 ijo
subject to
s U
> VrYij,
< 1 =1
uxk —
Ei 1 WiXij,
Zr 1 Vyrj
m
> lu,xU

ui, vy >¢&, Vi, r.

<1,j=1,2,3,...n5j #J,

The above pair of fractional DEA models can be simplified as
the equivalent LPP models. The CCR input minimization left
hand DEA model for DMUj, is minimization of right hand of
virtual input subject to the conditions that left hand of virtual
output is equal to 1, and difference between left hand of
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virtual output and right hand of virtual input is less than or
equal to 0. Thus, the CCR input minimization left hand DEA
model (in LPP form) is given by the following model:

Model 4

m

U
E uixy,

i=1

min E/L =
subject to

s
L _
Zv’yrjo =1
r=I1
s m
L U
S vk =Y ual <o,
r=1 i=1
s
§ : U
Vryrj -
r=1

Uiy Vr 287

ZM,‘X%}S(L j:l,2,3,...,}’l,j7éj0
i=1

Vi, r.

The CCR input minimization right hand DEA model for
DMU;, is minimization of left hand of virtual input subject
to the conditions that right hand of virtual output is equal to
1, and difference between right hand of virtual output and
left hand of virtual input is less than or equal to 0. Thus, the
CCR input minimization right hand DEA model (in LPP
form) is given by the following model:

Model 5

U
minE; = Zuxﬁ)
i=1
subject to

S

Zvrygo =1,
r=1

S

Zv,yr] ZuxL <0,
r=1

N

L U .
Zv,yrj—Zuixij <0, j=1,...,
r=1 i=1

Ui, vy >¢, Vi

n, j #jo
and r.

where E]L stands for the left hand of the best possible rel-
ative performance efficiency of DMU; when all the DMUs
are in the state of best production activity, while EJU stands
for the right hand of the best possible relative efficiency
achieved by DMU; . When they constitute the best possible
relative efficiency interval {EJLO, E/ }

The CCR DEA model in fuzzy environment, in which inputs and
outputs are considered to be fuzzy numbers, we need CCR fuzzy
DEA model. Let us suppose that fuzzy input is x; and fuzzy output is
¥,j- Then linear FDEA model is given by
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Model 6

m

i=1
subject to

K m
D vy, — Y iy, <0,
r=1 i=1

s m 5
Zv,ﬁ,j — ZM,)?USO"] = 1,2,3, ..
r=1 i=1

ui, v, >¢ Vi, r.

-7n7j7éj0

where 1 = (1,1,1) and 0 = (0,0,0).

Assume that fuzzy input x; and fuzzy output y,; are
TENs (xj,x)/,x;/) and (yv5,),y5), respectively. Then,
CCR FDEA model is given by

Model 7

m
maxEj":Z (um i’ u)

subject to

“

v (5,094 ) = (1,1,1),

zm:u,( ) <(0,0,0),

i=1

(xg,;a;f, ) £(0,0,0),

r

-1~

vy

vr< Yy, 7y,,,)

y,,yy,,,y,,)

\
Il

2 3 7”7]#.]0
u, vy >¢, Vi, r.

Replacing the fuzzy input and output by their o-cuts;
Xy =[axﬁ}4+< o)y, oyl + (1 — a)xf/] and y,; = [y} +

ij>
(1- oc)yfj, Oty,j (1— oc)yrj], we get Model 8 from Model
7 as given below:

Model 8
max {EILEJI)/] :Zu,[axM-i- (1 —a)xt M-&-(l—oc) ]

ij,?

subject to

-

vy [ocylr‘]{’ +(1- u)yfju,)/,‘;’o +(1- oc)yf]].”] =[1,1],

\
I

v [%y’7 + (1 =)y, vy + (1= @)Yff,,]

Mh

1

r

[M+(17(x) i
1

i

a + (1 — a)x; ]<[00}

o

M-,.

v [w,, + (1= a)yp, oy + (1 — o)y

r=1

M§

Ui [MXJI;I + (1 - 9())65,

i=1
ocxf;’-i-(l—oc

ui, v, > ¢ Vi,r,0<a<l1.

W <10,0], =123, m o

From Model 8, we get left hand DEA model (Model 9) and
right hand DEA model (Model 10) as given below:

Model 9
minlfjﬁ—Zu,(ocxM+( )fj)
i=1
subject to

>y

—_

v (otyﬂfo +(1- OC)Yf,;,) =

r=1

Mh

Ve (cxyffo +(1 - a)yfjo)

r=1

—Zu,(fxxM—i—(l—oc) ><O

i=1
Zsjvr(ay’,‘f +(1 —fx)yif)
Zu,(oo/”+ (1 —oc)xL) <0,

J=1,2,3,...n, # o
uiavrzga Vivr
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Selection of the rele
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Representation of crisp data in
fuzzy form

Final input and output data
set in the form of triangular
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Performance evaluation using FDEA approach
Selection of FDEA model

(alpha-cut method)

Right hand fuzzy DEA
model

N PR of right hand fuzzy efficiency

~ ™ L’
Rank the DMUs on the basis of left and right fuzzy
efficiencies taken together

Left hand fuzzy efficiency

Rank the DMUs on the basis
of left hand fuzzy efficiency

Fig. 2 Flow chart for stepwise procedure

Model 10

m

minEjl: = Zui (dxfﬁ + (1= O‘)Xh)

subject to

M-

r

w |l

r=

1

w(wg+(ﬁ—@ﬁ0

i=1

v,(ocy%] + (1 - oc)yi) =1

J=123,...n,j# ],
ui, v, >¢&, Vi, r

1
_iz:";ui<wgiy+(1—a)x§) <0,

> (] + (1 = o)

r=1

_iui@xﬁy-y(l —oz)xfj]) <0,
i=1

Models 9 and 10 are the proposed FDEA models.

4.3 Proposed Ranking Approach

In this section, we propose a new ranking method based on
left hand and right hand efficiencies of DMUs. The method

is as follows:

Input 2

Outputs

Output 1

Output 2

Table 1 Input and output data. DMU Inputs
Source Guo and Tanaka [11]
Input 1
DMU1 (3.5, 4.0, 4.5)
DMU2 (2.9,29,29)
DMU3 (44,49,54)
DMU4 (34,4.1,438)
DMUS5 (5.9,6.5,7.1)

(1.9, 2.1, 2.3)
(14, 1.5, 1.6)
(2.2, 2.6, 3.0)
(2.1, 23, 2.5)
(3.6, 4.1, 4.6)

(2.4, 2.6, 2.8)
(22,22,22)
(27,32,3.7)
(25,29, 3.3)
(44,5.1,5.8)

(3.8, 4.1, 4.4)
(3.3,3.5,3.7)
(43,5.1,5.9)
(55,57, 5.9)
(6.5, 7.4, 8.3)

Table 2 Left and right hand efficiency of DMUs for « values

DMUs Left hand Right hand

o=0.1 a=0.25 a=0.5 oa=0.75 a=1 a=0.1 oa=0.25 a«=0.5 o=0.75 a=1
DMU1 0.65 0.70 0.76 0.81 0.85 1 1 1 0.92 0.85
DMU2 0.86 0.988 0.99 1 1 1 1 1 1 1
DMU3 0.59 0.64 0.71 0.79 0.86 1 1 1 0.93 0.86
DMU4 0.88 0.93 1 1 1 1 1 1 1 1
DMUS5S 0.67 0.73 0.84 0.97 1 1 1 1 1 1
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Step 1 Obtain the left hand efficiency E]L and right hand El
efficiency EJ for each DMU;, using left hand Sl O
model (Model 9) and right hand model (Model o
10), respectively. g - °
Step 2 Let! = {l1,2,...,n} be an index set. Suppose that E =
T, = min{EjL{lUn € I} and T, = min{Eﬁ[}}, € I}. 2
T; and T, are the minimum efficiencies obtained l Sl o % o o
from left hand and right hand models,
respectively. %
Step 3 Let us suppose that R; = max{EjI; ljo € I} and A
R, = max{Efﬂ]}, S I}. R, and R; are the 2
maximum efficiencies obtained from left hand gg:u,i_ 2 2 R
and right hand models, respectively. N I
Step 4 Find the deviations Dj,* and Dj," in the left hand
and right hand efficiencies for all DMUs, where f
R, — E- R, — EY g
DjoinRll_T’l"andDj,,UziRzz_T];,juel. 0|7
Step 5 Find the total deviation D;, = Dj,V + Dj," for ﬁ <l 5 <
each DMU;,,j, € 1. sl | -0 ~=0oS
Step 6 Rank all DMUs according to the increasing
values of D, . E
~ <+ N v o~
This proposed ranking method is compared with geo- .
metric ranking method developed by Wang et al. [25]. § -
Further, in order to validate the proposed ranking method, %]i % § § _ §
we provide two different numerical examples and also -
apply the proposed method to the health sector (Subsec- S © © “
. . . . Il s | o & v
tion 5.2). Figure 2 gives the flow chart representing the s3I [ -0 o
stepwise procedure.
¢
22 <+ — v A
5 Numerical Examples 5
g < o g o~ O
To ascertain the validity of the proposed methodology, we w2522
consider the following examples. q
mNE g
5.1 Example (Guo and Tanaka) s 18138 o - 3 s
The fuzzy input and fuzzy output data are listed in Table 1. =4
There are 5 DMUs having two fuzzy inputs and two fuzzy €t awv—mm
outputs which are represented as TFNs. The left hand and =
right hand efficiencies of the DMUs are evaluated using E e
Models 9 and 10, respectively, for different o values, and 8 g%; T o sg
the results are shown in Table 2. The ranks of the DMUs é NS s s S
are obtained by using the proposed ranking method dis- % = -
cussed in Subsection 4.3 and are listed in Table 3. These ; | |18 Q
left hand and right hand efficiencies also make a TFN. By S|® QRS <e~eS
the proposed ranking method, DMUs are ranked in the “o | R,
order of DMU4 > DMU2 > DMU5 > DMU1 > DMU3 = 2 EEEE
for o = 0.1, whereas for o = 0.25,0.5, they are ranked in Ela AAAQAAA
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the order of DMU4 > DMU2 > DMUS5 > DMU1 >
DMUS3 and for o = 0.75, they are ranked in the order of
DMU4 = DMU2 > DMUS > DMU3 > DMUI1 for D;,
and DMU4 = DMU2 > DMUS > DMUI > DMU3 for

Ej%fomemc, and for « = 1, they are ranked in the order of

DMU2 = DMU4 = DMUS5 > DMU3 > DMUI. For com-

Egeometric
‘jo

due to Wang et al. [25] for every DMU is also measured,

and the results are listed in Table 3. We observe that the
ranking results by the proposed ranking method and by
geometric average efficiency index are similar. It seems to
be the same.

parison, the geometric average efficiency index

5.2 Health Sector Application

This is a real-life application with two inputs and two
outputs for 12 hospitals. The Uttar Pradesh (U.P) state is
one of the largest states of India. It has 75 districts. Meerut
is one of them which has 12 blocks, and each block has a
Community Health Center or Community Health Care
(CHC). Each CHC has some Primary Health Center or
Primary Health Care (PHC), where the population is near
about 30,000. Total number of PHCs in Meerut district is

Table 4 CHCs and PHCs in Meerut district

31. At present, in UP PHCs are working under CHCs.
CHCs and PHCs are mainly in rural areas. In this paper, we
discuss the performance efficiency of CHCs/PHCs which
are in Meerut district. The following tables (Table 4) give
CHCs/PHCs in Meerut district: In this paper, the following
inputs and outputs are taken:

e Input 1 Number of doctors (x;)

e Input 2 Sum of number of superintendents and number
of health workers (x,)

e QOutput 1 Number of inpatients (y;)

e QOutput 2 Number of outpatients (y,)

In this application, hospitals are DMUs. Because these input
and output data are measured by the human being, vagueness
and uncertainty are present in the data. Number of doctors,
and sum of number of superintendents and number of health
workers are taken as two fuzzy inputs; number of inpatients
and number of outpatients as two fuzzy outputs in the present
study are represented by TFNs on the basis of thorough dis-
cussions with the officers during the data collection phase.
The input—output data are considered as TFNs (See Table 5).
The left hand and right hand efficiencies of the DMUs are
evaluated using Models 9 and 10, respectively for different o

Name of CHCs Mawana (H1) Sardhana (H2) Daurala (H3) Bhudbharal (H4) Janikhurd (H5) Rohta (H6) Kharkhoda (H7)
(a)
Number of PHCs 3 2 2 1 3 2 1

Name of CHCs Hastinapur (HS8) Parikshit garh (H9)

Bhawanpur (H10)

Machra (H11) Sarurpurkhurd (H12)

)
Number of PHCs 4 3 3 4 3
Table 5 Input and output data DMU Input Output
of 12 hospitals
Xij x2j Yij yij
H1 5, 10, 14) (17, 20, 32) (3640, 3650, 3655) (134,130, 134,137, 134,140)
H2 4,9, 15) (12, 15, 27) (4150, 4160, 4170) (116,060, 116,062, 116,070)
H3 (8, 11, 13) (10, 17, 29) (4360, 4370, 4380) (94,060, 94,066, 94,070)
H4 (3, 8, 12) (19, 24, 28) (485, 492, 500) (24,325, 24,329, 24,334)
H5 (6, 10, 15) (14, 19, 25) (2460, 2464, 2470) (99,745, 99,748, 99,750)
H6 (7, 11, 16) (15, 20, 28) (1360, 1368, 1375) (49,398, 49,401, 49,405)
H7 (8, 10, 13) (12, 15, 22) (1055, 1062, 1070) (37,769, 37,772, 37,776)
H8 (7, 11, 15) 9, 11, 20) (1295, 1302, 1310) (82,838, 82,841, 82,845)
H9 (8,12, 17) (8, 16, 29) (1660, 1671, 1680) (100,590, 100,596, 100,600)
H10 9, 15, 19) (15, 25, 31) (1010, 1018, 1025) (64,349, 64,351, 64,358)
HI11 (6, 11, 16) (18, 23, 29) (1500, 1504, 1510) (80,050, 80,056, 80,060)
HI2 4,8, 11) (12, 17, 28) (1960, 1965, 1972) (58,160, 58,167, 58,170)
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Table 6 Left and right hand efficiencies of 12 hospitals for o values
DMUs Left hand efficiencies Right hand efficiencies
o=0.1 o =025 =05 o=0.75 o=1 o=0.1 o =025 o=0.5 o=0.75 o=1

H1 0.45 0.50 0.62 0.81 0.99 1 1 1 1 0.99
H2 0.53 0.61 0.77 0.98 1 1 1 1 1 1
H3 0.46 0.51 0.61 0.75 0.93 1 1 1 1 0.93
H4 0.09 0.10 0.14 0.18 0.23 0.70 0.55 0.39 0.29 0.23
H5 0.40 0.44 0.53 0.60 0.75 1 1 1 0.94 0.75
H6 0.18 0.20 0.24 0.27 0.34 0.72 0.64 0.53 0.43 0.34
H7 0.17 0.20 0.24 0.28 0.32 0.68 0.61 0.51 0.41 0.32
H8 0.40 0.47 0.62 0.77 0.97 1 1 1 1 0.97
H9 0.38 0.43 0.52 0.64 0.81 1 1 1 1 0.81
H10 0.21 0.23 0.27 0.30 0.33 0.89 0.76 0.58 0.44 0.33
H11 0.28 0.31 0.36 0.43 0.54 1 1 0.84 0.67 0.54
H12 0.23 0.26 0.34 0.44 0.56 1 1 0.97 0.73 0.56
Table 7 Total deviation and rank
DMUs o =0.1 o=0.25 o=0.5 o=0.75 o=1.0

Dj() Ejgeometric Rank Dj,, Ej,_geomelric Rank l)j() E/geometﬁc Rank D/’,, Ejgenmetric Rank Dj,, Ejg%metric Rank
H1 0.18 0.67 3 0.22 0.71 3 0.242  0.79 3 021 09 2 0.02 0.99 2
H2 0 0.728 1 0 0.781 1 0 0.877 0.02 0.989 1 0 1
H3 0.16 0.678 2 020 0.714 2 025 0.781 4 0.29 0.866 4 0.18 0.927 4
H4 1.94 0.25 12 2.00 0.234 12 200 0.235 12 2.00 0.228 12 2 0.23 12
H5 0.28 0.70 4 031 0.67 5 038 0.725 5 047 0.751 6 0.64 0.75
H6 1.66 0.36 10 1.60 0.357 10 1.61 0.356 10 1.69 0.341 10 1.72  0.34
H7 1.82 0.34 11 1.67 0.349 11 1.64  0.349 11 1.70  0.338 11 1.76  0.32 11
H8 0.29 0.632 5 027 0.685 4 024  0.787 2 026 0.877 3 0.08 0.97
H9 0.34 0.616 6 0.35 0.656 6 040  0.721 6 042 0.80 5 0.50 0.81
H10 1.07 0.432 9 1.27 0.418 9 148  0.395 9 1.54 0.363 9 1.74 0.33 10
H11 0.57 0.529 7 0.59 0.567 7 0.91 0.549 8 1.15 0.537 8 1.20 0.54
H12 0.68 0.479 8 0.69 0.51 8 073 0574 7 1.05 0.567 7 1.14  0.56

values and the results are listed in Table 6. The ranks of the
DMUs obtained by applying the proposed ranking method
discussed in Subsection 4.3 are presented in Table 7. These
left hand and right hand efficiencies also make a TFN. By the
proposed ranking method, DMUs are ranked in the order
of H2 >H3 > HI >H5> HS8 >H9 >HII >HI2 >
H10 > H6 > H7 > H4 for o =0.1; H2 > H3 > H1 >
HS8 > H5 > H9 > HI11 > HI12 > HI10 > H6 > H7 > H4
fora = 0.25;H2 > H8 > H1 > H3 > H5 > H9 > Hl11 >
H12 > HI0 > H6 > H7 >H4 for o«=0.5; H2>
Hl >H8 >H3 > H9 >H5>HI12>HIl> HIO0>
H6 > H7 > H4fora = 0.75;and H2 > H1 > H8 > H3 >

H9 > H5 > HI12 > H11 > H6 > H10 > H7 > H4 for o =
1. In this example, the ranking results by the proposed ranking
methods and by geometric average efficiency index are
similar. Hospital H2 is the best efficient, and H4 is the worst
efficient for all o values (o = 0.1,0.25,0.5,0.75, 1).

6 Conclusion
In this paper, we have developed the left hand and right

hand FDEA models using o-cut approach to measure the
efficiencies of the DMUs (Sect. 4.2). Also, we have
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proposed a ranking method, which presents not only a full
ranking but also the information that to what degree a fuzzy
efficiency is bigger/lesser than that of other DMUs
(Sect. 4.3). The proposed ranking approach is compared
with geometric average method [25]. The proposed meth-
ods have been applied to two examples (i) to determine the
performance efficiencies of 5 DMUs which is taken from
Guo and Tanaka [11] and (ii) to determine the performance
efficiencies of 12 hospitals of Meerut district, India. The
inefficiency percentage of 12 hospitals [ inefficiency

D,
percentage = <1 _nghejstD> x 100%] for a =1 is

H2(100%) > H1(99%) > H8(96%) > H3(91%) >
H9(75%) > H5(68%) > H12(43%) > H11(40%) >
H6(14%) > HI10(13%) > H7(12%) > H4(0%). Accord-
ing to inefficiency percentage of 12 hospitals for oo = 1, the
most inefficient DMU is Sardhana (H2) and worst ineffi-
cient DMU is Bhudbharal (H4). The input inefficiency
percentage represents the degree to which the input should
change to become fully efficient.

7 Future Research Plan

We are working to develop the left and right hand FDEA
models and ranking methodology which can take care of
public and private sector hospitals, etc. where input—output
data are available in subjective and linguistic forms. Fur-
ther we plan to apply integrated fuzzy VIKOR method
developed by Shekarian et al. [22] to assess and rank the
quality of public and private sector hospitals.
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