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Abstract This paper investigates a robust H,, sampled-data
control problem for uncertain nonlinear systems with time-
varying delay described by Takagi—Sugeno fuzzy model. By
introducing the free-weighting matrices, new stability cri-
teria are obtained in terms of linear matrix inequalities based
on Lyapunov—Krasovskii functional theory. Then, a fuzzy
sampled-data H,, controller is designed to achieve a pre-
scribed disturbance attenuation level in the sense that the
fuzzy closed-loop system is robustly asymptotically stable.
Compared with the existing results, the obtained ones are less
conservative without using the conservative crossing
inequality and the Jensen integral inequality. Two illustra-
tive examples are provided to show the effectiveness and the
merits of the proposed method.

Keywords Takagi—Sugeno (T-S) fuzzy system -
Sampled-data control - Time-varying delay - Robust H,,
control

1 Introduction

Fuzzy control approach offers a systematic and effective
platform for analysis and synthesis of nonlinear control
systems. It is shown that the this approach has been applied
successfully in a wide range of engineering control designs
such as tracking control [1], output feedback control [2—4],
stability of continuous stirred tank reactor (CSTR) [5] and
stabilization of computer-simulated truck-trailer [6].
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It is well known that Takagi—Sugeno (T-S) fuzzy sys-
tem [7] plays an important role in fuzzy control. It is used
to represent the nonlinear systems, e.g., robotic system [8],
CSTR [5] and truck-trailer system [6]. This model supplies
a bridge between the nonlinear system and linear system
and combines the linear control theory with the fuzzy logic
concept. Therefore, the last decade witnessed a rapidly
growing interest in T-S fuzzy system [9-13].

With the development of the digital circuit technologies,
the controller is implemented by powerful microcontrollers
and digital computers, which can be made available at
simplicity, scalability and cost-effectiveness. In this case,
the control signal is a constant during a sampling period
and is changed at the sampling instant. Thus, the overall
control system is referred as a sampled-data system.
Recently, many works have researched analysis and syn-
thesis of sampled-data control for nonlinear systems that is
based on T-S fuzzy system in [10-43]. In
[32, 35, 36, 42, 43], the direct discrete time design
approach is used to develop the sampled-data controllers.
The papers [28-31, 33, 34, 37-41] employ the input time-
delay conversion method to present sampled-data control
schemes.

Time delays appear in many practical engineering sys-
tems such as microwave oscillators, nuclear reactors and
aircraft systems. The existence of time delays is frequently
a source of instability and degraded performance. Thus, it
is a challenge to develop the control theory of time-delay
systems. Many efforts have been made in analysis and
synthesis of time-delay systems during the last two decades
[44-46]. Recently, fuzzy sampled-data control schemes are
also proposed for nonlinear time-delay systems by using
the input delay approach and Lyapunov—Krasovskii func-
tional (LKF) theory in [12, 14, 18, 20]. With the aid of the
free-weighting matrix approach, in [18, 20], some slack
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matrices are introduced to obtain the less conservative
results. And Jensen’s integral inequality method [18, 20] is
a powerful tool to provide a simpler form of stability and
stabilization results. However, the system convergence rate
decreased by using Jensen’s integral inequality to enlarge
the LKF. Moreover, the conservative crossing inequality in
[12, 14] also affects the system convergence rate. How to
lessen this conservativeness is an open problem.

On the other hand, time delays are assumed to be con-
stant in these works [12, 14, 18, 20]. Many practical sys-
tems show the problem of time-varying delays, such as
mechanical systems [5] and network-based systems [47].
So, it is important to design a fuzzy sampled-data system to
solve the effect of time-varying delays. Reliable sampled-
data stabilization is discussed for time-varying delay sys-
tems in [21], and the paper [28] has paid attention to the
study of fuzzy sampled-data filtering for time-varying
delay systems. However, there is no focus concerned with
the robust H,, sampled-data control for time-varying
delays based on T-S fuzzy systems.

Based on above discussions, in this paper, we consider a
robust H,, sampled-data control problem for uncertain
nonlinear time-varying delay systems in T-S fuzzy form.
By use of the input delay approach and introducing some
free-weighting matrices, new sufficient conditions of H,
control with less conservatism are given in terms of linear
matrix inequalities (LMIs). Illustrative examples of CSTR
and computer-simulated truck-trailer are provided to
demonstrate the feasibility of the proposed method.

The main contributions and advantages are summarized
as follows:

1. Considering the estimation of the sampling period, the
delay bound and time-varying delay, the use of input
delay approach and free-weighting matrix approach to
fuzzy sampled-data T-S systems manifests a better
performance and less conservativeness.

2. Without using the conservative crossing inequality and
the Jensen integral inequality, a less conservative
stabilization design via fuzzy sampled-data control
scheme is developed. With the improved system
convergence rate, faster state responses are achieved.
What’s more, our method obtains a larger sampling
interval. So, the proposed fuzzy sampled-data con-
troller can lower the implementation cost and time.

Notations: Throughout this paper, the notations P > 0,
P < 0 and P > 0 denote a positive definite matrix, a neg-
ative definite semi-positive matrix and a semi-positive
definite matrix, respectively. The transposed element is
denoted by the notation « in symmetric positions. P" is the
transpose of a matrix P. Matrices are assumed to be
compatible.
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2 Problem Formulation

Consider the following uncertain nonlinear time-varying
delay system, which is described by a T-S fuzzy system
with uncertainties and time-varying delay:
X2

Plant Rule i: IF X[X”
* X2

Yii Y
* Y22

}ZO is Y=

} >0 and &,(1) is M;,, THEN

(1) = Axe(t) + Aldx( —d(t)) + Bu(1) + Biyo(1),
=1.. (1)
)

x(t) = (t 1 E [ max(dM,h),O],

where i =1,...,r, r is the number of IF-THEN rules;
x(t) € R", u(t) € R™ and w(t) € R? are the state vector the
input vector and the disturbance vector; ¢(¢) is the initial
condition of the system state; d(z) is a time-varying delay,
0 < d(1) <dy and d(r) <dp, where dy and dp, are ~con-
stants; h is the sample period; A; = A; + AA;(t), Ay =

Aia + AAy(t) and B; = B; + AB(t); Ai, Aig, Biy Bio(i =
1,2,...,r) are constant matrices with compatible dimen-
sions; AA; (1), AA;4(t) and AB;(¢) are time-varying matrices
with appropriate dimensions, and are defined as
[AAi(r) AAj(t) ABi(t)] = DiFi(t)[Eiw Ew Ep], (2)

where D;, E,, Egz, Ep (i=1,2,...,r) are known
constant real matrices with appropriate dimensions; F;(t) is
an unknown real time-varying matrix with

Fl()Fi(1)<I. (3)

By using a center average defuzzifier, product inference
and singleton fuzzifier, the global dynamics of the T-S
fuzzy system (1) can be inferred as

Zi

+Biww( )]a

1) + Ax(t — d(t)) + Biu(t) @

B B
=5 fqy O = 1160

and M;;(&;(t) is the membership value of (1) in Mj;. It is
seen that 4;(£(7)) has the following properties:

CORE

For the T-S fuzzy system described in (1), the following
fuzzy sampled-data controller via parallel distributed
compensation approach can be expressed as follows:

(&) >0, i=
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Controller Rule j: IF & (#) is Mj; and &,(tx) is Mjp,
THEN

M([):I{jx(l‘k)7lk§t<tk+1, j: 1,27...7}" (5)

where K; is the feedback gain, the time #(k =0,1,...) is
the sampling instant, the sampling interval is assumed to
satisfy 0 <tyy) — #x = hy < h. Thus, the output of the con-
troller (5) is given by

Z}

By using input delay approach, fuzzy sampled-data
controller (6) is converted to the following form

Z;

Substituting (7) into (1) yields the fuzzy closed-loop
system

ZZM

i=1 j=
¥ Bia(t — ©(0) + Buo(s),

tr <t <ty (6)

Kx lk)

)Kix(t — (2)). (7)

(1)) [Aix(t) + Ajgx(t — d(1))

(8)
Consider the following H,, control performance
o0 o0
/ xL (1) Qx(r)dr < p? / o’ (t)o(t)dt, 9)
0 0

where p is a prescribed attenuation level, p?> can be mini-
mized and the weighting positive definite matrix Q is
specified beforehand according to the design purpose.

The purpose of this paper is to find a sampled-data state
feedback controller such that the H,, performance in (9)
with a minimized disturbance attenuation level p is
achieved in the sense that the fuzzy closed-loop system (8)
is robustly asymptotically stable.

Lemma 1 (Petersen and Hollot [48]) Let Q = O, H, E
and F(t) satisfying FT(t)F(t)<I are appropriately
dimensional matrices, then the following inequality:

Q+HF()E+E"FT(1)H" <0

is true, if and only if the following inequality holds for any
e>0,

0+ ¢ '"HHT + ¢ETE<O.

Remark I  Our proposed control schemes are effective for
nonlinear systems either constant or time-varying. Mean-
while, these schemes are feasible for nonlinear systems
without or with uncertainties.

3 Fuzzy H,, Sampled-Data Control

In this section, we discuss the robust H,, sampled-data con-
trol problem of fuzzy closed-loop system (8) by use of the
input delay approach and free-weighting matrix approach.

Theorem 1 For given the matrix Q > 0, given the sca-
lars h >0, dy >0,dp >0, u >0, ¢ >0, the H,, perfor-
mance (9) with a minimized attenuation level p is achieve
in the sense that the fuzzy closed-loop system (8) is robustly
asymptotically stable if there exist matrices P > 0, W > 0,
H>0,R>0,Z>0, G>O0, any appropriately dimen-
sioned matrices
% [Xn Xl2:|, 7 {Yn le}
* X22

N=[N N
S=[s" sT]", K(i=12,..,L)

such that the LMIs (10), (11) and (12) are feasible for all
i,j=1,2,...,r,

Hij Hij
[ 1 o
* I
22
_X“ }212 Nl
% x 7
- (11)
X X M,
'}/2: * Xzz MQ >07
K x Z
_)711 }712 gl_
b, = x Yo S| >0,
x * G
- _ (12)
Yin Yo T
b, = * ng Tz >0,
. - G
where
[Zin Egi2 Eyiz Zijie Zgis Egle Zijir Zijis ]
« Em O 0 0 0 0 0
* *  Hyz Epa O 0 Zjp 0
; * * * Zi 0 0 0 0
H’]/]_ ij44 _ _ i ,
* % %% Hyss Hype Hymo 0
* * * * * By 0 0
% * * * * * Eimr Eirs
L * * * * * *  Ejjgs
(13)
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m,=[D E"], Vo(x) = & (£)Px(t) + xT (£)Pi(1)
ij —el 0 2 : N -
e = 3 Y A AT Pr()
i=1 j=
with +x"(t — d(1))ALPx(t) + x" (t — ©(1))K] B Px(r)
+ xT () PAx(t) + x" (1) PAjgx(t — d(1))
= — AP+ PAT A WL R+HLN, —NT _
._.ljll—AP—f'PA +W+R+H+N1+N1 +)CT(Z‘)PB,‘I<JX(I (t))+w (I)BITPX()
+ dyXy1 + 81 + 87 + hYyy, + X" (£)PBiyr(1)] (14)
—_ — 1 —
Ejin=P,Ejr=—-0"", Eji3=AuP —Ni +N, T T
_ Vi) =x" (6)Wx(t) —x" (t — dy)Wx(t — dy). 15
N ) = WD) (0= ) Wato = ). (1)
Sjia = —My, Ejis = BiK;— 8 + 8T + Ty + h¥y, V() = x" (DHx(r) = (1 = d(D)x" (1 — d(1) Hx(t — d(1))
_ _ T 1 T, _ _
Ziie = ~Ti, Ejr=puPAT,  Ejis = B <x"(0)Hx(t) — (1 — dp)x' (t — d(t))Hx(t — d(1))
Eij33 (1 7dD)H N2 *NT+M2 +M +dMX22 (16)
Ejpa = —Ma, By = uPAYy, g = —W, Vs(x) = 2" ()Rx(t) — x" (t — h)Rx(1 — h). (17)
Fiss = =S —SL+ T + TL + hY», Eijse = —1, !
T TR T s Valw) = i)' 230~ [ ¥ (0)zi(s)a
Zij57 = ,Lt](] Bi s Zije6 = 7R, t—dy
t
Eyr = 2P+ dZ + G, —ai0'zit) - [ Sezices (g
5.« = uB; Hige = — 1=d(1)
—ij78 ,UBzwv ij88 P I 1—d(r) .
—[Dr 00 00 0 w! 0] —/d 1 (5)Z(s)ds
— ! _ _ _ t ’ t—dy
E=[Es s 0 E;P 0 EuK;, 0 0 0]. ,
_ T _ T
and the state feedback control gains K; :@_1 G= Vs (i) = hi(t)” Gx(1) /t,hx (s)Gx(s)ds
1,2,...,1). , co
— hi() Gi(r) — /  (5)Gi(s)ds (19)
Proof Choose the following Lyapunov—Krasovskii fun t=(1)

ctional:

V(x) = Vo(x) + Vi(x:) + Va(x) + Va(x,) + Va(x,)

+ VS(xt)a

where

Vo(x) = x"()Px(t), Vi(x) = xT(s)Wx(s)ds

t
—dy

t t

Va(x,) = / xT(s)Hx(s)ds, Vs(x,) = /xT(s)Rx(s)ds

t—d(t) t—h

0 t
/ / i1 (5)Zx(s)dsd0, Vs (x,)
dM t+0
/ / s5)dsdd
t+0

withP>0,W>0,H>0,R>0,Z>0,G>0.

t

V4 (x,)

Taking the derivative of V with respect to ¢ yields that

@ Springer

For a given scalar u > 0 in fuzzy closed-loop system
(8), the following equality is true:

0= —2ui’ (£)Px(t)

{zzz, )it

i=1 j
+Ajax(t —d(t)) + BiKjx(t — (1)) + Bi,w(1)] }

+M{ZZ,1

1)) [Aix(t) + Awgx(t —d(1))

i=1 j
+BiKx(t — (1)) + Biwoo(1) |} P (1)
= 2" (1) Pi(t +ZZ/1 1)) [wi” (1) PAx(t)
i=1 j=
i (1)PAiqx(1 —d(1)) + i (1) PBiKjx(t — (1))
T(t)PBmw() ! (1)A] P(t)

! (1 —d(1)) AL PX(1) + " (1 —
+ MwT(t)BmPX( 1)

©(t))K] B Pi(t)
(20)
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By use of the Newton-Leibniz formula, for appropriately
dimensioned matrices N, M, S, T, the following equations
hold:

0= 2L ()N |x(t) — x(t — d(1)) — /ttd(t) x(s)ds] , (21)
t—d(1)
0=2( ()M [x(t —d(t)) —x(t —du) — /ﬂi x(s)ds] ,
(22)

0=245(0)T lx(t — (1)) — x(t —h) — /tthm) x(s)ds] .
(24)
where
L) = [xT() T(—d()]" L0
= [«T(t) «Tt—1(0)]"

For semi-positive definite matrices

X1 Xip Yin Yi
= > = >
X |: * Xn | — 07 Y * Yo !| ™ O’

the following equations hold:

0= /l_dM (X (H)ds — /_dM {1 (0)X (1)ds

=l Ox00) - [ X0 (25)
t—d(1)
t—d(1)
- / ¢ (XL, (1)ds,
t—dy
0= [ dovane— [ doraode
—W30Ye0 - [ dOrhed (26)
t—1(1)

t—1(t)
- / ()Y (1)ds.

—h
Combing (14-26), we conclude
V(x,) —l—xT(t)Qx(t) + p2wT(t)w(t)

< 2Zzi@(r))zj(f(tk)>fT<r>z,~jf(t>
t—d(t)

t
- / 0T (1, (1,)ds — /
t—d(t) t—du

t—1(t)

t
_/ ng(t7s)¢ln2(tas)ds_/
t=(1) t—h

n{(t?s)WZrIl(tvs)ds

77;([7s)¢2172<t7s)dsv

(27)

where

KO =[xT() A —d@) T(t—dy) - (@—h) @) o),

T

ms) = [ ()], mts=[d0 6],

(2 22 23 Zga Zips Zijie Xy ]
* 2y 2z O 0 2ips 0
* * Zij33 0 0 0 0
Ti=| * * ko Zgaa Zyas Zijse 0 |,
* * * * 21:155 0 0
* * * * * 266 Zijer
L * * * * * * 277 |
(28)
(X1 X N Xn X M
=1 * Xn M|, Yy,=|*x Xn M|,
| * * V4 * * Z
(29)
(Y Yo S Yiu Yo T
=] Yo S, b=|x* Yo T|, (30)
| * G * * G
with

i =A/P+PA;+ W+R+H+N; +NJ +dyXy
+81 + 87 +hYy +0Q

Zijio = PAig — Ny + Nj + My + dyXi2, —Zji3 = My,

Zjis = PBiK; — S1 + S5 + T1 + hY1y,

Zijis = —T1, Zjie = pA] P

Zij17 = PBiy, Xy = —(1 —dp)H — Ny — N + M,
+ M; + dy X

Ty = —Ma, Zips = pARP, Zips = — W,
Sjua =S — S5 + o+ T; +hYn,

2ijas = =T, Lijae = ,quTBiTP7 Zijss = —R,
o6 = —2uP + duZ + hQ,

2ije7 = UPBioy, Zij77 = —,021.

Pre- and post-multiplying X; in (28) by diag| P!
P 1p7lp PP with
P=P ' W=P'WP' R=P'RP"',H=P 'HP,
Z=pP'zp' G=P 'GP, X;, = P X, P!
Xip =P 'XpP ™! Xy = P XoP ™! Y1y = PV P,
Yo =P 'YpP ' Yoy =P 'YpP ' Ny =P !N P!
NI =P 'NJP ' My =P 'M\P~' My = P"'MyP ™,
Si=P'$\P LS =P lSP T, =P T P!
T,=P'LP ' Ki=KP', (j=1,....L),
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we have

5y = I+ DF(OE + ETF(1)D", (31)

where
[yt Sz 213 S S5 Sijle E,-j”_
* Eij22 Eijzy, 0 0 Eij26 0
ES ES Eij33 0 0 0 O
o= * * * Hjua Eijgs Eijge 0|
* * * *  Hyss 0 0
* * * * * Zij66 Eij67
| * * * * * * Eij7
= T
I [pT T
D'=[Dl 0 0 0 0 wd!' 0],

E'=[E4P E4zP 0 E,K; 0 0 0].

From Lemma 1, E,:]- <0 in (31) is equivalent to

S+ 'D'D'" 4+ ¢:E'E" <. (32)
By using Schur complement, (32) is equivalent to
o’ v
I 1 12
II; = [ . I <0, (33)
22
where
Ein+0 Ejz Eju Eps Bijle it Eyig
* E,‘j33 E;j34 0 0 Eij37 0
ok E,:,'44 0 0 0 0
= ok x  Hyss  Eiyse  Zijst 0 |,
Kk **  Fiies 0 0
* * * * * E,-j77 Eij78
* * * * * % Zijsg
, o - —&l 0
g __ / 1T gy _
o, =[D ET] I = ol
*  —e 'l

Based on Schur complement, I1; <0 is equivalent to
H:»j <0. Thus, 2; <0 is equivalent to IT; <O0.

Pre- and post-multiplying the matrices ¥/, ¥, in (29)
and ¢, ¢, in (30) by diag[P~' P~' P~'], we have
lPh le, ¢1 and ¢2. llll ZO, BUQ ZO, ¢1 20, ¢220 in (11—
12) are equivalent to y; > 0,4, >0, ¢, >0, $, >0 in (29—
30), respectively.

If w(t) = 0, there exists a constant y > 0 such that
V() < = yllx(0)]* (34)

Thus, the fuzzy closed-loop system (8) is robustly
asymptotically stable.

Under zero initial condition, integrating both sides of
(27) from O to ¢ and letting + — oo, we have

/ T T (00x(1)dr < p? / " o (o).
0 0

Thus, the proof is completed.

@ Springer

If there do not exist the uncertainties in the controlled
system (1), we have the following Corollary 1.

Corollary 1 For given the matrix Q > 0, given the scalars
h>0,dy >0,dp >0, u>0, the H,, performance (9) with
a minimized attenuation level p is achieved in the sense that
the fuzzy closed-loop system (8) is robustly asymptotically
stable if there exist matrices P >0, W >0, H >0, R > 0,
Z >0, G > 0, any appropriately dimensioned matrices

X X - Yu Yl - o
_ [ 1 12],Y_ { 1 12],N: N7 N;]T7

x X

m=[mi M)
S=[5 ), T=[17 7). K, (i=1,2,...7)

<

* Y22

such that the LMIs (11), (12) and (13) are feasible. And the
state feedback control gains K; = @_I G=1,2,...,r).

If there do not exist the uncertainties and time delays in the
controlled system (1), we have the following Corollary 2.

Corollary 2 For given the matrix Q > 0, given the sca-
lars h > 0, u > 0, the H,, performance (9) with a mini-
mized attenuation level p is achieved in the sense that the
fuzzy closed-loop system (8) is robustly asymptotically
stable if there exist matrices P > 0,W > 0,H > O,R > 0,
Z > 0,G > 0, any appropriately dimensioned matrices
7o [Yn )_’12} 5= (s
* Y22
K(j=12,...,r)

s’ r=[17 T

such that the LMIs (12) and (35) are feasible for all
iLj=1,2,...r,

—
=)
—_

i Eie 15 Zijle 17 ij18

* Eij 0 0 0 0
= _ | = ¥ Hyss Hyse Zysz 0
=i = T 0 0 | <O

% * * =ij66

* * * * .’_"4,']‘77 5{1’78

* * * * * Eijgg

(35)

where

Ejit = AP+ PA] + W+ R+ H + Ny + N[ +duXn
+ 8 +§1T+h7117

P, EZpm=-0",

ij13 = BiK; — S + 85 + Ty + hYa,

<
¥}
|

I I I [ [
= :
Il
|
=

Eijis = wPA],  Ejie = Bio
3= =S — S5+ T+ T; + h¥a,
ja = —T2, Ejps = uK/B], Zjus = R,
Ejjss = —2uP + dyZ + hG
Eis6 = 1Biw,  Eijoo = —p*1
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And the state feedback control gains K; 2@71
G=1,2,....).

3.1 Design Procedure

The fuzzy sampled-data H,, control for the time-varying
delay system is summarized as follows:

Step 1: Select membership functions and fuzzy rules in (1).
Step 2: Give the upper bound of sampling interval 2 > 0,
the upper bounds of time delay dy; > 0, dp > 0 and the
scalars > 0,¢ > 0.

Step 3: Solve the LMIs (10-12) to obtain K;
(=1,2---L) and P. ThusK;=KP (j=1,2,
..., L) can also be obtained.

Step 4: Increase h, and repeat Step 3 until K;
(G=1,2,---,L) and P cannot be found.

Step 5: Construct the fuzzy sampled-data controller (4).

Remark 2 1In this paper, the conservative crossing
inequality and the Jensen integral inequality are not used to
enlarge the LKF, which helps to improve the asymptotic
convergence rate. Due to the improved system convergence
rate, with the same state responses, the proposed method in
this paper will show a larger sampling interval. In the
demonstration of superiority, the compared results of
sampling interval will be given rather than those of state
responses. Illustrative results will demonstrate the merits of
our proposed method. That is to say, a better system per-
formance is achieved.

4 Tllustrative Examples

In this section, CSTR and computer-simulated truck-trailer
are given to illustrate the effectiveness and the feasibility
of fuzzy H,, sampled-data control design.

Example 1 Consider the following CSTR system [5]

(1)

1
x1(1) = —;xl(t) + Do(1 — x1(2))e' 20/

1
——1 t —
xp(1)

x(t) = (% + ﬁ)xz(z‘) FHD,(1 — x())ei 2070

(36)

; (‘ - 1))@@ — o)+ Bule) + Bwlr).

where x;(r) corresponds to the conversion rate of the
reactor, 0 <x;(¢) <1, x,(¢) is the dimensionless tempera-
ture.y, = 20,H = 8,D, = 0.072,v = 0.8, f = 0.3. w(¢) is

the bounded external disturbance x(z) = [x(7), x2(1)]",
[x1(0) x(0)]=[05 -1].

A three-rule T-S fuzzy model is used to represent the
nonlinear CSTR system.
Rule 1: IF x;(¢) is about 0.8862, THEN

x(1) = A1x(t) + Arax(t — 1) + Bru(t) + Bro,o(t), (37)
Rule 2: IF x5 (¢) is about 2.7520, THEN

X(t) = Apx(t) + Agax(t — ) + Bau(t) + Bao(2), (38)
Rule 3: IF x;(¢) is about 4.7052, THEN

X(t) = Asx(t) + Aszgx(t — ) + Bau(t) + Ba, (1), (39)

where
L[4 00757 C[025 0
T o14189 —09442)" T 0 025)
B2 Bu=[°]
"oz T los)
—2.0508 0.3958 025 0
A2 = 3 A2d = )
| —6.4066 1.6268 0 025
B=| | By=|?]
2 = _0.3_7 20 = _0.3_7
[ —4.5279 03167 025 0
Ay = , Azg = )
| —26.2228 0.9387 0 025
Bi=| ] Bu=]°]
3 = _0.3_5 30w — _03 )

o(f) = {W‘()t) ] and w(r) = 0.5¢~1 sin(0.17).

The membership functions are defined as

1, x> <0.8862
x2(t) — 0.8862

A(xa(t) =< 1- 37590 ossey 08802<1<27520
0, X2 >2.7520
Ta(ua(1)) = { 1= 21(x2(2), x2<2.7520
1 = 23(x2(1)), x2 >2.7520
0, X2 <2.7520

—2.7520
) H)=<1= L 2.752 4.7052
2(02(1)) 47052 — 275000 21020 <x <4705

1, X2 >4.7052

A three-rule sampled-data fuzzy controller is employed
to stabilize the CSTR system:

3
u(t) = Z Ai(x2 () Kix (1)
=1
By using the input delay approach, the sampled-data

controller is converted to time-varying delay signal to
guarantee the system stability.
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Firstly, we consider that there does not exist time delay.
By using the methods of [17] and Corollary 2, the maxi-
mum allowable upper bounds of sampling interval under
p =05 and p = 1 are given in Table 1.

Table 1 shows that the method in this paper can get a
larger sampling interval, which is less conservative than the
approach in [17]. This implies that a better performance is
achieved in this paper.

We design the controller for time-varying delay
7 =0.2 + 0.2cos¢. The maximum allowable upper bound
of sampling interval that is obtained by Corollary 1 is given
in Table 2. Similarly, other design parameters are given
0 = diag{1 15} x 1073, u = 0.08.

When time-varying delay 7 is 0.5 4 0.45 cos ¢, Corollary
1 gives the maximum allowable upper bound of sampling
interval h=0.182 with the design parameters
Q = diag{1 15} x 1073, p=1.0, u=0.08, dy = 0.95,
dp = 0.45 and the fuzzy state feedback control gains

K = [19.7215 —9.2961], K, = [19.7215 — 9.2961],
Ks = [19.7215 —9.2961].

The sampled-data fuzzy controller with the above con-
trol gains is applied to the CSTR system, and the state

Table 1 Maximum allowable upper bounds of sampling interval

Method [17] Corollary 2
himax (p=0.5) 0.181 0.203
hmax (0= 1) 0.186 0.208
Table 2 Maximpm upper p 0.1 0.5 1.0
bounds of sampling interval
under different p hmax 0.163  0.186  0.190
0.5
—_ x1
S )(2
1
)
oR
['d ]
D ]
g |
5|
0.5}
1 .
0 2 4 6 8 10

t(Sec.)

Fig. 1 State responses xq, X,
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§ 10H o
S 0 1 2
O b5}
0.
_5 i
0 2 4 6 8 10
t(Sec.)

Fig. 2 Control input u

responses and control input are shown in Figs. 1 and 2,
respectively.

Figure 1 shows the asymptotic stability the CSTR (36)
by the proposed fuzzy H,, sampled-data controller. Fig-
ure 2 depicts the sampled-data behavior of fuzzy controller.

One design purpose of this paper is a sufficient condition
is provided to obtain feedback control gains. By solving the
LMIs in Theorem 1 (Corollary 1 or Corollary 2), we can
obtain a feasible solution rather than a unique one. Like,
K, = K; = K3 is a feasible solution, K| # K, # K3 is also
suitable. In this example, K|, K, and K3 are same. And, in
the following example 2, K;, K, and K; are different.

Example 2 Consider the computer-simulated truck-trailer
system [6]

. vt vt
40 == e ™Y ~ = T A
vt
X1 (l — td) + mu(l‘) + W(l)
() =a—t
(L+ AL(0))to
vi
)C](t) + (1 — a)m)q(f — fd)
. vt | vt
X3(t) = gsm(xz(t) + LT ALD)
vt
X1 (l) + (] — a) 72(144* AL(Z‘))XI (l — ld)) (40)

where x,(1), x(t) = Azx(l) +A2dx(t — ‘Cd) —+ Bzu([) + W(l),
x(0),  X(1)=Asx(t)+Aszax(t—14)+Bsu(t)+w(t), 1=2.0,
to = 0.5, x1(1)e[—n/27/2], x1(t)€[—3,3], x2(t)€[—7/27/2],
X (1)€[-2,2], w(r) is the external bounded disturbance.
X(0)€per (1)x2(0)x3(1)]", [x1(0)x2(0)x3(0)]=[1.5-25].

The nonlinear truck-trailer system is modeled by a two-
rule T-S fuzzy model:



Z. Du et al.: Fuzzy Robust H., Sampled-Data Control for Uncertain Nonlinear Systems with Time-Varying Delay 1425

Rule 1: IF 0(t) = x(t) + a(vi/2L)x (1) + (1 — a)
(vi/2L)x1(t — 14) is about 0,

Thenx(t) = Ayx(t) + Aax(t — d(t)) + Biu(t) + Bioo (1),
(41)
Rule 2: IF 0(r) = xa(t) + a(vi/2L)x: (t) + (1 — a)
(vi/2L)x,(t — t4) is about & or - 7,
Then)&(t) = Azx(l‘) —&—Azdx(t — d(f)) + Bzu(l‘) + BQ(,)CU(I),

(42)
where
vi T
—a— 0 0
aLlo
\
= — 0 0
Al aLl‘o ’
VP Vi
— — 0
L a 2L[() ty ]
_ e -
—(1—=a)— 0 O
(1-a) I
Vi
= l—-a)— 0 0
Ald ( a) Lt() 9
Vi
l—-a)— 0 0
L ( a> 2Lty
_lv_t ]
1
B = 00 y Biw= 0 )
L O 0
; _
w0 o
Lty
vi
= — 0 O
A2 aLlo ’
v’ dvi 0
2Lt to J
_ i -
—(1—a)— 0 O
(1-a) 7
vt
= l—a)— 0 0
Asg (1-a) It )
P
1—
_( @) 2Lt 0_
lv_’ 1
1
B, = 00 . By=1"Y
0 0

0.5091 0 0
AA; = 0.05F(1) | —0.5091 0 0]
0.5091 0 0
02182 0 0
AAyy = 0.05F(r)| —0.2182 0 0],
02182 0 0
—0.3571
AB; =005F(r)| 0 |,
0
02182 0 0
AAyy = 0.05F(1) | —0.2182 0 0],
03474 0 0
—0.3571
AB, =005F(r)| 0 |,
0

F(f) = sin (1), d = 10to/n and w(r) = 0.5¢~%" sin (0.12).
The membership functions are defined as

1
A(0(1)) = (1 T 1+ exp(—3(0(r) — 0.5n>>>
1 ),wm)

“\1+ exp(—3(0(1) + 0.57))
= 1— 1 (00)).

We design the following fuzzy sampled-data control law:
Rule 1: IF 0(¢) = x,(¢) + a(vi/2L)x1(t) + (1 — a)(vi/2L)
xi(t —14) is about 0,THEN u(f) = Kx(t), Rule 2: IF
0(t) = x2(t) + a(vt/2L)x1(¢) + (1 — a)(vi/2L)x, (t — 15) is
about 7w or — 7w, THEN u(t) = Kyx(t;).

By using the input delay approach, the sampled-data
controller is converted to time-varying delay signal to
guarantee the system stability.

First, we assume that there is no uncertainty in the truck-
trailer system.

If the delay is time-invariant, i.e., dp = 0. By the
methods of [20] and Corollary 1, the maximum allowable
upper bounds of sampling interval under p=0.5 and p=1
for given time delays are given in Tables 3 and 4.

Table 3 Maximum allowable upper bounds of sampling interval
under p=0.5

Method [20] Corollary 1
hmax(tg = 0.5) 0.352 0.457
hmax(lzl = 2) 0.137 0.261

@ Springer



1426

International Journal of Fuzzy Systems, Vol. 19, No. 5, October 2017

Table 4 Maximum allowable upper bounds of sampling interval

under p=1

Method [20] Corollary 1
Nmax(ty = 0.5) 0.385 0.589
hmax(ld = 2) 0.264 0.453
Table 5 Maximpm upper p 0.1 0.5 1.0
bounds of sampling interval

under different p hmax 0071 0421 0.555

Tables 3 and 4 show that the method in this paper is less
conservative than the approach in [20]. This implies that
the proposed method achieves a better performance.

If the delays is time-varying, we design the controller
for time-varying delay #; = 0.2 4+ 0.2 cos t. The maxi-
mum allowable upper bounds of sampling interval that are
obtained by Corollary 1 are given in Table 5, and the other
design parameters are also given by Q = diag{2 30 6} x
1074, = 0.8.

Next, we consider that there have the uncertainties in the
truck-trailer system.

When time-varying delay ¢, is 0.5 4+ 0.45cos¢, Theo-
rem 1 gives the maximum allowable upper bound of
sampling interval A, = 0.209 with the design parame-
tersQ = diag{2 306} x 107*,p=08,e =1, p=0.1,
dy = 0.95, dp = 0.45 and the fuzzy state feedback control
gains

K; = [4.0609 —3.2384 0.0714],
K, = [3.7284 —2.9930 0.0661].

Based on the sampled-data fuzzy controller with the
above control gains, the stability of the truck-trailer system
and the sampled-data behavior of fuzzy controller are
shown in Figs. 3, 4 5 and 6, respectively.

2 v v v

=

State

0 10 20 30 40
t(Sec.)

Fig. 3 State response x;

@ Springer

Two illustrative examples demonstrate the effectiveness
and the merits of the proposed method.

From these data, it is known that, without using the
conservative crossing inequality and the Jensen integral
inequality, our H,, controller achieved a prescribed dis-
turbance attenuation level in the sense that the fuzzy

2.5

0 10 20 30 40
t(Sec.)

Fig. 4 State response x,

20 v v v

161

10

State

t(Sec.)

Fig. 5 State response x3

12

10 [— ]

Control

8
6
4 -2
2
0

0 10 20 30 40
t(Sec.)

2

Fig. 6 Control input u
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closed-loop system is robustly asymptotically stable. It
means, our method is effective and can lower implemen-
tation cost and time.

5 Conclusion

This paper is concerned with the fuzzy H,, sampled-data
control problem for uncertain nonlinear systems with time-
varying delay. A fuzzy sampled-data H, controller is
designed to guarantee the system stability and achieve a
prescribed disturbance attenuation level. Compared with
the existing ones, the obtained H,, criteria are less con-
servative with the improved system convergence rate and
the larger sampling interval. Two illustrative examples are
provided to show the advantage of the proposed method.

The proposed control approach could be applied in
engineering systems with the property of time-varying
delay. On the one hand, faster system convergence rate is a
basic requirement in control system design. On the other
hand, sampled-data control could meet engineering
requirement. For sampled-data controller, this paper sup-
plies a method to improve the system convergence rate and
lower implementation cost and time. Thus, the proposed
results show a significant practical value.

In the control system design, the controller is sampled-
data signal. In fact, the controller design with the analog-
to-digital (AD) converter and the digital-to-analog (DA)
converter is of engineering value. In the following, our
method could be extended to this problem.
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