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Abstract In this paper, the Takagi—Sugeno (T-S) fuzzy
model is first used to deal with the exponential stability and
asynchronous stabilization problem of a class of continu-
ous-time nonlinear impulsive switched systems with
asynchronous behaviors. In order to reduce the conserva-
tiveness resulting from the quadratic Lyapunov functions
(QLFs) and nonlinearity, the switching fuzzy Lyapunov
functions (FLFs) are proposed using the switching infor-
mation and structural information of membership function
in the rule base. Using the switching FLFs approach and
the mode-dependent average dwell time (MDADT) tech-
nique, we obtain stability conditions for the open-loop
nonlinear impulsive switched systems and stabilization
conditions for the closed-loop nonlinear impulsive swit-
ched systems. Moreover, the stability and stabilization
results are formulated in the form of LMIs. Finally, a
numerical example and a chemical process example are
given to demonstrate the advantage and applicability of the
proposed method.
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1 Introduction

Switched systems are an important class of hybrid systems
encountered in numerous practical circumstances. The
stability problem is a main concern in the field of switched
systems [1-6]. Up to now, two stability issues have been
addressed in the literature, i.e., the stability under arbitrary
switching and the stability under constrained switching. As
for the arbitrary switching issue, the study is mainly based
on a common Lyapunov function for all subsystems [1, 6].
As for the constrained switching issue, the multiple Lya-
punov functions play an important role in the stability
analysis [7-9]. As one typical example of the constrained
switching, the average dwell time (ADT) logic is proposed
in [3]. The ADT is widely used to investigate the problems
of stability and stabilization of switched systems [10-12].
However, most works assumed that the ADT is indepen-
dent of the system models. Thus, the acquired results have
more or less conservativeness compared with the case if the
ADT can be extended to the mode-dependent average
dwell time (MDADT) [13]. Recently several, though not
many, works have studied the control problem for switched
systems with MDADT [14, 15].

It is well known that many practical systems exhibit
impulsive dynamical behaviors because of sudden changes
at certain instants during the dynamical process. The
switched systems with impulsive effect can be modeled as
impulsive switched systems [16]. Due to the existence of
the impulsive effect, the traditional pure continuous or pure
discrete models cannot well describe these systems, so it is
important and necessary for us to study the impulsive
switched systems. As for such systems, some useful results
on stability and stabilization have been achieved [16—18].

In this paper, we are interested in investigating the
asynchronous stabilization problem of nonlinear impulsive
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switched systems. As is well known, due to the existence of
nonlinearity, it is difficult to analyze the nonlinear systems
directly. The T-S fuzzy model is proven to be an effective
tool in approximating most complex nonlinear systems
[19], which utilizes local linear system description for each
rule. The issue of stability and controller synthesis of T-S
fuzzy systems has been studied extensively [20-28]. Sim-
ilar to [27, 28], we use the T-S fuzzy model to represent
each nonlinear subsystem of nonlinear impulsive switched
systems in this paper.

It is well known that the results based on a common
quadratic Lyapunov function might be conservative. By
taking into consideration the information of membership
functions, the authors in [29] presented the fuzzy Lyapunov
functions (FLFs) which are defined by fuzzily blending
multiple quadratic Lyapunov functions (QLFs). Stability
analysis and controller synthesis results based on FLFs can
be seen in [29-31]. The FLFs method only needs to search
for a local common positive matrix in fuzzy model. In this
paper, we investigate the nonlinear impulsive switched
systems by employing the T-S fuzzy model. The switching
FLFs are proposed using the switching information and
structural information of membership function in the rule
base. The candidate Lyapunov function is switching
according to the system switching among several FLFs,
which is based on premise membership functions to reduce
conservativeness introduced by nonlinearity. Due to the
above advantages, we consider nonlinear impulsive swit-
ched systems based on switching FLFs method.

In practice, when the systems are switching among the
subsystems, the switching of the matched controller of each
subsystem has a lag to the switching of the corresponding
subsystem, which results in asynchronous switching in the
switched systems. The asynchronous behaviors usually
bring unsatisfactory performance or even make the swit-
ched systems out of control. Recently, several works have
explored the effect of asynchronous behaviors on the
switched systems [11, 12, 15, 32].

To the best of our knowledge, there is very little work on
the use of the T-S fuzzy model to study the nonlinear
impulsive switched systems, not to mention the nonlinear
impulsive switched systems with asynchronous behaviors. In
this paper, we fully considered the effects of various factors
on the systems and used the T-S fuzzy model to study the
nonlinear impulsive switched systems with asynchronous
behaviors. Furthermore, the results obtained in this paper can
also apply to the nonlinear switched systems without
impulsive behaviors or asynchronous switching.

The main contributions of this paper are as follows:
(i) The previous work studied the asynchronous switching
problem mainly focused on the switched linear systems. In
our work, the T-S fuzzy model is first used to study the
nonlinear impulsive switched systems with asynchronous
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switching. (ii) In order to further reduce the conservativeness
resulting from the nonlinearity and the quadratic Lyapunov
functions approach, the switching fuzzy Lyapunov functions
approach is proposed, and this approach can also be applied
to study other nonlinear switched systems. (iii) The case
B, <0is also considered in this paper, which means that the
Lyapunov functions can still decrease in the asynchronous
state, so the results obtained in this paper can be much looser
compared with the results in [11].

The remainder of the paper is organized as follows: Sys-
tem descriptions and preliminaries are presented in Sect. 2.
The main results are given in Sect. 3. In Sect. 4, a numerical
example and a chemical process example are presented.
Finally, some conclusions are obtained in Sect. 5.

Notations: The notations used in this paper are fairly
standard. N and N* denote the set of the natural numbers and
the set of positive integers, respectively. I represents the
identity matrix. The symbol “*” in a matrix stands for the
transposed elements in the symmetric positions. The super-
script “7” is the matrix transposition. R" denotes the n-di-
mensional Euclidean space. The notation || - || refers to the
Euclidean vector norm. C' denotes the space of continuously
differentiable functions. L,[0, 00) is the space of square-in-
tegrable, and for v(t) € [,[0,00) its norm is given by

v, =/ Jo v t)dt. Weuse P>0(>, <, <) to

denote a positive deﬁmte (semi-positive definite, negative
definite, semi-negative definite) matrix P. We use Anmax (P) and
Zmin(P), respectively, to denote the maximum and minimum
eigenvalues of P. If not explicitly stated, matrices are assumed
to have compatible dimensions. Throughout this paper,
(p,q) €S X S,p+#q,and (mn,u,v) € {1,2,... k}.

2 System Descriptions and Preliminaries

In this paper, let us consider the following class of non-
linear impulsive switched systems:

(1) = fo(u (x(1), u(1)),
Ax(t) = Dy x(t) + &(t,x(1)),

x(1g) = xo

where x(f) € R" and u(r) € R" denote the state vector and

input vector, respectively. Dy(;,) is a known matrix. f,(;) and

£t
1=t (1)

g(t,x(¢)) are nonlinear functions, and g(¢,0) =0 for all
t € [ty, 00). a(t) is defined as a switching signal, which is a
piecewise constant function of time and takes its values in
the finite set S = {1,2,...,M}, where M is the number of
subsystems. For a switching sequence 0<fy<t;<---
<tj<tiy1 < ---, a(t) is continuous from right everywhere.
When ¢ € [f;,t;11), we say that the o(#;) subsystem is
activated, and a(5;) =p, p € S. Ax(t;) = x(t") — x(1;) =

x(17) — x(#;), with x(r}) = Illin5+ x(t; +h), x(t7) = 111’1(1)7
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x(t; + h) = x(t;), meaning that the solution of the nonlinear
impulsive switched systems (1) is left continuous. This
implies that the impulses will affect the state x(7) at the
switching instant.

The T-S fuzzy model which is described by fuzzy IF-
THEN rules [19] is employed here to represent each sub-
system of systems (1). By introducing the T-S fuzzy model,
the subsystem p of the nonlinear impulse switched systems
(1) is described in the following form:

Rule m for the subsystem p: IF z,(f) is My, and - - -
and z,4(t) is Mg, THEN

x(t) = Apux(t) + Bpnu(t), t#t
Ax(t) = Dpx(t) +8(1,x(1)),  1=1, ()
x(ty) = xo

where z,,; (t) are some measurable premise variables and M, otm
are fuzzy sets (I = 1,2,...,g). A,y and B, are constant real
matrices of the mth local model of the pth subsystem.

Using “fuzzy blending”, the final output of the pth
subsystem is inferred as follows:

50 = 3 iy (0) Apuex(t) + By,

t# t;
m=1
(t) :Dpx(t) +g(t,x(t)), t:ti’ (3)
x(tg) = xo
where f (1) = wpm(t)/ Z W (), Wom (1) = H My (21

(1)), k is the number of IF THEN rules, and Mp,,,, (zp(1)) is

the grade of the membership function of z,; in M,,. It is
assumed that w,,(f) >0 for all , m=1,2,.. k. There-
fore, the normalized membership function /,,,(t) satisfies

thm =L (4)

m=

In this paper, we design a fuzzy controller for the system (3)
via parallel distributed compensation (PDC) [20]. In the PDC
design, the designed fuzzy controller shares the same pre-
mise variables with the fuzzy model (3). In view of the
asynchronous behaviors, the controller u(7) is divided into
two parts () and (), where i(t) denotes the unmatched
controller, and i(¢) represents the matched controller. For the
fuzzy model (3), we can construct the following fuzzy con-
troller via the PDC:

N
<
~

Il
M=

hqn(t)anx(t), t e (fi,lTi]
n;l 7 (5)
u(t) = Z::Ihpn(t)Kpnx(t)a t € (fi, tig]

where notation 7; (f; < t; <t;,1) denotes the starting-operating

instant of the matched controller, and K,, and K, are

constant matrices. Substituting (5) into (3), we can obtain the
following closed-loop nonlinear impulsive switched system:

%(1) = Ay(0)x(), € (1,1)
x(r) = Ap(0)x(1), t € (fistiv1] (6)
Ax(t) = Dpx(1) +¢(1,x(1)),  t=1 ’
x(tg) = xo
where the A,(t) and A,(r) are defined as follows:
Ap(1) = Ap(1) + B, (1)Ky(1)
= Z Z hpm (1) Apm + BpmKogn),
Ap(t) = Ap(t) + Bp(t) p(t)

k

k
=2 2 hon(hin

m=1 n=1

pm + Bme )

We assume that there is no impulsive and asynchronous
effects at the initial instant.

Now, we introduce the following assumptions, definitions
and lemmas, which are useful in the following derivation.

Assumption 1 Let the nonlinear function g(¢,x(¢)) satisfy
the following inequality:

gt x(O)[ < nllx(@)]]

for all 7 € [ty, 00), where # is a positive constant.

Definition 1 Suppose that a switching signal o(7) is
given. The nonlinear impulsive switched systems (1) with
u(t) = 0 are exponentially stable under the switching sig-
nal ¢(¢) if for any initial conditions x(z))

()]l < Tllx(to) |7, V> g,

where I' > 0 and y > 0 are constants.

Definition 2 [13] For switching signal ¢(¢) and each
T>1t>0.Let N, (T,1) be the switching numbers such that
the pth subsystem is activated over the interval [¢, 7], and
T,(T,t) denotes the total running time of the pth subsystem
over the interval [z, T], Vp € S. We say that o(¢) has a
mode-dependent average dwell time (MDADT) T, if there
exist positive numbers Ny, (N, denotes mode-dependent
chatter bounds here) and T,, such that

Ny, (T,t) <Nop + T,(T,t)/Top, VT >1>0.

Definition 3 [29] Equation (7) is said to be a fuzzy
Lyapunov function for the pth subsystem of the T-S fuzzy
system (3) if there exists a positive definite matrix P,, and
the time derivative of V,(x(r)) is always negative at

x(r) # 0.
Vp(x(1) = x(1)" Py(1)x(0), (7)
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where Py (t) = Yoy hpu(t)Ppu and  Py(t) = 3 i
(1)Ppu.

Lemma 1 [33] Let P € R™" be a given symmetric positive

definite matrix and let Q € R"*" be a given symmetric matrix.
Then

Zamin (P IQ) ( )SX(I)TQX([) < )~maX(P71Q)Q(I)

for all x(r) € R", where Q(r) = x(r)" Px(t), Jmax(-) and
/min(-) denote, respectively, the largest and the smallest
eigenvalues of the matrix inside the brackets.

Lemma 2 [34] Given matrices M, E, and F with com-
patible dimensions and F satisfying FTF < I, the following
inequality holds for any ¢ > 0:

MFE + ETFTM" <eMM” + ¢ 'E'E.

3 Main Results

In this paper, to deal with the asynchronous switching of
switched systems, the Lyapunov function is allowed to increase
with a bounded rate. Here, the parameter o, represents the
decaying rate of the Lyapunov function, which corresponds to
the convergence rate of the system in synchronous state. And
the parameter f3, denotes the increasing rate of the Lyapunov
function, which corresponds to the divergence rate of the sys-
tem in asynchronous state. In a sense, the purpose of controller
design is to design the appropriate o, and 8, parameters to make
the systems reach the desired control performance.

For concise notation, let T(#+1,t) = t;11 — ; represent
the length of the running time interval of each subsystem.
By (6), we can see that T(#;11, ;) is divided into two parts,
T;(t;,tiy1) and T|(t;,t;11), where Ty(tiy1,t4) =1; —t; and
T|(tiy1,t;) = tiy1 — f;. During T)(t;,#;41) the Lyapunov
function may increase or decrease, which represents the
running time of the unmatched controllers in (#;, #;11], while
during T|(#;,t;+1) the Lyapunov function is strictly
decreasing with the matched controllers.

For brevity, we introduce the following notations: g; =
a(t;) and

0, =(I+D,)" (i Ppm> (I+D,) + (Z + i (i Ppm> >1
e(I+D)) <ZP,,,,,> (ippm> (I+D,),

m

where the parameters » and ¢ are given in assumption 1 and
lemma 2. The parameter p, used in the following lemmas

and theorems is p, = max{qu, 1}, Vges, q#p,

withy,, = max<(zn Par) lQp>.
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3.1 Stability Analysis

In this section, we consider the stability analysis problem
of the nonlinear impulsive switched systems. Without
control input, the open-loop system for (6) is listed as
follows:

( ) Z h]’m( ) pmx(t) Vt € (tiati+l}
Ax() = Dpx(t) + g(,x(1)), =1, (8)
x(ty) = Xo

Lemma 3 Consider the open-loop nonlinear impulsive
switched system (8), and let # >0, ¢ > 0, and «, <0 be

given constants. If there exists positive definite C' function
Vouy : R" — R,0(t;) € S with Vi1 (x(t0)) = O satisfying

t € (i, ti], 9)
then the system (8) is exponentially stable for any
switching signal satisfying

In In g,
_ap !

Vp(t) <o,V (1),

> Top ( 10)

Proof From definition 3, at the switching instant #;, we
can obtain

[(1+ Dy)x(t) + g (1, x(¢ ~))}T
Py(5;) [(I + Dp)x(t;) + g(ti, x(1:))]
=x(t)" (1 +D,)"P (t,)(1—|—D ) ()
+2x(t)" (I + D))" P, (1:)g(t)

+ g1, x(1:)) " Py (1:) 8 (11, x(8:)).

Then, by Assumption 1, Lemmas 1 and 2, we have

Vo (x(67)) =

)) < x(t:)" (I+ D)  Py(1:) (I + Dy)x(1:)
+ex(ty) (I+ D) Py (1) Py (1) (I + Dy)x(1;)

+25(0)" (0, (0)
+ /lmax(Pp(fi))g(fnx(fi))Tg(fux(ti))

Sx(ti)T (1 JFD/))T (Xk:PPm (I +Dp)
+e(I +D,)" (i Pp,,,) (i Pp,,,> (I+D,)
+ (g (D P,,m) ) ] ()

= x(t;)" Qpx(1y). (11)

Vi (x(r"

By Lemma 1 and (11), we have
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Vo (x(t) (1) Qpx(1) < oman (P, (1) 0y ) Vi x(1))-
(12)

Due to P;l(ti) = (Zﬁ;l hq,,(t,-)Pqn) , we can conclude

that the inequality (12) holds if the following inequality
(13) holds

Vo (a()) < x(n)" Qpx(nr)

Sﬂvma,(((Zi_qun)_lQp> v, (x(1:))- (13)

Let My = max{qu 1}’ VgeS, g#p with Kogp = Amax
q
-1
<(ZI;—1 Pqn) Qp), then we get

Vo (x(5) <, Vg (x(1:)). (14)
By integrating (9) we have

Vo(1) < eV, (1), (15)
Combining (14) and (15), 7 € (#;,#;+1], we have

Ve, (x(1)) < V4 (x(1))

< g € TR Y (1(01)
S:um':uo'H g€ S tO)Vlfo(x(tO))'

From definition 2, let N,, denote N, (t,1) for simplicity.
The following inequality holds

M

V() < exp{Zle N, (0pTop + In ,up)}V(to).

If supposing

%pTop + In g1, <0, (16)

we obtain a sufficient condition that guarantees the expo-
nential stability of the system (8). The inequality (16) is
equivalent to

_In In g,
_ap ’

Top >1, O

—()p

The stability conditions for the system (8) can be sum-
marized in the following theorem.

Theorem 1 Assume that
()| S sy s =1,2,.. K, (17)

where &, >0. Let n > 0, ¢ > 0, and o, <0 be given con-
stants. The system (8) is exponentially stable for any

switching signal satisfying (10), if there exist matrices
Py > 0 satisfying

Pyu>Py, 1=1,2,... k-1, (18)

and

®pmu + ®1mm <07 m S u, (19)

where

Opmu = AmePpu + PpuApm + Zv 1 &ps(Pps — Ppi) — 0pPpu.

Proof Differentiating (4) implies i (f) = — S5 fipm (1),

so we have

. k71 .

Pp(t) = hpu(t)(Ppu - Ppk)~ (20)
u=1

Combining (17), (18) with (20) implies
k=1

1) < ZEDM(PW_Ppk)- (21)

u=1

Along with the solution of the system (8), we have

Vp(t) — o, V,(t) = X(Z)T[AP(I)TPP(I> + Pp(1)A,(1)
+ Pp(t) — o, P (t)]x(1).

. k k
Since A,(1) = Zn?:l B () Apms  Pp(t) = Dy Bpu (1) Py
and P, (1) = 3°*_, hps(1)Py, then

Vy(t (1) =0V Z
+ thm pu

m<u

X(1)" @ (1)

x() [©pmu + Opum | x(1).

From (19) we can conclude that

V(1) = 0,V (1) 0.
So the system (8) is exponentially stable for any switching
signal satisfying (10). This completes the proof. O

Remark 1 By setting P,, = P,, we get Corollary 1 where
the QLFs are used. Compared with the QLFs method, the
computational complexity of the results based on the FLFs
method will be greater. But the results based on the FLFs
method have less conservativeness than the results based
on the QLFs method.

Corollary 1 Let y >0, ¢ > 0, and «, <0 be given con-
stants. The system (8) is exponentially stable for any
switching signal satisfying (10), if there exist matrices
P, > 0 satisfying
Al P, + PyApm —

pm

2,P, <0. (22)
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Proof The proof is similar to that of Theorem 1, with
the function V, () given by

V, (1) = x(t)" Ppx(1).

It is omitted here. O

3.2 Controller design

In this section, our objective is to design a set of model-
dependent controllers and find a set of admissible switch-
ing signal such that the closed-loop nonlinear impulsive
switched system (6) is exponentially stable with asyn-
chronous switching.

Lemma 4 Consider the closed-loop nonlinear impulsive
switched system (6), and let 7 > 0, ¢ > 0, o, <0 and f3, be

given constants. If there exists positive definite C' function
Vo) : R" — R,a(t;) € S with V() (x(20)) = O satistying

Vp(t) < { .prﬁ(t)a

t € Ty(ti, ti)

teT|(t,tiy1)’ (23)

OCPVP(I)»

then the system is exponentially stable for any switching
signal satisfying

Inpu
2T, = —_ap, B, <oy
T, p(ﬁ —o,)+Inpu ’ (24)
TpZT;: P _ap [’, ﬁpZOCp
P
where Ty A max Ty (tisr,1;), Vi€ NT.
Proof Let S ={0,1,...,r}, Sa={r+1,...,M}, r>0.

Now based on the value of f3,, all the subsystems are divided
into two parts. If the unmatched controller can stabilize the
current subsystem, i.e., 8, <0, then the subsystem is con-

tained in set S, otherwise, it is contained in set S,. For any
T >0, let tp = 0 and denote the switching times on the
interval [0, T] as t1,t, .. .ti, tiy1, - - Iy, (1,0)> then

No(T,0) =3 N,(T,0) + ZP: L N (T,0)

Let T,/ (7,0) denote the total running time of the pth

subsystem controlled by the matched controller and

T,1(T,0) denote the total running time of the pth subsys-

tem controlled by the unmatched controller. We get
Tp(T,0) = T, (T, 0) + T (T, 0).

Since T,y A max Ty (tiy1,1;), by Definition 2, we have

—TP(TT’ 0>). (25)

TPT(T> O) < TPM]VP(T7 O) <Tpm (NOP +
P

By integrating (23) and together with (14) for ¢t € (t;,t;11],
we have

@ Springer

Vo, (x(2)) <o T TP TI00 v (x(8;))
<exp{og, T (t,t;)+ P51 (t,t;)) +og T\ (tisti-1)
+ﬁa, ITT(tl’tl 1)]’:“0, g 1(x(ti+1))<"'

<1_[u(r exp{aza T)(t,1;)+ B, T (1,1;) —I—Zoca“ Ty (t,tn 1)

n=1 n=1

+Zﬁa Ty (tn - 1)}‘/ (x(10))

n—=.

7H:“ (T,0) exp{z OC[, Pl TO +ﬁ T[,T(T 0)]}‘/00()(([0))
:Qlﬂzvg[)(x( 0)), (26)

where

<

Hu »(T,0) exp{z ocp Pl T O —‘rﬂp PT(T 0)]}

p=1

M M
Q, = H M,T”(T’(’) exp{ Z [0, T (T,0) + B, Ty (T, 0)]}.

p=r+l1 p=r+1

As for Q, we introduce the following notations:

p=1

I r
Q= HMI]:/p(T,O) exp{z [(xprl(T, 0) + ﬁprT(T7 0)] }7
p=1
where f8, <o, 0<r; <r;

Q= H #II:/,)(T,O)exp{ Z [ocprl(T,O)—F[pr},T(T,O)]},

p=ri+1 p=r1+1

where o, <, <0, 0<r <r.

As for Q;;, we have

4} n
Q< HN,Z:I”(T’O) exp{z [ Tp1 (T, 0) + o, T (T, 0)] }

p=1 p=1

:exp{i[ (TO)ln,u,,—l—ocP ( 0)}}

p=1
In
+ “”)} }
Tp

I
S exp{z l:NOP ln :up + TP(T7 0)(0617

p=1

:Qll

As for Q,, we get
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Qpp = ﬁ w0 CXP{ i [

p=ri+1 p=ri+1

T,(T,0) + (=0 + ﬁp)TpT(TsO)} }

= exp{ z [Np(T¢ 0)In My + “rer(TsO) + (7“]1 + ﬂ,,)TN(T,Oﬂ }

p=ritl
u T,(T,0)Inp,
< exp{ Z [Nop In g, + o, T,(T, 0) + (=0, + B,)Tp1 (T, 0) + %] }
»

peritl

(28)
Substituting (25) into (28), we have
0, < exp{ Z [Nop (In g, + Ty (=, + B,))
p=ri+1
In
T,(T,0) <oc,, n “1’) (29)
Tp
T,(T,0 A
L) (W
P
Combining (27) and (29), we can obtain
Q) = 0,191, <0 Q). (30)

As for Q,, similar to the derivations of (28) and (29), and
letting

M
Q, = exp{ Z [Nop (In i, + Tpsa (= + B,)) + T,(T,0)
p=r+1
Inp T,(T,0
(o + )+ (-, + ) T PO
14 P
we have
0, <0, (31)

By (26), (30), and (31), we have

Vi, (x(1)) < Q1101282 Vi (x(1))
= exp{rZINOP ln“p + Z [NOP(IHHP + TIJM<711’ + 'BP))] }

=1 p=rit1
In In
e 2 ()
p=ri+1 T

X exp{p ] [ (
L, 0)] }vm,( (t0).

7(

+ (=0 + B,) Tpm
(32)

If (24) holds, we conclude that Vj,(x(¢)) converges to zero
as T — oo. Let

r M
Flzexp{ZNopln,u,,—f— Z [NOP(ln#p+TpM(_ap+ﬁp))]}

p=1 p=r1+1

(33)

and

In w,
—Y] =maxqy max 0o, +—— max
pe{l,...n} Tp pE{r1+1....,M}

34
{ap+ln:up+(_ap+ﬁp) PM}}. ( )
T, T,
By (32)—(34), we have
Vi, (x(1)) S Tre™"Vo, (x(t0)). (35)

Letting y=7,/2 and Ir= Fi/z [min,cs

{ﬂm ( mé P,,m> H K [maxpeg{imax ( mf_l P,,,,,) H by

Lemma 1 and together with (35), we get
[Ix(0)]] < Te™™ [lx(to0) -

By Definition 1, we can conclude that the system is
exponentially stable for any switching signal satisfying
(24). This completes the proof. O

Remark 2 Although the main method in the proof of
Lemma 4 is literally similar to that of [32], there is an
essential difference between these two methods. The
Lyapunov function V,(x(¢)) in [32] is V,(x(r)) = x(1)"
P,x(t), which is a quadratic form. However, the Lyapunov
function used in our work is a fuzzy Lyapunov function to
treat the nonlinearity, which is given by V,(x(z)) = x7(r)
P,(t)x(r), where P,(t) = an:l hpm(t)Ppm. Moreover, we
will show that the quadratic Lyapunov function is a special
case of the fuzzy Lyapunov function.

Lemma 5 Let n>0, ¢>0, o,<0 and f, be given
constants. The closed-loop nonlinear impulsive switched
system (6) is exponentially stable for any switching signal
satisfying (24), if there exist matrices P,(f) > O satisfying

Py()A,(t) + A, (1)Py (1) + Py (1) — B, P, (1) <0,
Po(0A(1) + A, (1)Py(1) + Py(1) -

Proof Suppose pth subsystem is activated and the former
one is gth subsystem. Considering ¢ € T} (#;, t;11), from the
system (6) and definition 3, we have

(36)

a4, P, (1) <O0. (37)

Vo0) = B,Y,(0) = x(0)" [Py, (1) + A, ()P (1)
+ By(1) = B, ()x(0)

Similarly, for ¢t € T|(#;, t;41), we obtain

(38)

@ Springer



264

International Journal of Fuzzy Systems, Vol. 19, No. 1, February 2017

Vye) = sV, (e) = x(0)" [Py (D)Ap (1) + 4, ()P (1)

+ Pp(t) - “PPp(t)]x(t)-

Inequalities (36) and (37) imply (38) <0 and (39) <0. So
we obtain the following inequality:

y ﬂpvp(t)a
Vp(t) = { OCpr(f),

According to Lemma 4, the system (6) is exponentially
stable for any switching signal satisfying (24). This com-
pletes the proof.

Lemma 5 provides a sufficient condition for the
controller design. However, the matrix variables P, () are
coupled with system parameter matrices in (36) and (37),
and thus it is difficult to design the controller directly. To
overcome this difficulty, a decoupling technique is needed.
In such a way, the following lemma is introduced. O

(39)

te Tt tin)
teT|(titinm)’

Lemma 6 Let >0, ¢>0, o,<0 and [3[, be given
constants. If there exist matrices P,(tf) >0, L,(r) and
X satisfying

[H:‘ _anzxr} <0, (40)
{Hf XHP4XT:| <0, (41)
where

I, = A,()X + XTA,(t)" + B, (t)Ly(1) + L, (t) B, (1)"
= B Py() + Pyl),
My, = Py(1) = X+ X"A,(1)" + Ly (1) B,(1)",
M3 = A, ()X + X A, (1) + By (1)L, (1) + Ly (1) B,(1)"
= 0 Pp(1) + Py(0)
My = Pp(1) — X +XTAP(I)T + Lp(t)TBp(t)Tv
we can conclude that the inequalities (36) and (37) hold.

Proof In order to decouple the matrix variables P,(r) and

system parameter matrices, we introduce a slack matrix

H. Moreover, introducing slack matrices can also reduce

the design conservativeness [35]. By introducing a slack
matrix H, we introduce the following inequalities:

Ap(0)"H + HTAy(1) = B,Py(1) + Pp(1)  Pp(1) —H" +A,(N)"H]

* -H-H" ’

(42)

Ap() H + HTA, (1) = 0,Py(1) + Pp(1)  Py(1) = HT +A,(1) H|

* —H—-H" '

(43)

Multiplying (42) from the left and right, respectively, by
Ap = [I Ap(t)T] and its transpose, and multiplying (43)

@ Springer

from the left and right, respectively, by A, = [I AP(I)T ],
we can conclude that (36) and (37) hold. Notice that if the
conditions in (42) and (43) hold, the matrix H is nonsin-
gular. Now, we define the following matrices:

X=H"' L()=K,()X, P,(t)=X"P,()X. (44)

Multiplying (42) from the left and right, respectively, by
diagonal matrix diag(H~T,H~T) and its transpose, we can
obtain

IT

PS5 11

L Pe <0, (45)
where

M,s = H TA,(1)" +A,(0H™" — B,H "P,(t)H"
+H TP, (H,

e=HTP,t)H ' —H ' +HTA,1)"

Similarly, for (43), we have

11 I1
:7 _Hfl p_ngT <0 (46)

where

M7 =H "A,(1) +A,()H™" — o, H "P,(1)H ™
+HP,(t)H , Mg
=H TP, (0H ' —H '+ HTA,(1)".

LMIs (40) and (41) imply (45) and (46), respectively. Thus,
if (40) and (41) hold, we can conclude that (36) and (37)
hold. This completes the proof. O

Remark 3 With the introduction of some new additional
matrices L,(f) and X, we obtain the linear matrix inequal-
ities in which the Lyapunov matrix P,(¢) is not involved in
any product with the state matrices A,(¢). This feature
enables us to derive conditions with less conservativeness
due to the extra degrees of freedom.

Based on the above lemmas, the asynchronous stabi-
lization problem can be addressed by the following
theorem.

Theorem 2 Assume that
s ()| < sy s =1,2,.. .k, (47)
where &, >0. Let n >0, ¢ >0, o, <0 and f§, be given

constants. If there exist matrices I_’pu >0, L,, and

X satisfying
Py>Py, 1=12,.. k-1 (48)

@,,mm, + @punm <0,m<u (49)
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Spmmm = ®Apmmm <0
1 . .
5 [®pmmn + ®pmnm + ®pnmm] <0,m 7é n

>

pmmn —

A 114 A N N
Spmnu = 8 |:®pmnu + ®pmun + G)pnmu + ®pnum

+épunm + (:)pumni| <0,m<n<u

for all m,n,u € {1,2,...,k}, where

= | P @, A | ¥h Y,
®pmnu - |: % X — XT a®pmnu - * X — XT

and

TAT T pT D
(I)pl = Ame + X Apm + Bmeqn + anBpm - ﬁPPP“

k—1
+ Z Sps(pr - }_)[,k),
s=1

(I)pZ = Ppu - X+ XTAIT;m + LgnB[{m7
Wy = ApmX + X"AL + Byulpn + L), Bl — 0,Pp,

k-1
+ Z ‘Sps(pm - Ppk)»
s=1

Wy =Py —X+XAl +L" B

pm pn'= pm>

The system (6) is exponentially stable for any switching
signal satisfying (24). Moreover, if a feasible solution
exists, the admissible controller gains can be given by

t € (t;, 1]
te (fivtiﬂ]'

(51)

Ky =LyX ',
Kpn = Lan717

Proof Denote the left side of (40) and (41) as @p(t) and

0, (1), respectively. If the conditions in Theorem 2 are
satisfied, we can obtain

k k k
O/)< 33> M s () (1O
m=1 n=1 u=1
k k _
= ()| D () O
n=1 m=1
k k B B
+ Z Z hpm(t)hpu(t)(@pmnu + ®punm) <0
m=1m<u
and

(:)170)

IN

M- 10

Z Z hpm (t)hlm (t) hpu (t) épmnu

n=1 u=1

k k
(O Spmmn +3> > By () () Spun
! m=lp =1
n#m
k
+6 Z Z Z hpm(t)hpn(t)hpu(t)spmnu <0.

m=ln>mu>n

3
Il

From Lemmas 4, 5, and 6, we know that the controller
design problem is solved. By (44), we can conclude that the
gains in (5) can be constructed by (51). This completes the
proof. O

Remark 4 Theorem 2 provides a sufficient condition to
guarantee the exponential stability of the system (6) with
asynchronous switching. This theorem can also be used to
study other nonlinear switched systems. For example, if
T, = 0, the results obtained above can be used to study
the nonlinear impulsive switched systems without asyn-
chronous switching. And if Ax(¢) = 0, the above theorem
can be applicable to the asynchronous control of nonlinear
switched systems without impulsive behaviors.

Remark 5 By setting P, = P,, we get Corollary 2 where
the QLFs are used.

Corollary 2 Let >0, ¢ >0, o, <0, and 8, be given
constants. If there exist matrices I_’,, >0, L,, and
X satisfying

{ /Spmn + Apnm <0

. < 52
Ao A <7 ST (52)

for all m,n € {1,2,...,k}, where

A _ ¢p1 (DPZ A _ lppl lppZ
AP’“"_[ x —X-XT| Apmn =175 -X - XxT

and

bp1 = ApmX +XTAL 4 BpuLgn + LU BY — B, Py,

qn~" pm
=P, — X+ XTA;m + LgnB,{m,

Vo1 = ApwX +X"AL + BonLpn + L}, B}, — 0Py,

‘pn’" pm
‘//pZ = Pp -X +XTA[7;m + L[Y;nB;m?

then the system (6) is exponentially stable for any
switching signal satisfying (24). Moreover, if a feasible
solution exists, the admissible controller gains can be given
by
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Kp=LpX ', te€ (1]

Kpn = Lan7]7 t e (fi7ti+1] '
Proof The proof is similar to that of Theorem 2 with the
function V() given by

V, (1) = x(t)" P,x(1).

It is omitted here. O

4 Example

Example 1 Here, a numerical example is given to illustrate
the effectiveness and advantage of our results obtained
above. Consider the following continuous-time nonlinear
impulsive switched system consisting of two subsystems:
Subsystem 1:

%1() = (—0.2+0.03zy (#))x1 (1) +
(—0.21 +0.09211(Z))M1(l‘) +
X2(1) = (0.16 — 0.06z1 (1) )x2(£) +

(0.01+0.04z; (1))x2 (1) +
(0.01 *0.02211(1))142(1) ,
(0.22 +0.03z11 (t))uz (l‘)

Subsystem 2:

(1) = (0.04 4 0.0122 (1) x1 (1) — (0.02 — 0.0122, (1) Jxa (1) +
(0.3 —=0.1221 (¢))us (t) — 0.01uz(2)
i5(1) = 0.02x, (1) + (0.05251 (1) — 0.35)x (1) ’

—(0.340.1221 (1)) ua(2)

where

sin ( ( ) +05) sin? (x (£)+0.5)

n(t) =
221 (l) = COSZ()CQ(Z‘) + 05)

Using the local sector nonlinearity method [20], we obtain
the fuzzy model as follows:

Subsystem 1:
Rule 1: IF le(l) is 0, THEN X(f) = A]]X([) —|—B”u(t),
Rule 2: IF z;;(¢) is 1, THEN X(¢) = A12x(t) + Biou(t),
Subsystem 2:
Rule 1: IF Zzl(l) is 0, THEN x(l) = AQ])C(I) + 321M(I),
Rule 2: IF Zzl(l) is 1, THEN x(t) = Azgx(t) + Bgzld(l‘),
where

—0.2 0.01 —-0.17 0.05
Ay = , A= 5
0 0.16 0 0.1

—-0.21 0.01
By = ;
0 0.22

@ Springer

—-0.12 -0.01 0.04 -0.02
By = 21 = ,
0 0.25 0.02 -0.35
0.05 -0.01
Ay =
0.02 -0.3
0.3 -0.01 0.2 -0.01
By = , Bxn=
0 -0.3 0 —-0.4

The normalized membership functions are calculated as
follows:

hii(x(2) = ;

The nonlinear functions g,(f,x(f)) and the parameters D,
are given as

S Etens | MR |

By the method of [29], we can calculate the parameters &,
as €11 = €12 = 1 and & = &y = 0.5. The initial conditions
are assumed to be x(1p) = [1,2]". The state response of
subsystem 1 and subsystem 2 is shown in Fig. 1. As we see
from Fig. 1 that both of these two subsystems are unstable.

We will use our results to design a set of model-de-
pendent controllers such that the system (6) is exponen-
tially stable. In practice, the asynchronous switching
between the system models and the controllers generally
exists. First, we study the asynchronous switching between
the system models and the controllers, while the controllers
are designed by only considering the synchronous condi-
tions. Given 1 = 0.01, ¢ =0.01, oy = —0.12, p = —0.2,
1 =0.08, p, = 0.045 and T), = 8, with these parameters,
we can obtain p; = 2.1892, u, =2.2699, 17 = 19.8626
and t; = 13.8987. Using the LMI toolbox in Matlab to
solve (48) and (50), the controller gains can be obtained as

79722 —04578] . [8.3959 0.5866

—0.1675 —9.1560 | "'2710.0438 —6.5639 |’
—7.3636 0.2791

Kn= [ 0.1263 5.0258]’ Kzz_{

K=

—6.3776 0.2231
0.0955 2.7234

The state response for this case is shown in Fig. 2. As
shown in Fig. 2, the system becomes unstable if we ignore
the effects of asynchronous behaviors on the controllers
design.
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x 10° Subsystem 1 Subsystem 2
2 T 5000 T T T
X, (t) X, (1)
187 1 4500 |
X, () x,(t)
16} 4000 |
14 3500
12} 3000
1r 2500
08 2000 r
0.6} 1500 [
04 r 1000
02f 500 |
0 3 0
0 50 0

Fig. 1 State response of subsystem 1 and subsystem 2

switching between the system models and the controllers, 0.1332 —0.3805 0.0626 —0.5197
and the controllers are designed by considering the asyn- —0.6258 1.7423 —0.5616 3.7148 |-
chronous conditions. We get u; = 9.7281, u, = 13.0302, Ko = [ 0.0695 0,4502}7 kn= [ 0.0886 0,2252}
7} = 32.2918 and 75 = 22.6363 with the above parameters.

Using the LMI toolbox in Matlab to solve (48), (49), and  The state response for this situation is shown in Fig. 3. As
(50), the controller gains are listed as follows: is shown in Fig. 3,the states of the system converge to zero.

Then, we investigate the situation that the asynchronous X {0.1450 6.3475 ] X {_0.1433 4.2655 ]
1= y K= )

model switching signal
— — — controller switching signal |1
x,(0
()

16000

model switching signal

— — — controller switching signal
)

(0

14000 [

12000

10000 1

8000 1

6000 [ 1

State Response and Switching Signal

4000 1

AL bbbl e s e

ekl = — — __ - Lo o L

- — — - - - - - 0 50 100 150 200 250 300

State Response and Switching Signal

20005 50 100 150 200 250 Second
Second
Fig. 3 State response of the closed-loop asynchronous switched
Fig. 2 State response of the closed-loop asynchronous switched system with controllers designed by considering asynchronous
system with controllers designed by synchronous conditions conditions
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It means that the designed controllers by considering
asynchronous conditions are effective. Since the asyn-
chronous switching is very common in real world, it is
necessary for us to consider this effect on the controller
design. Through comparing Fig. 2 with Fig. 3, we can
conclude if we ignore the effects of asynchronous behav-
iors on the controller design when there exists asyn-
chronous switching, the controllers designed cannot meet
the actual requirements.

Next, we give some comparisons to show the advantage of
our methods. We firstly compare the closed-loop nonlinear
impulsive switched system under two different switching
schemes MDADT and ADT. The parameters and computa-
tion results are shown in Table 1. It is clearly shown in
Table 1 that * > ¢} and t* > 1. Therefore, any switching
signals which satisfy the ADT of the closed-loop nonlinear
impulsive switched system will satisfy the MDADT of all
subsystems of that system, that is, r; <t*,Vpes.

Secondly, we give a comparison between Theorem 2
and Corollary 2. Given the parameters Ty = 8, 5, = 0.08
and f, =0.045 for Theorem 2 and Corollary 2, by
changing o with a step of 0.01, the lower bounds of «, for
Theorem 2 and Corollary 2 are plotted in Fig. 4. As is
shown in Fig. 4, the lower bounds of a, of Theorem 2 are
smaller than those of Corollary 2. As we see from (23) and
(24), a smaller o, leads to a quicker decay of Lyapunov
functions and a smaller r[*,. It is because that the QLFs
method is a special case of the FLFs method.

Example 2 Here, we give a practical example to show the
validity of our method. Consider a continuous stirred tank
reactor (CSTR) where an exothermic, irreversible reaction
of the form A — B happens. As shown in [36], there are
two different feeding streams to feed the reactor, and these
two feeding streams are selected by a selector. Source 1
feeds pure species A at the flow rate F; =50 L/min,
concentration C4, = 1.5 mol/L and temperature T4, = 350
K, and source 2 feeds pure species A at the flow rate
F, =200 L/min, concentration Cs, =0.75 mol/L and

-0.35F O % T T T

O  Theorem 2
0.352} % Corollary 2| |
-0.354 B
-0.356 B
-0.358} q
= -0.361 O X XXX KK K K R R K R X X X %o

-0.362 : : b

—-0.364 | B

-0.366 [ B

-0.368 [ b

-0.37¢L 0 Q-0 Q-0 @ -0 -9 -0 Q-0 -0 -0 @ -0 00
-02 -0.18 -0.16 -0.14 -0.12 -0.1 -0.08 -0.06 -0.04 -0.02 0

%

Fig. 4 The lower bounds of o, for Theorem 2 and Corollary 2 by
changing o; with a step of 0.01

temperature 74, = 350 K. In other words, the reactor has
two modes with respect to the feeding stream. For each
mode of operation, the mathematical model for the process
has the following differential equations [27, 36]:

. F, _
Cy= V(CAJ — Cy) — koe E/RTr

. F, —AH
Ty = =2 (Ta — T,
R V(A ®) + 05

QU ) (53)

pc,V’

koe E/RTeC, 1

where Cy4 represents the concentration of the species A, Tg
denotes the temperature of the reactor, Q, is the heat
removed from the reactor, V is the volume of the reactor,
ko, E, AH are the pre-exponential constant, the activation
energy, and enthalpy of the reaction, c¢,, p are the heat
capacity and fluid density in the reactor, and () € {1,2}
is the switching signal which is a discrete variable. The
values of all process parameters can be found in [27].
The system (53) is a switched nonlinear system.
Substituting all the process parameters into equation (53),
we can get the following two subsystems:
Subsystem 1: (6 = 1)

Table 1 Parameters and computation results for the closed-loop system under two different switching schemes

Switching schemes

MDADT switching

ADT switching

Parameters Ty =8

a; = —0.12,0p = —0.2

B, = 0.08, B, = 0.045

e =¢en =18 =¢6;=05
1y = 3.7392, p, = 4.4394
71 = 10.9716 15 = 7.6766

The value of u

Switching signals

Ty =8

o= —0.12

B =0.08

gl =¢ep =& =& =05
w=max{p, 1, } = 14.3330
Tt =35.5214
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Cy = —0.0334C4 — 1.2 x 10°e7 1900, 4 0.026386,
Tk = —0.0334Tg + 2.4 x 10" 109%xC,

Qs
239’

Subsystem 2: (¢ = 2)

+ 11.77684 +

Cy = —0.0167C4 — 1.2 x 10°e7 12007k, 4 0.0167,
Qs

Tr = —0.0167Tx + 2.4 x 101710007, 4 5177 +

When Q, = 0, the two steady-states can be easily obtained
as (CA, TR)] = (057, 3953) and (CA, TR)2 = (07387
509.12).

Using the T-S fuzzy model [19] and from [27], the
nonlinear system (53) can be approximated by the follow-
ing subsystem S,:

Subsystem S,;:
Rule 1: IF the concentration of the species A is My (x1)
(i.e., x1(t) is 0.57). THEN

0x,;(t) = Ag10x(¢) + Bg10u(t),

Rule 2: IF the concentration of the species A is My (x1)
(i.e., x1(¢) is 0.738). THEN

0%, () = Apa0x(1) + Bgodu(t),

where ¢ € {1,2} represents the subsystem subscript,
%, (1) = X1 (1) x2(1)]" = [Ca T',

0x,(t) = x4(t) — x¢, and x¢ is the stationary point of the
subsystem ¢. It was shown in [27] that the A;; and Ay
have the following values:

4 [—4.5803 x 1072 6.6748 x 107>

11 — )
| 2.4807 —-3.61 x 1073
[—3.5728 5.1826 x 1073

Ap =
| 707.89 —0.010268

B [—0.029103 5.1833 x 1075

21 — )

| 2.4807 —0.0036045
[—3.564 5.1826 x 1073

Ay =
| 706.13  —0.010265

The parameters B, and B, are set as Byj = Bjp =
By = By = [—0.000005; 0.0030]. The nonlinear functions
g (t,x()) used here are the same as in Example 1. Based
on different properties of the source 1 and source 2, the
matrices D, are given as

002 0 001 0
Dl[ 0 0.02}’ Dz{ 0 0.02]‘

23.9°

If g,(¢,x(¢)) and D, can be measured in practice, we can
use these practical values to replace the values used in this
example.

The normalized membership functions for Rule 1 and
Rule 2 of the two subsystems are taken as

arctan(50 x (x; —0.654)) + /2
s (50) = oy ) = 20X (0 Z 0.6 72

hia(xi) = 1= hyi(x1), hoo(x1) = 1 — hyy (x1).

By the method of [29], the parameters &, used in this
example are calculated as ¢, = ¢ = &1 = & = 2. Given
n =0.01, ¢ = 0.01, Ty = 200, a; = —0.02, o, = —0.015,
B, =0.01 and B, = 0.015, substituting above parameters
into (48), (49), and (50), we find these LMIs are feasible. A
set of feasible controller gains can be given as follows:

Ky = [6.9574 4.2107],
Ky =[7.9568 —1.2109],

Ki» = [—18.3518 2.483],
Ky = [—20.3518 5.4854].

By assuming the initial conditions to be x(t) = [0.5,

404.9]T, and setting 7} = 765.2733, 1; = 681.3643, the
simulation results are shown in Figs. 5 and 6. As we see
from these two figures, although there exist effects of
impulsive behaviors and asynchronous switching, the sys-
tem (53) can still be stable, which illustrates the validity of
our method.

5 Conclusion

In this paper, the T-S fuzzy model is first used to study the
exponential stability and asynchronous stabilization prob-
lem of the continuous-time nonlinear impulsive switched

0.9

T T T
model switching signal
0.85} — — — controller switching signal | |

x,(t)

0.8 4

0.75 i

0.7 4

0.65 B

0.6} B

State Response and Switching Signal

0.55F B

] I s PO s IO o IO e U s IO

| I -7 r= = oo -7 =

—_— [ R S A -

3000 4000 5000 6000 7000 8000 9000
Second

oasbl i L
0 1000 2000

Fig. 5 The state trajectory of x;(r)
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550 T T T

model switching signal

— — — controller switching signal
X0

500 B

450 b

400 1

State Response and Switching Signal

= = i i A — = e

i . o i [ o

0 1000 2000 3000 4000 5000 6000 7000 8000 9000
Second

350

Fig. 6 The state trajectory of x,(7)

systems with asynchronous switching. Based on the
switching FLFs approach and the MDADT technique, the
stability conditions and asynchronous stabilization condi-
tions are obtained. Moreover, the state-feedback fuzzy
controllers are designed to guarantee the closed-loop sys-
tems to be exponentially stable. Besides, we remark that
the obtained results can also apply to the nonlinear swit-
ched systems without the effects of asynchronous switch-
ing or impulsive behaviors. Finally, a numerical example
and a chemical process example are given to illustrate the
advantage and applicability of the results obtained.
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