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Abstract In this paper, variational iteration method is
presented to solve the linear and nonlinear fuzzy differ-
ential equations. This technique provides a sequence of
functions which converges to the exact solution of the
problem. Sufficient condition for convergence of the pro-
posed method is given and also a maximum absolute
truncation error is estimated. This method provides
remarkable accuracy in comparison with the analytical
solution. Several numerical examples are given to illustrate
the efficiency and performance of the presented method.
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1 Introduction

Many physical problems are governed by fuzzy differential
equations, and finding the solution of these equations has been
the subject of many investigators in recent years [1-12]. In
[13], Ji-Huan He presented a very lucid as well as an ele-
mentary discussion of the variational iteration method (VIM);
the method was further developed by the originator himself
[14—-16]. The main property of the method is its flexibility and
ability to solve nonlinear equations accurately and conve-
niently, the solution procedure is simple, and results are
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acceptable and have been applied to a wide class of nonlinear
problems [17-25]. This scheme is used for solving linear
system of first-order fuzzy differential equations with fuzzy
constant coefficients and nth-order fuzzy differential equa-
tions in [12, 17], respectively. The aim of this paper is to
extend the VIM for solving the linear and nonlinear fuzzy
differential equations, whenever these equations possess
unique fuzzy solutions. The VIM provides a new approach to
solve the fuzzy differential equations without discretization.
Numerical examples are presented to illustrate the efficiency
of the VIM. The rest of paper is organized as follows. In
Sect. 2, we briefly present the basic definitions. In Sect. 3,
VIM for solving fuzzy differential equations is introduced. In
Sect. 4, the sufficient condition is presented to guarantee the
convergence of the method, and an estimation of the maxi-
mum absolute error is presented. The proposed method is
illustrated by solving three examples in Sect. 5.

2 Preliminaries

The basic concepts of fuzzy numbers are given in [11]. In
this section, we review some of them.

Definition 2.1 [11] A fuzzy number U is a pair of func-
tions (U(r), U(r)), for every 0 <r <1, which satisfies the
following requirements:

(a) U(r) is a bounded, left continuous, and nondecreas-
ing function over [0, 1].

(b) U(r) is a bounded, left continuous, and nonincreas-
ing function over [0, 1].

© UM <T(r),0<r<L.

A crisp number o is simply represented by U(r) =
U(r) =a,0<r<1. The fuzzy number space can be
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embedded to the Banach space B = C[0, 1] x C[0, 1],
where the metric is usually defined as

TR% =max{ sup |v<r>}, W)

0<r<i

sup |U(r)],

0<r<li

for arbitrary (U, V) € C[0, 1] x C[0, 1].
A first-order fuzzy differential equation is defined by

xX() = £ x),

where x is a fuzzy function of ¢ and f(¢, x) is a fuzzy
function of the crisp variable ¢ and the fuzzy variable x’ is
the fuzzy derivative of x. If an initial value x(#y) = xo is
given, we obtain a fuzzy Cauchy problem of first order:

xX(1) = (2, %),

{10~ @
x(t0) = xo.

Sufficient conditions for the existence of a unique solution

to Eq. (2) are that f is continuous and that a Lipschitz
condition

1 (2, x) = (&, Y <Llx =y,

is fulfilled. By Theorem 5.2 in [8] we may replace Eq. (2)
by the equivalent system

{J_C'(f) =f( x)
)_C,(t) :.)?(tv x)

which possesses a unique solution (x, X) € B and it is a
fuzzy function, i.e., for each 7, the pair (x(z, r), (¢, r)) is
a fuzzy number. The parametric form of Eq. (4) is given by

{xl(ta r):F(ta X(Iv V),)_C(l, }’)), E(t()ﬂ ’):LCO(”)»
X(t, r) =G, x(t, r),x(t, r)), X(to, r) = Xo(r),
for 0 <r<1. A solution of Eq. (5) must solve Eq. (4) as

well by using the sup norm, an equality between two fuzzy
numbers in B yields a pointwise equality.

L >0, (3)

= F(t7 X, x)a
= G(t7 X, i)7 XOO) = _07

(4)

(5)

3 Variational Iteration Method (VIM)

In order to solve the system given in Eq. (5), by VIM, we
can construct following correction functionals:

sl ) =560+ [ AR
r))]ds,
B (1.1) =50, 1)+ [ 2260565
)]ds,

— F(s, x(s, r), )_E(s,

- G(Sa )_Z(S, r)7 )_E(S,

@ Springer

where /;(s) and A,(s) are general Lagrange multipliers and
they can be identified via variational theory. Here, X, and
%, denote restricted variations, i.e., ox, = 0%, = 0.

Making the above correct functionals stationary, note
that

0x,(0, r) = 0x,(0, r) =0,

5xn+l(t r) _5'xnt r +/L1( )5)6 ( )|0

//1 )ox,(s, r)ds =0

0%y i1(t, 7) = 0%y (2, 1) + A2(s5) 0% (s, r)|0

//1 )0X, (s, r)ds =0

and the following stationary conditions can be obtained as,
2i(s) = I5(s) =0,
1+ }“l(s>|s:z =0, 1+ j'2(5)|s:r =0.
The Lagrange multipliers can be identified as follows:
Ai(s) = Ja(s) = =1,
and it implies the following iteration formula,
t
Sper(t1) =5, 17) [ 1 507) = Fls, 5,35, )]s,
0
G(s, x,(s,r), Xu(s, r))]ds,

(6)

o 17) =3 (07) -~ [ (s, )

where x,(t, r) = x(0, r) and Xy(z, r) = X(0, r).
Now, we define the operator A = [A, A], as

Alx] = _/o [X' — F(s, x, X)]ds,

[24],

Aslx] = —/O X — G(s, x, X)]ds,

and define the components Vi, = (V,, Vi), k=0, 1, 2,..,

as
Zo = Xp, ‘_/0 = Xo,

V, =A[Vo], Vi = Ay Vo),

V,=A Vo + Vi),

Vi = A[Vo + Vi, (8)

Vi =AVo+Vi+---+ Vi,
=AVo+Vi+-+ Vi

Vi1

It implies that,
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x(t, r)—hmxktr ZZtr

k—00

X(t, r) = lim X (¢, r) = ivk(t, r).
=0

Therefore, as a result, the solution of problem (5) can be
obtained from (7) and (8), in the series form,

_ ©)

Here, we approximate the solutions (9) by the nth-order
truncated series Z V. (¢, r) and Zk OVk (t, r).

It is easy to see that the above procedure can be easily
extended to the nth-order fuzzy differential equation,

'X<n)(t) :f(t’ ‘x7 xl? .. .’x(nil))’ (]O)
xD(t) =ci,i=0,1,...,n—1,

where ¢;, 0<i<n—1, are given fuzzy numbers. Using
VIM to solve Eq. (10), we have,

o o n (S B t)rhl
Ai(s) = Za(s) = (=1) m,
and the following iteration formula will be derived as,

t §— n—1
st ) x4 [ 6

—F(s, 2 (5, 1), 25, M)lico._p1]ds,

x aw—xuw+/74fﬁlﬁihksn
k+1\5 k\y 0 (n_ 1) k
_G(Sa E]((l) (S7 r)7 X](j)(sa r))|i:0 ..... nfl]ds7
where
n—1 c:
(t,r) ;—;t’,
and
n—1 .
Xo(t, r) = i—:t’

4 Convergence Analysis

In this section, we study the convergence of the VIM when
applied to problem (6) [24]. The sufficient conditions for
convergence of the method and the error estimate are
presented. The main results are proposed in the following
theorems.

Theorem 4.1 Let A, defined in (7), be an operator from a
Banach space B to B. The

Zk o Valt, r), Z:O:o Vi(t, r) defined in (9), converges if
there exists 0<y<l1 such that ||[Vigl <7||Vk|| for
ke NU{0}.

series  solutions

The proof is straightforward.

Theorem 4.2 If the series solution x(t,r)=

o9} . . .
Zk—() Vi(t, r), defined in (9), converges then it is an exact

solution of the nonlinear problem (5).

Proof Suppose that the series solution (9) converges. Set
oo

S, r) = Zk:O

limV; =0

j_'m =0, > [V

J=0

Vi(t, ), then we have
- V] = Va1 — Vo,

and so,

o0

Z j+1 =

=0

= 11m V Vo = —Vo. (11)

By assuming that the infinite summation (11) and deriva-
tion can be replaced, we apply the derivative operator to
both sides of Eq. (11) and we obtain

o0

Z Vit

J=0

—Vi'=-vi=o. (12)

On the other hand, from definition (8), we have,
Vin=vi] = [Avo+vi+ -

—[Vo+ Vit

+Vj]
+ ‘/jfl]]/a

when j > 1 and so, using definition (7), we get,

/ d rt /
|:Xj+1 _KJ} :_&/O HZO +Zl +"'+K]}

I
- [Zo‘*‘Zr*‘""*‘ijl} )

J J Jj—1 J—1
_F<Za ZZ,‘, ZV’) +F<Z7 v Vl> dz,
i=0 i=0 i=0 i=0
d (17— —
Vi1 = V] =4 ), [[Vo +Vi+- 4V
—[_0+V1+ "+_j—1]/

for j > 1. It implies that,
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for j> 1.
Consequently, we have,
n / o
(DD Vi = v = Vo = F (1, Vo, Vo)

Jj=0

+ [le _F(ta ZO—’_ZD VO+V1)
+ (¢, Vo, Vo)l + -+

n n. n—1 nfl_
[z;—F<r, zi,zv,-)w(r, z,-,Zvi)},

and

t, Vo, Vo)l + -+

Thus,

(_I)ZZOMH —v'= [Z;‘iozf]/—F<t’ Zzozf’ Zzovf)’
()XW =V = [, W] -6 (e 37,0 305, W)
(13)

From (12) and (13), we can observe that S(¢, r) =

ZZO Vj(t, r) is an exact solution of problem (5). O

solution
e ¢} . . .
g o Vi(t, ), defined in (9), is convergent to the solution

Theorem 4.3 Assume that the series

m
x(t, r). If the truncated series Zk—o Vi(t, 1), is used as an
approximation to the solution x(t, r) of problem (5), then
the maximum error, E,(t, r), is estimated as,

ym+ 1

I—y

En(t, 1)< [ Vol|-

@ Springer

Proof From Theorem 4.1, we have

m—+1

7
= [Ivoll,
y

1 —

”Sn - SmH <

for n>m. Now, as n — oo we have S, — x(¢, r). So,

m

x(t, r) = > Vilt, )

k=0

m+1
SV
L=y

[IVoll-

O

In summary, Theorems 4.1 and 4.2 state that the vari-
ational iteration solution of nonlinear problem (5),
obtained using the iteration formula (6) or (8), converges to
exact solution under the condition that, there exists
0<y<1 such that || Vii1]| < 7| Vi, for every k € N U {0}.
In other words, if we define, for every i € N U {0}, the
parameters,

[ Vil

Bi=1< Vil
0 if [|[Vi|| =0,

it Vil #0,

then the series solution Z::o Vi(t, r) of problem (5)

converges to exact solution, x(¢, r), when 0 < pf, <1, for
i € NU{0}. Moreover, as stated in Theorem 4.3, the
maximum absolute truncation error is estimated to be

m

x(1, r)—;Vk(t, | < e

where ff=max{f;,i=0,...,m}. The convergence
discussion, which is presented in this section, can be
easily extended to nmth-order fuzzy differential
equation (10).

m-+1

Vo(z, ),

S Numerical Examples

In this section, some interesting problems are solved by
proposed method. It should be noted that by VIM a con-
tinuous and smooth approximation of exact solution can be
obtained, whereas based on finite difference methods, just a
discrete approximate solution can be achieved. Further-
more, it can be seen that the results obtained by proposed
method have high accuracy.

Example 5.1 Consider the fuzzy initial value problem

(6],

{ X(t) =x(r), >0,
x(0) = (0.75 + 0.25r, 1.125 — 0.125r),

for r € (0, 1]. The exact solution is given by
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According to Eq. (5), we have,
{ X (t, r) =x(t, r), x(0, r) = 0.75 + 0.25r,
X (t, r) =x(t, r), (0, r) = 1.125 — 0.125r.

Applying VIM, defined in (6), we get,
t
St ) =5t 1) = [ (50 7) = (s Pl
0
t
X1 (t, 1) =%,(t, 1) —/ (X!, (s, 1) — X (s, r)]ds,
0

where
—0.125r.

Approximate solution (x4(2, 7), Xa0(2, 7)), at r = 1, and
the obtained absolute errors, |x(7, r) — x40(¢, r)| and
[%(¢, r) — Xao(2, )|, for (z,r) €0, 1] x [0, 1]. are given
in Figs. 1, 2, and 3, respectively.

Xo(t, r) =0.7540.25r and Xo(t, r) = 1.125

Example 5.2  Consider the fuzzy initial value problem [6],

X(t) =Cx(r), 0<t <1,
{x(O) = (8 +0.5r, 9 —0.5r),

where C = (1 +r, 3 —r) and the exact solution is

x(t, r) = (8 + 0.5r)e1+1)1
x(t, r)=(9— 0.5r)e="",

for0<r<1.
Using the VIM, we obtain,

3.04
2.9
2.8
2.7
2.6
254
2.4
2.3
2.2

2.14

T T T T 1
0 0.2 0.4 0.6 0.8 1
r

Fig. 1 Approximate solutions x,(1, r) and X4(1, r) of VIM in
Example 5.1

Fig. 2 Absolute error |x(7, r) — x4(2, )|, which is obtained about
4 x 107, for Example 5.1

Fig. 3 Absolute error |X(¢, r) — X40(#, r)|, which is obtained about
4 x 107 for Example 5.1

Em@ﬂi&%ﬁ*l%@ﬂfﬂ+%MJW&
Xni1(t, r) =%,(t, 1) — /0 [X;(s, r) — (3 = r)x,(s, r)]ds,

where x,(¢, r) = 8 + 0.5r and Xy (¢, r) =9 — 0.5r.
Approximate solution (x,(t, ), Xs0(2, r)), at t = 1 and
the obtained absolute errors |x(z, r) — x40(¢, r)| and
[X(z, ) — Xao(2, 7)|, for (¢, r) € [0, 1] x [0, 1], are plotted
in Figs. 4, 5, and 6, respectively.
Example 5.3 Consider the following fuzzy differential
equation[7],
X"(t) = 2x"(r) + 3x/(¢),
x(0)=0B+r,5-r),
X(0)=(-1—-r,=3+7r),
X'(0)=(8+r, 10—7r),

where 0 <r, t < 1. The exact solution is

@ Springer
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180

160

140

1204

100+

80

60

40

0 0.2 0.4 0.6 0.8
r

—_

Fig. 4 Approximate solutions x4(1, r) and Xs(1, r) of VIM in
Example 5.2

Fig. 5 Absolute error |x(¢, r) — x40(¢, r)|, which is obtained about
6 x 1077, for Example 5.2

Fig. 6 Absolute error [X(f, r) — X49(¢, r)|, which is obtained about
1.1 x 107, for Example 5.2

@ Springer

-1 7 11 -1 7
x(t,r) = <T+Ee3t+ (Z—i-r)e', T—l—ﬁeS'

Using the VIM, we obtain,
1 t
St ) =5, (tr) =5 [ (6= 07l 26 3,5,
0
1 t
Faa(tr) =3, (1r) 5 [ (50 26 35,5,
0

where Xo(t, 1) :3+r7(1+r)t+(8+r)§ and
Xo(t, r)=5—r+(r—3)r+ (10 — r)% The results are
shown in Figs. 7, 8, and 9, respectively.

Example 5.4 Consider the nonlinear fuzzy initial value
problem [3],
{x’(t) =0.5x(¢)(1 — x(2)), 0<r <1,
x(0) = (0.4 +0.2r, 0.9 — 0.3r),
with the exact solution,
Xy Xo

t =
x( ’ r) (XO _ (10 _ 1)870.51’ Xo — ()_CO _ 1)6045t>’
for0<r<1.

According to VIM, we have,

)_Cn-%—l(tv r) :Xn(tv r) 7/(:[)_(:;(‘?7 r)+0'5£n(sv r)()_cn(s, r) - 1)]ds7

o1 (6, r) =X, (8, 1) — /OI[X;(S, r) +0.5%, (s, r) (%, (s, r) — 1)]ds,

where x,(#, r) = 0.2 4+ 0.2r and X,(¢, r) = 0.9 — 0.3r.

13.14
13.04
12.94
12.8
12.74
12.64

12.54

12.47 T T T T 1
0 0.2 0.4 0.6 0.8 1

r

Fig. 7 Approximate solutions x,y(1, r) and Xx(1, r) of VIM in
Example 5.3
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Fig. 8 Absolute error |x(7, r) — xy(¢, )|, which is obtained about
2 x 10713, for Example 5.3

18x 1019
16 x10° 15
1.4x 10" 15—
12 x 10715
1.x 10715
8. % 10" 16—

6. % 10" 16—

4.x10° 16—

2.x10° 16+

0—
1

02
04
06

08 r

0

Fig. 9 Absolute error |X(¢, r) — X0(#, r)|, which is obtained about
2 x 107'3, for Example 5.3

Table 1 Exact and approximate solutions of VIM, with N = 6, in
Example 5.4

r x(1, r) x(1, r) x(1, 7) Xe(1, 1)

0.1 0.54419105 0.91690038 0.54419105 0.91690034
0.2 0.56435061 0.89643516 0.56435061 0.89643513
0.3 0.58410729 0.87544775 0.58410729 0.87544773
0.4 0.60347303 0.85391791 0.60347303 0.85391790
0.5 0.62245933 0.83182434 0.62245933 0.83182433
0.6 0.64107723 0.80914461 0.64107723 0.80914460
0.7 0.65933736 0.78585506 0.65933736 0.78585506
0.8 0.67724991 0.76193076 0.67724991 0.76193077
0.9 0.69482474 0.73734545 0.69482474 0.73734544
1.0 0.71207129 0.71207129 0.71207129 0.71207129

0.94

0.8

0.74

0.6

T T T T 1
0 0.2 0.4 0.6 0.8 1
r

Fig. 10 Approximate solutions, x¢(1, ) and X¢(1, r) of VIM in
Example 5.4

Table 1 shows the comparison between the exact
solution and approximate solution (x4, X5), at t = 1. Also,
Fig. 10 shows the approximate solution by VIM, at t = 1.

6 Conclusion

In this paper, an efficient iterative method has been pre-
sented to solve fuzzy differential equations. The theorems
of convergence and error estimation have been discussed.
Furthermore, several numerical examples of the proposed
method have been presented, and the comparisons with the
exact solutions confirm that the method is capable of
generating accurate solutions. The proposed method can be
easily implemented for a system of fuzzy differential
equations. To solve boundary value, fuzzy problems can be
studied using VIM in future work.
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