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Abstract The aim of this paper is to develop a new
methodology for solving bi-matrix games with payoffs of
Atanassov’s intuitionistic fuzzy (I-fuzzy) numbers. In this
methodology, we define the concepts of I-fuzzy numbers,
the value-index and ambiguity-index, and develop a dif-
ference-index based ranking method. Hereby the parame-
terized non-linear programming models are derived from a
pair of auxiliary I-fuzzy mathematical programming
models, which are used to determine solutions of bi-matrix
games with payoffs represented by I-fuzzy numbers.
Validity and applicability of the models and method pro-
posed in this paper are illustrated with a practical example.

Keywords Atanassov’s intuitionistic fuzzy (I-fuzzy)
number - Fuzzy set - Fuzzy game theory - Mathematical
programming - Fuzzy optimization

1 Introduction

Usually, the bi-matrix games assume that the payoffs are
represented with crisp values, which indicate that the
payoffs are exactly known by players. However, players
often are not able to evaluate exactly the payoffs due to
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imprecision or lack of available information in real game
situations [1, 2]. In order to make bi-matrix game theory
more applicable to real competitive decision problems, the
fuzzy set has been used to describe imprecise and uncertain
information appearing in bi-matrix games [3, 4]. The
common feature of these fuzzy games is that fuzziness is
described by the fuzzy set with the membership degree.
The non-membership degree is just automatically equal to
the complement of the membership degree to 1. In reality,
however, players often do not express the non-membership
degree of a given element as the complement of the
membership degree to 1. In other words, players may have
some hesitation degree. The fuzzy set has no means to
incorporate the hesitation degree.

The hesitation degree seems to be suitably expressed with
the intuitionistic fuzzy (I-fuzzy) set [S]. The I-fuzzy set is of
use in matrix game modelling due to the fact that in some
situations players may describe their negative feelings, i.e.
the degrees of dissatisfaction on the outcomes of the games.
On the other hand, players could only approximately esti-
mate their payoffs with some hesitation degrees. But it is
possible that players are not so sure about them. Thus, the
I-fuzzy set may provide players a natural tool for modelling
such uncertain situations. As far as we know, however, there
exists less investigation on matrix games using the I-fuzzy
set. Dimitrov [6] used the I-fuzzy set to discuss some market
structure problems. His work only involved the simple
representation of game problems using the I-fuzzy set. Using
the similar idea of the fuzzy goals, Nayak and Pal [7] and Li
[8] constructed the linear programming models to solve bi-
matrix games with goals expressed by I-fuzzy sets. Seikh
and Pal [9] applied triangular I-fuzzy numbers to bi-matrix
games. In this paper, we introduce the concepts of general
I-fuzzy numbers and the value-index and ambiguity-index.
Furthermore, we develop a difference-index-based ranking
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method and hereby derive a pair of parameterized non-linear
programming models from the I-fuzzy mathematical pro-
gramming models of bi-matrix games with payoffs repre-
sented by I-fuzzy numbers, which are called I-fuzzy number
bi-matrix games for short in the sequent.

The rest of this paper is organized as follows. Section 2
gives the concepts of I-fuzzy numbers and arithmetic
operations of their cut sets. Section 3 defines the value-
index and ambiguity-index of an I-fuzzy number, and
proposes a difference-index-based ranking method and
discusses its properties. Section 4 formulates I-fuzzy
number bi-matrix games and develops a parameterized
non-linear programming method. An example of the
strategy choice problem is given in Sect. 5. Section 6
concludes this paper.

2 Concepts of I-fuzzy numbers and cut sets
2.1 Concepts of I-fuzzy numbers

I-fuzzy numbers play an important role in optimization and
decision-making problems [10, 11]. Inspired by the concept
of the fuzzy number [12], an [-fuzzy number A is defined as
a special I-fuzzy set on the real number set R [13, 14],
whose membership function p;:R — [0,1] and non-
membership function v; : R — [0, 1] should satisfy the four
conditions (1)—(4) as follows: (1) there exist at least two
real numbers x;, € R and x; € R such that u;(x;) = 1 and
vi(xg) = 0; (2) w; is quasi concave and upper semi-con-
tinuous on R; (3) v; is quasi convex and lower semi-con-
tinuous on R; and (4) the support sets {x|u;(x) > 0,x € R}
and {x|v;(x) <1,x € R} are bounded.

From the above definition of an I-fuzzy number, we can
easily construct an I-fuzzy number A= ((ay, a1, arr, ay),
i1 (an, an1, a2r,@2), 81, 8r), Whose membership and non-
membership functions are given as follows:

A
My 1oy

11--

g(x) VACY

0 (xr<ay)
filx) (@) <x<ay)
wi(x) =41 (au<x<ay,) (1)
frx) (ar<x<a)
0 ()C > d])
and
1 (x<a,)
gi(x) (@ <x<ay)
vi(x) =40 (au<x<ay), (2)
g (x) (ay<x<a)
1 (X > ﬁz)

respectively, depicted as in Fig. 1, where a,<g; <
ay<ay<a,<ay<a<ay;fi:la,ay) — [0,1] and g, :
(azr,a] — [0, 1] are non-decreasing and piecewise upper
semi-continuous functions, which satisfy the conditions:
filay) =0, filau) =1, g(ax) =0 and g (@) =1: fr:
(air,a1] — [0,1] and g : [a,,ay) — [0,1] are non-in-
creasing and piecewise lower semi-continuous functions,
which fulfil the conditions: f.(a;,) =1, f.(a) =0,
gi(ay) =1 and gi(ay) = 0. [ay,a1,], a, and G, are called
the mean interval and the lower and upper limits of the
I-fuzzy number A for the membership function, respec-
tively. [ay, azr], @, and a, are called the mean interval and
the lower and upper limits of the I-fuzzy number A for the
non-membership function, respectively.

Let m;i(x) =1— p;(x) —vz(x), which is called the
I-fuzzy index of an element x in the I-fuzzy number A ltis
the degree of indeterminacy membership of the element x
to A.

If a, >0, then the I-fuzzy number A is called non-neg-
ative, denoted by A > 0. Conversely, if a, <0, then A is
called non-positive, denoted by A < 0. Further, A is called
positive if a, >0 and @ > 0, denoted by A>0. Likewise,
A is called negative if a, <0 and a, <0, denoted by A<0.
Particularly, if

#;(X)

Fig. 1 An I-fuzzy number A
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0 (x<a,)
(x—a))/(au—ay) (a;<x<ay)
pi(x) = q 1 (au<x<ay),
(_] —x)/(c_h —alr) (a1,<x<a1)
0 (X > (j])
and
1 (x<ay)
(ay —x)/(an — a;) (@, <x<ay)
UA()C) = 0 (021 <x< aZr)
()C — (12,)/(6_12 — aZ,) (a2r <x< (12)
1 ()C > 62),

then the I-fuzzy number A is reduced to a trapezoidal
I-fuzzy number, denoted by A = ((ay, a1, a1y, ay);
(6_12, ay, agr,c_lz». Further, if ay; = ay, (hereby ay; = ay,),
ie.ay<a <a<a <a,, where a = ay = a, = a;; = ay,
then the trapezoidal I-fuzzy number A is reduced to the
triangular I-fuzzy number, denoted by A = < (a,,a,a;);
(ay,a,a) > .

Obviously, if a, = a;, ay = ay;, ar = ay, and a, = ay,
then z7(x) + v;(x) = 1 for all x € R. In this case, the trape-
zoidal I-fuzzy number A degenerates t0A = (ay,ay, ar,a),
which is just the trapezoidal fuzzy number. Therefore, the
trapezoidal I-fuzzy numbers are a generalization of the
trapezoidal fuzzy numbers. Thus, the I-fuzzy numbers are
also a generalization of the fuzzy numbers [15].

Generally, arithmetic operations of I-fuzzy numbers can
be derived from the extension principle of I-fuzzy sets [14].
In the following, we discuss the addition and scalar mul-
tiplication of I-fuzzy numbers based on the concept of cut
sets.

2.2 Cut sets of I-fuzzy Numbers and Arithmetic
Operations

For any « € [0, 1], a a-cut set of an I-fuzzy number A can
be expressed as a crisp subset of R, denoted by

A, = {x|u;(x) > o, x € R}. It easily follows from the def-
inition of the I-fuzzy number that A, is a closed interval,
denoted by A, = [L,(A),R,(A)]. It is directly derived from
Eq. (1) that

[L2(A), Ra(A)] = [f; " (o). ()], (3)

where f;! and £
respectively.
Likewise, for any f € [0,1], a ff-cut set of an I-fuzzy

are the inverse functions of f; and f;,

number A can be expressed as a crisp subset of R, denoted
by Ag = {x|v;(x) < B,x € R}. Obviously, Ag is a closed
interval, denoted by Aj = [Ls(A),Rs(A)]. Tt is directly
derived from Eq. (2) that
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(B).& " (B)], (4)

are the inverse functions of g, and g,,

[Lp(A),Rp(A)] = [g; !

where g/ and g;!
respectively.

According to the arithmetic operations of intervals [16]
and the above concept of cut sets of I-fuzzy numbers, we
can define the addition and scalar multiplication of I-fuzzy
numbers.

Specifically, for any I-fuzzy numberA = ((ay, a1, arr, ay),
N (227 azj, Ay, 62)7 8 gr> and A/ = <(Q,1 ) a/ll’ a/]ra d,] )7
fl. 1l (dy, dbyy, s, @), g, &), the sum of A and A’ is defined as
an I-fuzzy number A+ A', whose o-cut set and f-cut set are,
respectively, given as follows:

(A+4), = As+ 4, = [Li(A) + Li(A). Ry(A) + Ry(A)]
= [ @+ @ o)+ @)
(5)
and
(A+A), =Ag+ A} = [L/f(/i) +Ly(A"), Rp(A) + Ry(A")]
= [ '(B) + &' (B).g, ' (B) + &1 (B)]-
(6)
The scalar multiplication of A and any real number p is

defined as an I-fuzzy number pA, whose o-cut set and f-cut
set are respectively given as follows:

(), = ph = {[puA)pR(A)}

R, (A), pL,(A)]
{pfl (O‘)} (,0>0) (7)
lof, ! ( pfz Ha)] (p<0)’
(M)ﬁ:pﬁﬁ

_ { [pLg(A),pRp(A)] _ { logr ' (B).pgy ' (B)] (ng)
p<

[oRs(A),pLs(A)] — lpg, ' (B).pgi ' (B)] (

3 The Difference-Index-Based Ranking Method
of I-fuzzy Numbers and Properties

3.1 The Value-Index and Ambiguity-Index of an I-
fuzzy Number

For any I-fuzzy number A, its values of the membership
and non-membership functions are defined as follows:

V,(A) = / (L) + RolA)) /2] (), 9)

1
V) = [ L) + RiA)/2)5(8)38 (10)
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respectively, where f{x) is a non-decreasing function on the
interval [0,1], which should satisfy the conditions: f0) = 0
and f(1) = 1; g(p) is a non-increasing function on the
interval [0,1], which should fulfil the conditions: g(0) = 0
and g(1) = 0.

f(o) and g(f) may reflect the attitude of players (or
decision makers) towards uncertainty, which can be con-
sidered as weighting functions. f(a) gives different weights
to elements at the o-cut sets of the I-fuzzy number A so that
the contribution of the lower «-cut sets can be lessened due
to the fact that these cut sets arising from pj;(x) have a
Vi(A)
synthetically reflects the membership degrees of A. Like-
wise, g(f) can lessen the contribution of the higher f-cut

considerable amount of uncertainty. Therefore,

sets of A since these cut sets arising from v;(x) have a
considerable amount of uncertainty. V,(A) synthetically
reflects the non-membership degrees of A. And f(«) and
g(p) are specifically chosen according to need in real sit-
uations. Jafarian and Rezvani [17] gave more explanations
and specific forms of the functions f(o) and g(f3), respec-
tively. For example, f (o) = oz and g(ff) = 1 — f§ are simpler
forms of such functions.

It is easy to see from Egs. (9) and (10) that VH(A) >0
and V, (A) >0 for any I-fuzzy number A>0.

Likewise, the ambiguities of the membership and non-
membership functions for any I-fuzzy number A are
defined as follows:

~ l ~ ~
W) = [ (Ra() = L) () (1)
and

~ 1
W) = [ (o) = Ly(A)) (B (12
respectively. Clearly, R,(A) — L,(A) and Rg(A) — Lg(A)
are just the lengths of the intervals A, and Aﬁ. W,,(A) and

W,(A) basically measure how much there is uncertainty in

A.
It is easy to see from Eqgs. (11) and (12) that W, (A ) >0
and W,(A) >0 for any I-fuzzy number A. Further, we can

draw the following conclusion, which is summarized as in
Theorem 1.

Theorem 1 Assume that A and A’ are any I-fuzzy num-
bers. Then, for any real number p € R, the following
equalities are always valid:

(A) + V,(A"),

(A) + Vy(4"),

=

>

_|_
I

oV,
oV,

Wi(pA +A") = pW(A) + Wy(A'),
and
W,(pA + A') = pW,(A) + W,(A").
Proof See Appendix 1. O

Theorem 1 shows that the values and ambiguities of any
I-fuzzy number are linear.

The value-index and ambiguity-index of any I-fuzzy
number A are defined as follows:

Vi(A) = 2Vy(A) + (1 = )V,(A), (13)
and
Wi(A) = AW, (A) + (1 = )W (A), (14)

respectively, where A € [0, 1] is the weight which repre-
sents the attitude or preference information of players (or
decision makers). A € [0, 1/2) shows that the player prefers
to uncertainty or negative feeling; A € (1/2, 1] shows that
the player prefers to certainty or positive feeling; 4 = 1/2
shows that the player is indifferent between positive feeling
and negative feeling. Therefore, the value-index and
ambiguity-index may reflect players’ attitude or preference
to the I-fuzzy number.

Theorem 2  Assume that A and A’ are any I-fuzzy number.
Then, for any real number p € R, the following equalities
are always valid:

Vi(pA +A') = pV,(A) + V,(A"),

and

Wi(pA +A) = pW;(A) + W, (A").

Proof See Appendix 2. O

Theorem 2 shows that the value-index and ambiguity-
index of any I-fuzzy number are linear.

3.2 The Difference-Index of an I-fuzzy Number
and the Ranking Method

From Egs. (13) and (14), obviously, the larger the value-
index and the smaller the ambiguity-index hereby the
bigger the I-fuzzy number. Therefore, a ranking-index of
any I-fuzzy number is defined as follows:

D;(a) = Vi(a) — Wi(a), (15)
which is usually called the difference-index of the I-fuzzy

number A for short.

Theorem 3 Assume that A and A are any I-fuzzy num-
ber. Then, for any real number p € R, the following
equality is always valid:
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D;(pA +A') = pD;(A) + D;(A").
Proof See Appendix 2. U

Theorem 3 shows that the difference-index of any
I-fuzzy number is linear. Further, it can be easily seen from
Eq. (15) that the larger the difference-index the bigger the
I-fuzzy number. Thus, the difference-index-based ranking
method is proposed as follows.

Definition 1 Assume that 4 € [0, 1] is any real number.
For any I-fuzzy numbers A and A’, we stipulate as follows:

(1) D;(A) > D;(A) if and only if A is larger than A’,
denoted by A > pA’;

(2) D;(A) > D;(A") if and only if A is equal to A’,
denoted by A =z A’; and

(3) A> A’ if and only if A > A’ or A =y A'.

The symbol “>” is an I-fuzzy version of the order
relation “>” on the real line and has the linguistic inter-
pretation “essentially larger than”. Similarly, “=” and
“>1” are I-fuzzy versions of “=" and “>" on the real line
and have the linguistic interpretations “essentially being
equal to” and “essentially larger than or being equal to”,
respectively. Analogously, we can define the order rela-
tions “<” and “<i”.

The above ranking method has some useful properties,
which are summarized as in Theorem 4.

Theorem 4 The difference-index-based ranking method
of I-fuzzy numbers has the five properties as follows:

(P1) For any I-fuzzy number A, then A > Ais always
valid;

(P2) For any I-fuzzy numbers A and A’, if A >z A" and
A'>r A, then A = A,

(P3) For I-fuzzy numbers A, A’ and A”, if A >z A’ and
A'> A" then A> [ A”;

(P4) Assume that F'| and F are arbitrary finite subsets of
I-fuzzy numbers. For any I-fuzzy number A€ F NF,and
A" € FiNF,, then A > 1z A’ on F, if and only if A > p A’
on Fy;

(P5) For any I-fuzzy numbers Aand A',if A> IF A’, then
A+A"> A + A" for any I-fuzzy number A”;

(P5') For any I-fuzzy numbers A and A, if A > 5 A,
then A +A” > g A’ + A" for any I-fuzzy number A”.

Proof See Appendix 3. O

Remark 1 Wang and Kerre [18] proposed seven axioms
A|—A-, which serve as the reasonable properties to figure
out the rationality of a ranking method for the ordering of
fuzzy quantities. The above properties (P1)—(P6) (or (P6'))
correspond to the axioms Al-A6 (or A6), respectively.
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Unfortunately, it is very difficult to prove whether the last
properties corresponding to the axioms A7 are valid.

It can be easily seen from the properties (P1)-(P3) of
Theorem 4 that the difference-index-based ranking method
of I-fuzzy numbers is a total order. Therefore, the above
ranking method is different from those [19, 20].

4 Parameterized Non-linear Programming Models
for I-fuzzy Number Bi-matrix Games

4.1 Bi-matrix Games and Non-linear Programming
Models

The sets of pure strategies for players I and II are denoted
by Sy ={o1,0,...,0,} and S» = {f,,b,,...,B,}; their
payoff matrices are expressed with A = (a;),,,, and
B = (bjj),,,; their mixed strategy vectors are denoted by
y=01,y2,.- .,ym)T and z = (z1, 22, - - .,zn)T, respectively,
where y; (i=1,2,...,m) and z; (j = 1,2,...,n) are prob-
abilities in which I and II choose their pure strategies o; €
Sy (i=1,2,...,m) and B; €8, (j=1,2,...,n), respec-
tively; the symbol “T” is the transpose of a vector/matrix.
Their sets of mixed strategies are denoted by Y =
WYXt yi=1Lyi>0(i=1,2,...m}and Z = {z 3
z7=1,z>0(j=1,2,...,n)}. Thus, a two-person non-
zero-sum finite game is simply called the bi-matrix game
(A, B) in which both players want to maximize his/her own
payoffs. When I chooses any mixed strategy y € Y and II
chooses any mixed strategy z € Z, the expected payoffs of
I and II can be computed as Ej(y,z) =y Az ="

i=
Siviagz and  Ex(y,z) =y'Bz =", YL yibyz,
respectively.

Definition 2 If there is a pair (y*,z*) € Y X Z so that
yTAz* <y*TAz* for any y € Y and y*"Bz <y*’Bz* for any
z € Z, then (y*,z*) is called a Nash equilibrium point of the
bi-matrix game (A, B), y* and z* are called Nash equilib-
rium strategies of players I and II, u* = y*TAz* and v* =
y*TBz* are called Nash equilibrium values of I and II,

respectively. And (y*7,z*7 u*,v*) is called a Nash equi-
librium solution of (A, B).

The following theorem guarantees the existence of Nash
equilibrium solutions of any bi-matrix game.

Theorem 5 Any bi-matrix game (A,B) has at least one
Nash equilibrium solution.

A Nash equilibrium solution of any bi-matrix game
(A,B) can be obtained by solving the non-linear pro-
gramming model stated as the following Theorem 6 [21].
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Theorem 6 Let (A,B) be
T,z u*,v*) is a Nash equilibrium solution of the bi-
matrix game (A,B) if and only if it is a solution of the
mathematical programming model, which is shown as
follows:

any bi-matrix game.

max{y" (A + B)z —u — v}
Az <ue™
BTy <ve"
st ylem =1
e’ =1
y>0,z>0

Furthermore, if (y*7,z*T, u*, v*) is a solution of the above
mathematical programming model, then u* = y*TAz*,
yTBz" andy*T(A + B)z" —u* —v* = 0.

V=

4.2 Models and Method for I-fuzzy Number Bi-
matrix Games

Let us consider an I-fuzzy number bi-matrix game, where
sets of pure strategies S; and S, and sets of mixed strategies
Y and Z for players I and II are defined as the above sec-
tions. If player I chooses any pure strategy o; € 57 (i =
1,2,...,m) and player II chooses any pure strategy
B, €S2 (j=1,2,...,n), then at the situation (o, f3;)
players I and II gain payoffs, which are expressed as
I-fuzzy numbers

Aij(oi, By) = {{(e, By); (@1, ansij @rrijs @),
fitsJijrs (@i @otij, Qorijs @aif), Gijts &ijr)
i=1,2,...m;j=12,...,n),
where

i < Ay < agy < ay < ayjr < Qe < A < Ao

and

Bij(oi, ;) = {{(0, B)); (byj b brris 1),
ijts e (Baij, batigs barijs i), &its i) }
(i=1,2,---,m; j=1,2,---,n),

where injfblijgbﬁjlSblijlgblijer2ijr§b_lij§b_2ij~
Thus, the payoff matrices of players I and II are expressed
as A = (Ay(oc,»,ﬁj))mxn and B = (B,j(ac,-,ﬁj))mxn, respec-
tively. In the sequel, the above I-fuzzy number bi-matrix
game is denoted by (A, B) for short.

If players I and II, respectively, choose mixed strategies
y € Y and z € Z, then the expected payoff of player I is
Ei(y,z) =y Az =", > yiA;jzj, whose a-cut set and
p-cut set can be, respectively, computed as follows:

n m n

(E(y,2)), = D viLa(Ai)z Y Y viRa(Ay)z

m
L i=1
[ m
i=1

Vil
=1 = 1j 1
m
§ 71 § § : 1
-f;f/‘l ylZJ’ yJ;]r ZJ ’
=1 j=1 i=1 j=1

and

(E(y,2)), = fjiw 053> viRy(A ]

ll] =1 j=1

m m n
- Zzytgul ZJ’ZZy’gl/r Zf‘|’

Li=1 j= i=1 j=1

where « € [0,1] and f € [0, 1].

According to the operations of I-fuzzy numbers, the
expected payoff E|(y,z) of player I is an I-fuzzy number,
which can be calculated as follows:

n n
Ei(y,z) = {(Z Z%’(Qlij, aj, arrij, drij)zj, min{fi, fijr 5

i=1 j=1

n n
Z Z )G(Qz,-j, Wij, Arij, 67217)Zj7 max{gijb gijr}> }

i=1 j=I

Similarly,
E(y,z)

the expected payoff of player II is
= yTﬁz, which can be calculated as follows:

E2( { ZZ% bl[jablllj7b1rlj7bllj)zj7mln l]l)fjr}

i=1 j=

> Z Yi(bays baiij, barij, baij)z, max{gi, gijr }) } :

i=1 j=1

Definition 3 Assume that there is a pair (y*,z*) € Y X Z.
If any yeY and z € Z satisfy y’Az* <, y*TAz* and

y* Bz < ;zy*TBz*, then (y*,z") is called a Nash equilibrium

point of the I-fuzzy number bi-matrix game (A, B), y* and
Z* are called Nash equilibrium strategies of players I and II,
i* =y*TAz* and v* = y*TBz* are called Nash equilibrium
values of I and II, respectively. (y*,z*,u",v*) is called a
Nash equilibrium solution of (A, B).

Stated as earlier, however, player I's expected payoff

y'Az and player II's expected payoff y”Bz are I-fuzzy

numbers. Therefore, there are no commonly used concepts
of solutions of the bi-matrix games. Furthermore, it is not
easy to compute the membership degrees and the non-
membership degrees of players’ expected payoffs. As a
result, solving Nash equilibrium solutions of I-fuzzy
number bi-matrix games are very difficult. In the sequel,
we use the ranking function D, to develop a new method

for solving (A, B).
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Using Eq. (15), we can transform A and B into the
payoff matrices as follows:

Ail :Dil((‘iij(aiaﬁj))mxn> ( (ahﬁj)))mxn (]7)
Biz :Diz((éij@(hﬂj))mxn) Diz( (ai’ﬂj)))mxm (18)
where 1, € [0, 1], 4, € [0, 1], D;, (A; (oc,,ﬁj)) = Vi) —
A“iij(fxi,/)’f) and Dy, (B '](oc”ﬁf)) -
(i:1,2,...,m; j=12,... )

According to the above usage and notations, the above
parametric bi-matrix game can be simply denoted by

(D
(

(A;,,B;,), where the pure (or mixed) strategy sets of
players I and II are S; and S, (or Y and Z) defined as the
above. Then, the I-fuzzy number bi-matrix game (A, B) is

transformed into the parametric bi-matrix game (A;,, B}, ).
Hereby, according to Definitions 1-3 and Theorem 3, we
can give the definition of satisfying Nash equilibrium

solutions of (fi A ,B;,z) as follows.

Definition 4 For given parameters 4; € [0,1] and
/2 € [0, 1],if there is a pair (y*,z*) € ¥ x Zsothatanyy € Y
and ze€Z satisfy the following  conditions:
nyiilz* Sy*TfiMz* and y*TI;'Azz Sy*TEgzz*, then (y*,z*) is
called a satisfying Nash equilibrium point of the I-fuzzy

number bi-matrix game (Azl ,B,,),y* and z* are called sat-
isfying Nash equilibrium strategies of players I and II,
w () =y*TA; z" and v*(Jy) = y*"B,,z" are called satisfy-
ing equilibrium values of I and II, respectively.
(v*,z*,u*(A1),v*(A2)) is called a satisfying Nash equilibrium
solution of the I-fuzzy number bi-matrix game (A;, , B;,)
Thus, for given parameters 4; € [0,1] and 74, € [0, 1],
according to Theorem 4, the parametric bi-matrix game
(A;,,B;,) has at least one Nash equilibrium solution.

Namely, the I-fuzzy number bi-matrix game (fi P .B J,) has
at least one satisfying Nash equilibrium solution, which can
be obtained through solving the following parametric non-
linear programming model according to Theorem 6:

max{zzyl A‘ a”ﬁj))+D12(Bij(o‘i7/3j))]zj
—u(/1) —v(42)}
> D4 (A,

S 105 By, B)) i < v(i2) (= 1,2,...om)

(OC,, ﬁ/))}zl < u(/bl) (l =12,.., m)

.
—_

Y vi4m =1

at+zanttm=1
v(i2) 2 0,u(i) = 0
y,ZO(l: 1,2,...,}’]1),

z>0(=1,2,...,n),
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where y;(i=1,2,....m), z(j=1,2,...,n),
v(/2) are decision variables.

According to Theorem 35, if (y*,z*,u* (1),
solution of Eq. (19), then we have
u*(/ll) —_ y*TA/llz*

n m

=375 ViAo, B)) — War (g, B)]vi2,

J=1 =1

u(4y) and

v (4p)) is a

W)z( (alvﬁj))]

and
y7(D;,(A) + Dy, (B))" — u' (4a) = v* () =0

Noticing that y; >0, z; >0, and V,(a) and A,(a) are,
respectively, continuous non-decreasing and non-increas-
ing functions of the parameter A € [0,1] if 4 is a non-
negative I-fuzzy number. Then, u*(1;) and v*(1) are
monotonic and non-decreasing functions of the parameters
21 €[0,1] and 4, € [0, 1], respectively. Thus, the satisfying
Nash equilibrium values of players I and II are obtained as
[*(0),u*(1)] and [v*(0),v*(1)], respectively, and can be
written as the I-fuzzy numbers {((¥*,7*),u*(0),1 —
w(1)} and {((57,7),v%(0), 1 —v*(1))}, where (7,7")
represents a mixed situation. Thus, #*(y*,Z") and v*(y*, ")
is Nash equilibrium values of players I and II, respectively.

In particular, for the parameters A; = 0 and 4, = 0,
Eq. (19) becomes the non-linear programming model as
follows:

max{i'znyi[vﬂ(xim%ﬁ,-)) - W )

VuByos ) — WalBy (e By — u(0) —v(0)}

:1[ (A (e, B) — WAy (o, B)]z <u(0)  (i=1,2,...,m)

é[ W(Bij(oi, B)) — Wo(By(o, B))lyi <v(0) (G =1,2,...,n)
SNy =1

atattm=1

Zj207yi20 (l:lza>m7]:1,2n)

u(0) >0,v(0) >0

(20)

where  u(0) = V,(i(5,2) — W(@(5,2)),  v(0) = V(7
(}772)) - Wv(ﬁ(yaz_))’ yt(l = 1727 .. '7m)7 Zj(j = 1727 .. .,I’l),

u(0), and v(0) are decision variables. The solution of
Eq. (20) can be obtained by (y*7,z*7,V,(a*(y*,7*)) —
WJZ?(W,?)), VM(V*(W,?)) - WU(V*(y*aZk)))'

Similarly, for the parameters Ay =1 and 1, =1,
Eq. (19) becomes the non-linear programming model as
follows:
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max{zzy, (o))~ Wil )
VBl ) — WiBylo, )]sy — (1) — (1)}
> Vuldy (o0, B) = WolAylor Bl Su(l) (1= 1,2,...,m)

S V(B (e ) -

i=1

WU(EU(“h/jj))]YiSV(l) (j: 1727"'7’1)

s.t.

iyt tyn=1

tntotm=1

5203200 =12, mij=1,2,....m)

u(1)=0,v(1) =0

(21)

where u(1) = V,(a*(y*,2")) — W, (a*(y*,2)), v(1) =V,
(v *(‘* *)) W, (7, 2)), yili=1,2,...m), (=
1,2,...,n), u(1) and v(1) are decision variables. Likewise,

the SOI“UOU of Eq. (21) can be obtained by (y"*" 7",

Vi@ (y,2)) = Wu(a* (v, 2)), Vo (5,27)) — Wu(ﬁ*
(7, 2)))-

Thus, we can explicitly obtain the satisfying Nash
equilibrium values and corresponding satisfying Nash
equilibrium strategies of players I and II through solving
Egs. (20) and (21). Furthermore, according to Eq. (19), any
satisfying Nash equilibrium values and corresponding sat-
isfying Nash equilibrium strategies of players I and II can
be obtained through choosing different parameters 4, €
[0,1] and 4, € [0, 1].

S An Application to the Strategy Choice Problem

There are lots of competitive decision problems which may
be solved by using the game theory. In this section, we
consider a manufacturers’ production plan (or strategy)
choice problem, which is used as a demonstration of the
possible applications of the proposed methodology in
realistic scenario.

Let us consider the case of two manufacturers P; and P,
making a decision aiming to enhance the satisfaction
degrees of customers. Assume that manufacturers P; and
P, are rational, i.e. they will choose optimal strategies to
maximize their own profits without cooperation. Suppose
that manufacturer P has two pure strategies: establishing a
scientific and rational service system o; and providing
customers with satisfying product o,. Manufacturer P, has
the same pure strategies as manufacturer Pj, i.e. estab-
lishing a scientific and rational service system f3; and
providing customers with satisfaction products f3,. Due to
lack of information or imprecision of the available

information, the customers’ preference and satisfaction
degrees are often vague, and the players’ estimation often
by their intuitive experience. Thus, the sales amount is not
able to forecast exactly. In order to deal with the uncer-
tainty, I-fuzzy numbers are used to express the sales
amount of the product. The payoff matrices of manufac-
turers P, and P, are, respectively, expressed as follows:

B <UEOATOIR0NA,, ,,:(150.170.180,190).g, g, > <(140,150,165,190)5(130,155,180,190)>
~ B, <(150,160,170,180):/,,,, £;,,5(140,160,180,190),g,,,. 2,5, > <(140,150,160),(130,145,170) >

and

4 &

B, (<(160,170,180,190).f; ., /;,,;(155,165,180,200).g,,,, &,,, > <(140,150,170,190),(130,145,180,190)>
B\ <(130,150,160).f,,,, £,,,5(120,145,155,165).8,» 81, > <(150,170,180),(140,170,190) >

B=

where 1411:((1607 170, 180); fi11,f11,; (150, 170, 180, 190),
g1, &11r) 18 an I-fuzzy number with the membership (or
satisfaction) and non-membership (or dissatisfaction)
functions as follows:

0 (x< 160)

(x — 160)*/100 (160 <x<170)
i, (x) = ¢ 1 (x = 170) ;

(180 —x)/10 (170 <x < 180)

0 (x > 180)

1 (x<150)

(170 — x)* /400 (150 <x<170)
i, (x) =120 (170 <x < 180)

(x—180)/10 (180 <x< 190)

1 (x > 200),

A~12:<(1503 1607 1707 180)7f1217f12r7 (1407 1607 18()’ 190)a
g121, &12-) is an I-fuzzy number with the membership and
non-membership functions as follows:

0 (x<150)
(x—150)/10 (150 <x<160)
,u/;n(x): 1 (160 <x<170)
(180 — x)>/100 (170 <x < 180)
0 (x > 180)
1 (x < 140)
(160 —x)/20 (140 <x<160)
v, (1) =<0 (160 < x < 180),
(x — 180)*/100 (180 <x < 190)
1 (x > 190)

Ay1=((140,150, 170, 190); (130, 145,180,190)) is a
trapezoidal I-fuzzy number with the membership and non-
membership functions as follows:
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(x < 140)
X~ 140)/10 (140 <x<150)
(150 <x < 170),
190 — x)/20 (170 <x < 190)
(x > 190)
(x<130)
(130 < x < 145)
(145 < x < 180)
(180 <x < 190)
(x > 190),

145 — x)/15

Vi, (x) =
x— 180)/10

—_— O~ =

Others in payoff matrices A and B can be similarly
explained.

Taking f(¢)=a (x€0,1]) and g(f)=1-p
(p € [0, 1]), according to Egs. (9)—(15) and (19), the para-
metric non-linear programming model is constructed as
follows:

max{(148.3410.64; +4.54)y1z1

+(127.94941 4+ 842)yi1z2 + (120.8 4+ 7.541 + 6.7 42) 221

+ (1442 4+ 1721 +3.322)y220 —u(d1) —v(d2)}
(73.9+10.641)z1 + (65.94+941)z2 <u(4y)
(61.7+7.541)z1 + (68.3+1.721)z <u(y)
(74.4+4.505)y1 + (62 +822)y2 <v(4)
(59.146.72)y1 + (75.943.322)y2 <v (/)
yityn=1
n+zn=1
u(41)>0,v(4) >0
yi>0,z>0(i=1,2;j=1,2).

s.t.

(22)

For the parameters /; € [0,1] and A, € [0, 1], solving
Eq. (22), we can obtain the satisfying Nash equilibrium
values and corresponding satisfying Nash equilibrium
strategies of manufacturers P; and P,, respectively,
depicted as in Tables 1, 2 and 3.

It is easy to see from Tables 1, 2 and 3 that the satisfying
Nash equilibrium value of a manufacturer P; (or P,) only
depends on his/her own preference/parameter regardless of
other player’s preference/parameter. However, strategy

Table 1 Satisfying Nash equilibrium values and corresponding
strategies

Parameters P, P,

/11 /12 y*T M*(il) z*T V*(iz)
0 0 (0.476, 0.524)  67.22 (0.164, 0.836)  67.90
0.3 0.3 (0.460, 0.540)  68.73 (0.016, 0.984)  69.63
0.5 0.5 (0.449, 0.551)  70.40 O, 1) 70.78
0.8 0.8 (0.428, 0.571)  73.10 O, 1) 72.50
1 1 (0.413, 0.587)  74.90 ©, 1) 73.67

@ Springer

Table 2 Satisfying Nash equilibrium values and corresponding

strategies

Parameters P, P,

A A2 y T w () 27 v (42)
0 1 (0.413, 0.587) 67.22 (0.164, 0.836)  73.67
0.3 0.8 (0.428, 0.571)  68.73 (0.016, 0.984)  72.50
0.5 0.5 (0.449, 0.551)  70.40 0, 1) 70.78
0.8 0.3 (0.460, 0.540)  73.10 0, 1) 69.63
1 0 (0.476, 0.524)  74.90 0, 1) 67.90

Table 3 Satisfying Nash equilibrium

values and corresponding

strategies

Parameters P, P,

)L] /12 y*T u* (}.1) z*T v* (}.2)
1 0 (0.476, 0.524)  74.90 O, 1) 67.90
0.8 0.3 (0.460, 0.540)  73.10 O, 1) 69.63
0.5 0.5 (0.449, 0.551)  70.40 O, 1) 70.78
0.3 0.8 (0.428, 0.571)  68.73 (0.016, 0.984)  72.50
0 1 (0.413, 0.587) 67.22 (0.164, 0.836)  73.67

choice of a player is only affected by other player’
preference/parameter.

6 Conclusion

Determining payoffs of bi-matrix games absolutely
depends on players’ judgments and intuition, which are
often vague and not easy to be represented with crisp
values and fuzzy numbers. This paper formulates bi-matrix
games with payoffs expressed by I-fuzzy numbers and
propose corresponding parameterized non-linear program-
ming method. The main contributions include (1) giving
the concepts of general I-fuzzy numbers and the value-
index and ambiguity-index; (2) proposing the new ranking
method based on the difference-index, which is proven to
be a total order and has some useful properties; and (3)
establishing parameterized non-linear programming mod-
els and method for any bi-matrix game with payoffs rep-
resented by I-fuzzy numbers.

Obviously, for any given parameter A € [0, 1], the
parameterized non-linear programming models become a
pair of primal-dual linear programming models, which are
easily solved by using the simplex method of linear pro-
gramming. Our work is remarkably different from those
[6-9, 11, 13, 17, 19, 20], in that players’ payoffs and/or
goals were expressed with I-fuzzy sets [6-9, 11, 13] or
fuzzy numbers [17, 20], and Nehi [19] established multi-
objective programming models based on the average
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indices of the membership and non-membership functions
of triangular I-fuzzy numbers, which are only a special
form of I-fuzzy numbers.

Furthermore, it is easy to see that the derived parame-
terized non-linear programming models for bi-matrix
games with payoffs represented by I-fuzzy numbers are an
extension of the linear programming models for fuzzy
matrix games. Therefore, effective and efficient methods
for explicitly determining values of matrix games with
payoffs of I-fuzzy numbers will be investigated in the near
future.
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Appendix 1: Proof of Theorem 1

According to Egs. (5) and (7), for any o € [0, 1], we have
(pA + A")* = pA* + A™. Hence, we have

L*(pA +A') + R*(pA + A")

= L*(pA) + L*(A") + R*(pA) + R*(A")

= p(L2(A) + RA(A)) + LX) + R (A,

Combining with Eq. (9), we have
_ _ 1
Vu(pA + &) = p / (L4(A) + R*(A))/2)f (2)do

1
+ [ 1@ + ) 2
= pV,U(W7A~) + VH(W,A/),
ie. Vi(pA+A") = pV,(A) + V,(A).
For any f§ € [0, 1], it easily follows from Egs. (6) and (8)
that (pA +A'); = pAg + A} According to Eq. (10), we
can similarly prove that V,(pA +A') = pV,(A) + V,(4").

For any o € [0, 1], if p>0, it is easily derived from
Egs. (5) and (7) that

R*(pA+A') — L*(pA + A")
= R*(pA) — L*(pA) + R*(A") — L*(A)
= p(R*(A) = L*(A)) + R*(A") — L*(A").

Then, combining with Eq. (11), we have

1
Wapd +2) = p [ (B(3) = L@

+ / (R(A') — L7 (A")f (a)do

= PWH(A) + W(A).

A+A") — L(pA+A') =
L*(A"). Hereby, we have

Likewise, if p < 0, then R*(p.
p(L*(A)— R*(A)) + R*(A") —

1
WA +2) = p [ (L) - R A (s

1
+ [ @@ - @
0
— pWa(A) + W),
Therefore, we have proven that W,(pA +A') =
pW,(A) + W, (A’) for any p € R.
Similarly, according to Egs. (6), (8) and (12), we can

prove that W, (u, pA +A') = pW,(u,A) + W, (u,A").

Appendix 2: Proof of Theorem 2

According to Theorem 1, it is derived from Eq. (13) that
Vi(pA+A") = IV, (pA + A') + (1 — L)V, (pA + A")
=plAVo(A) + (1 = DV (A)] + V(&) + (1 — V(&)

= pVi(A) + V;(A")

i.e. V)V(pA~ —I—AI) = pV;(A~) + VA(A/).
Likewise, according to Theorem 1 and Eq. (14), we can
prove that W;(pA +A') = pW;(A) + W (A").

Proof of Theorem 3

According to Theorem 2, it is derived from Eq. (15) that
Di(pA+A") = V,(pA+A") — W;(pA + A')

= (pVi(A) + Vi(A")) = (pW:(A) + W3 (A"))

= p(Vi(A) — Wi(A)) + (V1 (A") — W, (A"))
= pD;(A) + D;(A").

Thus, we have completed the proof of Theorem 3.

Appendix 3: Proof of Theorem 4

(P1) For any I-fuzzy number A, it directly follows from
Eq. (15) that D;(A) >D;(A) for any A € [0, 1]. Hereby,
according to Definition 1, we have A> A,

(P2) For any I-fuzzy numbers A and A’, according to
Definition 1, we have D;(A) > D;(A’) and D;(A") > D;(A)
for any 2 € [0, 1]. Thus, D;(A) = D;(A"). Hereby, we have
proven that A =z A'.

(P3) For any I-fuzzy numbers A, A’ and A”, according to

Definition 1, we have D;(A) > D;(A") and D;(A") > D, (A")
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for any A € [0, 1]. Hence, D;(A) > D;(A"). Therefore, we
have proven that A > g A”.

(P4) It can be easily seen from Egs. (9)—(15) that the
difference-indices of I-fuzzy numbers A and A’ are com-
pletely determined by themselves. Thus, the ranking order
of A and A’ completely depends on D;(A) and D;(A’),
which have nothing to do with the other I-fuzzy numbers
under comparison. Therefore, we have proven that
A > A on F, if and only if A > |z A’ on F,.

(P5) It is derived from Egs. (9)—(10), we can obtain

1

1
| 1w@ + R @) [ 20
0 0

=4a

Vi(4)

and

= [ [(L*(B) + R*(B))/2)f (2)da < [} 2@ oder = &
Comblnlng with sup p(fi) > supsupp(A’), it directly
follows that V,(A) > V,(A’).
Similarly, it follows that V,(A) = fol [(Lp(A)+
Rg(A))/2]g(B)dp > fo 2aodo =a and V,) fo (Lg
(B) + Ry(B))/2lg(B)dB < [, 2d ador = . Comblmng

with supp(A) > supsupp(A’), it directly follows that
V,(A) > V,(A)). Therefore, AV,(A)+ (1 —2A)V,(A) >
V(AN + (1 = )V, (A), ie. Vi(A) > V;(A).

In a similar way, we have AW, (A) 4 (1 — 2)W,(A) >
WA + (1 = D)W, (A", ie. Wi(A) > W (A").

According to Definition 1, for any 4 € [0, 1], we have
D;(A) > D;(A") if and only if A is larger than A’, i.e.

V(A,2) —W(A, L) > V(A 1) — WA, ).
A>ppA.

For instance, taking f(a) = o (x € [0,1]) and g(f) =
1— B (B €]0,1]), by using Egs. (9)—(15), the difference-
indexes of any I-fuzzy number A can be obtained as
follows:

Hence,

D;(A) = V(A,2) = W(A,2) = [2Vy(A) + (1 = 2)V,u(A)]
W)+ (1 - W)
— (34— 2)a + (61 — )y + (4 — 22)ax
Y- Da)l/12 410 -3+ (2 6,
+(2+24)an + (1 + 4)a))]/12,
(23)
where a<la <ay<ay<a,<ay<a <a. If

supp(A) > supsupp(A'), ie. &) <dy <dy < df, <dh, <
ay<dy<a,<ay<ay<ay<a<ay<a <a, then it
follows from Eq. (23) that

@ Springer

D;(A) — D;(A') > (34— 2)(a@ — @)
+(64 — 4)(az — a) + (4 — 22)(ax — ay)]/12
+[(1 =34)(a1 — @) + (2 — 64) (a1, — a,)
+(2+24)(au — @) + (1 + A)(a; — ap)]/12
> [(74 = 2)(au — ap) + (6 — 64)(a; — ay)]/12
>(A+4)(a —ay)>0

Therefore, we have proven that if supp(A) >

supsup p(A’), then A > pA’.
(P6) In the same way to that of (P3), for any / € [0, 1], it
follows from Definition 1 that

D;(A)>D;(A"). (24)

Combining with Theorem 1, we have DJV(A + A//) _
D;(A)+ D;(A") > D;(A") + D;(A")=D;(A'+A"), i.e

D;(A+A")>D,(A'+A"). (25)

Hence, we have A + A” > g A’ + A”.

(P6') Eq. (24) is a strlctly inequality due to A > |z A'.
Thus, Eq. (25) is also a strictly inequality. According to
Definition 1, we have proven that A +A” > 1 A’ + A”.
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