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Abstract Type-2 fuzzy sets/numbers (T2FSs/T2FNs)
attract more and more attention in fuzzy decision field. The
existing studies mostly focus on the general properties of
T2FS, or interval type-2 fuzzy number whose membership
degrees are denoted by intervals. A new form of T2FN
named triangular type-2 fuzzy number is proposed, whose
primary and secondary memberships both have the con-
tinuous triangular feature. For aggregating the triangular
type-2 fuzzy information, two operators are also defined.
Based on them, a method is developed to handle the duplex
linguistic group multi-criteria decision making problems
and rank the alternatives. Finally, an example is provided
to show the feasibility of the method.

Keywords Multiple-criteria decision making - Triangular
type-2 fuzzy number - Type-2 probability degree

1 Introduction

In group multi-criteria decision making (GMCDM) prob-
lems, the decision information is usually fuzzy [1] so that
explicit decision is difficult due to the limit of knowledge
or lack of data. Therefore, handling the fuzziness is
important. The fuzzy set theory was developed by Zadeh
[2]. A bounded convex fuzzy set with continuous mem-
bership function is called a fuzzy number. The fuzzy
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models became a research focus in multi-criteria decision
making (MCDM) [3-5], where the information is denoted
by fuzzy numbers or fuzzy sets such as trapezoidal fuzzy
numbers [6], intuitionistic fuzzy sets (IFS) [7-9], interval
valued intuitionistic fuzzy sets (IVIFS) [10], trapezoidal or
triangular intuitionistic fuzzy numbers [11].

Using fuzzy criteria values and weights is the common
paradigm of these researches [12-16], where the mem-
bership degrees reflect the confidence of the decision
maker (DM). But recently, researchers also found such
degrees perhaps should also be represented by fuzzy sets,
namely the information in MCDM has the type-2 fuzziness.

The so-called T2FS [17] is the fuzzy sets with fuzzy
membership degrees. And T2FNs are the fuzzy numbers
whose membership degrees denoted by fuzzy sets (or fuzzy
numbers). Properties of general T2FS have been studied
[18, 19]. Gera and Dombi [20] considered fuzzy truth
values. Harding et al. [21]. addressed questions of the
variety generated by the algebra of values of T2FS. Hwang
et al. [22]. proposed the new similarity, inclusion and
entropy measure formulas between T2FS based on the
Sugeno integral. Zhai and Mendel [23] generalized five
uncertainty measures of interval T2FS.

Many MCDM related type-2 fuzzy studies are found in
the literature survey. For example, Hu et al. [24]. consid-
ered the MCDM based on the possibility degree of interval
T2FN. Dereli et al. [25] reviewed the industrial applica-
tions of T2FS. Wu [26] proposed a ranking method and a
similarity measure of T2FS for uncertainty linguistic
decision problems. Wang [27, 28] used interval type-2
fuzzy number in handling MCDM problems. Akay [29]
proposed a decision making method by using fuzzy infor-
mation axiom and T2FS. Qin [30] introduced T2FS in a
generalized DEA model. Ngan [31] studied type-2 lin-
guistic set theory.
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We notice that these studies usually use discrete num-
bers or intervals to denote the membership degrees of T2FS
[32-35]. However, it perhaps cannot reflect the DMs’
confidence well. For example, DM believes his/her confi-
dence level (membership degree) is “about 0.5, at least 0.4,
and at most 0.6”. Using a discrete set {0.4, 0.5, 0.6} or an
interval [0.4, 0.6] are both inadequate. In such case, using a
group of triangular fuzzy numbers to denote these contin-
uous fuzzy memberships is more appropriate. Thus, we put
forward the notion of triangular type-2 fuzzy number
(TT2FN) in this study.

In addition, triangular fuzzy numbers have shown the
outstanding applicability, especially in expressing the
semantics of linguistic fuzziness [36-38]. In real decision
problems, the complex linguistic information like “I am very
sure that it is good”, namely the duplex linguistic informa-
tion [39], is common. It contains the evaluation itself (good),
as well as the DM’s confidence degree about it (very sure).
But the semantics of this type of linguistic variables is not
expressed by fuzzy sets explicitly yet. In fact, the second
linguistic variable, which expresses the confidence of DM,
denotes the membership of the alternative to the evaluation
(the first linguistic variable) from the view of fuzzy sets
theory. Obviously, such linguistic membership must involve
the fuzzy semantics like the linguistic evaluation itself as
well. Naturally, such fuzziness could also be expressed by
relative triangular fuzzy number.

Therefore, semantics of such important duplex linguistic
variables can be represented by the proposed TT2FN
actually. The linguistic evaluation is related to the primary
triangular membership function, and the linguistic confi-
dence is related to the secondary triangular membership
function. In this way, we can compute and aggregate the
duplex linguistic information using TT2FN.

Ox

(a) external view

Fig. 1 Triangular type-2 fuzzy number a in x — u — y space
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The rest of the paper is organized as follows: in
Sect. 2, the definitions related to TT2FN are introduced.
In Sect. 3, some aggregation operators are proposed, and
a GMCDM method based on the triangular type-2 fuzzy
information is discussed. Section 4 is a numerical exam-
ple. Section 5 is the discussion. Finally, the paper is
concluded in Sect. 6.

2 Triangular Type-2 Fuzzy Numbers
2.1 Definition and Operation Rules

A T2FS in a universe set X is an object a = { ((x,u), 7,
(x,u))|vx € X,Yu € u, C [0,1].,0<y; (x,u) <1}, where
uy and y; (x,u) are called the primary and secondary
membership, respectively. This object can also be defined
as d = [ xlucu Vi (x,u)/(x,u). Particularly, if y; (x,u) =
1, then a = fxe);fueuxl/(x, u) is called interval T2FS [40].

Definition 1 A triangular type-2 fuzzy number (TT2FN)
a can be defined as @ = ([a, b, c]; [uF, uM, uk]), (a < b<c,
0<ut<uM <uR<1), which is illustrated in Fig. 1.

Its primary membership function can be defined as
ua(x) = [ (x), 1 (x), 1" (x)]

;:a[uL,uM,uR], a<x<b
vz

a
oL
c—b [,u
0, others

a,uM7,uR]7 b<x<c

And the secondary membership function can be defined
as

1x

Ox

(b) perspective view
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0, others

Clearly, there is 0 < Vix) <1I.
Thus, the primary and secondary membership of the
elements x and x’ are shown in Fig. 2.

Definition 2 If a = ([a,b,c]; [u", ™, uf]) is a TT2EN
and a > 0, then a is called a positive triangular type-2 fuzzy
number (PTT2FN).

Be similar with [41], the following operation rules are
proposed:

Definition 3 Let @ = ([ar, by, c]; [, 1, 1f])  and

a = (laz, by, c2); [15, 1!, 1f]) be two PTT2FNs. The
operations of them are:

M G +a = <[Cl1 +az,by + by, c1 + ¢l

{Ifll i+ Nlazllug - laf|m” + llaallms’
lall+llazll " llall + llall
laa [l + IIdzllu’fD
llar]] + llaz|l

where ||G;|| = 4t2rta

@ G -a = <{a1 —c2,by — by, 01 —aa;

P&l e + Nlazllug - laflm” + llaallms’
lall+llazll " llal + llall

la [l + IIdzllu’zeD
] + llaz|l

©) Jay = (Par, abr, er); bl 1)) (420)

Particularly, if ||d@ || = [|d@] = 0, then p 4 = 95",

A _ Vq e
and 75, 4, = 5%,

Example 1 Given a; = ([7,9,10];[0.3,0.5,0.7)), d =
([5,7,9]; [0.7,0.9,1.0]), and A = 3, there is ||d;|| = 8.75
and ||@y|| = 7. From Definition 3, there are

MG +a = (12, 16, 19];[0.48,0.68,0.83])

@ G —a = ([-2,2,5];(0.48,0.68,0.83])

@) Ja, = (121, 27, 30];[0.3,0.5,0.7])

Property 1 Let a; = ([a;,bi,ci]; [uf, 1, uf])(i =1,
2,3) be three PTT2FNs, then the operations in Definition 3
have the following properties:

M G +a=a+a

@ (@1 +ax) +az = ay + (a» + as)
). ) 3 )

Ady + adp = ()L,[ + 12)6117 ()hl,/uz > 0)
4)

Ady + Adpy = /L(dl +C~12)7 ()LZO)

The proof of property 1 is shown in Appendix.

Property 2 All the operations on PTT2FNs comprise the
operations of positive triangular fuzzy numbers, i.e., a
positive triangular fuzzy number can be looked as a special
PTT2FN with ut = M = u® = 1 and then the operations
of positive triangular fuzzy numbers comes:

ey
@

ay +a = la; + ax, by + bs, 1 + ¢

ay —ay = [a; — c2,b1 — by, c1 — ar)
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(€)

/ldl = [}val,ibl,lcl} (/120)

2.2 Comparison Rules of TT2FNs

Definition 4 Let a; = ([a1,by,ci]; [, i1}, 1f]) and
a, = <[a2,b2,cz]; [,u%,,ujzw,,u’zeb be two PTT2FNs, ¢; > a;
>0(i=1,2), if d; and @ satisfy 0.5 <P(@, >d) <1,
then a; > a,, otherwise a; <a,. Where
P(d; > a)
_ min{l;; + Loy, max((by + c)u; — (a2 +ba)u,,0)}
Ly + by

is called the probability degree of @; > a,. And ; = ¢; — a;,
j= A (i=1,2).

Property 3 In probability degree, there is 0<P(a
2&2) < 1 and P(dl Zdl) =0.5.

Property 4 In probability degree, there is P(a; >
dz) -‘rP(dz 2671) =1.
The proofs of Properties 3 and 4 are shown in Appendix.
Supposing that there are g PTT2FNs a; = ([a;, b;, cil;
[, i uk]) (i=1,2,...,g), then compare each PTT2FN
a; with all PTT2FNs g;(j =1,2,...,g) using Eq. (1),
namely

pij = P(ai > &)
_ min{liui + lj,uj,max((bi +Ci)l — (aj + bj),uj,O)}
lii + Ly ’
where l[:C[*ai, ﬂ,:wo:1727 7g)

Then we can construct a complementary fuzzy matrix as
follows:

P11 P12 cee Pig
P21 P22 e D2g

P - . )
Pgl1 Pg2 T Pgg

where p;; >0, p; +pji =1, and p; = 1/2
Theorem 1 According to [19], let P = (py) .,

complementary matrix, its priority index vector v can be
expressed as follows:

be a fuzzy

v=(vi,va,...,V,), where v;

S (ip 48 1) 2
gle-D\="" 2
Definition 5 Let @ = ([a, by, ci]; [ub, i, 1f]) and

a = {[az, by, co; [1k, 18, 1§]) be two PTT2FNs with the
priority indexes v; and v,, and then there are:

@ Springer

() ifvy >y,
(2) ifvi =,
3) ifvi<wvy,

then a; > &2;
then ﬁ] = C~12;
then a;<a,.

Definition 6 Let PTT2FNs (d,d,. . .,d,) with priority
index vector (v, vz, ..., v,), then the larger the element of
priority index vector is, the larger the PTT2FN is.

Example 2 Let a; = ([6.4,8.0,9.5];[0.62,0.8,0.94]); a,
= (18.7,9.9,10];[0.6,0.7,0.88]); a3 = ([7.1,8.9,9.9];
[0.6, 0.8,0.92]) be three PTT2FNs, a fuzzy complementary
matrix can be constructed:

0.500 0.077 0.254
0.923 0.500 0.592
0.746 0.408 0.500

According to the Eq. (2), there are

I 3
— (050040077 +0254+2 1
IXxGB-1) ( TOOIF 0.8 >

=0.223; v, = 0.419; v3 = 0.359; v; <v3 <V,

Vi

So there is a, > as > a, the a, is the best one(s).

2.3 Using TT2FNs Represent the Semantics
of Duplex Linguistic Variables

Definition 7 [42] Let X be a finite universal set. A duplex

linguistic set B is an object with the following form:
f} = {(x, <S9(X)7hg(x) > )|x S X},
where

s9: X — S, x—osp) €S0 : X — H, x—hg) €H.

S and H are two linguistic ordered scales, hgq(,) is the
linguistic membership degree of the element x € X to the

linguistic evaluation sy(,). The duplex linguistic set B can
also be denoted by

B = {{so(x), hot )|x € X}

and by B = <SH(X),hg<x>> for short if there is only one
element x.

The semantics of B = (80(x)> ho(x)) can be represented
by PTT2FNs if the linguistic values are translated into
triangular fuzzy numbers. That is, if the semantics of sy(y)
and () is represented by triangular fuzzy numbers [a, b, c]

and [ub, uM uR] respectively, the semantics of B =

<se(x),h,,(x)> thus represented by the TT2FN ([a,b,c];]

pE, f™ ).
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3 GMCDM Method Based on Triangular Type-2
Fuzzy Averaging Operators

3.1 Operators of Triangular Type-2 Fuzzy Numbers

For aggregating the decision information on different criteria
or from different people, weighted arithmetic averaging
(WAA) operator and ordered weighted averaging (OWA)
operator [43—46] are the most common tools. Thus, trian-
gular type-2 fuzzy WAA and OWA operators are proposed.

Definition 8 Let a; = ([a;, by, cil; [k, 1, 1B )i =1,
2,...,n) be a group of PTT2FNs, g, >0, uf <1. A map-
ping TT2WAA : Q" — QF, where Q" is the set of

n
PTT2FNs, such that TT2WAA(&| Sz, .., dn) = Z w;a;,
i=1

where © = (w1, my, .. .,a)n)T is a weight vector which is

correlative with a;(i =1,2,...,n), satisfying w; € [0,

1Ji=1, ..., n) and > w;=1. Then the function
i=1

TT2WAA is called triangular type-2 fuzzy WAA operator.

Theorem 2 Let PTT2FNs a; = ([a;, bi, ci; [pF, 1,
NG =1,2,...,n), where a; >0,k <1. Then

TT2WAA,(d;) =
S oS ob S iy ol
w,;a;, wibja W;iC; |3 [%,
([ By S i
Sy oillau S wl»minuﬂ > 5)

Y ollall 7Y ollal|

where ||a;|| = “—"“f’“".

The proof is shown in Appendix.

Example 3 There are three PTT2FNs a; = ([5, 7, 9];
[0.7,0.9,1.0]), a, ={[7, 9, 10];[0.9,1.0,1.0]) and a3 =
(5,7, 9]; [0.5,0.7,0.9]), and @ = (0.33,0.34,0.33) is the
weight vector. Then the aggregation result TT2WAA,,
(dy,a,,a3) = ([3.43,4.64,5.65];[0.72,0.88,0.97]).

Definition 9 Let @ = ([a;, by, cil; [uF, n?, 1f]) be a
group of PTT2FNs, a; >0, u® <'1. A mapping TT20WA :
Q" — Q. where Q" is the set of PTT2FNs, such that

n ~
TT20WA(ay, az, .. .,a4,) = > @;bi, where ¢ = (¢, ¢,,

i=1
...,(pn)T is a weight vector which is correlative with

TT20WA, satisfying ¢, € [0,1](i = 1,2,...,n) and > ¢;
i=1
=1; b; is the i-th largest one of all numerical values

as(s =1,2,...,n). Then the function TT20WA is called
triangular type-2 fuzzy OWA operator.

Theorem 3 Assume a sequence of PTT2FNs a; = ([a;, b;,
Ci]; [#f) M{W’ M{?]>’ where a; >0, ,Llf <l b= < [a(i)a b(i)7
cils [Mfﬁ_,u%,uﬁ;_b is the i th-largest element in (dy,as,

. ay). Then

TT20WA,, (@) =

< ; @id iy ; (pib(i)’ ; (/7,'0(,-)] ;

[Z?_l il |Bil 1 ST o |Billdt S wiIIBiIIMS;,] >
AN H 123 IS DA 171| R SAoR (1]

a;+2b;+c;
s -

where ||a;|| =
The proof of Theorem 3 is just like the proof of the
Theorem 2, so the detail of the proof is omitted.

Example 4 There are five PTT2FNs q; : ([3.43,4.64,5.65];
[0.72,0.88,0.97]), ([3.36,4.71,5.83];  [0.9,1,1]), ([3.54,
4.8,5.63]; [0.74,0.92,1]), ([5.61,6.5,6.73]; [0.9,1,1]),
([1.27,2.12,2.97];[0.43,0.63,0.83]), o = (0.2,0.22,0.21,
0.22,0.14), S(a) =63.1; S(a) =726, S(as) = 67.4;
Sla) = 98:8:  S(ds) =215, S(@))S(@))S(@))s(a))
S(as), so TT20WA(G;) = 0.2 x as + 0.22 X az + 0.21 x
az +0.22 x a; +0.14 x as = ([3.57,4.71,5.52];[0.8,0.92,
0.98]).

3.2 GMCDM Method Based on TT2WAA
and TT20WA Operators

Suppose that there are m alternatives A;(i = 1,2,...,m)
and n criteria C;(j = 1,2,...,n) with the criteria weight
vector 1 = (1,7, --,1,) where n;€10,1]and > 5 = 1.
There are ¢ DMs in total, whose weight vector is f§ =

(By, Bas - - .,ﬁg)T, where 5, €[0,1] and > p=1. The
judgment information given by the d th DM is X, =

(d) (d) @1 (d)2 (d)3].
(x,-j )mxn, whose elements x;; —<{x,»j X XS

{u,(,g-)L, ,uSZ)M, M%)R}) are PTT2FNs. The best alternative is

needed to be selected. For solving this problem, the fol-
lowing decision making method is given:

Step 1 If the DM uses different scales to measure the
alternatives’ performance on different criteria, we need to
transfer these scales into a comparable one by normalizing
them. Calculate the normalized decision matrix R; whose

element féfj) = <[r<d>1 P2 r<d>3}; [,u(d)L (dW’NSI')RD-

i T rij o Hrij
The following method is used to obtain these normalized
values as B or C.

@ Springer
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Table 1 The fuzzy decision table of three alternatives by DM d,
X@)k — minx@)l C C C C C
Wt e i= 12, k=123 GEB : 2 : ! >
Xy — mnxg A MGH  GVH F.VH VGVH  FM
min @1 _ @k A, GH VGVH  VGVH  VGVH  VGM
Fl ij .
rg;”k - @@ (= L2%..nk=123 ¢geC As VG,H MG,VH G,VH G,VH GM
) max x; '~ — minx;
ps = s, s=L,M,R.
& Y B Table 2 The fuzzy decision table of three alternatives by DM d,
5
( ) C C, Cs Cy Cs
where B and C are the set of benefit criteria and cost cri-
. . Ay G,VH MG,VH G,H G,VH F,MH
teria, respectively.
. . . Ay G,VH VG,VH VG,H VG,VH MG,MH
Otherwise, if all the criteria have the same performance
Az G,VH G,VH MG,H VG,VH G,MH

scale, then we can simply let Ry = X,

Step 2 Use TT2WAA operator to aggregate the infor-
mation from different DMs to get the comprehensive
decision matrix R = (f,-j) where r; = TT2WAAy

1 y &
(rfj ) rff)) = 1; ﬁdrfj ),

Step 3 Aggregate the ith row in the comprehensive
decision matrix with TT20OWA operator for getting the
overall performance of alternative A;. z; = TT20WA,

mxn’

n ~ ~
(Fits Fiay - -+ Fin) = Y_M;bij, where by; is the jth largest one
j=1

of all numerical values 7, (s =1,2,...,n).

Step 4 Rank all the alternatives according to the possi-
bility degree and priority vector of Z;, and then select the
best one. Based on the Definition 4, the possibility degree
matrix P = (pjj),,x,, 1S established and the ranking vector
vi = (vi,Vv2,...,Vy) is got according to the Theorem 1.
Then the ranking order of all alternatives is in accordance
with the decreasing order of v;.

4 Numerical Example

In this section, an example modified from [47] is employed
to illustrate the proposed method. In the example, a soft-
ware company needs an engineer. There are three candi-
dates A, A, and A;. Three decision-makers d;, d» and ds
interview them. Five benefit criteria are considered:

(I) emotional steadiness (Cy),

(2) oral communication skill (C»),
(3) personality (Cs),

(4) past experience (Cy),

(5) self-confidence (Cs).

The weight vector of the criteria is 5= (0.2,
0.22,0.21,0.22,0.14). And the weight vector of the DMs is
p = (0.33,0.34,0.33). The decision matrixes by three DMs
under all criteria are shown in Tables 1, 2 and 3 (modified
from [47]). The proposed method is currently applied to

@ Springer

Table 3 The fuzzy decision table of three alternatives by DM ds

C G (&) Cy Cs
A MG,MH F,VH G,H VG,VH F.MH
Ay MG,MH VG,VH G,H VG,VH G,MH
Aj F.MH VG,VH VG,H MG,VH MG,MH

Table 4 Linguistic variables for the ratings

Very poor (VP) [0,0,1]
Poor (P) [0,1,3]
Medium poor (MP) [1,3,5]
Fair (F) [3,5,7]
Medium good (MG) [5,7,9]
Good (G) [7,9,10]
Very good (VG) [9,10]

solve this problem. The computational procedures are
summarized as follows:

Step 1 Tables 4 and 5 shows the transformation from
linguistic values to triangular fuzzy numbers in [47]. Base
on it, a transformation from duplex linguistic numbers to
PTT2FNs is designed. The decision matrixes with
PTT2FNs are shown in Tables 6, 7 and 8.

Step 2 As there are only benefit criteria and the scale is
the same, there is no need to normalize the decision
matrixes. Calculate the decision matrixes given by DMs
with TT2WAA operator. Then the comprehensive decision
matrix shown in Table 9 is got.

Step 3 Calculate the probability degree of the criterion
values. Then rank the criteria under every candidate.
Aggregate the i th row in the comprehensive decision
matrix with TT20WA operator and then the comprehen-
sive criterion values are got: z; = ([3.57, 4.71,5.52];
[0.8,0.92,0.98]); 2 = ([4.94,5.78,6.06]; [0.79,0.92,
0.98]); zz = ([4.16,5.2,5.83];[0.79,0.93,0.98]).
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Table 5 Linguistic variables for the confidence

Very low (VL) [0,0,0.1]
Low (L) [0,0.1,0.3]
Medium low (ML) [0.1,0.3,0.5]
Medium (M) [0.3,0.5,0.7]
Medium high (MH) [0.5,0.7,0.9]
High (H) [0.7,0.9,1.0]
Very high (VH) [0.9,1.0,1.0]

Step 4 Rank all the alternatives according to the possi-
bility degree and priority vector, and then select the best
one. The possibility degree matrix is established by the
definition 4 and the ranking vector v; = (v{,Vva,...,V,) is
acquired based on Eq. (2).

0.500 0.054 0.233
1 0.500 0.636
1 0.283 0.500

v = 0.215;v, = 0.439;v; = 0.381.v, > v3 > v;, So there
is Ay = A3 = Aj, the most desired one is A,.

S Discussion
From the theoretical point, we get a new form of T2FN,

whose primary and secondary memberships both have the
continuous triangular feature. Why do we need this

somewhat complex fuzzy number? The initial motivation is
to handle a common but new type of linguistic information
in the fuzzy decision making namely the duplex linguistic
information [39]. We represent its semantics by the pro-
posed TT2FNs. The linguistic evaluation is related to the
primary triangular membership function, and the linguistic
confidence is related to the secondary triangular member-
ship function.

We solve a group decision making problem with trian-
gular type-2 fuzzy information. Since the existing methods
cannot solve it, we just can compare the proposed method
with other methods from the methodology rather than by
computing-results.

The first obvious difference between our method and
others of course is in whether the method can handle the
triangular type-2 fuzzy information. But is it really
important? Can we really encounter such type of infor-
mation in real decisions? In fact, it is not fabulous. We can
relate it with the semantics of duplex linguistic variables at
least.

Then, this semantic representation is the second feature
of the proposed method. Although duplex linguistic vari-
ables are very common and important in fuzzy decisions,
their semantics have not been exactly represented by fuzzy
sets or other arithmetic materials yet.

There is the study that using an outranking method to
solve the duplex linguistic decision problem [39], but our
method also has notable differences being compared to it.

Table 6 The transformed fuzzy decision table of three alternatives by DM d;

C 1 Cz C3

Cy

Cs

A ([57.91:10.7,0.9,1.0])
Ay ([7.9.10]:[0.7,0.9,1.0])
As  ([9.10,10]:[0.7,0.9,1.0])

(17.9.101:[0.9,1.0,1.0])
([9,10,10]:[0.9,1.0,1.0])
([5,7.91:(0.9.1.0,1.01)

([3,5,71;[0.9,1.0,1.01)
([9,10,10];[0.9,1.0,1.01)
([7,9,101;[0.9,1.0,1.01)

([9,10,10];[0.9,1.0,1.01)
([9,10,10];[0.9,1.0,1.01)
([7,9,101;[0.9,1.0,1.0])

([3.,5,71;[0.3,0.5,0.71)
([9,10,101;[0.3,0.5,0.71)
([7,9,101;[0.3,0.5,0.71)

Table 7 The transformed fuzzy decision table of three alternatives by DM d,

C, Cy G

Cy

Cs

Ar ([7.9.10]:[0.9,1.0,1.0])
A, ([7.9,101:[0.9,1.0,1.0])
Ay ([7.9.10]:[0.9,1.0,1.0])

([5,7,91:[0.9,1.0,1.01)
([9,10,10];[0.9,1.0,1.01)
([7,9,101;[0.9,1.0,1.0])

([7,9,101;[0.7,0.9,1.0])
([9,10,10];[0.7,0.9,1.01)
([5,7,91;[0.7,0.9,1.01)

(17.9,101:[0.9,1.0,1.0])
(19,10,101:[0.9,1.0,1.0])
(19,10,101:[0.9,1.0,1.0])

([3,5,71;[0.5,0.7,0.91)
([5,7,91;[0.5,0.7,0.91)
([7,9,101;[0.5,0.7,0.91)

Table 8 The transformed fuzzy decision table of three alternatives by DM d3

Cl Cz C3

Cy

Cs

Ay ([5,7,91;[0.5,0.7,0.91)
Ay ([5,7,91;[0.5,0.7,0.91)
A ([3,5,71;[0.5,0.7,0.91)

([3,5,71;[0.9,1.0,1.01)
([9,10,101;[0.9,1.0,1.01)
([9,10,10];[0.9,1.0,1.01)

([7,9,101;[0.7,0.9,1.01)
([7,9,101;[0.7,0.9,1.01)
(19,10,10];[0.7,0.9,1.01)

([9,10,101;[0.9,1.0,1.01)
([9,10,101;[0.9,1.0,1.01)
([5,7,91;[0.9,1.0,1.01)

([3,5,71;[0.5,0.7,0.91)
([7,9,101;[0.5,0.7,0.91)
([5,7,91;[0.5,0.7,0.91)
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Table 9 Comprehensive decision table

Cs

Cy

G

(&)

C

([1.27,2.12,2.97];[0.43,0.63,0.83])
([2.97,3.67,4.11;[0.42,0.62,0.82])
([2.68,3.53,4.11;[0.43,0.63,0.83])

([3.36,4.71,5.831;[0.9,1,1]) ([3.54,4.8,5.631;[0.74,0.92,1]) ([5.61,6.5,6.731;[0.9,1,11)

([3.43,4.64,5.65];[0.72,0.88,0.97])

Ay

(16.05,6.73.6.731:10.9,1,1]) ([5.21,6.05.6.26];[0.77,0.93,1]) (16.05,6.73.6.731:10.9,1,11)

([3.83,5.04,5.85];[0.71,0.88,0.97])
([3.83,4.84,5.45];[0.73,0.89,0.98])

A

([4.71,5.83,6.51:[0.9,1,1])

([4.38,5.42,6.05];[0.77,0.93,11)

([4.71,5.83,6.51:[0.9,1,1])

Az

Firstly, the method in [39] can only handle the problems
with single DM, but it cannot solve group decision
making problems. Secondly, since it is an order-based
method, it can only result in a particular order of alter-
natives. The proposed method can output a totally order.
Thirdly, the proposed method is a parameter-independent
method, which needs no additional parameters to get the
final result. However, the method of [39] requires some
additional parameters to help the DM confirming the
outranking relations between alternatives and then ranking
them.

6 Conclusion

In general, in real decision problems, information is
usually imprecise and uncertainty. A new form of T2FN
named triangular type-2 fuzzy number is proposed, whose
primary and secondary memberships both have the con-
tinuous triangular feature. Its operation rules, aggregation
operators and other properties are introduced. Based on
TT2WAA and TT20WA operators, a GMCDM method is
proposed.

As a new type of fuzzy number, we believe that the
application of TT2FN perhaps is not limited to above
mentioned field only. We do not provide more examples
to show the potential applications of TT2FN here.
Nonetheless, we expect and believe this work can stim-
ulate more interests of relational researchers.
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Appendix

The Proof of Property 1 Since the properties (1), (3), (4)
are easy to proof, here the property (2) is proofed. As a; >0
(i =1,2,3), from definition 3:

a+a, =

S L WAL
<[a1 +az,by + by, 1 + 2l; [M

)

[l + [laz|l
I [l + llaa " [la || + Idz||u§]>
lall+llazll "l + llall

Thus,
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(d1+52)+d3:
~ L ~ L
<[a1 +az,b1+by,cy +C2}§ [—”alnfll + HCf2||H2
l[@ |+ llaz |l
[ [l + |z | 15 ||51|Mf+|d2||lt§]>
lall+lal 7 lladll+la|l

+(las,bs,cs]; (15,15 45 )
=([(a1+a2) +a3,(b1+b2)+b3,(c1 +c2) +c3];

llar [l + a2 ~
i(al +az +C1 +C2+2b1 +2b2) 'W+ Hag||,uf;3

}T(a1 +ar+c +6‘2+2b1+2b2) +%(Cl3 +C3+2b3)

3y

e +llazlwl o
$ar+ar+c1+cr42b1 +2by) - — e s | 1

Hay+ar+c14c+2by +2by) +5 (a3 +c3+2b3)

R

. > 2 llay 1§, +llaallpef, ~ IR
Z((11+(12+C1+C2—|— b+ bz)'W+||a3||ﬂd3
Ha +ar+ci+c2+2by +2by) +3(az +c3+2b3)

= < [a1+a2—|—a3,b1+b2+b3,c1 +cr+asl;

[Ildl 11, + a2l g, + N3l Nl + llaal | + 13|
lall+llazll+llasl " llall+llaall+lasll
|G, + a2l g, + | ||u§3] >

][+ llazll+las |

Similarly,

a+Hart+as)
=< lay by ls[uh i ] > + <[a2+a3 batbs crtcsl;

{Hdznﬂﬁﬂdﬂﬂé | || 15+ s | ! ||52||M§+||53|ﬂ§] >
|| +|as | lall+Hlall 7 llal+Hlasl

< [a1+ax+az b1+by+bs c1+cotes);
Nl (| s +lla | el sl 1, Nl ||l 4]l -+l s | s,
lalHlal+Hlal 7 lladiHlali+Hal >

]| Hlda ll g, s | g,
a1 |||z [+l |

So (a1 + a) + az = ay + (a + as). O

The Proof of Property 3 0<P(a;>a)<1 is easy to
proof.

_ min{lyy + 1y, max((by 4 c)py — (a1 +by)py,0)}
B Ly + 4Ly

_min{liyy + Ly, max(u 1,00} Ly

B hpy + 1l b+ by

P(a, >a)

O

The Proof of Property 4

P(a, > a)
_ min{l;p; + Loy, max((by; + c)u; — (a2 + ba)u,,0)}
L + by,
P(ay > ay)
_ min{li; + loptp, max((by +ca)p, — (a1 +b1)py, 0)}
L + by

() If (b +eci)u <(ar+by)u,, So, (ar+bi)y
< (b + ) <(aa +ba)py < (b2 +e2)ity,
P(dl Zdz) =0,
P(dzzal):min{llﬂl+12:u2a(b2+02);u2_(al"‘bl):ul}

Ly + by
:min{(cl —ap) 4 (ca—az)uy, (ba+c2) i, — (a1 +b1) g }
(cr—a)u +(c2—az)i, '

Because [(c1 —ar)u + (c2 — a2)py] = [(b2 + c2) 1
—(ar + b)) = (wer — paz) —(tob2 — pyb1),
and (pyc1 — [haz) — (Hoba — wybr) = (b1 + c1)py —
(a2 +b2)py <0, s0 pyer — poar < poby —pybys(c
—a)py +(e2 —a2)uy < (b2 + )y — (a1 + br)uy.
That is P(d@ >di) = 1. So P(a >a)+ P(a>
i) =1.

2 It (br+e)w > (a2 + by,
+b1)u,, it is the same as 1)

3 I (b te)p > (a2 + b,
+b1)u,, then

_ min{(cr —a)p + (62 — ar)pp, (br +c)py — (a2 +ba)pr}

(b2 + c2) it < (a1

(b2 + )iy > (as

P(a, > a
(@12) (er —an)py + (c2 — a2)
_ min{cipy — aipy + Coty — pfiy, bifly + cify — A, —bapy}
(e1—a)u + (2 — a2y '
Because  (cipy —aipy + copy — azpy) — (bipy +

ciiy —apy, —bop) = 2wy —arpy — by + bopy,
and copy — aypty — bipy +bapy = (by + c2)py — (a1
+b1)py >0, 0 cipy —aiy +eapy — ax, > by
‘e — azxpy — b2ﬂ2, that is P(d] > C~12) =

by teiy—ary —bity B> d) —
e There also have P(a,>ad;) =
(by e po—(ar+b )y bypotcopta—aypy —bi -
Ly +hpn T (er—a)p+H(e—a)w, ? and P(a; >
q, ~ ~ \__ by tcip—axi,—b
@) + P(ay >a,)="btamaleb o (ci— a)) p+
_ byt +erpp—arp —bipy _ ci —aribteaph—aipy
(C2 aZ)iu2+ (cr—anm+(c—a)w, —  (c1—an)wy+(c2—ar) iy
=1.So P(a; >a)+ Pla, >a;) = 1. 0

The Proof of Theorem 2  Obviously, from definition 3, the
sum of PTT2FNs is also a PTT2FN. In the following,
equation (2) is proved by using mathematical induction on 7.
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(1) For n = 2, since

2
E wi@; = ([may + wra, 01by + by, wicy + wrc2];
i=1

[HHU g + llaz]|waps (@[l + llaa |’ || || gf + Hﬁzl\wzﬂgb
wijdr|| + o2 || o1l + o || willdr|| + o2

then the Eq. (2) is clearly true.
(2) If Eq. (2) holds for n = k, that is

k k k
g w;a;, E w;b;, E wWiCi|;
i—=1 i=1 i=1

k ~ k ~ k ~
Die ||ai||wi,“z!‘ Doie ||a,-||w,-,u§” Die ||ai||wi,u§
k|~ ) k|~ ) k|~
i lailleo: Y7y il 2 [laillews

Then, when n =k + 1, by the operational laws in
Definition 3, there is:

k+1 k

E u);d;:g Wi+ O41q41
=1 =1

k k k
= Zwia[sz(})ibnz(uicl 3
i=1 i=1 i=1
k ~ k ~ k ~
. {z ot S ladont! S, Hainw,vu,»"} >

% = s % - ) 3 ~
i lailleos D ldilleor 32 llailles
+ ([ Oks1 et 1 Okt Dt Ot 1 Chst s J > My 1 i)
k

k k
= < [E W@ + W 1Gry 1, E Wib; + W1y 1, E wici+wk+lck+1:|§

p ) i

(OONTEE) LD D) D DA LI

: il 2 SO G L

Al

%(Ek a2 b+ Yk IC,')(U,'Jr%(ak; 1+ 2Dt + Ch 1) Oks1

(OIEE) DIED DD Dl
4y lal

‘l‘ (Zf:l a; + sz:] b+ ZLI C,') ; +%(ﬂk+1 +2bj 11 +Ck+1)wk+1

(ODTZEE) DLED DD D DA LI L

42’;”&’” i 3(ak+1+2hk+l+ck+l)wk+lﬂf+1 >

(@rs1 + 2bps1 + i )U)k+lﬂ;l§+|

1 ) M
O+ (@it + 2Byt + Chp1) O 1
X

X
%(Zf 1ai+22f 117[JFZ¢c ICI)(UHr%(akH +2bjs + 1) k41

k+1 k+1 k+1
= wia;, wibng w;iCi|;

=1 =1 i=1

X

Ef:] (|| it + 3 (st + 2brsr + ot Ok i
%(fo:l Wi + O 1111 +22le W;ib; 4+ 2wy 11br 1 +Zf-;l wjc; +wk+]ck+1)
S il + Y ag + 26k + e o il

x
k k k
3 (ZM ©i; + Ops1apsy +2Y i O+ 2041 by + D ;¢ +wk+lck+l)

’

k 5 R 1 . R
> i il o + 3 (ar1 4 2big1 + crrt)Opg1 154 >
1 k k k
I (Zizl 0i; + Op1Gr 1 + 2D Oibi+ 201y + Y 0 +(0k+16k+1>
k+1 k+1 k+1 k i4+2bi+c; +2bgs g+
+ + + Zi:l aj+ 4)+£ ‘Uill,L +GI<+I )2“ Ch1 wk+1“f+]
= E W;dj, E w;bi, E oici | | S yay poy ,
i=1 =1 i=1 Z(Zi:l wia;+2 70 wibi+ Y0 wici)
k ai+2bi+c; M | a1 +2b e M
i o + ST
1 k+1 k+1 1\
3 (Zi:l i +23 571 oibi+ 3050 <016i)
k ai+2bi+c; R | @1 +2bpsi+ciit R
% Zi:] 7 Wil + + 4“ + Opy1 Mgy

K1 (o] k1
%(Z;, (u,»a,'—O—ZZ,L wibi+ Y w,»c,)
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B k+1 k+1 k+1 Azgll u,+2f,+a-, ‘»’_ML Zf_:ll “’Hf""w, /lf”
= Zw,af,zw,-b,-zw;c, ; s Ee— Y m— )
i=1 =1 =1 doiti oillaill Yot oillail]

>itt oillaill i=1 i=1 i=1
y Ff:.‘ laflomt S laomt! SF Hd[l\w.'uf} >
Y lallon T S allor " S allo; |/
i.e. equation (2) holds for n = k + 1.
Therefore, based on (1) and (2), Eq. (2) holds for all
n € N, which completes the proof. O
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