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Abstract In this paper, a new notion of (v-consistent) L
closure L-system is proposed where L is a complete
residuated lattice and * is a truth stresser on L. The one-to-
one correspondence between (v-consistent) L"-closure
L-systems and (v-consistent) L"-closure operators is
established. Furthermore, the notion of v-consistent
L"-closure system is introduced. It is shown that the notion
of (v-consistent) L"-closure L-system provides an alterna-
tive way to characterize (v-consistent) L -closure systems.
Finally, the category of (v-consistent) L -closure system
spaces is introduced in virtue of the notion of continuous
mapping. It is shown that the categories of L’-closure
L-system spaces, L"-closure spaces and L"-closure system
spaces are isomorphic with each other.

Keywords Complete residuated lattice - Truth stresser -
Closure operator - Closure system

1 Introduction

Closure operators and closure systems play an important

role in many mathematics areas such as analysis, topology,
logic, and geometry. In the classical setting, the close
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relationship between closure operators and closure systems
has been investigated [8, 9]. In the framework of fuzzy set
theory, the investigation of closure operators and closure
systems may be traced back to the study of several special
cases such as fuzzy subalgebra and fuzzy topology [2, 7,
18, 19]. Afterwards, Biacino and Gerla [3, 13] studied
fuzzy closure operators and fuzzy closure systems them-
selves where the truth value structure is fixed to the unit
interval [0, 1].

Fuzzy closure operators and closure systems have been
studied in more general settings. For instance, Bélohlavek
[4-6] generalized the notions of closure operator and clo-
sure system using complete residuated lattices as the truth
value structures. Moreover, the one-to-one correspondence
between fuzzy closure operators and closure systems has
been established. In addition, Georgescu and Popescu [11,
12] presented analogous results in the non-commutative
fuzzy framework where the truth value structure is a gen-
eralized residuated lattice. In another direction, there also
have been a lot of works on generalizing fuzzy closure
operators and closure systems onto the fuzzy partially
ordered sets [14, 15, 21].

Recently, Fang and Yue [10] proposed a more general
notion of (v-consistent) L-fuzzy closure system which can
be viewed as an extension of Bélohlavek’s fuzzy closure
system. It provides another way to think about the notion of
fuzzy closure operator. However, as shown by Fang and
Yue, one weakness is that the correspondence between L-
fuzzy closure systems and fuzzy closure operators is not
one-to-one. This suggests that there may be more satis-
factory notions of fuzzy closure system in order to char-
acterize fuzzy closure operators.

In this paper, we propose a new notion of (v-consistent)
L"-closure L-system which can be viewed as an alternative
of fuzzy closure systems introduced by Bélohlavek [6]. To
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demonstrate its capability of characterizing (v-consistent)
fuzzy closure operators, we verify the bijective corre-
spondence between (v-consistent) L’-closure L-systems
and (v-consistent) L"-closure operators. Moreover, we
introduce the notions of v-consistent L"-closure system and
continuous mapping between L -closure systems. It is
shown that the categories of L"-closure L-system spaces,
L"-closure spaces and L"-closure system spaces are iso-
morphic with each other from the categorical viewpoint.

This paper is organized as follows. In Sect. 2, we recall
some preliminary notations and the notion of (v-consistent)
L"-closure operator. In Sect. 3, we propose the new con-
cept of (v-consistent) L -closure L-system and establish a
one-to-one correspondence between (v-consistent) L -clo-
sure L-systems and (v-consistent) L"-closure operators. In
Sect. 4, we introduce the notion of v-consistent L"-closure
system and show that there exists a one-to-one corre-
spondence between (v-consistent) L"-closure L-systems
and (v-consistent) L’-closure systems. In Sect. 5, we
introduce the concept of continuous mapping between L -
closure system spaces and prove that the categories of (v-
consistent) L"-closure L-system spaces, (v-consistent) L
closure system spaces and (v-consistent) L"-closure spaces
are isomorphic with each other.

2 Preliminary

Truth value structures play an important role in fuzzy logic
[17]. Throughout this paper, we use complete residuated
lattices as truth value structures. Formally, a complete
residuated lattice is a structure L = (L, A, V,®,—,0,1)
such that: (L, A, V,0, 1) is a complete lattice where 0 is the
least element and 1 is the greatest element; (L,®,1) is a
commutative monoid, i.e., ® 1S commutative associative
operator on L, and x ® 1 = x holds forany x € L; x<y —
74 x®y<zholds for any x,y,z € L.

Let L be a complete residuated lattice. Given x,y,z € L
and {x;};c; C L, where I is an index set, the following
properties will be needed in the sequel:

(H0—x=1 2)1 —x=x
B)x<y=x0z<y®z (Ax<y=z—x<z—Yy
BOx<y=x—z>y—z (6)x<yiff x—>y=1
(Mx@(x—y)<y B)x<(x—y)—y
Ox—(—z)=y—(x—2)

=(x®y)—z (10)x = (Nigs Xi) = Ny (x = xi)

(AD)x® (Aigrx1) < Nigy(x®x7)

For more properties of complete residuated lattices one can
refer to [20].

Recall that in [6], the notion of truth stresser was used to
express the meaning ”(very) true” in the study of fuzzy

closure operators. Formally, a truth stresser on a complete
residuated lattice L is a unary function * : L — L which
sends any element a € L to a* € L. In this paper, we only
need the following properties of truth stresser: for any
a,bel,

() 1*=1;2) a* <a; (3) (a — b)" <a* — b".

It is easy to verify that the following consequences
follows immediately from (1)—(3):

@ a<b=a"<b; (B)a@b<(axb)".

Particularly, if  satisfies a* = a for any a € L, then x is
called the identity on L. In the sequel of this paper, we will
always use the notation * to denote a general truth stresser
unless otherwise specified. More properties of truth stresser
can be referred to [16].

Now we recall some common notations in the frame-
work of fuzzy set theory. Let X be a universe. The
notation LX denotes the family of all L-sets on X. Given
a € L, L-set y, is defined by y,(x) = a for any x € X. For
a€Land A € L*, L-set a ® A is defined by (a ® A)(x) =
a®@A(x) foranyxe€ X, anda - Aby (a - A)(x) =a—
A(x) for any x € X. Given A,B€L*, ACB means
A(x)<B(x) for any x € X. The subsethood degree
S(A, B) is defined by S(A,B) = A,cxA(x) — B(x). It is
obvious that A C B is equivalent to S(A,B) = 1. For any
family {A;},; C L*, L-sets | J,.; A; and [),c; A; are given
pointwisely, i.e., for any x € X, |J;c;Ai(x) = Vg Ai(x)
and (g Ai(x) = Ay Ailx). i

We recall the notion of L -closure operator which may
be initially developed in [6].

Definition 2.1 Let C:L*X — LX be a mapping, v € L
and A,A;,A, € LX. Consider the following conditions:

(LC1) A C C(A);

(LC2) S(A1,A2)" <S(C(A)),C(A));
(LC3) €(A) = C(C(A));

(LC4) v® C(A) C C(v @ A).

Then C is called an L -closure operator on X if it satisfies
(LC1)-(LC3). An L"-closure operator satisfying (LC4) is
said to be v-consistent.

In the sequel, if C is an (v-consistent) L -closure oper-
ator on X, then the pair (X, C) is called an (v-consistent)
L -closure space on X.

3 L’-closure L-systems and L"-closure Operators

In this section, we propose a new notion of L-fuzzy closure
system, namely, L -closure L-system, and investigate the
fundamental properties. We show that there is a one-to-one
correspondence between (v-consistent) L"-closure L-sys-
tems and (v-consistent) L"-closure operators.
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Definition 3.1 Let 4:L¥ — L be an L-set on L* and
v € L. Then A is called an L -closure L-system on X if for
any A € L¥, there exists A € LX such that

(LLS1) A(A) = S(A,A);
(LLS2)A(A) = S(A,A)" = 1;
(LLS3)for any BeclLX, if
S(A,B)" <S(A,B).

If, in addition, for any A € X,
(LLS4) A(A) < A(v — A),
then / is called a v-consistent L"-closure L-system on X.

For any L”-closure L-system A on X, the L-set A in the
sense of Definition 3.1 is called the closure of A with
respect to A.

In the sequel, if A is an (v-consistent) L"-closure L-
system on X, then the pair (X, 1) is called an (v-consistent)
L"-closure L-system space on X.

Remark 3.1 It is not difficult to verify that the closure of
A with respect to an L'-closure L-system / is unique.
Indeed, suppose that both A and A’ are L"-closures of A €
[X with respect to 1. Since A(A’) =1, it holds that
S(A,A")* <S(A,A") by Definition 3.1(LLS3). As
S(A,A")" =1, it follows that S(A,A’) = 1. On the other
hand, S (A’,A) = 1 can be proved similarly. Thus, we have
A=A

Example 3.1 Consider the singleton X = {x} and the real
interval L =10,1] with the FLukasiewicz t-norm &
defined by s ® t = max {s+7— 1,0} and the associated
implication — defined by s — = min {1 —s+1,1}. It
is easy to check that (L,A,V,®,—,0,1) is a complete
residuated lattice. In this case, the family of all L-sets on
X are exactly {y,|a € L}. Let * be the identity on L,
i.e., for any a € L, a* = a. Define a mapping /4 : [X —
L by letting A(y,) =%+ a for any a € [0,1) and A(y,) =
1 for any a € [ 1]. It is trivial to check that 2 is an L'-
closure L-system on X. Particularly, the closure of y, for
any a € [0,1) with respect to / is Za; and the closure of

%, for any a € [%, 1] with respect to 4 is y;. Moreover,
if we choose v = %, then we can readily check that 4 is

y-consistent.

Proposition 3.1 Let A be an L'-closure L-system on
X. Then for any A, B € L, we have S(A,B)" <S(A, B).

Proof Suppose A,B € LX. As S(B,B)* =1, we have
S(A,B)" = S(A,B)* ® S(B,B)" < (S(A,B)® S(B, ))

S(A,B)". Since A(B) = 1, it follows that S(A, B)" < S(A, B)
from Definition 3.1(LLS3). Thus, we have S(A,B)" <
S(A,B). O

@ Springer

Proposition 3.2 If / is an L -closure L-system on X, then
(y1) = 1and A, A(A;) < A((;; Ai) holds for any family
{Ai }iel < Lx.

Proof By Definition 3.1(LLS2), we have S(y;,7;) =1
which implies y; = y,. By Definition 3.1(LLS1), it holds

that 2(,) = S(x1, 1) = 1.
For any family {A;},., C L*, we have

/\ieIS(f‘TiaAi) = Ner /\xexg‘( ) —>A~(x)
> /\zel /\XGX(/\]GI ( ) — Ai(x))
= Nsex /\zEl(/\JEI Aj j(x) = Ai(x))
< Avex(Nier Ai(x) = Nigr Ai(x)
< Auex(Nicr i) = (Mg A1) (x))
= S(ier A, Ny A7)
This implies that A;_; A(A;) < (e Ai)- O

From Proposition 3.2, we can easily see that our pro-
posed notion of L *-closure L-system is a special cases of
L-fuzzy closure systems which were introduced in [10].
The following example shows that the inverse of Propo-
sition 3.2 does not hold necessarily.

Example 3.2 Let X = {x} be a single-point set, L the real
interval [0, 1] with the Lukasiewicz t-norm & and the
implication — as given in Example 3.1 and * the identity
on L. Define a mapping 4 : X — L by A(A) =1 if A =
%12, %1 and Z(A) = 0 otherwise. It is trivial to check that 4
satisfies A(y;) =1 and A, A(A;) <A, Ai) for any
family {A;},,; C L*. However, 1 is not an L"-closure
L-system. Indeed, for A = y, 3, there does not exist any

L-set A € LX such that ) = S(fi,;{m) and A(A) = 1.

Theorem 3.1 Let /. be an L-set on L*. Then the following
are equivalent:

(1) Aisan L -closure L-system on X.
(2) For any A€LX it holds that A(Ag) =1 and

A(A) = S(Ao,A), where
Av= ] S@AA) —A.
AeLX J(A)=1

Proof (1) = (2): Let 4 be an L -closure L-system on
X. We want to prove Ay is exactly the closure of A with

respect to /, i.e., Ag = A. On the one hand, suppose A; € X

and A(A;) =1. By Definition 3.1(LLS3), we have
S(A,A;)* <S(A,A;) which implies that S(A,A;)" <A(x) —
A;(x) for any x € X. This implies that A(x) <S(A,A;)* —
A;(x) for any x € X, which means A C S(4,4,)" — A,.
A CAp. On the hand, since

Hence, other
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J(A) = S(A,A)" =1, we have Ay(x) <S(A,A)" — A(x) =
1 — A(x) = A(x) for any x € X, which implies Ay C A.
Therefore, Ay = A. By Definition 3.1(LLS1) and (LLS2),
we obtain A(Ag) =1 and 1(A) = S(Ap,A).

(2) = (1) : To prove 4 is an L -closure L-system on X,
we only need to verify that Aq satisfies (LLS1)-(LLS3).
First, it is clear that A(A) = S(Ap,A) and A(Ag) =1 by
hypothesis. Second, to prove S(A,Ap)” = 1, we have the
following equivalences: S(A,Ap) =1 iff for any x € X,
A(X) < Aserx pan=1 S(A,A)" — A;(x) iff  for any
A; € LX with A(A) =1, A(x) <S(AA)" — Ai(x), ie.,
S(A,A;)" <A(x) — A;(x) which immediately follows from
S(A,A;)" <S(A,A;) and S(A,A;) <A(x) — A;(x). Finally,
suppose B € X and /(B) =1. We have: S(A,B)" <
S(Ao, B) iff for any x € X, S(A,B)" <Ao(x) — B(x) iff
S(A,B)" ® Ag(x) <B(x), i.e, S(A,B)" @ Ay crx san=1 S(A,

A;)" — A;(x) < B(x) which is true. Indeed, since A(B) = 1,
S(A,B)" @ Nycpes ): | S(A,A)" — Ai(x) <S(A,B)" @ (S
(A,B)" — B(x)) <B(x). Therefore, . is an L’-closure
L-system on X. O

Proposition 3.3 Let A be an L'-closure L-system on
X. Then for any A € L*, we have

S(A,A)" — A= (] A(B) @ S(A, B)"

Ai€LX A(A)=1 BelX

— B = ﬂ A;.

ACALA(A)=1

Proof We first prove (T cpx ;a1 S(A,A)" — A; =
mAgAi,i(Ai):lAi' On the one hand, it is easy to see that
A C A; is equivalent to S(A,A;)" = 1. It thus follows that
Maerxaay=r SAA)" — Ai € Naca, a1 Ai- On  the
other hand, since S(A,A)" =1, we have A CA,
which implies that (V44 54,21 Ai C A. Since A=
Maerx aan=1 S(A;Ai)" — A; by the proof of Theorem 3.1,
we have nACA aan=1Ai € Maerr s = 1S(A,A)" — Ay
Therefore, (Vy cpx j(a)=1 S(A,A))" = Ai = Nacy, Aan=14i-

Now  we prove  (\ycpx -1 S(A,A)" — A=
Nperx A(B)®  S(A,B)" — B. On the one hand, as
{S(A,A)" — A;|A; € LY A(A) = 1} € {A(B)® S(A,B)"
— B|B € LX} we have (zex A(B) @ S(A,B)" — B C
Macrx i(a)=1 S(A,A;)" — A;. On the other hand, it suffices
to prove A C Nperx A(B) @ S(A,B)" — B by Theorem 3.1.
In this end, for any B € X,

ACi(B)®S(A,B)" =B < A(B)®S(A,B)*®ACB
& S(B,B)®S(A,B)" @ ACB
(because A(B) = S(B,B)
by Definition 3.1(LLS1))
& S(B,B)®S(A,B)" <S(A,B)

The last inequality holds because S(A,B)" <S(A,B) by
Proposition 3.1. O

Given an L"-closure L-system A, we can naturally define
an operator C; : LX — X by

Ci(A)=A

where A is the closure of A with respect to A. By Propo-
sition 3.3, C, can be defined equivalently by

C}L(A) = S(A,Al)* — Ai-
AeLX A(A)=1
Proposition 3.4 If /1 is an (v-consistent) L"-closure L-

system on X, then C; is an (v-consistent) L"-closure
operator.

Proof Suppose / is an L'-closure L-system on X. For
(LC1), suppose A € L*, we have S(A,C;(A)) = S(A,A) =
1 which immediately follows from S(A,A)* =1 and
S(A,A)" < S(A,A).

For (LC2), suppose A;,A, € LX. Because S(AZ,AZ)
=1, we have S(Aj,A))" =S(A,Ay)" ®S(A2,A2) <
(S(A1,A) @ S(Ar, A7))" <S(Ay,A,)". Since A(A;) = 1, it
follows from Definition 3.1(LLS3) that S(Al,:(z)*
<S(A[,A;). Therefore, S(A;,A2)" <S(A;,A;), ie.,
S(A1,4;)" <S(Ci(A1), Ci(Az)).

For (LC3), suppose A € LX. By Definition 3.1(LLS2), it
is obvious that S(A, j) = 1. Moreover, since A(A) = 1, by
Definition 3.1(LLS3), 1 = S(4,4)" <S(A, ). This implies
S(A A) = 1. We thus have A = 4, i.e., C;(A) = C,C;(A).

For (LC4), suppose A is a v-consistent L°-closure
L-system on X. For any A € L* and x € X, we have

Ci(A)(x) = /\A,»ELX,).(A;):I S(A,A)" — Ai(x)
< /\A,-ELX,)M(A,'):I S(A, v — A)" — (v — Aj)(x)
= /\A eLX LS AA) — (v — Aix)
_/\AeLX 1V_’(S(V®A Ai)" — Ai(x))

=V /\A,ELXJ(A;):I S(v®A,A)" — Ai(x)
=v—C(v®A)(x).

@ Springer
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This implies that C;(A) Cv — Cy(v® A), i.e.,, v® C;(A)
CC(veA). O

Given an L"-closure operator C on X, define an L-set A¢
on LX by

4c(A) = S(C(A),A).

Proposition 3.5 If C is an (v-consistent) L'-closure
operator, then Ac is an (v-consistent) L"-closure L-system.

Proof Suppose C is an L'-closure operator. For any
A € IX, we prove that C(A) satisfies conditions (LLS1)-
(LLS3) in Definition 3.1. First, (LLS1) is clear from the
definition of Ac. For (LLS2), by Definition 2.1(LC3),
Ac(C(A)) =S(CC(A),C(A)) =1. In addition, since
A C C(A), we have S(A,C(A))" = 1. Finally, for (LLS3),
suppose B € L* and Ac(B) = 1, then S(C(B),B) = 1. As
S(B,C(B)) = 1, it follows that B = C(B). By Definition
2.1(LC2), we have S(A,B)" <S(C(A),C(B)) =S(C(A),B).
Suppose C is a v-consistent L *-closure operator. From
the proof above, we only need to prove Ac(A) < Ac(v — A)
for any A € LX. By the definition of /c, it is equivalent to
prove that for any A € L*, S(C(A),A) <S(C(v — A),v —
A) iff for any x € X, S(C(A),A)<C(v — A)(x) = (v —
A)(x) iff S(C(A),A) @ C(v —A)(x)<(v—A)(x) iff v®
S(C(A),A) ® C(v — A)(x) <A(x) which is true. In fact,

S —

vRS(C(A),A)RC(v—A)(x) <S(C(A),A)®C(r®(v—A))(x)
<S(C(A),A) @ C(A)(x)
<A(x).

O

From Proposition 3.4 and Proposition 3.5, we have the
following theorem.

Theorem 3.2 Ler /. be an (v-consistent) L'-closure
L-system on X and C an (v-consistent) L"-closure operator
on X. Then A= ic, and C = Cj, i.e., mappings A—C),
and C— /J¢c form a one-to-one correspondence between (v-
consistent) L"-closure L-systems on X and (v-consistent)
L -closure operators on X.

Example 3.3 The L -closure operator associated with the
L *-closure L-system given in Example 3.1 is precisely the
mapping on L* which sends y,, to z, for any a € [}, 1] and
Ya 1O 11 for any a € [0,%). Moreover, it is routine to check

that this L"-closure operator is v-consistent for v = %

From Proposition 3.2 and Theorem 3.2, we immediately
have the following result.

Corollary 3.1 Let C be an L'-closure operator on X.
Then C(y,) =z, and for any family {A;},.; C L*,

@ Springer

A\ S(C(4),A) < S(C <ﬂA,-> , ﬂA,-) :

icl icl icl

4 L’-closure Systems

In this section, we first introduce the notion of v-consistent
L"-closure system based on the notion of L -closure sys-
tem introduced by Bélohlavek in [6]. Then we study the
connection between (v-consistent) L’-closure L-systems
and (v-consistent) L"-closure systems. It is shown that a
one-to-one correspondence can be established between
them.

Definition 4.1 Let o C LY and v € L. Then p is called an
L"-closure system on X if for any A € LX,

[ S@A.4) — A €p.
Aicp

If, in addition, for any A € L*,

Ve ﬂ S(A,4;)" — A; C ﬂ S(v®AA)" — A,

Ai€p Ai€p
then g is called a v-consistent L -closure system on X.

For any L'-closure system ¢ on X, the L-set
Naco S(A,A))" — A; is called the closure of A with respect
to .

In the sequel, if g is an (v-consistent) L"-closure system
on X, then the pair (X, ) is called an (v-consistent) L’-
closure system space on X.

The following proposition gives an equivalent charac-
terization of the notion of L'-closure system.

Proposition 4.1 [14] Let p = {A;},, be a subset of L.
Then g is an L -closure system on X if and only if for any
A € ¥, there exists Ay € p such that S(A,Ap) =1 and
S(A,A;)" <S(Ap,A;) for any i € 1.

Now we discuss the relationship between L°-closure
systems and L *-closure L-systems. Given an L"-closure
L-system A on X, define a system p, by

o, = {A; € L¥| M(A) = 1}.

By Theorem 3.1, it is easy to see that g, is an L"-closure
system.

Conversely, given an L"-closure system g on X, define a
mapping Z, : LY — L by

iKD(A) = S< m S(A7Al)a< - Ai7A> .
A,‘Eg)

Proposition 4.2 If o is an (v-consistent) L"-closure sys-
tem, then /, is an (v-consistent) L"-closure L-system.
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Proof Suppose g is an L -closure system. Given A € L¥,
denote Ag = (¢, S(A,A;)" — A;. In order to prove A, is
an L"-closure L-system, we need to check that A, satisfies
conditions (LLS1)-(LLS3) in Definition 3.1.

From the definition of A,, (LLS1) is clear.

For (LLS2), we observe that (), ¢, S(A,A) — A=A
for any A € p. Therefore, we have Z,(Ao) =S(e,
S(Ao,A[)* —>A[,A0) = S(A(),Ao) = 1.

In addition, we have
S(A,A0)"=1 & S(A,A) =1

SACAy

& (WreX)A(x) < /\A’_GQS(A,A,-)* — A;(x)
& (Vx e X)A(x) <S(A,A)" — Ai(x)

< (Vx € X)S(A,A;)" <A(x) — Ai(x).

Since the last statement is obvious, we have S(A,A¢)" = 1.

Suppose B € LX and A,(B) = 1. Denote By = Naco
S(B,A;)" — A;. It is easy to verify that S(B, By) = 1. Since
S(Bo,B) = 4,(B) = 1, we have B = B, € . Therefore, for
(LLS3), we only need to prove S(A, B)* < S(Ao,By), i.e.,
S(A,B)" <S(Maep S(A, A1) — Ai, Ny, S(B,A) — Ai)
which is equivalent to S(A,B)"® A, ., S(A,A)" —
Ai(x) < Nae, S(B,Ai)" — Ai(x) for any x € X.

For the last inequality, it suffices to check that for any
jE T with A; € o, Ay, S(A,B)* @ (S(A,A)" — Ai(x)) <
S(B,A;)" — Aj(x) which is equivalent to S(B,A;)" ®
Naco S(A,B)" @ (S(A,A;)" — Ai(x)) <A;j(x) which is true
because

S(B,A))" @ Ny, S(A,B)” ® (S(A,Ai)" — Ai(x))

< Macp S(B,A)) @ S(A, B)” ® (S(A,A)" — Ai(x))

< Maeo S(A,A)" @ (S(A, 4)" — Aifx))

<S(A,A)" @ (S(A,4))" — Aj(x))

<Aj(x).
Suppose ¢ is a v-consistent L -closure system. From the
proof above, we only need to prove A,(A4) < A,(v — A) for
any A € LX. By the definition of Ao, we need to prove
S(Maeo SAA) — ALA) <S(Nye, SO — AA) —
Aj,v — A). Since S(Nye, SO — A,4)" — A,y — A) =
S @ Maep Sv—A,4;)" — A;,A), it suffices to prove
Ve ﬂA,-ep S(v — AA)" — A C mA,ep S(AvAi)* — A;
which is true. Indeed, for any x € X,

(9 Mgy SO AA) = A)E) =1 Ay, S—AA)
— Ai(x)
< AaeoSOv® (v—A),A)"
— Ai(x)
< AaepS(A,A)" — Ai(x)
= (Na,epSAA)" — Aj) (x).

O

Proposition 4.3 If 1 is an (v-consistent) L"-closure L-
system, then p, is an (v-consistent) L"-closure system.

Proof Suppose 4 is an L"-closure L-system. It is easy to
see that p, is an L"-closure system by Theorem 3.1.
Now suppose 4 is a v-consistent L -closure L-system.
We need to check that for any AcL¥, v®
Naerx iy SAA) = A C My (A) = 1S(v @A,
A = A equivalent  t0 [y cpx ja,)=1
S(A,A)" = AL SV = Maerria)=1 SO AA) — A

which is true. Indeed,

mAiELX‘A(Aj):l S(A7Al)* _>Ai g ﬂA,‘ELXJV(A,-):l S(A,V —>Al)*

which s

—(v—A)

=Maerxza)=1 50 ®AA)
—(v—A)

=V = Maerian=1 SV ®A,A)"
—>Ai.

O

Based on Proposition 4.2 and Proposition 4.3, it is easy
to get the following theorem.

Theorem 4.1 Let ). be an (v-consistent) L' -closure L-
system on X and o an (v-consistent) L -closure system on
X Then /.= 4, and p = ©,,, i.e., mappings A—p, and
— A, form a one-to-one correspondence between (v-
. * .
consistent) L -closure L-systems on X and (v-consistent)
L -closure systems on X.

Example 4.1 The L -closure system associated with the
L' -closure L-system given in Example 3.1 is exactly the
family p = {y, | a € [},1]}. It is routine to check that this
L"-closure system is v-consistent for v = % Moreover, we

can readily check that: for any a € [O,%), the closure of
A=y,is pax and for any a € [%, 1], the closure of A = y, is

L1
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5 The Category of L -closure L-system Spaces

Let A, and A, be L'-closure L-systems on X and Y re-
spectively. A mapping f : X — Y is said to be continuous
from (X, 4,) to (Y, 4,) if 1,(W) <A, (f~(W)) holds for any
W e LY, where f~ (W) = W of. The category of L"-clo-
sure L-system spaces with continuous mappings being
morphisms is denoted as CLSS. Given a fixed element
v € L, the category of v-consistent L’ -closure L-system
spaces with continuous mappings being morphisms is
denoted as ¢CLSS. Suppose Cx and Cy are L’-closure
operators on X and Y respectively. A mapping f : X — Y
is said to be continuous from (X,Cx) to (Y,Cy) if
Cx(f—(W)) Cf‘_(Cy( )) holds for any W e LY. The
category of L'-closure spaces with continuous mappings
being morphisms is denoted as CS. The category of v-
consistent L’-closure spaces with continuous mappings
being morphisms is denoted as cCS.

Based on the relationship between L -closure systems,
L"-closure L-systems and L"-closure operators obtained in
Sects. 3 and 4, a natural question arises that whether we can
develop continuous mappings between L"-closure system
spaces. In this respect, we give the following definition.

Definition 5.1 Let (X,p,) and (Y,p,) be L’-closure
system spaces. A mapping f : X — Y is said to be con-
tinuous if for any W € LY,

() S¢=(W),4)" = A C (7] S(W.B)" — [~ (B).

Ai€py Bicp,

In the following, the category of L'-closure system
spaces with continuous mappings being morphisms is
denoted as CSS. The category of v-consistent L -closure
system spaces with continuous mappings being morphisms
is denoted as cCSS.

It is easy to see that all categories mentioned above are
concrete categories. Moreover, categories cCLSS, cCS,
and c¢CSS are subcategories of CLSS, CS, and CSS,
respectively. In the sequel of this section, we will only
focus on the interrelations of these categories instead of
categorical properties of themselves. One can refer to [1]
for more content about concrete categories.

Proposition 5.1 Let (X,Cx) and (Y, Cy) be L"-closure
spaces. If f is a continuous mapping from (X,Cx) to
(Y, Cy), then fis continuous from (X, 4. ) to (Y, 4. ).

Proof Suppose W € LY, we need to prove e, (W) <
Jeg f(W)), ie., S(Cy(W), W) <S(Cx(f~(W)),f~(W))
which is true. Indeed,

@ Springer

S(Cr(W), W) = Ny r(W)(y) — W(y)
< Auex Cr(W)(F(x) — W(f(x))
< Avex C (W) () = f~ (W) (%)
)

= S(Cx(F=(W)).f=(W)).

O

Proposition 5.2 Let (X, ,) and (Y, 2,) be L"-closure L-
system spaces. If fis a continuous mapping from (X, 4, ) to
(Y, 4,), then fis continuous from (X, C; ) to (¥,C; ).

Proof Suppose W € L*, we need to prove C; (f~(W))
cro(c
Ci, (F=(W))

7, (W)), which is true. In fact, we have
mAELXA _iS(Wof ,Ai)" — A
CﬂBeLY) 1S(W°f7 of )" — (Biof)
CﬂBeLY) 15( B;)" — (Biof)
(ﬂBeLY) L (B)=1 S(WvBi) — Bj)of
=f7(Cs, (W)).

O

Proposition 5.3 Let (X, 4,) and (Y, 2,) be L"-closure L-
system spaces. If f is a continuous mapping from (X, 4,) to
(Y, Z,), then fis continuous from (X, p, ) to (¥, ;).

Proof Suppose W € LY, we have
Maep, ST (W),A) =Maieg,,
C ﬂB,-ng,»Y
— (Bjof)
CNbey, SOW.B) = (Biof)
=iey, SOW.B) =7~ (B).

S(Wof,A))" — A
(W0f7BiOf)*

This means that fis continuous from (X, o, ) to (¥, ; ). O

Proposition 5.4 Let (X,p,) and (¥, p,) be L’ -closure
system spaces. If fis a continuous mapping from (X, p, ) to
(Y, ,), then fis continuous from (X, 4, ) to (¥, 4, ).

Proof Suppose W €LY, we need to

o, (W) <A (f~(W)). Indeed, we have

Ao (F= (W) =8(Naep, SWof,Ai)" — A, Wo f)
> S(mB,eg)y S(W,B;)" — Biof,Wof)
= SNy, SOW.BY' — B) of, W o)
>S(Mpep, S(W,B))" — Bi, W)
= ’Ipy (W).

prove
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From Theorem 3.2, Theorem 4.1 and Propositions 5.1—
5.4, we have the following result.

Theorem 5.1 (1) The categories CS, CSS and CLSS are
isomorphic with each other, (2) The categories cCS, cCSS
and c¢CLSS are isomorphic with each other.

6 Conclusions

In this paper, we first proposed the notion of (v-consistent)
L'-closure L-system where L is a complete residuated
lattice and ~ is a truth stresser on L. We investigated the
relationship between (v-consistent) L’-closure L-systems
and (v-consistent) L"-closure operators. Our results show
that a one-to-one correspondence can be established
between these two structures. Furthermore, we proposed
the notion of v-consistent L -closure system and showed
that the notion of (v-consistent) L"-closure L-system pro-
vides an alternative way to characterize (v-consistent) L'-
closure systems. Finally, we put (v-consistent) L -closure
system spaces into categories in virtue of the notion of
continuous mapping and proved that the categories of (v-
consistent) L"-closure L-system spaces, (v-consistent) L'
closure spaces and (v-consistent) L"-closure system spaces
are isomorphic with each other. Our results verify the
capability of our proposed notion of (v-consistent) L
closure L-system in characterizing fuzzy closure systems
existing in the literature.
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