
Existence and Exponential Stability of Periodic Solution to Fuzzy
Cellular Neural Networks with Distributed Delays

Changjin Xu1 • Qiming Zhang2 • Yusen Wu3

Received: 14 December 2013 / Revised: 4 September 2014 / Accepted: 28 February 2015 / Published online: 19 October 2015

� Taiwan Fuzzy Systems Association and Springer-Verlag Berlin Heidelberg 2015

Abstract In this paper, fuzzy cellular neural network

with distributed delays is investigated. By using Gaines and

Mawhin’s continuation theorem of coincidence degree

theory and the method of Lyapunov function, some suffi-

cient conditions for the existence and global exponential

stability of periodic solution of such fuzzy cellular neural

networks with distributed delays are established. An

example is given to illustrate the feasibility of our main

theoretical findings. Finally, the paper ends with a brief

conclusion. Some interesting numerical simulations that

complement our analytical findings.

Keywords Fuzzy cellular neural networks � Exponential

stability � Periodic solution � Distributed delay �
Topological degree theory � Global asymptotic stability

1 Introductions

It is well known that the cellular neural networks (CNNs)

are formed by many units called cells [1]. There are two

basic CNNs. One is traditional CNNs which were first

introduced by Chua and Yang [2, 3] and another is fuzzy

CNNs (FCNNs) [4, 5] which integrate fuzzy logic into the

structure of traditional CNNs and maintain local connect-

edness among cells. Different from previous CNNs,

FCNNs have fuzzy logic between their template and input

and/or output besides the ‘‘sum of product’’ operation.

During the last decades, many researchers reveal that

FCNNs have their potential in image processing and pat-

tern recognition. In hardware implementation, time delays

are inevitably occur due to the finite switching speed of the

amplifiers and communication time. The qualitative

research and analysis of FCNNs with delays have been

investigated by numerous authors and much richer

dynamics has been reported. For example, Wang and Ding

[6] focused on the synchronization for delayed non-au-

tonomous reaction–diffusion fuzzy cellular neural net-

works. Syed Ali and Balasubramaniam [7] considered the

global asymptotic stability of stochastic fuzzy cellular

neural networks with multiple discrete and distributed

time-varying delays. Long and Xu [8] studied the global

exponential p-stability of stochastic non-autonomous Tak-

agi–Sugeno fuzzy cellular neural networks with time-

varying delays and impulses. Rakkiyappan et al. [9]

investigated the sampled-data state estimation for Marko-

vian jumping fuzzy cellular neural networks with mode-

dependent probabilistic time-varying delays. Yang et al.

[10] gave a theoretical study on the exponential stability of

impulsive stochastic fuzzy cellular neural networks with

mixed delays and reaction–diffusion terms, Gan [11]

made a discussion on the exponential synchronization of
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stochastic fuzzy cellular neural networks with reaction–dif-

fusion terms via periodically intermittent control. Balasubra-

maniam et al. [12] presented the dynamical behaviors of

interval fuzzy cellular neural networks with mixed delays

under impulsive perturbations. Gan et al. [13] dealt with the

exponential synchronization of stochastic fuzzy cellular neu-

ral networks with time delay in the leakage term and reac-

tion–diffusion. Han [14] analyzed the global exponential

stability of delayed fuzzy cellular neural networks with

Markovian jumping parameters. Wang and Ding [15] estab-

lished the conditions for synchronization for delayed non-

autonomous reaction–diffusion fuzzy cellular neural net-

works. For more research on the dynamical behavior of fuzzy

cellular neural networks, one can see [7, 16–37, 46–48].

It must be pointed out that neural networks usually have

a spatial nature due to the presence of an amount of parallel

pathways of variety of axon sizes and length. A distribution

of conduction velocities along these pathways will lead to a

distribution of propagation delays. Thus, the time-varying

delays and continuous distributed delays are more appro-

priate to fuzzy cellular networks [38–42]. In this paper, we

consider the fuzzy cellular neural networks with distributed

delays as follows

dxiðtÞ
dt

¼ �aiðtÞxiðtÞ þ
Xm

j¼1

aijðtÞfjðyjðtÞÞ þ
Xm

j¼1

bijðtÞljðtÞ þ IiðtÞ

þ^m
j¼1 aijðtÞ

R t
t�s kjðt � sÞfjðyjðsÞÞdsþ ^m

j¼1TijðtÞljðtÞ
þ _m

j¼1 bijðtÞ
R t
t�s kjðt � sÞfjðyjðsÞÞdsþ _m

j¼1HijðtÞljðtÞ;
dyjðtÞ

dt
¼ �bjðtÞyjðtÞ þ

Xn

i¼1

cjiðtÞgiðxiðtÞÞ þ
Xn

i¼1

djiðtÞliðtÞ þ JjðtÞ

þ^n
i¼1 cjiðtÞ

R t
t�s kiðt � sÞgiðxiðsÞÞdsþ ^n

i¼1MjiðtÞliðtÞ
þ _n

i¼1 hjiðtÞ
R t
t�s kiðt � sÞgiðgiðsÞÞdsþ _n

i¼1NjiðtÞliðtÞ;

8
>>>>>>>>>>>>><

>>>>>>>>>>>>>:

ð1:1Þ

where aiðtÞ� 0; bjðtÞ� 0; aijðtÞ� 0; bijðtÞ� 0; i ¼
1; 2; . . .; n; j ¼ 1; 2; . . .;m; xiðtÞ and yj(t) stand for the

activations of the i-th neuron in theX-layer and j-th neuron in

the Y-layer, respectively, at time t; ^ and _ denote the fuzzy

AND and fuzzy OR operations, respectively; fj, j = 1, 2, …,

m, and gi, i = 1, 2, …, n, are the signal transmission func-

tions; aij(t) and bij(t) are the elements of fuzzy feedback MIN

and fuzzy feedback MAX in the X-layer at time t; Tij(t) and

Hij(t) are the elements of fuzzy feed-forward MIN and fuzzy

feed-forward MAX in theX-layer at time t; cij(t) and hji(t) are

the elements of fuzzy feedback MIN and fuzzy feedback

MAX in the Y-layer at time t, respectively; Mji(t) and

Nji(t) are the elements of fuzzy feed-forward MIN and fuzzy

feed-forward MAX in the Y-layer at time t, respectively; li(t)
and lj(t) stand for the external inputs at time t; Ii(t) and

Jj(t) are the bias of the i-th neurons in theX-layer and the bias

of the j-th neurons in the Y-layer at time t, respectively;

ki(s) C 0 is the feedback kernel, defined on the interval [0, s]

when s is a positive finite number or [0,?] while s is infinite.

Kernels satisfy
R s

0
kiðsÞds ¼ 1;

R s
0
kjðsÞds ¼ 1; i ¼ 1; 2; . . .;

n; j ¼ 1; 2; . . .;m:

Throughout this paper, we always make the following

assumptions:

(H1) aiðtÞ; bjðtÞ; aijðtÞ; bijðtÞ; cjiðtÞ; djiðtÞ; aijðtÞ; bijðtÞ; cji
ðtÞ; hjiðtÞ; TijðtÞ;HijðtÞ;MjiðtÞ;NjiðtÞ; IiðtÞ; JjðtÞ are continu-

ous x-periodic functions.

(H2) fjð:Þ and gið:Þ are Lipschitz continuous on R with

Lipschitz constants L
f
j ; j ¼ 1; 2; . . .;m; and L

g
i ; i ¼ 1; 2;

. . .; n and fjð0Þ ¼ gið0Þ ¼ 0, i.e., for all x; y 2 R, one has

fjðxÞ � fjðyÞ
�� ��� L

f
j x� yj j; giðxÞ � giðyÞj j � L

g
i x� yj j:

(H3) There exist constants Fj[ 0 and Gi[ 0 such that

fjðyÞ
�� ���Fj; giðyÞj j �Gi for i ¼ 1; 2; . . .; n; j ¼ 1; 2; . . .;m

and x; y 2 R.

The principle object of this article is to explore the

dynamics of system (1.1). That is, we will apply the

Mawhin’s continuous theorem [43] and the method of

Lyapunov function to study the existence and global

asymptotic stability of periodic solutions of system (1.1).

The remainder of the paper is organized as follows: in

Sect. 2, applying the coincidence degree and the related

continuation theorem, some sufficient conditions for the

existence of periodic solution of difference equations are

established. Using the method of Lyapunov function, a

series of sufficient conditions for the global asymptotic

stability of the system are obtained in Sect. 3. In Sect. 4,

we give an example and its numerical simulations which

show the feasibility of the main results. The paper ends

with a brief conclusion in Sect. 5.

2 Existence of Periodic Solutions

For convenience in the following discussing, we always

use the notations:

f� ¼ min
t2½0;x�

jf ðtÞj; fþ ¼ max
t2½0;x�

jf ðtÞj;

f :¼ 1

x

Z x

0

f ðtÞdt; fk k2 ¼
Z x

0

f ðtÞj j2dt

� �2

;

where f(t) is an x-periodic function defined on R. For any

solutions

zðtÞ ¼ xðtÞT ; yðtÞT
� �T

¼ ðx1ðtÞ; x2ðtÞ; . . .; xnðtÞ; y1ðtÞ; y2ðtÞ; . . .; ymðtÞÞT

and

z�ðtÞ ¼ x�ðtÞT ; y�ðtÞT
� �T

¼ x�1ðtÞ; x�2ðtÞ; . . .; x�nðtÞ; y�1ðtÞ; y�2ðtÞ; . . .; y�mðtÞ
� �T
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of system (1.1), we define

/T ;uT
� �T� x�T � y�T

� �T���
��� ¼

Xn

i¼1

max
t2½0;x�

/iðtÞ � x�i ðtÞ
�� ��

þ
Xm

j¼1

max
t2½0;x�

ujðtÞ � y�j ðtÞ
���

���:

In order to obtain the existence of periodic solutions of

(1.1), we shall first make the following preparations.

Let X, Y be normed vector spaces, L : DomL � X ! Y

be a linear mapping, N : X ! Y be a continuous mapping.

The mapping L will be called a Fredholm mapping of index

zero if dim KerL ¼ co dim ImL\þ1 is closed in Y. If

L is a Fredholm mapping of index zero and there exist

continuous projectors P : X ! Y and Q : X ! Y such that

ImP ¼ KerL, ImL ¼ KerQ = Im(I � QÞ. It follows that

LjDomL \ KerP: ðI � PÞX ! ImL is invertible. We denote

the inverse of that map by KP. If X is an open bounded

subset of X, the mapping N will be called L-compact on X

if QNðXÞ is bounded and KPðI � QÞN:X ! X is compact.

Since ImQ is isomorphic to KerL, there exists an isomor-

phism J: ImQ ! KerL:

Lemma 2.1 ([43] Continuation Theorem) Let L be a

Fredholm mapping of index zero and N be L-compact on X.

Suppose

(a) For each k 2 ð0; 1Þ, every solution x of Lx ¼ kNx is

such that x 62 oX;

(b) QNx 6¼ 0 for each x 2 KerL \ oX and degfJQN;
X \ KerL; 0g 6¼ 0.

Then the equation Lx ¼ Nx has at least one solution

lying in DomL \ X.

Lemma 2.2 Aperiodic solution x�TðtÞ; y�TðtÞð ÞT of system

(1.1) is said to be globally exponentially stable if there exist

constants c[ 0 and M� 1 such that xiðtÞ � x�i ðtÞ
�� ��

�M ð/T ;uTÞT � ðx�T � y�TÞT
�� ��e�ct; for all t[ 0; i ¼

1; 2; . . .; n; yjðtÞ � y�j ðtÞ
���

����M ð/T ;uTÞT � ðx�T
�� �y�TÞT

ke�ct; for all t[ 0; i ¼ 1; 2; . . .; n; for any solution of

system (1.1).

Lemma 2.3 Let x and y be two states of system (1.1).

Then

^n
j¼1aijðtÞgjðxÞ � ^n

j¼1aijðtÞgjðyÞ
���

����
Xn

j¼1

aijðtÞ
�� �� gjðxÞ � gjðyÞ

�� ��

and

_n
j¼1bijðtÞgjðxÞ � _n

j¼1bijðtÞgjðyÞ
���

����
Xn

j¼1

bijðtÞ
�� �� gjðxÞ � gjðyÞ

�� ��:

In the following, we will ready to establish our result.

Theorem 2.1 Suppose that the conditions (H1)–(H3)

hold, then system (1.1) has at least one x periodic solution.

Proof Let

X ¼ Z ¼ fz ¼ ðx1; x2; . . .; xn; y1; y2; . . .; ymÞT

2 CðR;RnþmÞ : zðt þ xÞ ¼ zðtÞg
ð2:1Þ

and define

jjzjj ¼
Xn

i¼1

max
t2½0;x�

jxiðtÞj þ
Xm

j¼1

max
t2½0;x�

jyjðtÞj; z 2 X or Z:

ð2:2Þ

h

Equipped with the above norm jj:jj, X and Z are Banach

spaces. Let

ðLzÞðtÞ ¼ _u ¼ du

dt
; ð2:3Þ

and

ðNzÞiðtÞ ¼ �aiðtÞxiðtÞ þ
Pm

j¼1

aijðtÞfjðyjðtÞÞ þ
Pm

j¼1

bijðtÞljðtÞ þ IiðtÞ

þ^m
j¼1 aijðtÞ

R t
t�s kjðt � sÞfjðyjðsÞÞdsþ ^m

j¼1TijðtÞljðtÞ
þ _m

j¼1bijðtÞ
R t
t�s kjðt � sÞfjðyjðsÞÞdsþ _m

j¼1HijðtÞljðtÞ;

ðNzÞnþjðtÞ ¼ �bjðtÞyjðtÞ þ
Pn

i¼1

cjiðtÞgiðxiðtÞÞ þ
Pn

i¼1

djiðtÞliðtÞ þ JjðtÞ

þ^n
i¼1 cjiðtÞ

R t
t�s kiðt � sÞgiðxiðsÞÞdsþ ^n

i¼1MjiðtÞliðtÞ
þ _n

i¼1 hjiðtÞ
R t
t�s kiðt � sÞgiðgiðsÞÞdsþ _n

i¼1NjiðtÞliðtÞ;

8
>>>>>>>>>>>><

>>>>>>>>>>>>:

ð2:4Þ

where z 2 X and i ¼ 1; 2; . . .; n; j ¼ 1; 2; . . .;m: Then it

is trivial to see that L is a bounded linear operator and

KerL ¼ lxc ; ImL ¼ lxc ; and dim KerL ¼ nþ m

¼ codim ImL, then it follows that L is a Fredholm mapping

of index zero. Define

Pz ¼ 1

x

Z x

0

zðtÞdt; z 2 X; Qz ¼ 1

x

Z x

0

zðtÞdt; z 2 Z:

It is not difficult to show that P and Q are continuous

projectors such that ImP ¼ KerL; ImL ¼ KerQ ¼ ImðI
�QÞ. Furthermore, the generalized inverse (to L) KP:

ImL ! KerP \ DomL exists and is given by KPðzÞ ¼Rx
0
zðsÞds� 1

x

Rx
0

R s
0
zðsÞds: Obviously, QN and KPðI �

QÞN are continuous. Since X is a Banach space, using the

Ascoli–Arzela theorem, it is not difficult to show that

KPðI � QÞNðXÞ is compact for any open bounded set Q �
X: Moreover, QNðXÞ is bounded. Thus, N is L-compact on

X with any open bounded set Q � X:

Now we are at the point to search for an appropriate

open, bounded subset X for the application of the
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continuation theorem. Corresponding to the operator

equation Lx ¼ kNx, k 2 ð0; 1Þ, we have

dxiðtÞ
dt

¼ k �aiðtÞxiðtÞ þ
Xm

j¼1

aijðtÞfjðyjðtÞÞ þ
Xm

j¼1

bijðtÞljðtÞ þ IiðtÞ
"

þ^m
j¼1 aijðtÞ

R t
t�s kjðt � sÞfjðyjðsÞÞdsþ ^m

j¼1TijðtÞljðtÞ

þ _m
j¼1 bijðtÞ

R t
t�s kjðt � sÞfjðyjðsÞÞdsþ _m

j¼1HijðtÞljðtÞ
#

dyjðtÞ
dt

¼ k �bjðtÞyjðtÞ þ
Xn

i¼1

cjiðtÞgiðxiðtÞÞ þ
Xn

i¼1

djiðtÞliðtÞ þ JjðtÞ
"

þ^n
i¼1 cjiðtÞ

R t
t�s kiðt � sÞgiðxiðsÞÞdsþ ^n

i¼1MjiðtÞliðtÞ

þ _n
i¼1 hjiðtÞ

R t
t�s kiðt � sÞgiðgiðsÞÞdsþ _n

i¼1NjiðtÞliðtÞ
#
:

8
>>>>>>>>>>>>>>>>>>>><

>>>>>>>>>>>>>>>>>>>>:

ð2:5Þ

Suppose that zðtÞ ¼ ðx1ðtÞ; x2ðtÞ; . . .; xnðtÞ; y1ðtÞ;y2ðtÞ;
. . .; ymðtÞÞT 2 X is an arbitrary solution of system (2.5) for

a certain k 2 ð0; 1Þ, integrating (2.5) over ½0;x�, we obtain

Rx
0
aiðtÞxiðtÞdt ¼

Rx
0

Pm

j¼1

aijðtÞfjðyjðtÞÞ þ
Pm

j¼1

bijðtÞljðtÞ þ IiðtÞ
"

þ^m
j¼1 aijðtÞ

R t
t�s kjðt � sÞfjðyjðsÞÞdsþ ^m

j¼1TijðtÞljðtÞ

þ _m
j¼1 bijðtÞ

R t
t�s kjðt � sÞfjðyjðsÞÞdsþ _m

j¼1HijðtÞljðtÞ
#

dt;

Rx
0
bjðtÞyjðtÞdt ¼

Rx
0

Pn

i¼1

cjiðtÞgiðxiðtÞÞ þ
Pn

i¼1

djiðtÞliðtÞ þ JjðtÞ
�

þ^n
i¼1 cjiðtÞ

R t
t�s kiðt � sÞgiðxiðsÞÞdsþ ^n

i¼1MjiðtÞliðtÞ

þ _n
i¼1 hjiðtÞ

R t
t�s kiðt � sÞgiðgiðsÞÞdsþ _n

i¼1NjiðtÞliðtÞ
#

dt:

8
>>>>>>>>>>>>>>>>>>><

>>>>>>>>>>>>>>>>>>>:

ð2:6Þ

In view of the hypothesis that z ¼ fzðtÞg 2 X, there exist

n; g 2 ½0;x� such that

xiðnÞ ¼ inf
t2½0;x�

fxiðtÞg;

yjðgÞ ¼ inf
t2½0;x�

fyjðtÞg ði ¼ 1; 2; . . .; n; j ¼ 1; 2; . . .;mÞ:

ð2:7Þ

From the first equation of (2.6), we have

�aixxiðnÞ�
Z x

0

Xm

j¼1

aijðtÞfjðyjðtÞÞ
�����

�����

"
þ
Xm

j¼1

bijðtÞljðtÞ
�����

�����

þ IiðtÞj j þ ^m
j¼1aijðtÞ

Z t

t�s
kjðt � sÞfjðyjðsÞÞds

����

� ^m
j¼1 aijðtÞ

Z t

t�s
kjðt � sÞfjð0Þds

����

þ _m
j¼1bijðtÞ

Z t

t�s
kjðt � sÞfjðyjðsÞÞds

����

� _m
j¼1 bijðtÞ

Z t

t�s
kjðt � sÞfjð0Þds

����

þ ^m
j¼1TijðtÞljðtÞ

���
���þ _m

j¼1HijðtÞljðtÞ
���

���
i
dt; ð2:8Þ

which leads to

xiðnÞ�
1

ai

Xm

j¼1

aþij þ aþij þ bþij

	 

Fj þ

Xm

j¼1

bþij l
þ
j þ Iþi

"

þ Tþ
ij þ Hþ

ij

	 

lþj

i
:¼ Ki; ð2:9Þ

where i ¼ 1; 2; . . .; n: From the second equation of (2.6),

we have

bixyjðgÞ�
Z x

0

Xn

i¼1

cjiðtÞgiðxiðtÞÞ
�����

�����

"
þ
Xn

i¼1

djiðtÞliðtÞ
�����

�����

þ jJjðtÞj þ ^n
i¼1cjiðtÞ

Z t

t�s
kiðt � sÞgiðxiðsÞÞds

����

� ^n
i¼1 cjiðtÞ

Z t

t�s
kiðt � sÞgið0Þds

����

þ _n
i¼1hjiðtÞ

Z t

t�s
kiðt � sÞgiðxiðsÞÞds

����

� _n
i¼1 hjiðtÞ

Z t

t�s
kiðt � sÞgið0Þds

����

þ ^n
i¼1MjiðtÞliðtÞ

�� ��þ _n
i¼1NjiðtÞliðtÞ

�� ���dt;
ð2:10Þ

which leads to

yjðgÞ�
1

bj

Xn

i¼1

cþji þ cþji þ hþji

	 

Gi þ

Xn

i¼1

dþji l
þ
i þ Jþj

"

þ Mþ
ji þ Nþ

ji

	 

lþi

#
:¼ Pj; ð2:11Þ

where j ¼ 1; 2; . . .;m: Setting t0 ¼ 0 and tqþ1 ¼ x and

according to (2.5), (2.9) and (2.11), we have

Z x

0

j _xiðtÞjdt�
Xqþ1

k¼1

Z t

k�1

j _xiðtÞjdt�
Z x

0

jaiðtÞjjxiðtÞjdt

þ
Z x

0

Xm

j¼1

jbijðtÞjjljðtÞjdtþ
Z x

0

jIiðtÞjdt

þ
Z x

0

Xm

j¼1

ðjaijðtÞjþjaijðtÞjþjbijðtÞjÞ
" #

jfjðyjðtÞÞjdt

þ
Z x

0

j^m
j¼1TijðtÞljðtÞjþj_m

j¼1HijðtÞljðtÞj
	 


dt

�
Z x

0

jaiðtÞj2dt

� �� Z x

0

jxiðtÞj2dt

� ��
þ
Xm

j¼1

Z x

0

jaijðtÞj2dt

� ��

	
Z x

0

jfiðyjðtÞÞj2dt

� ��
þ
Xm

j¼1

Z x

0

jaijðtÞj2dt

� ��

	
Z x

0

jfiðyjðtÞÞj2dt

� ��
þ
Xm

j¼1

Z x

0

jbijðtÞj2dt

� ��

	
Z x

0

jfiðyjðtÞÞj2dt

� ��
þ
Xm

j¼1

bþij l
þ
j xþIþi x
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þ Tþ
ij þ Hþ

ij

	 

lþj x� aþi jjxijj2

ffiffiffiffi
x

p

þ
Xm

j¼1

ffiffiffiffi
x

p
aþij þ aþij þ bþij

	 

Fj þ

Xm

j¼1

bþij l
þ
j xþ Iþi x

þ Tþ
ij þ Hþ

ij

	 

lþj x ð2:12Þ

Multiplying both sides of system (2.5) by xi(t) and

integrating over [0,x], we derive

0 ¼
Z x

0

xiðtÞ _xiðtÞdt ¼� k
Z x

0

aiðtÞx2
i ðtÞdt

þ k
Z x

0

Xm

j¼1

aijðtÞfjðyjðtÞÞxiðtÞdt

þ k
Z x

0

^m
j¼1aijðtÞ

Z t

t�s
kjðt � sÞfjðyjðsÞÞds

� 

xiðtÞdt

þ k
Z x

0

_m
j¼1bijðtÞ

Z t

t�s
kjðt � sÞfjðyjðsÞÞds

� 

xiðtÞdt

þ k
Z x

0

Xm

j¼1

bijðtÞljðtÞ þ IiðtÞ þ ^m
j¼1TijðtÞljðtÞ

"

þ _m
j¼1 HijðtÞljðtÞ

#
xiðtÞdt

ð2:13Þ

It follows from (2.13) and Lemma 2.3 that

a�i

Z x

0

jx2
i ðtÞjdt�

Z x

0

Xm

j¼1

jaijðtÞjjfjðyjðtÞÞjjxiðtÞjdt

þ
Z x

0

^m
j¼1aijðtÞ

Z t

t�s
kjðt � sÞfjðyjðsÞÞds

����

����jxiðtÞjdt

þ
Z x

0

_m
j¼1bijðtÞ

Z t

t�s
kjðt � sÞfjðyjðsÞÞds

����

����jxiðtÞjdt

þ
Z x

0

Xm

j¼1

bijðtÞljðtÞ þ IiðtÞ
�����

�����jxiðtÞjdt

þ
Z x

0

^m
j¼1TijðtÞljðtÞ þ _m

j¼1HijðtÞljðtÞ
���

���jxiðtÞjdt

�
Z x

0

Xm

j¼1

jaijðtÞjjfjðyjðtÞÞjjxiðtÞjdt þ
Z x

0

Xm

j¼1

jaijðtÞjjfjðyjðtÞÞjxiðtÞjdt

þ
Z x

0

Xm

j

jbijðtÞjjfjðyjðtÞÞjjxiðtÞjdt

þ
Z x

0

Xm

j¼1

jbijðtÞjjljðtÞj þ jIiðtÞj
 !

jxiðtÞjdt

þ
Z x

0

^m
j¼1jTijðtÞjjljðtÞj þ _m

j¼1jHijðtÞjjljðtÞj
	 


jxiðtÞjdt

�
Xm

j¼1

aþij þ aþij þ bþij

	 

Mj þ

Xm

j¼1

bþij lj þ Tþ
ij þ Hþ

ij

	 

lþj þ Iþi

" #

	
ffiffiffiffi
x

p Z x

0

jxiðtÞj2
� ��

:

ð2:14Þ

Then we get

jjxijj2 �
1

a�i

Xm

j¼1

aþij þ aþij þ bþij

	 

Mj þ

Xm

j¼1

bþij lj

"

þ Tþ
ij þ Hþ

ij

	 

lþj þ Iþi

#
ffiffiffiffi
x

p
:¼ Qi:ð2:15Þ

Thus it follows from (2.12) and (2.15) that
Z x

0

j _xðtÞjdt� aþi Qi

ffiffiffiffi
x

p
þ
Xm

j¼1

ffiffiffiffi
x

p
aþij þ aþij þ bþij

	 

Fj

þ
Xm

j¼1

bþij ljxþ Iþi xþ Tþ
ij þ Hþ

ij

	 

lþj x:

ð2:16Þ

Setting t0 = 0 and tq?1 = x and according to (2.5),

(2.11) and (2.16), we have

Z x

0

j _yjðtÞjdt�
Xqþ1

k¼1

Z t

k�1

j _yjðtÞjdt�
Z x

0

jbjðtÞjjyjðtÞjdt

þ
Z x

0

Xn

i¼1

jdjiðtÞjjliðtÞjdt þ
Z x

0

jJjðtÞjdt

þ
Z x

0

Xn

j¼1

ðjcjiðtÞj þ jcjiðtÞj þ jhjiðtÞjÞ
" #

jgiðxiðtÞÞjdt

þ
Z x

0

j ^n
j¼1 MjiðtÞliðtÞj þ j _n

j¼1 NjiðtÞliðtÞj
	 


dt

�
Z x

0

jbjðtÞj2dt

� �� Z x

0

jyjðtÞj2dt

� ��

þ
Xn

i¼1

Z x

0

jcjiðtÞj2dt

� �� Z x

0

jgiðxiðtÞÞj2dt

� ��

þ
Xn

i¼1

Z x

0

jcjiðtÞj2dt

� �� Z x

0

jgiðxiðtÞÞj2dt

� ��

þ
Xn

i¼1

Z x

0

jhjiðtÞj2dt

� �� Z x

0

jgiðxiðtÞÞj2dt

� ��

þ
Xn

i¼1

bþji l
þ
i xþ Jþj xþ Mþ

ji þ Nþ
ji

	 

lþi x

� bþj jjyjjj2
ffiffiffiffi
x

p
þ
Xn

i¼1

ffiffiffiffi
x

p
cþji þ cþji þ hþji

	 

Gi

þ
Xn

i¼1

dþji l
þ
i xþ Jþj xþ Mþ

ji þ Nþ
ji

	 

lþi x:

ð2:17Þ

Multiplying both sides of system (2.5) by yj(t) and

integrating over [0,x], we derive
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0 ¼
Z x

0

yjðtÞ _yjðtÞdt ¼� k
Z x

0

bjðtÞy2
j ðtÞdt

þ k
Z x

0

Xn

i¼1

cjiðtÞgiðxiðtÞÞyjðtÞdt

þ k
Z x

0

^n
i¼1cjiðtÞ

Z t

t�s
kiðt � sÞgiðxiðsÞÞds

� 

yjðtÞdt

þ k
Z x

0

_n
i¼1hjiðtÞ

Z t

t�s
kiðt � sÞgiðxiðsÞÞds

� 

yjðtÞdt

þ k
Z x

0

Xn

i¼1

djiðtÞliðtÞ þ JjðtÞ þ ^n
i¼1MjiðtÞliðtÞ

"

þ _n
i¼1 NjiðtÞliðtÞ

#
yjðtÞdt:

ð2:18Þ

It follows from (2.18) and Lemma 2.3 that

b�j

Z x

0

jy2
j ðtÞjdt�

Z x

0

Xn

i¼1

jcjiðtÞjjgiðxiðtÞÞjjyjðtÞjdt

þ
Z x

0

^n
i¼1cjiðtÞ

Z t

t�s
kiðt� sÞgiðxiðsÞÞds

����

����jyjðtÞjdt

þ
Z x

0

_n
i¼1hjiðtÞ

Z t

t�s
kiðt� sÞgiðxiðsÞÞds

����

����jyjðtÞjdt

þ
Z x

0

Xn

i¼1

djiðtÞliðtÞþ JjðtÞ
�����

�����jyjðtÞjdt

þ
Z x

0

^n
i¼1MjiðtÞliðtÞþ_n

i¼1NjiðtÞliðtÞ
�� ��jyjðtÞjdt

�
Z x

0

Xn

i¼1

jcjiðtÞjjgiðxiðtÞÞjjyjðtÞjdt

þ
Z x

0

Xn

i¼1

jcjiðtÞjjgiðxiðtÞÞjyjðtÞjdt

þ
Z x

0

Xn

i¼1

jhjiðtÞjjgiðxiðtÞÞjjyjðtÞjdt

þ
Z x

0

Xn

i¼1

jdjiðtÞjjliðtÞjþ jJjðtÞj
 !

jyjðtÞjdt

þ
Z x

0

^n
i¼1jMjiðtÞjjliðtÞjþ_n

i¼1jNjiðtÞjjliðtÞj
� �

jyjðtÞjdt

�
Xn

i¼1

cþji þ cþji þ hþji

	 

Giþ

Xn

i¼1

dþji liþ Mþ
ji þNþ

ji

	 

lþi

"

þJþj

#
ffiffiffiffi
x

p Z x

0

jyjðtÞj2
� ��

:

ð2:19Þ

Then we get

jjyjjj2 �
1

b�j

Xn

i¼1

cþji þ cþji þ hþji

	 

Gi þ

Xn

i¼1

dþji li

"

þ Mþ
ji þ Nþ

ji

	 

lþi þ Jþj

#
ffiffiffiffi
x

p
:¼ Sj:

ð2:20Þ

Thus, it follows from (2.17) and (2.20) that
Z x

0

j _yjðtÞjdt� bþj Sj
ffiffiffiffi
x

p
þ
Xn

i¼1

ffiffiffiffi
x

p
cþji þ cþji þ hþji

	 

Gi

þ
Xn

i¼1

dþji lixþ Jþj xþ Mþ
ji þ Nþ

ji

	 

lþi x:

ð2:21Þ

In view of (2.16) and (2.21), there exist positive con-

stants viði ¼ 1; 2; . . .; nÞ such that jxiðtÞj � vi; i ¼
1; 2; . . .; n; for t 2 ½0;x� and jyjðtÞj � vnþj; j ¼ 1; 2;

. . .;m; for t 2 ½0;x�: Obviously, viði ¼ 1; 2; . . .; nþ mÞ are

independent of the choice of k 2 ð0; 1Þ: Take

K ¼
Xnþm

i¼1

vi þ v0;

where v0 is taken sufficiently large such that

min
1� i� n

�aiK[ max
1� i� n

Xm

j¼1

j�aijjFj þ
Xm

j¼1

jbijljj þ �Iij j
"

Xn

i¼1

Tþ
ij l

þ
j þ

Xn

i¼1

Hþ
ij l

þ
j þ

Xm

j¼1

�aij
�� ��þ �bij

�� ��� �
Fj

#
;

min
1� j�m

�bjK[ max
1� j�m

Xn

i¼1

j�cjijGiþ
Xn

i¼1

jdjilijþj�Jjj
"

þ
Xn

i¼1

Mþ
ji l

þ
i þ

Xn

i¼1

Nþ
ji l

þ
i þ

Xn

i¼1

�cji
�� ��þ �hji

�� ��� �
Gi

#
:

Let

X :¼ fz ¼ ðx1ðtÞ; x2ðtÞ; . . .; xnðtÞ; y1ðtÞ; y2ðtÞ; . . .; ymðtÞÞT
2 Rnþmj

jjzjj ¼ jjðx1; x2; . . .; xn; y1; y2; . . .; ymÞjjT\Kg, then it is

easy to see that X is an open, bounded set in X and verifies

requirement (a) of Lemma 2.1. When z 2 oX \ KerL; z ¼
ðx1; x2; . . .; xn; y1; y2; . . .; ymÞT is a constant vector in

Rnþm with

jjzjj ¼ jx1j þ jx2j þ � � � þ jxnj þ jy1j þ jy2j þ � � � þ jymj
¼ K:

Then

QNz ¼ QNðx1; x2; . . .; xn; y1; y2; . . .; ymÞT

¼ �f1; �f2; . . .; �fn; �fnþ1; �fnþ2; . . .; �fnþm

� �T
;
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where

�fi ¼ ��aixi þ
Xm

j¼1

�aijfjðyjÞ þ
Xm

j¼1

bijlj þ �Ii

þ ^m
j¼1 �aij

Z t

t�s
kjðt � sÞfjðyjðsÞÞdsþ

1

x

Z x

0

^m
j¼1TijðtÞljðtÞdt

þ _m
j¼1

�bij

Z t

t�s
kjðt � sÞfjðyjðsÞÞdsþ

1

x

Z x

0

_m
j¼1HijðtÞljðtÞdt;

�fnþj ¼ ��bjyj þ
Xn

i¼1

�cjigiðxiÞ þ
Xn

i¼1

djili þ �Jj

þ ^n
i¼1 �cji

Z t

t�s
kiðt � sÞgiðxiðsÞÞdsþ

1

x

Z x

0

^n
i¼1MjiðtÞliðtÞdt

þ _n
i¼1

�hji

Z t

t�s
kiðt � sÞgiðgiðsÞÞdsþ

1

x

Z x

0

_n
i¼1NjiðtÞliðtÞdt:

Thus,

QNzk k ¼
Xn

i¼1

�aixi �
Xm

j¼1

�aijfjðyjÞ �
Xm

j¼1

bijlj � �Ii

�����

� ^m
j¼1�aij

Z t

t�s
kjðt � sÞfjðyjðsÞÞds�

1

x

Z x

0

^m
j¼1TijðtÞljðtÞdt

� _m
j¼1

�bij

Z t

t�s
kjðt � sÞfjðyjðsÞÞds�

1

x

Z x

0

_m
j¼1HijðtÞljðtÞdt

����

þ �bjyj �
Xn

i¼1

�cjigiðxiÞ �
Xn

i¼1

djili � �Jj

�����

� ^n
i¼1�cji

Z t

t�s
kiðt � sÞgiðxiðsÞÞds�

1

x

Z x

0

^n
i¼1MjiðtÞliðtÞdt

� _n
i¼1

�hji

Z t

t�s
kiðt � sÞgiðgiðsÞÞds�

1

x

Z x

0

_n
i¼1NjiðtÞliðtÞdt

����

�
Xn

i¼1

�aijxij �
Xn

i¼1

Xm

j¼1

j�aijjFj þ
Xm

j¼1

jbijljj þ �Ii þ
Xn

i¼1

Tþ
ij l

þ
j þ

Xn

i¼1

Hþ
ij l

þ
j

" #

�
Xn

i¼1

^m
j¼1�aij

Z t

t�s
kjðt � sÞfjðyjðsÞÞds� ^m

j¼1�aij

Z t

t�s
kjðt � sÞfjð0Þds

����

����

�
Xn

i¼1

_m
j¼1

�bij

Z t

t�s
kjðt � sÞfjðyjðsÞÞds� _m

j¼1
�bij

Z t

t�s
kjðt � sÞfjð0Þds

����

����

þ
Xn

i¼1

�bijjyjjj �
Xm

j¼1

Xn

i¼1

j�cjijGi þ
Xn

i¼1

jdjilij þ j�Jjj þ
Xn

i¼1

�Mþ
ji l

þ
i þ

Xn

i¼1

�Nþ
ji l

þ
i þ

" #

�
Xm

j¼1

^n
i¼1�cji

Z t

t�s
kiðt � sÞgiðxiðsÞÞds� ^n

i¼1�cji

Z t

t�s
kiðt � sÞgið0Þds

����

����

�
Xm

j¼1

_n
i¼1

�hji

Z t

t�s
kiðt � sÞgiðxiðsÞÞds� _n

i¼1
�hji

Z t

t�s
kiðt � sÞgið0Þds

����

����

�
Xn

i¼1

�aijxij �
Xn

i¼1

Xm

j¼1

j�aijjFj þ
Xm

j¼1

jbijljj þ �Iij j
"

þ
Xn

i¼1

Tþ
ij l

þ
j þ

Xn

i¼1

Hþ
ij l

þ
j þ

Xm

j¼1

ðj�aijjþj�bijjÞFj

#

þ
Xm

j¼1

�bjjyjj �
Xm

j¼1

Xn

i¼1

j�cjijGi þ
Xn

i¼1

jdjilij þ �Jj
�� ��

"

þ
Xn

i¼1

Mþ
ji l

þ
i þ

Xn

i¼1

Nþ
ji l

þ
i þ

Xn

i¼1

ðj�cjijþj�hjijÞGi

#

� min
1� i� n

�aijxij � max
1� i� n

Xm

j¼1

j�aijjFj þ
Xm

j¼1

jbijljj þ �Iij j
"

þ
Xn

i¼1

Tþ
ij l

þ
j þ

Xn

i¼1

Hþ
ij l

þ
j þ

Xm

j¼1

ðj�aijjþj�bijjÞFj

#

þ min
1� i� n

�bjjyjj � max
1� i� n

Xn

i¼1

j�cjijGi þ
Xn

i¼1

jdjilij þ �Jj
�� ��

"

þ
Xn

i¼1

Mþ
ji l

þ
i þ

Xn

i¼1

Nþ
ji l

þ
i þ

Xn

i¼1

ðj�cjij þ j�hjijÞGi

#
[ 0:

Therefore, QNz ¼ QNðx1; x2; . . .; xn; y1; y2; . . .; ymÞT 6¼
ð0; . . .; 0; 0; . . .; 0ÞT for ðx1; x2; . . .; xn; y1; y2; . . .; ymÞT
2 oX \ KerL. So the condition (b) of Theorem 2.1 holds

true.

Now let us consider homotopic /ðx1; x2; . . .; xn; y1; y2;

. . .; ym; lÞ ¼ lQNzþ ð1 � lÞGz; l 2 ½0; 1�; where Gz ¼
ð��a1x1; . . .;��anxn;��b1y1; . . .;��bmymÞT . Letting J = I be

the identity mapping and by direct calculation, we get

degfJQNðx1; x2; . . .; xn; y1; y2; . . .; ymÞT ;X \ KerL; 0g
¼ degfQNðx1; x2; . . .; xn; y1; y2; . . .; ymÞT ;X \ KerL; 0g
¼ degf/ðx1; x2; . . .; xn; y1; y2; . . .; ym; 1ÞT ;X \ KerL; 0g
¼ degf/ðx1; x2; . . .; xn; y1; y2; . . .; ym; 0ÞT ;X \ KerL; 0g

¼ sign det

��a1 0 0 0 0 0

0 � � � 0 0 0 0

0 0 ��an 0 0 0

0 0 0 ��b1 0 0

0 0 0 0 � � � 0

0 0 0 0 0 ��bm

2

666666664

3

777777775

8
>>>>>>>><

>>>>>>>>:

9
>>>>>>>>=

>>>>>>>>;

:

Then

degfJQNðx1; x2; . . .; xn; y1; y2;

¼ signf ( � 1Þnþm�a1�a2 � � � �an�b1
�b2 � � � �bng 6¼ 0:

By now, we have proved that X verifies all requirements

of Lemma 2.1, then it follows that Lz ¼ Nz has at least one

solution in DomL \ �X, namely, system (1.1) has at least

one x-periodic solution. The proof is complete.

3 Global Exponential Stability of Periodic
Solution

In this section, we shall present sufficient conditions for the

global exponential stability of system (1.1).

Theorem 3.1 Suppose that (H1)–(H3) and the following

assumption holds true:

(H3) The following inequalities are satisfied:

a�i � cþji þ cþji þ hþji

	 

Gi [ 0;

b�j � aþij þ aþij þ bþij

	 

Fj [ 0:

then the periodic solution of system (1.1) is globally

exponentially stable.

Proof In view of Theorem 2.1, system (1.1) has an x-

periodic solution z�ðtÞ ¼ x�1ðtÞ; x�2ðtÞ; . . .;
�

x�nðtÞ; y�1ðtÞ; y�2
ðtÞ; . . .; y�mðtÞÞ

T :
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Let zðtÞ ¼ ðx1ðtÞ; x2ðtÞ; . . .; xnðtÞ; y1ðtÞ; y2ðtÞ; . . .; ymðtÞÞT
be an arbitrary solution of system (1.1). Then it follows

from (1.1) that

dðxiðtÞ � x�i ðtÞ
� �

dt

¼ �aiðtÞðxiðtÞ � x�i ðtÞÞ þ
Xm

j¼1

aijðtÞ fjðyjðtÞÞ � fj y�
j
ðtÞ

	 
	 


þ ^m
j¼1 aijðtÞ

Z t

t�s
kjðt � sÞfjðyjðsÞÞds�^m

j¼1 aijðtÞ

	
Z t

t�s
kjðt � sÞfj y�j ðsÞ

	 

ds

þ _m
j¼1bijðtÞ

Z t

t�s
kjðt � sÞfjðyjðsÞÞds� _m

j¼1bijðtÞ

	
Z t

t�s
kjðt � sÞfj y�j ðsÞ

	 

ds

dðyjðtÞ � y�j ðtÞÞ
dt

¼ �bjðtÞðyjðtÞ � y�j ðtÞÞ

þ
Xn

i¼1

cjiðtÞ giðxiðtÞÞ � gi x
�
i ðtÞ

� �� �

þ ^n
i¼1 cjiðtÞ

Z t

t�s
kiðt � sÞgiðxiðsÞÞds�^n

i¼1 cjiðtÞ

	
Z t

t�s
kiðt � sÞgi x�i ðsÞ

� �
ds

þ _n
i¼1hjiðtÞ

Z t

t�s
kiðt � sÞgiðxiðsÞÞds� _n

i¼1 hjiðtÞ

	
Z t

t�s
kiðt � sÞgi x�i ðsÞ

� �
ds:

According to the assumptions (H2), (H3) and Lemma

2.3, we have

d xiðtÞ � x�i ðtÞ
�� ��

dt

¼ �aiðtÞ xiðtÞ � x�i ðtÞ
�� ��þ

Xm

j¼1

jaijðtÞj fjðyjðtÞÞ � fj y�
j
ðtÞ

	 
���
���

þ ^m
j¼1 aijðtÞ

Z t

t�s
kjðt � sÞfjðyjðsÞÞds�^m

j¼1 aijðtÞ
����

	
Z t

t�s
kjðt � sÞfj y�j ðsÞ

	 

ds

����

þ _m
j¼1bijðtÞ

Z t

t�s
kjðt � sÞfjðyjðsÞÞds� _m

j¼1bijðtÞ
����

	
Z t

t�s
kjðt � sÞfj y�j ðsÞ

	 

ds

����;

� � a�i xiðtÞ � x�i ðtÞ
�� ��

þ
Xm

j¼1

aþij þ aþij þ bþij

	 

Fj yjðtÞ � y�j ðtÞ
���

���;

ð3:1Þ

djyjðtÞ � y�j ðtÞj
dt

¼ �bjðtÞjyjðtÞ � y�j ðtÞj þ
Xn

i¼1

jcjiðtÞj giðxiðtÞÞ � gi x
�
i ðtÞ

� ��� ��

þ j^n
i¼1 cjiðtÞ

Z t

t�s
kiðt � sÞgiðxiðsÞÞds�^n

i¼1 cjiðtÞ

	
Z t

t�s
kiðt � sÞgiðx�i ðsÞÞdsj

þ j _n
i¼1 hjiðtÞ

Z t

t�s
kiðt � sÞgiðxiðsÞÞds� _n

i¼1 hjiðtÞ

	
Z t

t�s
kiðt � sÞgiðx�i ðsÞÞdsj

� � b�j jyjðtÞ � y�j ðtÞj þ
Xn

i¼1

cþji þ cþji þ hþji

	 


	 Gi xiðtÞ � x�i ðtÞ
�� ��;

ð3:2Þ

where d
dt

stands for the upper right derivative. Define a

function V by

VðtÞ ¼
Xn

i¼1

xiðtÞ � x�i ðtÞ
�� ��þ

Xm

j¼1

yjðtÞ � y�j ðtÞ
���

���: ð3:3Þ

By virtue of (3.1) and (3.2), we derive

dþ

dt
¼
Xn

i¼1

dþ

dt
xiðtÞ � x�i ðtÞ
�� ��þ

Xm

j¼1

dþ

dt
yjðtÞ � y�j ðtÞ
���

���

�
Xn

i¼1

�a�i xiðtÞ � x�i ðtÞ
�� ��þ

Xm

j¼1

ðaþij þ aþijþbþij ÞFj yjðtÞ � y�j ðtÞ
���

���
" #

þ
Xm

j¼1

�b�j yjðtÞ � y�j ðtÞ
���

���þ
Xn

i¼1

cþji þ cþji þ hþji

	 

Gi xiðtÞ � x�i ðtÞ
�� ��

" #

¼ �
Xn

i¼1

a�i � cþji þ cþji þ hþji

	 

Gi

h i
xiðtÞ � x�i ðtÞ
�� ��

�
Xm

j¼1

b�j � aþij þ aþij þ bþij

	 

Fj

h i
yjðtÞ � y�j ðtÞ
���

���:

ð3:4Þ

It follows from condition (H4) that there exists a posi-

tive constant e such that

a�i � cþji þ cþji þ hþji

	 

Gi � e;

and

b�j � aþij þ aþij þ bþij

	 

Fj � e

Then

dþ

dt
� � eVðtÞ; for t� 0: ð3:5Þ

Then we have VðtÞ� e�etVð0Þ; for t� 0: Thus,
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Xn

i¼1

xiðtÞ � x�i ðtÞ
�� ��þ

Xm

j¼1

yjðtÞ � y�j ðtÞ
���

���� e�et

	
Xn

i¼1

jxið0Þ � x�i ð0Þj þ
Xm

j¼1

yjð0Þ � y�j ð0Þ
���

���
" #

:

Therefore, the periodic solution of system (1.1) is

globally exponentially stable.

Remark 3.1 In [1, 44, 45], Cao established the sufficient

conditions for the globally exponential stability of delayed

cellular neural networks by constructing a suitable Lya-

punov functional. All the coefficients of cellular neural

networks are constants and there is no fuzzy logic. In this

paper, we consider the existence and globally exponential

stability of cellular neural networks with distributed delays

with varying coefficients and fuzzy logic by the coinci-

dence degree theory, Lyapunov function. (1.1) is more

general than the systems in [1, 44, 45]. Moreover, the

results in [1, 44, 45] cannot be applicable to system (1.1) to

obtain the existence and exponential stability of periodic

solutions. In addition, one also can observe that all the

results in [8, 14] and references therein cannot be appli-

cable to system (1.1) to obtain the existence and expo-

nential stability of periodic solutions. This implies that the

results of this paper are essentially new.

4 An Illustrate Example

In this section, we present numerical examples to illustrate

the effectiveness of the obtained results. Consider the fol-

lowing fuzzy cellular neural network with distributed

delays:

dxiðtÞ
dt

¼ �aiðtÞxiðtÞ þ
X2

j¼1

aijðtÞfjðyjðtÞÞ þ
X2

j¼1

bijðtÞljðtÞ þ IiðtÞ

þ^2
j¼1 aijðtÞ

R t
t�s kjðt � sÞfjðyjðsÞÞdsþ ^2

j¼1TijðtÞljðtÞ
þ _2

j¼1 bijðtÞ
R t
t�s kjðt � sÞfjðyjðsÞÞdsþ _2

j¼1HijðtÞljðtÞ;
dyjðtÞ

dt
¼ �bjðtÞyjðtÞ þ

X2

i¼1

cjiðtÞgiðxiðtÞÞ þ
X2

i¼1

djiðtÞliðtÞ þ JjðtÞ

þ^2
i¼1 cjiðtÞ

R t
t�s kiðt � sÞgiðxiðsÞÞdsþ ^2

i¼1MjiðtÞliðtÞ
þ _2

i¼1 hjiðtÞ
R t
t�s kiðt � sÞgiðgiðsÞÞdsþ _2

i¼1NjiðtÞliðtÞ;

8
>>>>>>>>>>>>>><

>>>>>>>>>>>>>>:

ð4:1Þ

where i; j ¼ 1; 2, and a1ðtÞ ¼ 15 � sin 2t; a2ðtÞ ¼ 14 �
cos 2t; b1ðtÞ ¼ 14 þ cos 2t; b2ðtÞ ¼ 16 � cos 2t;

aijðtÞ ¼ 3 þ cos 2t; bijðtÞ ¼ 1 � cos 2t;
ljðtÞ ¼ 2 þ cos 2t; aijðtÞ ¼ 0:5 þ sin 2t;

bijðtÞ ¼ 0:5 þ cos 2t; TijðtÞ ¼ 2 þ sin 2t;

HijðtÞ ¼ 1 þ cos 2t; cijðtÞ ¼ 2 þ sin 2t;

cijðtÞ ¼ 1 þ cos 2t; hijðtÞ ¼ 2 þ sin 2t;

MijðtÞ ¼ 2 þ 2 cos 2t; NijðtÞ ¼ 2 þ 2 sin 2t;

IiðtÞ ¼ 3 þ 2 cos 2t; JjðtÞ ¼ 2 þ 3 sin 2t;

Let

fiðxÞ ¼ giðxÞ ¼
1

2
ðjxþ 1j � jx� 1jÞði ¼ 1; 2Þ:

Then we have a�1 ¼ 14; a�2 ¼ 3; b�1 ¼ 13; b�2 ¼
15; cþji ¼ 3; cþji ¼ 2; hþji ¼ 3; aþij ¼ 4; aþij ¼ 1:5;

bþij ¼ 1:5: It is easy to see that the following conditions

a�i � cþji þ cþji þ hþji

	 

Gi [ 0; b�j � aþij þ aþijþ

	
bþij ÞFj

[ 0; i; j ¼ 1; 2 are satisfied. Thus, all the assumptions in

Theorems 2.1 and 3.1 are fulfilled. Thus, we can conclude

that system (4.1) has one p-periodic solution, which is

globally exponentially stable. The results are illustrated in

Fig. 1.

5 Conclusions

In this paper, applying the continuation theorem of coin-

cidence degree theory and the Lyapunov function methods,

we investigate the existence and global exponential sta-

bility of a periodic solution for fuzzy cellular neural net-

works with distributed delays. Several simple sufficient

conditions checking the global exponential stability and the

existence of periodic solutions of the fuzzy cellular neural

networks with distributed delays have been obtained. A

numerical example is presented to illustrate the effective-

ness of the derived results.
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