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Abstract This paper presents a general study of gener-
alized interval-valued fuzzy rough sets integrating the
rough set theory with the interval-valued fuzzy set theory
by constructive and axiomatic approaches. In the con-
structive approach, by employing an interval-valued fuzzy
residual implicator and its dual operator, generalized upper
and lower interval-valued fuzzy rough approximation op-
erators with respect to an arbitrary interval-valued fuzzy
approximation space are first defined. Then properties of
generalized interval-valued fuzzy rough approximation
operators are discussed. Furthermore, connections between
special types of interval-valued fuzzy relations and prop-
erties of generalized interval-valued fuzzy approximation
operator are also established. In the axiomatic approach,
generalized interval-valued fuzzy rough approximation
operators are defined by axioms. We prove that different
axiom sets can characterize the essential properties of
generalized interval-valued fuzzy rough approximation
operators. Also the composition of two approximation
spaces is explored. Finally, a practical application is pro-
vided to illustrate the efficiency of the generalized interval-
valued fuzzy rough set model.
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1 Introduction

Rough set theory, developed by Pawlak [19, 20] as a
framework for the construction of approximations of con-
cepts, is mathematical approach to handle imprecision,
vagueness, and uncertainty in data analysis. Generally
speaking, there are mainly two methods for the develop-
ment of this theory [15, 43], namely the constructive and
axiomatic approaches.

In the constructive approach, the lower and upper ap-
proximation operators are constructed from the primitive
notions, such as binary relations on the universe of dis-
course, partition (or coverings) of the universe of discourse,
neighborhood systems, and Boolean algebras [20, 40, 43,
45, 54]. Recently, rough set approximations have also been
developed into the fuzzy environment in which the results
are called rough fuzzy sets [8, 14, 30, 35] and fuzzy rough
sets [8, 21, 34, 36, 38, 41] based on the constructive
method. Moreover, by combining rough set theory with the
other uncertainty theory, such as interval-valued fuzzy set
theory, intuitionistic fuzzy set theory, hesitant fuzzy set
theory and soft set theory, many authors proposed some
new rough sets model [6, 7, 13, 18, 22-25, 27, 47-49, 52,
53, 55-58]. On the other hand, the axiomatic approach [2,
12, 17, 21, 29-31, 36, 37, 39] is mainly engaged in alge-
braic systems of rough set theory by treating a pair of
abstract operators as primitive notions. In this approach, a
set of axioms is used to characterize approximation op-
erators that are the same as the ones produced by using the
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constructive approach. Many authors explored and devel-
oped the axiomatic approach in the study of crisp rough set
theory [28, 43—45]. The research of the axiomatic approach
has also been extended to approximation operators in fuzzy
environment [16, 17, 21, 29, 30, 36, 38, 39]. For example, a
set of axioms on fuzzy rough sets was investigated by
Moris and Yakout [17]. In [29, 30] Thiele explored ax-
iomatic characterizations of fuzzy rough approximation
operators and rough fuzzy approximation operators within
modal logic. Furthermore, Wu et al. [35, 38-40] studied
various generalized fuzzy approximation operators which
are characterized by different sets of axioms. Recently, the
axiomatic approach to approximation operators has been
investigated by many authors in IF environment [49, 52,
53, 55-57], hesitant fuzzy environment [42], and interval-
valued hesitant fuzzy environment [48].

As two generalizations of Zadeh’s fuzzy sets [50], in-
terval-valued fuzzy (IVF, for short) sets [32, 51], and in-
tuitionistic fuzzy (IF, for short) sets [1] were conceived
independently to avoid some of defects of fuzzy sets. As a
method handling vagueness and uncertainty precisely, both
IVF set theory and IF set theory have the virtue of com-
plementing fuzzy sets. And they have been used in dif-
ferent research fields, for example, Sambuc [26] in medical
diagnosis in thyroidian pathology; Gorzalczany [9], and
Bustince [3] in approximate reasoning; Turksen and Zhong
[33] and Cornelis et al. [5] in interval-valued and intu-
itionistic logic, etc.

As we mentioned above, many authors have extended
rough set theory into IVF sets and IF sets [6, 7, 10, 13, 22,
27, 52, 55-58]. For example, according to fuzzy rough sets
in the sense of Nanda and Majumda [18], Jena and Ghosh
[13], Chakrabarty et al. [7] and Samanta and Monda [27]
presented the concept of IF rough sets which is not defined
by an approximation space. Comparing with the above
approaches, Rizvi et al. [22] proposed the concept of rough
IF sets base on a Pawlak approximation space (U, R) in
which the lower and upper approximations are not IF sets in
the universe of discourse U, but IF sets in the family of
equivalence classes derived by equivalence relation R. To
remedy this difficulty, on the basic of an IF triangular norm
7T p and IF implicator Z;, Cornelis et al. [6] introduced the
concept of (71,Z,) IF rough sets in which the lower and
upper approximation operators are both IF sets in the uni-
verse. However, they have not investigated the properties of
the lower and upper approximation operators generated by
other relations, such as reflexive relation, symmetric rela-
tion, and transitive relation. Therefore, in [52] various re-
lation-based IF rough approximation operators were
discussed by Zhou and Wu through using a special type of
IF triangular norm min. Meanwhile, on the basic of IF im-
plicator Zhou et al. [53] investigated IF rough approxima-
tions on one universe, but they have not studied properties
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of (Z,7)— IVF rough sets on two different universes of
discourse. Therefore, Zhang et al. constructed (Z,7)— IVF
rough approximation operators on two different universes
of discourse by the constructive and axiomatic approaches.
However, we note that IVF implicators constituting for IVF
rough approximation operators don’t satisfy axioms of
Smets and Magrez on L! in [49], unless the conditions are
further restrained. To overcome this defect, He et al. [11]
presented a residual implicator on L' called interval-valued
fuzzy residual implicator. Meanwhile, Mi et al. [16] pre-
sented a generalized fuzzy rough set and discussed its some
interesting properties. In this paper, by integrating the rough
set theory with the residual implicator, we shall extend the
approximation concepts in [16] to generalized interval-
valued fuzzy lower and upper approximation operators
which satisfy axioms of Smets and Magrez on L’. We fur-
ther study the generalized IVF rough approximation op-
erators in which both the constructive and axiomatic
approaches are considered. The generalized lower and up-
per approximations of IVF sets with respect to an IVF ap-
proximation space is constructed by using a residual
implicator @ and its dual operator on L.

The rest of this paper is organized as follows. In Sect. 2,
we review some basic notions related to the lattice on L/,
IVF logical operators, and IVF sets. In Sect. 3, we con-
struct the interval-valued fuzzy residual implicator and its
dual operator on L' which satisfy axioms of Smets and
Magrez on L', and discuss their some interesting properties.
Then the concepts of generalized lower and upper ap-
proximations of IVF sets with respect to an IVF ap-
proximation space is presented in Sect. 4, and the
properties of the lower and upper approximation operators
are examined. In Sect. 5, we investigate an operator-ori-
ented characterization of generalized IVF rough sets, and
give different sets of axioms to characterize various types
of IVF approximation operators. Section 6 is devoted to
studying the composition of two IVF approximation
spaces. In Sect. 7, a general approach to decision making
based on generalized IVF rough sets is established under
the background of application in medical diagnosis. Sec-
tion 8 illustrates the principal steps of the proposed deci-
sion method by a numerical example. Some conclusions
and outlooks for further research are given in Sect. 9.

2 Lattice, Interval-Valued Fuzzy Sets and Interval-
Valued Fuzzy Logical Operators

In this section, we recall briey a special complete lattice on
[0,1]* with its logical operations originated by Cornelis
et al. [5, 6], which will be used to construct the structure of
generalized interval-valued fuzzy rough sets in the present

paper.
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Definition 2.1  ([5]) Let L' ={[u,v] €[0,1] x [0,1]|  T[I,h] = [T(u, 1), T(v1,v2)], (1)
<

v} Denote li1. ] = [8(1. 12). S0, w2)]. @)

[,U]7V1] SL’[/’LZJVﬂ = ,ul Sﬂz,V] §V27
v[lul? V1]7 [,llz, VZ] S LI.

Then the pair (L, <) is called a complete, bounded

lattice. The operators A and V on (L, <) are defined as
follows:

[, V1] A [, v2] = [min{py, 4o}, min{vy, v2}],
(11, v1] V (1, v2] = [max{py, pp }, max{vi, v2}],

for [:ula Vl]; [“27 Vz] el

Obviously, a complete lattice on L' has the smallest
element 0y = [0,0] and the greatest element 1, = [1,1].
The definitions of fuzzy logical operators can be straight-
forwardly extended to the interval-valued fuzzy case. The
strict partial order <;; is defined by

[.uh Vl] <y [HZv V2] ~ [:ula V]] < L [.qu V2]7

and

[:ulv Vl] 7é [#27 VZ]'

Definition 2.2  ([49]) An IVF triangular norm (¢-norm) 7°
on L' is a commutative, associative mapping 7 : L' x L' —

L' which is increasing in both arguments and satisfies
T(1y,0) =a, for all « € L.

Definition 2.3
orm) S on L' is a commutative, associative mapping S :

L' x I — L' which is increasing in both arguments and
satisfies S(0ys,2) = o, for all o« € L.

([49]) An IVF triangular conorm (#-con-

Definition 2.4  ([49]) An IVF negator A" on L' is a de-
creasing mapping N : L' — LI satisfying N'(0y) = 1y
and A (1;7) = Oy. An IVF negator is involutive if and only
it NN ([p,v]) = [w,v], where [u,v] € L. For all
[1,v] € LI, the TVF negator Ng([u,v]) =[1 —v,1 — g is
usually referred to as the standard negator.

Given an IVF negator A an IVF t-norm 7 and IVF r-
conorm & are called dual with respect to A iff they satisfy
the following conditions:

S, L) = N(T(N (), N(r))),
T (I, 1) = N(S(N (1), N (),

forall I, I, € L
forall I, I, € L.

The above definitions are the counterparts on L' of
parallel definitions on ([0,1],<).

Theorem 2.1 ([49]) Let T be a continuous t-norm on
[0,1] and S a continuous t-conorm on [0,1]. Then an IVF t-
norm T and an IVF t-conorm S are constructed by the
following equations for two intervals I; = [u;v;] and
I = [pa,v2],

An IVF f-norm 7 (respectively, IVF f-conorm S§) is
called r-representable (respectively, s-representable) if they
can be represented in the form of above two equations,
respectively.

Definition 2.5
denoted by

([32]) An IVF set in U is an expression A

A= {(m AWk € U},
where A : U — L' x — A(x) = [y (x),va(x)] € L.

For simplicity, we write A = [u,,v4]. We denote by
IVF(U) the set of all IVF sets in U.

For [0y, 0] € L, [ocl/,\ocz} denotes a constant IVF set:
[o1, 02] (x) = [ou1, o] for any x € U, where a; < . For any
y€U and M C U, IVF sets [1,1],, [1,1]y.(yy and [1,1]4
are, respectively, defined as follows: for x € U,

[1,1],)(:)1,
1,1] (x) =
[1,1],(x) { 0.0 x .

[an]ax:ya
L, (X)) =
o) ) {[1,1]7)675%

- L], xeM,
[ 1] () _{ [0,0],x & M.

The IVF universe set is U=[1,1], =[1,1] = 1,
={(x,1,1)|x € U}, and the IVF empty set is o =

0,0 = 0y = {<x,0,0 > [x € U}.
The basic operations on IVF(U) are defined as follows
[32]: for all A,B € IVF(U)

(1) ACB iff A(x)<pB(x), ie., ua(x) < up(x) and
va(x) < vp(x), for all x € U,

2) A=Biff ACBand BCA;

) ~A=1[1—va l =l

4) (AN B)(x) = [min{pu, (x), up(x)},
min{v, (x),vg(x)}];

5 (AUB)(x) =[max{p, (x), up(x) }, max{va(x),vs(x)}].

Definition 2.6  ([4]) An IVF relation from U to W is an
IVF set on U x W, ie., R is given by R = {[ug(x,y),
vr(,)]|(x,y) € U x W}, for simplicity, R = [tiz,V&l,
where up and vi are two fuzzy relations on U x W satis-
fying pg(x,y) < vg(x,y), for all (x,y) € U x W.

An IVF relation R from U to W is a serial IVF relation if
it satisfies V R(x,y) =1y forallx € U. If U= W, R is
yew

called an IVF relation on U. R is a reflexive IVF relation if
R(x,x) = 1y forall x,y € U. R is a symmetric IVF relation
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if R(x, y)
IVF relation if R(x,z)>p V T (R(x,
yeu

= R(y, x) for all x,y € U. R is a 7 — transitive
¥),R(y,2)) for all

x,y,z2€ U. R is a 7— similarity IVF relation if it is re-
flexive, symmetric and 7 — transitive.

3 Interval-Valued Fuzzy Residual Implicator and its
Dual Operator

In [11], an interval-valued fuzzy residual implicator de-
fined by the authors satisfies axioms of Smets and Magrez
on L' In this section, by employing the interval-valued
fuzzy residual implicator, we consider its dual operator
which will be used to construct generalized interval-valued
fuzzy rough sets in the present paper.

Definition 3.1 ([11]) Let 7 be a continuous IVF #-norm
on L. An interval-valued fuzzy residual implicator on L'
generated by 7 generated by @ defined as follows:

O(I,,L) = sup{ls € L'|T(I),5) <L},

[ul7vl]712 = [,UQ,VQ] c LI.

Theorem 3.1 ([11]) Let T be a continuous t-norm on
[0,1]. Then the interval-valued fuzzy residual implicator ©
is given by

o, ) =

where I} =

[0(p1, t2) A O(vi,v2), 0(vi,v2)], 3)

for all I,,I, € L', where 0 is the residual implicator of
t-norm T on [0,1] given by 0(a,b) = sup{c € I|T(a,c)
<b.}, Va,bel0,1].

Suppose that T is a continuous f-norm on [0,1]. Then for

all Iy = [u,v], hL=[w,v] €L, the mapping S:
L' x L' - L' defined by
8[11,12} = [1 — T(l - ,ul,l — ,Ltz),l — T(l — Vi, 1 7V2)],

(4)
is an IVF t-conorm on L.

Theorem 3.2 Let N be an IVF standard negator. Then
we have

NSWN (1), N (L))
Theorem 3.2 Shows that the IVF t-norm T given by

Eq. (1) and the IVF t-conorm S given by Eq. (4) are dual to
each other with respect to the IVF standard negator.

=TI, hL). (5)

Now, we can define a binary of operation on L' as

follows:
¥, L) =inf{ls € L'|S(l;,15) > ub, 1,1, € L'}.

Theorem 3.3 Let T be a continuous t-norm on [0,1].
Then the following equation holds:

@ Springer

'P(117I2) = [1 - 0(1 _:u171 _MZ)a

1—0(1 —vi, 1 —vy) AO(1 — )],

(6)

_,ulvl

for all 11,1, € L .

Theorem 3.4 Let N be an IVF standard negator. Then
forall I,I, € I!

NOWN (1), N (L)) = Y11, I).

Theorem 3.4 shows that the interval-valued fuzzy resi-
dual implicator @ given by Eq. (3) and ¥ given by Eq. (6)
are dual to each other with respect to the IVF standard
negator.

Theorem 3.5 Let T be a continuous t-norm on [0,1].
Then the dual operator ¥ of the interval-valued fuzzy
residual implicator © enjoys the following properties: for
all I),L,I; € L',

) YOy, h) = b, ¥(,0p) =0y,
'II(ILI 12) = OLI @(12,12) = OLI

2 h<ph=Y¥Y(,0L)<p¥(s,h),
V(I 13) > p ¥ (b, I3).

(3) 11 L’I2 = q/(11712) = OLI

@4 Y,Y(h,hL)=YDhL,Y1,5)).

5) 'I/( /\ I,‘,Iz) = \/ tP(I,‘,IQ), lP(I[, V Ij) =V

ic ic jeIT jel

'P(Il, ;) where I,, I € L, jell M is any index
set.

(6) IZ\G/LI q’(lP(ll,Iz),Iz) =1, i.e. 'P(lp(ll,lz),lz)
<pul

(7) '1’_’(5(11712),13) =YL, Y, 13)).

®) S,Y,h))>ph.

) 8(11,12)2L113 <:>122LIIP(11,13).

(10) S(Y(1,5),Y(I5,L)) > P, ).

(1) S, L), L)>pP(I,S(h,1;)).

(12) Y, L) > pY(S(h, 1), S, 13)).

(13) lI’(Il, v L)>p \/ Y(I,1I;), where I; € L',i € I,
I is any index set.

(14) Y(L,S(I,h)) <pl.

(15 Y, L)<p¥Y(hL,L) =1L >pbh.

Proof  Straightforward.

For the sake of convenience, we will use the following
labels.

For A € IVF(U) and x € U, (~xA)(x) = N(A)(x).

For A,B € IVF(U),¥Y(A,B)(O(A,B), respectively) is
an interval-valued fuzzy set in IVF(U), and satisfies
Y(A,B)(x) = Y(A(x),B(x)) for any xeU (O@(A,B)(x) =
O(A(x), B(x)), respectively).
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4 Generalized Interval-Valued Fuzzy Rough
Approximation Operators and theirs Properties

In this section, by employing the interval-valued fuzzy
residual implicator © residual operator ¥, we will define
the upper and lower approximations of IVF sets with re-
spect to an arbitrary IVF approximation space and inves-
tigate the properties of IVF rough approximation operators.

In the sequel, we will assume that A is an IVF standard
negator on L' given by N([u,v]) =[1—v,1 -y for
[4,v] € L', and N is a standard negator on [0,1] given by
N(x) =1 — x, for x € [0, 1].

Definition 4.1 Let R € IVF(U x W) be an IVF relation
from U to W. Then the triple (U, W, R) is called an IVF
approximation space. For any A € IVF(W), the upper and
lower IVF rough approximations of A with respect to the
approximation space (U, W, R), denoted by R(A) and R(A),
respectively, are two IVF sets whose membership functions
are defined respectively by:

R(A)(x) = yé/W lI/(N.VR()c,y),A(y)), xe U,

_ (7)
RA)) = A OR(x

¥,AD)), x € U.

The operators R, R : IVF(W) — IVF(U) are, respec-
tively, referred to as the generalized upper and lower IVF
rough approximation operators of (U, W, R). The pair
(RA,RA) is called the generalized IVF rough set of A with
respect to (U, W, R).

Remark 4.1 When O is a residual implicator on [0,1], ¥
is its dual of the residual of implicator on [0,1], R is a fuzzy
relation from U to W, A is a standard negator on [0,1] and
A is a fuzzy set of W it can be observed that the IVF rough
set defined by us degenerates to the fuzzy rough set in-
troduced by Mi and Zhang in [16].

Example 4.1 Let

U=W= {xl,xz},

A = {(x1,[0.1,0.7]), (x,[0.6,0.8]) } € IVF(U),

R = {{(x1,x1),[0.7,0.8]), {(x1,x2),[0.3,0.5]),
((x2,x1),[0.4,0.6]), {(x2,x2),[0.1,1])} € IVF(U x U).

T = min. Then

R(A)(xl) = "F(N R(xl,xl) ( 1)) \/"P(N R(X],)Cz) A(Xz))
= ¥([0.2,0.3],]0.1,0.7]) Vv ¥([0.5,0.7],[0.6,0.8])
=[0,0.7] v [0.6,0.8] = [0.6,0.8],

R(A)(x2) = ¥ (~ R(x2,x1),A(x1)) V¥ (~ R(x2,%2),A(x2))
= ¥([0.4,0.6],[0.1,0.7])¥(]0,0.9], [0.6,0.8])
=[0,0.7] v [0.6,0.6] = [0.6,0.7].

Hence, R(A) = {(x1,[0.6,0.8]), (x2, [0.6,0.7))}.

Similarly, by Eq. (7), we have
R(A)(x1) = [0.1,0.7), R(A)(x2) = [0.1,0.8].

Hence, R(A) = {(x1,[0.1,0.7]),x,([0.1,0.8]) }.

Although IVF set theory has the virtue of comple-
menting fuzzy sets to model vagueness and uncertainty
precisely, it cannot solve some approximation problems of
concepts in data analysis. To overcome this difficulty, it is
natural for us to combine the interval-valued fuzzy set and
rough set models. So the concept of generalized interval-
valued fuzzy rough sets is presented by us. Because the
new hybrid model includes both ingredients of IVF set and
rough set, it is more flexible and effective to cope with
imperfect and imprecise information than IVF set and
rough set.

In what follows, by an example we will explain what
kind of conditions make the method better than the tradi-
tional fuzzy rough set.

Example 4.2 Let (U, W, R) be a fuzzy approximation
space, where U = W = {x1,x,}. Suppose that there is an
expert who is invited to evaluate the possible membership
degrees of the relationships between x; and x; with a crisp
number. In that case, R is a fuzzy relation defined as
follows:

0.7 0.4 0.5 0.8
+ + +

= om)  om) T )  Gom)

06+07

If a fuzzy set A = then by the definition of

fuzzy approximation operators in [16], we obtain
R(A)(x1) = 0.6, R(A)(x2) = 0.7;
R(A)(x1) = 0.7, R(A)(x2) = 0.7.

Hence, we can conclude that

R(A) = %+0—7 R(A) :0;7+0;7.
X1 X2 X1 X2

By the above fuzzy rough approximations R(A) and R(A),
we can cope with some decision-making problems.

However, in many real decision-making problems, due
to the shortage of the expert’s experience and insufficiency
in available information, the decision-makers are easy to
lose information and cannot supply correct policies by
using traditional fuzzy rough set theory. So, it may be
difficult for decision-makers to exactly quantify their
opinions with a crisp number. Instead, the basic charac-
teristics of the decision-making problems described by an
interval number within [0,1] can overcome such a situation.
For example, due to the shortage of an expert’s experience
and insufficiency in available information, we cannot pre-
sent the precise membership degree of the relationship
between x, and x; by a crisp number 0.5, but we can
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provide an interval number [0.4, 0.6] to depict the possible

membership degree of the relationship between x, and x;

(see Example 4.1). Considering the fact, it is necessary for

us to extend a fuzzy relation (set) to an IVF relation (set).

In this case, R is an IVF relation defined in Example 4.1

above. Meanwhile, A is an IVF set defined in Example 4.1.
Thus we have

x1,10.1,0.7]), (x2, [0.1,0.8))}:
x1,[0.6,0.8]), (x2,]0.6,0.7))}.

Comparing with the results of two type approximation
operators, we can see that generalized IVF rough sets in
Definition 4.1 can contain more information than the tra-
ditional fuzzy rough set in [16] due to insufficiency in
available information. So in many real decision-making
problems, the generalized IVF rough set is more compre-
hensive and objective method than the traditional fuzzy
rough set.

Theorem 4.1 For any IVF approximation space (U, W,
R) if @ is an interval-valued fuzzy residual implicator on L'
and ¥ is dual to @ with respect to the IVF standard negator
N, then

(A) = ~  R(~,A),

R VA € IVE(W),
R(A) = ~ R(~ A),

VA € IVE(W).

Proof By Definition 4.1 and Theorem 3.4, we can easily
get the conclusion of the theorem.

Theorem 4.1 shows that the generalized IVF rough op-
erators R and R are dual to each other.

Theorem 4.2 Let (U, W, R) be an IVF approximation
space. Then the upper and lower IVF rough approximation
operators defined by Eq. (7) admit the following proper-
ties: for any A,B,A; € IVE(W), Vi€ II,1II is an index
set, M C W, [oy,00] € Lf, (x,y) € U X W,

(IVFUL) R(¥ ([, 0], 4
R

(IVFLI) R(6([a, 2],A)) = O([o1, %], R(A))
(IVFU2) R(U A;) = U R(A;),
iell lGH
(IVFL2) (lgn i) = ,QHE(A’)
(IVFU3) R([ocl, o)) C [o, o],
(IVFL3) R([acl, 2]) 2 [, o]
(IVFU4) R(0) = o,
(IVFL4) R(W) = U.
(IVFU5) R(N A;) € N R(A;),
iell iell
(IVFL5) R(U A;) 2 U R(A)).
iell iell
(IVFU6) A C B = R(A) C R(B),
(IVFL6) A C B = R(A) C R(B)
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(IVFU7)
ROP([L, gy, o1, 02])) (6) = W~ wR(6,p), [o1, 2],
(IVFL7) R(O([1, 1], [, 00]))(x) = O(R(x,y), [s1, 2]).
(IVFUS) F([l,l] )( ): ( 1
(IVFL8) R([1,1]y_,))(x) = O(R(x,), [0,0]
(IVFU9) R([1,1],)(x) = v ¥(~ \R(x.y),
(IVFL9) R([1,1],,)(x) = yQM@(R(x,YL [0,0]

Proof Since the IVF rough operators R and R are dual to
each other, we only investigate the case of R.

(IVFU1). According to Eq. (7) and Theorem 3.5(4) and
(5), for all x € U, we derive

R(P(on, 2], ) () = v, ¥ (~ R(x,3), (1, 00], A))

v P([on, o], P~ pR(x,),A(Y)))

yeW

(o)., PO~ R(22).A0)))

- w([af,?«z],ﬁ(A))(x).

Hence, IVFU1) holds.

(IVFU2). Similar to IVFU1), it can be easily verified.

(IVFU3). For all x € U, by Theorem 3.5(5) and (2), we
obtain

—

R([o, 22]) (x) = A P(~ NR(x, ), [0, 22])

- lp(yEAW(NNR(xay))a [on1, 0‘2]>

<u?([0,0], o1, 22))

= o1, 00] = [O(l/;\OCZ}(x)'
Thus, (IVFU3) holds.

(IVFU4). By taking o; = 0, o, = 0 instead of [ocl/,zz] in
(IVFU3).

(IVFUS) and (IVFU6). They follow immediately from
Eq. (7) and Theorem 3.5(2).

(IVFU7). By the definitions of [1,1]y,_,, and R, we
obtain
R(¥ (11 gy o] ) ) ()

= v (R, P (1 1y (0, [, ]))

= 7\72y l[l( NNR(xv Z)’ lP([L I]a [alv “2])) \ lP( N,/\"R(xz)’)v [0(1,062])
N/VR(xv Z)a [0> OD \ lP( ~

/V'R(x>y)7 [‘xl ) 0(2]),

= v ¥
Ay

:l[/(N

/\/’R(xvy)7 [“l’az])

which implies that IVFU7) holds.
(IVFUS). From Eq. (7), we can see that
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R(11L)@ = v, #(~ R0, [1,1,))

= 7\7{)' l]/( NNR(xvz)v [07 O]) N l]l( N/\/'R(xvy)v [17 1})
= P(~nNR(x,y),[1,1]).
Hence, (IVFUS8) holds.

(IVFU9). By the definition of [1,1],, and R, we get

R([1, 1]y)(x) = e P (~wR(x,y), (1, 1]y (1)

ye\Z/M '}I( NNR(x7y)a [070])
v (yZM W~ Ry 1, m)

= ¥(~ pR(xy), [1,1]).

Thus, (IVFU9) holds

Now we discuss the relationships between the properties
of special IVF relations and the properties of the general-
ized IVF rough approximation operators. We show that the
properties of some special IVF relations can be character-
ized by IVF rough approximation operators.

Theorem 4.3 Let (U, W, R) be an IVF approximation
space. R and R are the generalized IVF approximation
operators defined by Eq. (7). Then R is serial iff one of the
following properties holds:

(IVFUO) R([o, 20]) = [o1, 00], ¥[or, 00] € L5
(IVFUO) R(W) = U;

(IVFLO) R([o1,0]) = [en1, 0], Yoy, 000] € L5
(IVFLO) R(Q) = 0.

Proof First, we need to prove that (IVFUO)' < R is serial
< (IVFU)p. If R is serial then V R(x,y) =[l1,1] for all
yeWw

—

x € U. By (IVFU3), we can obtain R([J,Ez]) = [o, 0],
for any [0, 2] € L!. So, IVFUO) holds.

Conversely, by assuming that (IVFUO) holds and using
(IVFU3), we have

/4 ( ~N (yé/WR(x, y)) s [our, 062]) _

According to Theorem 3.5(15), it follows that
V. R(x,y) = [1,1]. So R is serial. On the other hand, if R is
yew

‘P([O, 0], [OCI, O(z]).

serial, then

—

F<W><x>=ﬁ(u,u><x>= v Yf(wR(x,y),u,u)

yew

Therefore, (IVFUO)' holds.

Conversely, if IVFUOQ) holds, then by Theorem 3.5(15)
and the above equation, it can be directly obtained that R is
serial.

Second, by the Theorem 4.1, we can observe that
(IVFU0) < (IVFL0), IVFU0) < (IVFLO), from which
we conclude that R is a serial & (IVFU0) & (IVFU0Y <
(IVFL0) < (IVFLOY'.

Theorem 4.4 Let (U, R) be an IVF approximation space.
If R is an IVF relation on U, R and R are the generalized
IVF approximation operators of (U, R), then

(1) Ris reflexive & (IVFUR)A C R(A)
& (IVFLR)R(A) C A.

(2) R is symmetric < (IVFUS)

R(# (11 g o1 ) )

=R(¥ (11, 1]u_gys o] ) ) ()

& (IVFLS)R (@([1, U [al/f«z]))(y)

=R(O([1, 1], o] ) ) ().

& (IVFUT)

(3) R is 7 — transitive

Proof (1) If R is reflexive, then, for any A € IVF(U) and
x € U, we have

R(A)(x) = Y P~ wR(x,3),AD)
>y lP( NNR(X,X),A(X))
= ¥([0,0,A(x)) = A(x),
which implies that A C R(A)

Conversely, if (IVFUR) holds, then by (IVFU7), we
obtain

P(~ \R(x,x), (q/ (1, 1y g+ al,az}))()
> (1 1y “17“2]) x)

=2 ([1 1)y (), 1, 2]
#([0,0], [o, 22]).

(xlaaZ

\%

According to Theorem 3.5(15), we have R(x,x)
>p [17 1}

Hence, we conclude that R is reflexive. On the other
hand, by Theorem 4.1 we can observe that IVFUR) &
(IVFLR). So R is reflexive & (IVFUR) < (IVFLR).

It follows immediately from (IVFU7) and (IVFL7). If R
is 7— transitive, then, for any A € IVF(U) and x € U we
have
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yeU
},XUW(NNR()C y), v ‘P(N R(y, )A(Z)))
)gUz;/Ul‘y(N R(x (NNR(y’Z)’A(Z)))
:yé/Uzé/U'P(S( ~ R(v,2)),A(z))
=y v V(e TR ). R(,2) AR)
< % 2y PR, 0
— R(A) ().

So, (IVFUT) holds.
Conversely, if IVFUT) holds, then by (IVFU7), for any
x,y € U, one has

P(~NR(x,y), o1, 0])
= R(P(1, 1)y, b, 20]) ) ()
> R(R(# (111 . ) ) ) ()
(st (o0 75

IS

'4 R
lP(NNR(x’Z)a qj( NNR(Zvy)7 [061,062}))
lI/(S( NNR(xv Z)’ NNR(Z7y))v [‘“1’052])
v

~NTR(x,2),R(z,¥), [0, %2])

I

2

[
a< &< &< g<

2

- '1/<~N< v T(R(x, Z),R(z,y))), [on, 052])-

By virtue of Theorem 3.5(15), we have
R@x,y) 2w v T(R(x, 2),R(z, y)).

So R is T — transitive.

On the other hand, by Theorem 4.1, we can observe that
(IVFUT) & (IVFLT). Hence, R is 7 — transitive <
(IVFUT) & (IVFLT).

5 Axiomatic Characterization of Generalized IVF
Rough Approximation Operators

In this section, we will present an axiomatic characteriza-
tion of generalized IVF rough sets by defining a pair of
abstract IVF approximation operators.

Now we consider the abstract interval-valued fuzzy set-
theoretic operators L, H : IVF(W) — IVF(U).

@ Springer

Definition 5.1 Let L,H : IVF(W) — IVF(U) be two op-
erators. They are referred to as dual operators if for all
A € IVF(W) the following holds:

() LA)= ~ H(~ A),
() H(A) =~ L(~ A).

Definition 5.2 Suppose that L,H : IVF(W) — IVF(U)
are two dual operators. Then L and H are referred to as IVF
approximation operator iff H satisfies the axioms (H;) and
(H,), or equivalently L satisfies the axioms (L) and (L),
where

(H)) H(AUB)=H(A)UH(B),
(Hy) H(¥([o1,22]),A)) = ¥([nr, 2], HA);
(Li) L(ANB)=L(A)NL(B),
(L) L(O([on,%)),A)) = O([o1, ], LA),

For any A,B € IVF(W) and [0y, ] € L.

Lemma 5.1 Suppose that E : IVF(W) — L! satisfies the
following conditions:

() E(ANB)=E(A)NE(B),
@) E(0(@,A) =0(a,EA) where A,BeIVE(W)
and a € L.
Then  there exists v €IVF(W), such that

E(A) = A O(().A()), VA € IVF(W)

Proof For any VA € IVF(W),we denote y = E(A). It
follows from the item (2) that E(O(y,A4))=

O(y,E(A)) = O(y,7) = [1,1].
Define v = A{A € IVF(W) : E(A) =[1,1]}. Clearly,
©(7,A) D v. By virtue Theorem 4(2) in [11], we can see that

0(0(7,A(y),A(y)) <uO(v(y),A(y)). Thus, by Theorem
5(6) in [11], we further obtain y < ;s /\W OWv(y),A®)).
ye

On the other hand, denote
n=sup{c € L' : E(O(¢,A)) = [1,1]}.
Then
O(n,7) =inf{O(c,y) : E(O(¢,A)) = [1, 1]}
inf{O(c,7) : O(c, E(4)) = [L,1]}
=[1,1].

Hence, by Theorem 4(3) in [11], we get n <:y. For any
a>pE(A) =y, we have a > ;n. It then follows that
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E(©(a,A))<p([1,1]. By the definition of v, E(v) = [, 1],

we get E(O(a,A))<pE(v). It is easy to see that E is

monotone. Therefore, v ¢ @(7,A). By Theorem 5(6) in

(11, a>py A OW(),A(y). Thus y>u A OW(),
yew yeWw

A(y)). Hence, y = }'EAW@(V(y),A(y))-

Lemma 5.2 Suppose that L,H : IVF(W) — IVF(U) are
two dual IVF approximation operators. Then for each
x € U, there exist IVF sets v, and u, € IVF(W) such that
for any A € IVF(W),

H(A)(x) = e P (va(y),A());
La)x) = A O@ul(y),A))

Proof Let Ex(A) = ~ H(~  ,A)(x),Vx € U. Then
E.(ANB)= ~ H(~

E(O([01,22]),A)) = ~,

By Lemma 5.1, there exists, there exists u, € IVF(W)
such that E.(A) = A O(uy(y),A(y)). Let vy = ~  u,.
yew :

Then we have

H(A)(x) = ~ (E(~ A)

~( 4, 000 ~,40))
V (~ O(w(y), ~ A)))

yeW

= _\,;/W 'P( N\rux(y)7A(y))

= vV Y(n(y),A(y)).

yew
On the other hand, since H(A)(x) = v, Y(ve(y),AD)),
ye
we obtain L(A)(x) = A, O(us(y),A(y)).
ye

Let H be an operator from IVF(W) to IVF(U). We define
a special IVF relation RelH from U to W as follows: for all
(x,y) eUx W

RelH (x,y)
—~, ({1];@ w(r (v (11 g, [oﬁz]))(x),[al,az]))

Now we consider the relations between IVF ap-
proximation operators and the general IVF relations.

Theorem 5.1 Let R € IVF(U x W). Then RelR = R.

Proof For any (x,y) € U x W, we have
RelR(x,y)

= ~, ([WZ]EL[ v (R(P([1 1)y 1,220 ) ) (), [ocl,ocz]>)

~ ([zl,a\z/]eL’ ‘I’(‘P( ~ R(x,y), o, az]), [0, az]))

~ ( NJV,R(x,y)) = R(x,y).

Theorem 5.2 Suppose that L,H :IVF(W) — IVF(U)
are two dual IVF approximation operators. Then

RelH = H,RelH = L.
Proof For any A € IVF(W) and x € U, we get

RelH(A)(x)

= v 'I’([“]‘O(\:/Jeu v (B (11 gy, [ 0] ) (@), [al,zz])A(y))
= 'I’([ v 'I’(zg/w ¥ (@), # (11 gy, 1,220 ) ), [ a2]> AA(y)>

o]

= 5 (v, P00, b o) A

= ¥, PO0),A0) = HA) ).

It is easy to see that Re/H = L holds due to the as-
sumption and RelH(A)(x) = H(A)(x).

Theorem 5.3 Let L H be a pair of dual operators. Then
there exists an IVF relation R € IVF(U x W) such that
L=R and H=R iff L, H are IVF approximation
operators.

Proof (=) It follows immediately from Theorem 4.2
(). Let R=RelH Then H=RelH=R and
L =RelH = R. By Theorem 5.2, we can obtain the con-
clusion immediately.

Theorem 5.3 shows that IVF approximation operators
defined in Sect. 4 can be characterized by the axioms L,
L,, H; and H,.

Example 5.1 Let U =W = {x1,x,}. Define H : IVE(W)
—IVFE(U) as H(A) = {{(x;,max{A(x),A(x2))}, {(x2,
max{A(x;),A(x;))} for any A € IVF(U). By Theorem
3.5(5), we can computer that for all [oj,0,] € LI and
A € IVF(U),
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(o))
= max{ ( o1, ) ‘I’([OCI/,EZLA) (XZ)}
= max{ ¥ ([«, ] A(x1)), P ([, 0], A(x2))}

= (o, %], max{A(x;),A(x2))

= '1”([051,062 ,H(A))(xi),

— —

which implies that H (¥ ([0, o2]),A)) = P([oug, 2], H(A)).
Thus, (H,) holds.
Let
= {(1,[0.1,0.2]), (x2,[0,0.8) },
B = {(x1,[0.1,1]), (x2, [0, 1)) }.
Then H(AUB)(x;)=[0.1,1],(H(A)UH(B))(x;)=[0.1,0.8].

Thus (H,) does not hold. Hence H, # H;. Similarly, we
can prove that H, # H,.

Remark 5.1 From Example 5.1, we conclude that
{H\,H,}, or equivalently {L;,L,}, is the minimal axiom
set to characterize the generalized IVF rough approxima-
tion operators produced by an arbitrary IVF relation.

6 The Composition of IVF Approximation Spaces

In the section, we will investigate the composition of
generalized IVF rough set models. First, the concept of the
composition of IVF relations is introduced.

Definition 6.1 Let G; = (U,V,R;) and G, = (V,W,R;)
be two generalized IVF approximation spaces. The com-
position of IVF relations R; and R, is an IVF relation
R from U to W, denoted by R = R} o R,., and is defined as
follows: for all (x,z) € U x W

R(x,2) = v T(Ri(x,y), Ra(y,2)). (8)

The generalized IVF approximation space G =
(U,W,R) is referred to as the composition of G; =
(U,V,Ry) and G, = (V,W,R;), denoted by G = G; ® G,.

Now, it is natural to ask, “what is the relationship be-
tween generalized IVF rough approximation operators in
the composition space G and in the original two IVF ap-
proximation spaces G; and G,?” The following theorem
answers the question.

Theorem 6.1 Let G; = (U, V,R;) and G, = (U,W,R;) be
two generalized IVF approximation spaces, and G = G| ®
G, be the composition of G; and G,. Then

(1) R=RjoR;,
2) 8281082
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Proof We only prove the conclusion in (1). The
assertion in (2) can be easily obtained by Theorem 4.1
and the result in (1). For every A € IVF(W) and x € U,
we have

RiRo(4)(0) = v, ¥ (~ Ri(x,y), Ra(A)(y))

=V ‘I’( ~ Ri(x,y), é/w ‘I’( N'M,Rz(y,z),A(z))>

yev

=V V P(~ Ri(x,y), ¥(~ Ray2),A)))

yeV zeW

=V VvV ¥(S(~, Ri(xY), ~,R(r,2),A))

yeV zeW

Il
<
S
I/~
14
<
m
2
e
=
=
=
S
<
N
=
D
~

Example 6.1 Let U=V =W = {x;,x,}. Assume that

A = {{x1,[0.1,0.7]), (x2,[0.6,0.8]) },
= {{(x1,71),[0.7,0.8]), {(x1,x2), [0.3,0.5]),
((x2,x1), [0.4,0.6]), {(x2,x2), 0.1, 1])}

and T = min. Then Ry(A) ={(x,[0.6,0.8]), (x,[0.6,0.7]) },
Ri(R2)(A)(x1) = [0.6,0.8], Ri(R2)(A)(x2) = [0.6,0.8].
Hence R;(R,)(A) = {(x1,[0.6,0.8]), (x5, [0.6,0.8])}.

On the other hand, from Eq. (8), we have R =R o R, =
{<()C1,)C1), [0'7a0'8]>7 <(X1,)C2), [03705}% <(X2,X1), [O'4a
0.6]), ((x2,x2), (0.3, 1]) }.

Thus, R(A) = {(x1,[0.6,0.8]), (x2,[0.6,0.8])}. Obvi-
ously, R = R| o R,. Similarly, we can obtain R = R, o R,.

R =R,

7 Application of the Generalized Interval-Valued
Fuzzy Rough Set Model in Medical Diagnosis

In this section, in order to illustrate the efficiency of gen-
eralized interval-valued fuzzy rough set, we present an
approach to the decision making based on the generalized
interval-valued fuzzy rough set.

In order to rank the interval values, Xu [46] gave the
definition as follows.

Definition 7.1 ([46]) Let a = [a*,aV] and b = [b*,bY]
then the degree of possibility of a > b is defined as:

bU—aL
pla>b) —max{l _max<aU—aL—|—bU—bL’0)’O}'

©)
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Similarly, the degree of possibility of b > a is defined as:

a’ — bt
p(b>a) max{l max(aU—aL—I—bU—bL’O)’O}'

(10)

Equations (9) and (10) are proposed in order to compare
two interval values, and to rank all the input arguments.
Further details could be found in [46].

In the following we will apply generalized interval-
valued fuzzy rough set model to medical diagnosis
problems.

Let (U, W, R) be an IVF approximation space. Suppose
that the universe U = {x1,x,,...,x,} denotes a symptom
set, and the universe W = {yi, y2,...y,} denotes a disease
set. Let R € IVF(U x W) be an IVF relation from U to
W. For any (x;,y;) € U x W,R(x;,y;) represents interval
membership degree of the relationships between the symp-
tom x;(x; € U) and the disease y;(y; € W), which is
evaluated by a doctor in advance. For any a patient set A who
has some symptoms in universe U, patient set A is an IVF set
on symptom set U. That is, A = {{x;, A(x;))|x; € U}, where
A(x;) € L! represents the membership degree to the symp-
tom x; € U of A. Now, the problem is that a decision-maker
needs to make a reasonable decision about how to judge
what kind of the disease y; patient A is suffering from.

In what follows, we present an approach to the decision
making for this kind of problem by using the generalized
interval-valued fuzzy rough set theory with three steps.

First, according to Definition 4.1, we calculate the lower
and upper approximations R(A) and R(A) of IVF set A with
respect to (U, W, R). Without loss of generality, for the
lower and upper approximations of IVF set A we can take
T = min.

Second, we introduce two operations on two IVFs,
shown as follows, for all A, B € IVF(U).

e Ring sum operation:

A DB e = {(x,[ua(x) + up(x) — pa(x) pp(x), va(x)
+vp(x) — va(x)vg(x)])|x € U},

e Ring product operation:

A® B €= {{x, [ia (s (), va (¥)vp () b € U}
So, by the ring sum operation, we can obtain
R(A) ®R(A) = {<y,-, [tria) (31) + tzgeay ()
= treay ) Hgeay 07 V) 0) + Vi) 0)
— i) 7)) 3D € W

Denote 4; = R(A) ® R(A)(y;).

Finally, by Eq. (9), we rank the interval values 4;. Then
the optimal decision is to select y; if ; = max;i;,j =
L,2,..,|W|, j=1,2,---,|W|. In other words, if
M= mjax 4, Jj=1,2,...,|W|, we can conclude that pa-

tient A is suffering from the disease y,. Note that if [ has
more than one value, then all the y; may be chosen, which
implies that patient A is suffering from the various diseases.

Therefore, we have established an approach to uncer-
tainty decision making based on the generalized interval-
valued fuzzy rough set theory. In the next section, the
application of this method will be shown by using a
medical diagnosis decision-making problem.

8 A Numerical Example

In this section, we will apply the decision approach pro-
posed in Sect. 7 to a medical diagnosis problem.

Let U = {x1,x2,x3,X4,%s5} be five symptoms in clinic,
where x; stand for “temperature”, “headache”, “stomach
pain”, “cough,” and “chest-pain,” respectively, and the
universe W = {y1, 2,3, 4, ¥s} be four diseases, where y;
stand for Viral fever”, “Malaria”, “Typhoid”, “Stomach
problem” and “Chest problem” respectively. Let R €
IVF(U x W) be an IVF relation from U to W. And R is a
medical knowledge statistic data of the relationship of the
symptom x;(x; € U) and the disease y;(y; € W). The
statistic data are given in Table 1.

In this example, we suppose that A represents a patient.
And the symptoms of patient A are described by an IVF set
on the universe U. Let

A = {{x1,]0.4,0.5]), (x2,]0.5,0.6]), (x5, [0.7,0.9]),
(x4,]0.2,0.3]), (x5, [0.5,0.7))}.

For example, for A(x;) = [0.7,0.9], a doctor cannot
present the precise membership degree of how pain the
stomach of patient A is, but he (she) provides a certain
interval value [0.7,0.9] to depict the membership degree of
how pain the stomach of patient A is.

In what follows, we give the decision-making process by
using the three steps given in Sect. 7 in detail.

First, let 7 = min, then by Definition 4.1, we calculate
the lower and upper approximations R(A) and R(A) of
patient A as follows:

R(A) = {(1,02,0.3), (v, 10.2,0.3]), (v3, [0.4,0.5)),
(y4,[0.4,0.5]), (s, [0.5,0.6]) },
(

R(A) = {{31,10.7,09]), (32,10.7,0.9]), (33, [0.7,0.9]),
(v4,10.7,0.9]), (5,[0.7,0.9]) }.

Then, we have
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Table 1 Symptoms characteristic for the considered diagnoses

R V1 Y2 Y3 Y4 Js

X1 [0.3,0.4] [0.2,0.3] [0.6,0.9] [0.6,0.7] [0.4,0.5]
X [0.4,0.6] [0.7,0.9] [0.7,0.8] [0.4,0.5] [0.6,0.7]
X3 [0.4,0.5] [0.3,0.5] [0.4,0.5] [0.3,0.6] [0.8,0.9]
X4 [0.5,0.5] [0.7,0.8] [0.1,0.3] [0.2,0.3] [0.1,0.2]
X5 [0.8,0.9] [0.4,0.5] [0.6,0.8] [0.5,0.6] [0.2,0.4]

R(A) ®R(A) = {(1,[0.76,0.93]), (2, 0.76,0.93]),
(v3,[0.82,0.95]), (ys, [0.82,0.95)), (ys,[0.85,0.96])}.

So according to Eq. (9), it is clear that the maximum
interval value is 15 = [0.85,0.96]. Hence, the optimal de-
cision is to select ys. That is, we can conclude that patient
A is suffering from the disease Chest problem (ys).

On the other hand, if we adopt the ring product op-
eration, then

R(A) ® R(A) = {(1,[0.14,027]), (32, [0.14,0.27)),
(3,[0.28,0.43]), (v4,[0.28,0.45]), (vs,[0.35,0.54]) }.

We can note that the optimal decision is still to select ys.
In other word, patient A is still suffering from the disease
Chest problem (ys). In general, no matter we adopt the ring
sum operation or ring product operation in decision mak-
ing, the decision result is the same.

9 Conclusion

In this paper, we have developed a general framework for
the study of generalized interval-valued fuzzy rough sets
by using constructive and axiomatic approaches. This work
may be viewed as the extension of Mi and Zhang [16].
Then composition of two approximation spaces was also
studied. At last, by using the generalized IVF rough set
theory, we have developed a general framework for dealing
with uncertainty decision making. The approach will be
helpful for making scientific and reasonable decision on
fuzzy and uncertainty decision problems. Further, we use a
medical diagnosis decision-making problem to demonstrate
the principal steps of the decision methodology.

Knowledge reduction is one of the important contents in
the research on rough set theory. So in the future we mainly
focus on knowledge reduction based on generalized IVF
rough set theory under complete information systems.
Moreover, it is important and interesting to further inves-
tigate characterization and uncertain measures of general-
ized IVF rough sets.
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