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Abstract This paper presents a general study of gener-

alized interval-valued fuzzy rough sets integrating the

rough set theory with the interval-valued fuzzy set theory

by constructive and axiomatic approaches. In the con-

structive approach, by employing an interval-valued fuzzy

residual implicator and its dual operator, generalized upper

and lower interval-valued fuzzy rough approximation op-

erators with respect to an arbitrary interval-valued fuzzy

approximation space are first defined. Then properties of

generalized interval-valued fuzzy rough approximation

operators are discussed. Furthermore, connections between

special types of interval-valued fuzzy relations and prop-

erties of generalized interval-valued fuzzy approximation

operator are also established. In the axiomatic approach,

generalized interval-valued fuzzy rough approximation

operators are defined by axioms. We prove that different

axiom sets can characterize the essential properties of

generalized interval-valued fuzzy rough approximation

operators. Also the composition of two approximation

spaces is explored. Finally, a practical application is pro-

vided to illustrate the efficiency of the generalized interval-

valued fuzzy rough set model.

Keywords Interval-valued fuzzy sets � Interval-valued
fuzzy residual implicator � Generalized interval-valued

fuzzy rough approximation operators � Generalized
interval-valued fuzzy approximation spaces

1 Introduction

Rough set theory, developed by Pawlak [19, 20] as a

framework for the construction of approximations of con-

cepts, is mathematical approach to handle imprecision,

vagueness, and uncertainty in data analysis. Generally

speaking, there are mainly two methods for the develop-

ment of this theory [15, 43], namely the constructive and

axiomatic approaches.

In the constructive approach, the lower and upper ap-

proximation operators are constructed from the primitive

notions, such as binary relations on the universe of dis-

course, partition (or coverings) of the universe of discourse,

neighborhood systems, and Boolean algebras [20, 40, 43,

45, 54]. Recently, rough set approximations have also been

developed into the fuzzy environment in which the results

are called rough fuzzy sets [8, 14, 30, 35] and fuzzy rough

sets [8, 21, 34, 36, 38, 41] based on the constructive

method. Moreover, by combining rough set theory with the

other uncertainty theory, such as interval-valued fuzzy set

theory, intuitionistic fuzzy set theory, hesitant fuzzy set

theory and soft set theory, many authors proposed some

new rough sets model [6, 7, 13, 18, 22–25, 27, 47–49, 52,

53, 55–58]. On the other hand, the axiomatic approach [2,

12, 17, 21, 29–31, 36, 37, 39] is mainly engaged in alge-

braic systems of rough set theory by treating a pair of

abstract operators as primitive notions. In this approach, a

set of axioms is used to characterize approximation op-

erators that are the same as the ones produced by using the
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constructive approach. Many authors explored and devel-

oped the axiomatic approach in the study of crisp rough set

theory [28, 43–45]. The research of the axiomatic approach

has also been extended to approximation operators in fuzzy

environment [16, 17, 21, 29, 30, 36, 38, 39]. For example, a

set of axioms on fuzzy rough sets was investigated by

Moris and Yakout [17]. In [29, 30] Thiele explored ax-

iomatic characterizations of fuzzy rough approximation

operators and rough fuzzy approximation operators within

modal logic. Furthermore, Wu et al. [35, 38–40] studied

various generalized fuzzy approximation operators which

are characterized by different sets of axioms. Recently, the

axiomatic approach to approximation operators has been

investigated by many authors in IF environment [49, 52,

53, 55–57], hesitant fuzzy environment [42], and interval-

valued hesitant fuzzy environment [48].

As two generalizations of Zadeh’s fuzzy sets [50], in-

terval-valued fuzzy (IVF, for short) sets [32, 51], and in-

tuitionistic fuzzy (IF, for short) sets [1] were conceived

independently to avoid some of defects of fuzzy sets. As a

method handling vagueness and uncertainty precisely, both

IVF set theory and IF set theory have the virtue of com-

plementing fuzzy sets. And they have been used in dif-

ferent research fields, for example, Sambuc [26] in medical

diagnosis in thyroidian pathology; Gorzalczany [9], and

Bustince [3] in approximate reasoning; Turksen and Zhong

[33] and Cornelis et al. [5] in interval-valued and intu-

itionistic logic, etc.

As we mentioned above, many authors have extended

rough set theory into IVF sets and IF sets [6, 7, 10, 13, 22,

27, 52, 55–58]. For example, according to fuzzy rough sets

in the sense of Nanda and Majumda [18], Jena and Ghosh

[13], Chakrabarty et al. [7] and Samanta and Monda [27]

presented the concept of IF rough sets which is not defined

by an approximation space. Comparing with the above

approaches, Rizvi et al. [22] proposed the concept of rough

IF sets base on a Pawlak approximation space (U, R) in

which the lower and upper approximations are not IF sets in

the universe of discourse U, but IF sets in the family of

equivalence classes derived by equivalence relation R. To

remedy this difficulty, on the basic of an IF triangular norm

T L and IF implicator IL, Cornelis et al. [6] introduced the

concept of ðT L; ILÞ IF rough sets in which the lower and

upper approximation operators are both IF sets in the uni-

verse. However, they have not investigated the properties of

the lower and upper approximation operators generated by

other relations, such as reflexive relation, symmetric rela-

tion, and transitive relation. Therefore, in [52] various re-

lation-based IF rough approximation operators were

discussed by Zhou and Wu through using a special type of

IF triangular norm min. Meanwhile, on the basic of IF im-

plicator Zhou et al. [53] investigated IF rough approxima-

tions on one universe, but they have not studied properties

of ðI ; T Þ� IVF rough sets on two different universes of

discourse. Therefore, Zhang et al. constructed ðI ; T Þ� IVF

rough approximation operators on two different universes

of discourse by the constructive and axiomatic approaches.

However, we note that IVF implicators constituting for IVF

rough approximation operators don’t satisfy axioms of

Smets and Magrez on LI in [49], unless the conditions are

further restrained. To overcome this defect, He et al. [11]

presented a residual implicator on LI called interval-valued

fuzzy residual implicator. Meanwhile, Mi et al. [16] pre-

sented a generalized fuzzy rough set and discussed its some

interesting properties. In this paper, by integrating the rough

set theory with the residual implicator, we shall extend the

approximation concepts in [16] to generalized interval-

valued fuzzy lower and upper approximation operators

which satisfy axioms of Smets and Magrez on LI. We fur-

ther study the generalized IVF rough approximation op-

erators in which both the constructive and axiomatic

approaches are considered. The generalized lower and up-

per approximations of IVF sets with respect to an IVF ap-

proximation space is constructed by using a residual

implicator H and its dual operator on LI.

The rest of this paper is organized as follows. In Sect. 2,

we review some basic notions related to the lattice on LI,

IVF logical operators, and IVF sets. In Sect. 3, we con-

struct the interval-valued fuzzy residual implicator and its

dual operator on LI which satisfy axioms of Smets and

Magrez on LI, and discuss their some interesting properties.

Then the concepts of generalized lower and upper ap-

proximations of IVF sets with respect to an IVF ap-

proximation space is presented in Sect. 4, and the

properties of the lower and upper approximation operators

are examined. In Sect. 5, we investigate an operator-ori-

ented characterization of generalized IVF rough sets, and

give different sets of axioms to characterize various types

of IVF approximation operators. Section 6 is devoted to

studying the composition of two IVF approximation

spaces. In Sect. 7, a general approach to decision making

based on generalized IVF rough sets is established under

the background of application in medical diagnosis. Sec-

tion 8 illustrates the principal steps of the proposed deci-

sion method by a numerical example. Some conclusions

and outlooks for further research are given in Sect. 9.

2 Lattice, Interval-Valued Fuzzy Sets and Interval-

Valued Fuzzy Logical Operators

In this section, we recall briey a special complete lattice on

[0,1]2 with its logical operations originated by Cornelis

et al. [5, 6], which will be used to construct the structure of

generalized interval-valued fuzzy rough sets in the present

paper.
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Definition 2.1 ([5]) Let LI ¼ l; v½ � 2 0; 1½ � � 0; 1½ �jf
l� vg. Denote
½l1; v1� � LI ½l2; v2� , l1 � l2; v1 � v2;

8 l1; v1½ �; l2; v2½ � 2 LI :

Then the pair ðLI ; � LI Þ is called a complete, bounded

lattice. The operators ^ and _ on ðLI ; � LI Þ are defined as

follows:

l1; m1½ � ^ ½l2; m2� ¼ minfl1; l2g;minfm1; m2g½ �;
l1; m1½ � _ l2; m2½ � ¼ max l1; l2f g;maxfm1; m2g½ �;

for l1; m1½ �; l2; m2½ � 2 LI :

Obviously, a complete lattice on LI has the smallest

element 0LI ¼ ½0; 0� and the greatest element 1LI ¼ ½1; 1�.
The definitions of fuzzy logical operators can be straight-

forwardly extended to the interval-valued fuzzy case. The

strict partial order \LI is defined by

½l1; v1�\LI ½l2; v2� , ½l1; v1� � LI ½l2; v2�;

and

½l1; v1� 6¼ ½l2; v2�:

Definition 2.2 ([49]) An IVF triangular norm (t-norm) T
on LI is a commutative, associative mapping T : LI � LI !
LI which is increasing in both arguments and satisfies

T ð1LI ; aÞ ¼ a; for all a 2 LI.

Definition 2.3 ([49]) An IVF triangular conorm (t-con-

orm) S on LI is a commutative, associative mapping S :

LI � LI ! LI which is increasing in both arguments and

satisfies Sð0LI ; aÞ ¼ a; for all a 2 LI.

Definition 2.4 ([49]) An IVF negator N on LI is a de-

creasing mapping N : LI ! LI satisfying Nð0LI Þ ¼ 1LI

and Nð1LI Þ ¼ 0LI . An IVF negator is involutive if and only

if NðN ð½l; m�ÞÞ ¼ ½l; m�, where l; m½ � 2 LI . For all

l; m½ � 2 LI , the IVF negator N Sð½l; m�Þ ¼ ½1� m; 1� l� is
usually referred to as the standard negator.

Given an IVF negator N an IVF t-norm T and IVF t-

conorm S are called dual with respect to N iff they satisfy

the following conditions:

SðI1; I2Þ ¼ N ðT ðN ðI1Þ;NðI2ÞÞÞ; for all I1; I2 2 LI ;

T ðI1; I2Þ ¼ N ðSðN ðI1Þ;NðI2ÞÞÞ; for all I1; I2 2 LI :

The above definitions are the counterparts on LI of

parallel definitions on ([0,1],B).

Theorem 2.1 ([49]) Let T be a continuous t-norm on

[0,1] and S a continuous t-conorm on [0,1]. Then an IVF t-

norm T and an IVF t-conorm S are constructed by the

following equations for two intervals I1 = [l1,v1] and

I2 = [l2,v2],

T ½I1; I2� ¼ ½Tðl1; l2Þ; Tðv1; v2Þ�; ð1Þ
S½I1; I2� ¼ ½Sðl1;l2Þ; Sðv1; v2Þ�: ð2Þ

An IVF t-norm T (respectively, IVF t-conorm S) is

called t-representable (respectively, s-representable) if they

can be represented in the form of above two equations,

respectively.

Definition 2.5 ([32]) An IVF set in U is an expression A

denoted by

A ¼ hx;A xð Þijx 2 Uf g;

where A : U ! LI ; x ! A xð Þ ¼ lA xð Þ; vA xð Þ½ � 2 LI :

For simplicity, we write A ¼ lA; vA½ �. We denote by

IVF(U) the set of all IVF sets in U.

For ½a1; a2� 2 LI ; d½a1; a2� denotes a constant IVF set:

d½a1; a2�ðxÞ ¼ ½a1; a2� for any x 2 U, where a1 B a2. For any
y 2 U and M � U, IVF sets [1,1]y, [1,1]U-{y} and [1,1]M
are, respectively, defined as follows: for x 2 U,

½1; 1�yðxÞ ¼
½1; 1�; x ¼ y;

½0; 0�; x 6¼ y:

(

½1; 1�U�fygðxÞ ¼
½0; 0�; x ¼ y;

½1; 1�; x 6¼ y:

(

½1; 1�MðxÞ ¼
½1; 1�; x 2 M;

½0; 0�; x 62 M:

(

The IVF universe set is U ¼ ½1; 1�U ¼ d½1; 1� ¼ c1LI

¼ hx; 1; 1ijx 2 Uf g, and the IVF empty set is ø ¼
d½0; 0� ¼ c0LI ¼ f\x; 0; 0[ jx 2 Ug:
The basic operations on IVF(U) are defined as follows

[32]: for all A;B 2 IVF Uð Þ

(1) A � B iff AðxÞ� LIBðxÞ, i.e., lA(x) B lB(x) and

vA(x) B vB(x), for all x 2 U;

(2) A = B iff A � B and B � A;

(3) *A = [1 - vA, 1 - lA];
(4) A \ Bð Þ xð Þ ¼ min lA xð Þ; lB xð Þf g;½

minfvA xð Þ; vB xð Þg�;
(5) A[Bð Þ xð Þ¼ max lA xð Þ;lB xð Þf g;maxfvA xð Þ;vB xð Þg½ �:

Definition 2.6 ([4]) An IVF relation from U to W is an

IVF set on U 9 W, i.e., R is given by R ¼ lRðx; yÞ;½f
vRðx; yÞ� ðx; yÞ 2 U �Wj g, for simplicity, R = [lR,vR],
where lR and vR are two fuzzy relations on U 9 W satis-

fying lR(x,y) B mR(x,y), for all x; yð Þ 2 U �W .

An IVF relation R from U to W is a serial IVF relation if

it satisfies _
y2W

Rðx; yÞ ¼ 1LI for all x 2 U. If U = W, R is

called an IVF relation on U. R is a reflexive IVF relation if

Rðx; xÞ ¼ 1LI for all x; y 2 U. R is a symmetric IVF relation
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if R(x, y) = R(y, x) for all x; y 2 U. R is a T � transitive

IVF relation if Rðx; zÞ� LI _
y2U

T ðRðx; yÞ;Rðy; zÞÞ for all

x; y; z 2 U. R is a T � similarity IVF relation if it is re-

flexive, symmetric and T � transitive.

3 Interval-Valued Fuzzy Residual Implicator and its

Dual Operator

In [11], an interval-valued fuzzy residual implicator de-

fined by the authors satisfies axioms of Smets and Magrez

on LI. In this section, by employing the interval-valued

fuzzy residual implicator, we consider its dual operator

which will be used to construct generalized interval-valued

fuzzy rough sets in the present paper.

Definition 3.1 ([11]) Let T be a continuous IVF t-norm

on LI. An interval-valued fuzzy residual implicator on LI

generated by T generated by H defined as follows:

HðI1; I2Þ ¼ sup I3 2 LI jT ðI1; I3Þ� LI I2
� �

;

where I1 ¼ l1; v1½ �; I2 ¼ l2; v2½ � 2 LI :

Theorem 3.1 ([11]) Let T be a continuous t-norm on

[0,1]. Then the interval-valued fuzzy residual implicator H
is given by

HðI1; I2Þ ¼ hðl1; l2Þ ^ hðv1; v2Þ; hðv1; v2Þ½ �; ð3Þ

for all I1; I2 2 LI , where h is the residual implicator of

t-norm T on [0,1] given by hða; bÞ ¼ sup c 2 I Tða; cÞjf
� b:g; 8a; b 2 ½0; 1�:

Suppose that T is a continuous t-norm on [0,1]. Then for

all I1 ¼ l1; v1½ �; I2 ¼ l2; v2½ � 2 LI , the mapping S:
LI 9 LI ? LI defined by

S½I1; I2� ¼ 1� T 1� l1; 1� l2ð Þ; 1� T 1� v1; 1� v2ð Þ½ �;
ð4Þ

is an IVF t-conorm on LI.

Theorem 3.2 Let N be an IVF standard negator. Then

we have

NS NðI1Þ;NðI2Þð Þ ¼ T ðI1; I2Þ: ð5Þ

Theorem 3.2 Shows that the IVF t-norm T given by

Eq. (1) and the IVF t-conorm S given by Eq. (4) are dual to

each other with respect to the IVF standard negator.

Now, we can define a binary of operation on LI as

follows:

WðI1; I2Þ ¼ inf I3 2 LI jSðI1; I3Þ� LI I2; I1; I2 2 LI
� �

:

Theorem 3.3 Let T be a continuous t-norm on [0,1].

Then the following equation holds:

W I1; I2ð Þ ¼ 1� h 1� l1; 1� l2ð Þ;½
1� h 1� v1; 1� v2ð Þ ^ h 1� l1; 1� l2ð Þ�;

ð6Þ

for all I1; I2 2 LI :

Theorem 3.4 Let N be an IVF standard negator. Then

for all I1; I2 2 LI

NHðN ðI1Þ;NðI2ÞÞ ¼ WðI1; I2Þ:

Theorem 3.4 shows that the interval-valued fuzzy resi-

dual implicator H given by Eq. (3) and W given by Eq. (6)

are dual to each other with respect to the IVF standard

negator.

Theorem 3.5 Let T be a continuous t-norm on [0,1].

Then the dual operator W of the interval-valued fuzzy

residual implicator H enjoys the following properties: for

all I1; I2; I3 2 LI ;

(1) Wð0LI ; I2Þ ¼ I2;WðI2; 0LI Þ ¼ 0LI ;

Wð1LI ; I2Þ ¼ 0LI ;HðI2; I2Þ ¼ 0LI :

(2) I1 � LI I2 ) WðI3; I1Þ� LIWðI3; I2Þ;
WðI1; I3Þ� LIWðI2; I3Þ:

(3) I1 � LI I2 , WðI1; I2Þ ¼ 0LI :

(4) WðI1;WðI2; I3ÞÞ ¼ WðI2;WðI1; I3ÞÞ:
(5) Wð ^

i2P
Ii; I2Þ ¼ _

i2P
WðIi; I2Þ; WðI1; _

j2P
IjÞ ¼ _

j2P
WðI1; IjÞ where Ii, Ij 2 LI,i, j 2 P, P is any index

set.

(6) _
I22LI

WðWðI1; I2Þ; I2Þ ¼ I1; i:e: WðWðI1; I2Þ; I2Þ

� LI I1:

(7) W SðI1; I2Þ; I3ð Þ ¼ W I1;WðI2; I3Þð Þ:
(8) S I1;WðI1; I2Þð Þ� LI I2:

(9) SðI1; I2Þ� LI I3 , I2 � LIWðI1; I3Þ:
(10) S WðI1; I3Þ;WðI3; I2Þð Þ� LIWðI1; I2Þ:
(11) S WðI1; I2Þ; I3ð Þ� LIW I1;SðI2; I3Þð Þ:
(12) WðI1; I2Þ� LIW SðI1; I3Þ;SðI2; I3Þð Þ:
(13) WðI1; _

i2P
IiÞ� LI _

i2P
WðI1; IiÞ; where Ii 2 LI ; i 2 P;

P is any index set.

(14) W I2;SðI1; I2Þð Þ� LI I1:

(15) WðI1; I3Þ� LIWðI2; I3Þ ) I1 � LI I2:

Proof Straightforward.

For the sake of convenience, we will use the following

labels.

For A 2 IVF Uð Þ and x 2 U, ð	NAÞðxÞ ¼ N ðAÞðxÞ:

For A;B 2 IVF Uð Þ;W A;Bð ÞðH A;Bð Þ, respectively) is

an interval-valued fuzzy set in IVF(U), and satisfies

WðA;BÞðxÞ ¼ WðAðxÞ;BðxÞÞ for any x2U ðHðA;BÞðxÞ ¼
HðAðxÞ;BðxÞÞ, respectively).
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4 Generalized Interval-Valued Fuzzy Rough

Approximation Operators and theirs Properties

In this section, by employing the interval-valued fuzzy

residual implicator H residual operator W, we will define

the upper and lower approximations of IVF sets with re-

spect to an arbitrary IVF approximation space and inves-

tigate the properties of IVF rough approximation operators.

In the sequel, we will assume that N is an IVF standard

negator on LI given by Nð½l; m�Þ ¼ ½1� m; 1� l� for

l; m½ � 2 LI , and N is a standard negator on [0,1] given by

N(x) = 1 - x, for x 2 ½0; 1�.

Definition 4.1 Let R 2 IVF(U �WÞ be an IVF relation

from U to W. Then the triple (U, W, R) is called an IVF

approximation space. For any A 2 IVF(WÞ, the upper and

lower IVF rough approximations of A with respect to the

approximation space (U, W, R), denoted by RðAÞ and RðAÞ,
respectively, are two IVF sets whose membership functions

are defined respectively by:

RðAÞðxÞ ¼ _
y2W

W 	N Rðx; yÞ;AðyÞ
� �

; x 2 U;

RðAÞðxÞ ¼ ^
y2W

H Rðx; yÞ;AðyÞð Þ; x 2 U:
ð7Þ

The operators R;R : IVFðWÞ ! IVFðUÞ are, respec-

tively, referred to as the generalized upper and lower IVF

rough approximation operators of (U, W, R). The pair

ðRA;RAÞ is called the generalized IVF rough set of A with

respect to (U, W, R).

Remark 4.1 When H is a residual implicator on [0,1], W
is its dual of the residual of implicator on [0,1], R is a fuzzy

relation from U to W, N is a standard negator on [0,1] and

A is a fuzzy set of W it can be observed that the IVF rough

set defined by us degenerates to the fuzzy rough set in-

troduced by Mi and Zhang in [16].

Example 4.1 Let

U ¼W ¼ x1; x2f g;
A ¼ hx1; 0:1; 0:7½ �i; hx2; 0:6; 0:8½ �if g 2 IVF Uð Þ;
R ¼ hðx1; x1Þ; ½0:7; 0:8�i; hðx1; x2Þ; ½0:3; 0:5�i;f

x2; x1ð Þ; 0:4; 0:6½ �i; h x2; x2ð Þ; 0:1; 1½ �ih g 2 IVF U �Uð Þ:

T = min. Then

RðAÞðx1Þ ¼ W 	NRðx1; x1Þ;Aðx1Þ
� �

_W 	N Rðx1; x2Þ;Aðx2Þ
� �

¼ W ½0:2; 0:3�; ½0:1; 0:7�ð Þ _W ½0:5; 0:7�; ½0:6; 0:8�ð Þ
¼ ½0; 0:7� _ ½0:6; 0:8� ¼ ½0:6; 0:8�;

RðAÞðx2Þ ¼ W 	NRðx2; x1Þ;Aðx1Þ
� �

_W 	N Rðx2; x2Þ;Aðx2Þ
� �

¼ W ½0:4; 0:6�; ½0:1; 0:7�ð ÞW ½0; 0:9�; ½0:6; 0:8�ð Þ
¼ ½0; 0:7� _ ½0:6; 0:6� ¼ ½0:6; 0:7�:

Hence, RðAÞ ¼ fhx1; ½0:6; 0:8�i; hx2; ½0:6; 0:7�ig:

Similarly, by Eq. (7), we have

R Að Þ x1ð Þ ¼ 0:1; 0:7½ �;R Að Þ x2ð Þ ¼ 0:1; 0:8½ �:

Hence, R Að Þ ¼ fhx1; ½0:1; 0:7�i; x2h½0:1; 0:8�ig:
Although IVF set theory has the virtue of comple-

menting fuzzy sets to model vagueness and uncertainty

precisely, it cannot solve some approximation problems of

concepts in data analysis. To overcome this difficulty, it is

natural for us to combine the interval-valued fuzzy set and

rough set models. So the concept of generalized interval-

valued fuzzy rough sets is presented by us. Because the

new hybrid model includes both ingredients of IVF set and

rough set, it is more flexible and effective to cope with

imperfect and imprecise information than IVF set and

rough set.

In what follows, by an example we will explain what

kind of conditions make the method better than the tradi-

tional fuzzy rough set.

Example 4.2 Let (U, W, R) be a fuzzy approximation

space, where U ¼ W ¼ fx1; x2g. Suppose that there is an

expert who is invited to evaluate the possible membership

degrees of the relationships between xi and xj with a crisp

number. In that case, R is a fuzzy relation defined as

follows:

R ¼ 0:7

ðx1; x1Þ
þ 0:4

ðx1; x2Þ
þ 0:5

ðx2; x1Þ
þ 0:8

ðx2; x2Þ
:

If a fuzzy set A ¼ 0:6
x1
þ 0:7

x2
; then by the definition of

fuzzy approximation operators in [16], we obtain

RðAÞðx1Þ ¼ 0:6; RðAÞðx2Þ ¼ 0:7;

RðAÞðx1Þ ¼ 0:7; RðAÞðx2Þ ¼ 0:7:

Hence, we can conclude that

RðAÞ ¼ 0:6

x1
þ 0:7

x2
; RðAÞ ¼ 0:7

x1
þ 0:7

x2
:

By the above fuzzy rough approximations RðAÞ and RðAÞ,
we can cope with some decision-making problems.

However, in many real decision-making problems, due

to the shortage of the expert’s experience and insufficiency

in available information, the decision-makers are easy to

lose information and cannot supply correct policies by

using traditional fuzzy rough set theory. So, it may be

difficult for decision-makers to exactly quantify their

opinions with a crisp number. Instead, the basic charac-

teristics of the decision-making problems described by an

interval number within [0,1] can overcome such a situation.

For example, due to the shortage of an expert’s experience

and insufficiency in available information, we cannot pre-

sent the precise membership degree of the relationship

between x2 and x1 by a crisp number 0.5, but we can
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provide an interval number [0.4, 0.6] to depict the possible

membership degree of the relationship between x2 and x1
(see Example 4.1). Considering the fact, it is necessary for

us to extend a fuzzy relation (set) to an IVF relation (set).

In this case, R is an IVF relation defined in Example 4.1

above. Meanwhile, A is an IVF set defined in Example 4.1.

Thus we have

RðAÞ ¼ hx1; ½0:1; 0:7�i; hx2; ½0:1; 0:8�if g;
RðAÞ ¼ hx1; ½0:6; 0:8�i; hx2; ½0:6; 0:7�if g:

Comparing with the results of two type approximation

operators, we can see that generalized IVF rough sets in

Definition 4.1 can contain more information than the tra-

ditional fuzzy rough set in [16] due to insufficiency in

available information. So in many real decision-making

problems, the generalized IVF rough set is more compre-

hensive and objective method than the traditional fuzzy

rough set.

Theorem 4.1 For any IVF approximation space (U, W,

R) ifH is an interval-valued fuzzy residual implicator on LI

and W is dual to H with respect to the IVF standard negator

N , then

RðAÞ ¼ 	 N Rð	 N AÞ; 8A 2 IVFðWÞ;
RðAÞ ¼ 	 N Rð	 N AÞ; 8A 2 IVFðWÞ:

Proof By Definition 4.1 and Theorem 3.4, we can easily

get the conclusion of the theorem.

Theorem 4.1 shows that the generalized IVF rough op-

erators R and R are dual to each other.

Theorem 4.2 Let (U, W, R) be an IVF approximation

space. Then the upper and lower IVF rough approximation

operators defined by Eq. (7) admit the following proper-

ties: for any A;B;Ai 2 IVFðWÞ; 8i 2 P;P is an index

set, M � W ; ½a1; a2� 2 LI ; ðx; yÞ 2 U �W ;

(IVFU1) RðWð d½a1; a2�;AÞÞ ¼ Wð d½a1; a2�;RðAÞÞ;
(IVFL1) RðHð d½a1; a2�;AÞÞ ¼ Hð d½a1; a2�;RðAÞÞ:
(IVFU2) Rð [

i2P
AiÞ ¼ [

i2P
RðAiÞ;

(IVFL2) Rð \
i2P

AiÞ ¼ \
i2P

RðAiÞ:

(IVFU3) Rð d½a1; a2�Þ � d½a1; a2�;
(IVFL3) R dð½a1; a2�Þ 
 d½a1; a2�:
(IVFU4) RðøÞ ¼ ø;

(IVFL4) RðWÞ ¼ U:

(IVFU5) Rð \
i2P

AiÞ � \
i2P

RðAiÞ;

(IVFL5) Rð [
i2P

AiÞ 
 [
i2P

RðAiÞ:

(IVFU6) A � B ) RðAÞ � RðBÞ;
(IVFL6) A � B ) RðAÞ � RðBÞ:

(IVFU7)

RðWð½1; 1�W�fyg;
d½a1; a2�ÞÞðxÞ ¼ Wð	NRðx; yÞ; ½a1; a2�Þ;

(IVFL7) RðHð½1; 1�y; d½a1; a2�ÞÞðxÞ ¼ HðRðx; yÞ; ½a1; a2�Þ:
(IVFU8) Rð½1; 1�yÞðxÞ ¼ Wð	NRðx; yÞ; ½1; 1�Þ;
(IVFL8) Rð½1; 1�W�fygÞðxÞ ¼ HðRðx; yÞ; ½0; 0�Þ:
(IVFU9) Rð½1; 1�MÞðxÞ ¼ _

y2M
Wð	NRðx; yÞ; ½1; 1�Þ;,

(IVFL9) Rð½1; 1�MÞðxÞ ¼ ^
y 62M

HðRðx; yÞ; ½0; 0�Þ:

Proof Since the IVF rough operators R and R are dual to

each other, we only investigate the case of R.

(IVFU1). According to Eq. (7) and Theorem 3.5(4) and

(5), for all x 2 U, we derive

RðWð d½a1; a2�;AÞÞðxÞ ¼ _
y2W

W 	NRðx; yÞ;W ½a1; a2�;AðyÞð Þð Þ

¼ _
y2W

W ½a1; a2�;W 	NRðx; yÞ;AðyÞð Þð Þ

¼ W ½a1; a2�; _
y2W

W 	NRðx; yÞ;AðyÞð Þ
� �

¼ W d½a1; a2�;RðAÞ
� 	

ðxÞ:

Hence, (IVFU1) holds.

(IVFU2). Similar to (IVFU1), it can be easily verified.

(IVFU3). For all x 2 U, by Theorem 3.5(5) and (2), we

obtain

Rð d½a1; a2�ÞðxÞ ¼ _
y2W

W 	NRðx; yÞ; ½a1; a2�ð Þ

¼ W ^
y2W

ð	NRðx; yÞÞ; ½a1; a2�
� �

� LIW ½0; 0�; ½a1; a2�ð Þ

¼ ½a1; a2� ¼ d½a1; a2�ðxÞ:

Thus, (IVFU3) holds.

(IVFU4). By taking a1 = 0, a2 = 0 instead of d½a1; a2� in
(IVFU3).

(IVFU5) and (IVFU6). They follow immediately from

Eq. (7) and Theorem 3.5(2).

(IVFU7). By the definitions of ½1; 1�W�fyg and R, we

obtain

R W ½1; 1�W�fyg;
d½a1; a2�

� 	� 	

ðxÞ

¼ _
z2W

W 	NRðx; zÞ;W ½1; 1�W�fygðzÞ; ½a1; a2�
� 	� 	

¼ _
z 6¼y

W 	NRðx; zÞ;W ½1; 1�; ½a1; a2�ð Þð Þ _Wð	 NRðx; yÞ; ½a1; a2�Þ

¼ _
z 6¼y

W 	NRðx; zÞ; ½0; 0�ð Þ _W 	NRðx; yÞ; ½a1; a2�ð Þ

¼ W 	NRðx; yÞ; ½a1; a2�ð Þ;

which implies that (IVFU7) holds.

(IVFU8). From Eq. (7), we can see that
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Rð½1; 1�yÞðxÞ ¼ _
z2W

W 	NRðx; zÞ; ½1; 1�yðzÞ
� 	

¼ _
z 6¼y

W 	NRðx; zÞ; ½0; 0�ð Þ _W 	NRðx; yÞ; ½1; 1�ð Þ

¼ W 	NRðx; yÞ; ½1; 1�ð Þ:

Hence, (IVFU8) holds.

(IVFU9). By the definition of ½1; 1�M and R, we get

Rð½1; 1�MÞðxÞ ¼ _
y2W

W 	NRðx; yÞ; ½1; 1�MðyÞ
� �

¼ _
y 62M

W 	NRðx; yÞ; ½0; 0�ð Þ

_ _
y2M

W 	NRðx; yÞ; ½1; 1�ð Þ
� �

¼ _
y2M

W 	NRðx; yÞ; ½1; 1�ð Þ:

Thus, (IVFU9) holds

Now we discuss the relationships between the properties

of special IVF relations and the properties of the general-

ized IVF rough approximation operators. We show that the

properties of some special IVF relations can be character-

ized by IVF rough approximation operators.

Theorem 4.3 Let (U, W, R) be an IVF approximation

space. R and R are the generalized IVF approximation

operators defined by Eq. (7). Then R is serial iff one of the

following properties holds:

(IVFU0) Rð d½a1; a2�Þ ¼ d½a1; a2�; 8½a1; a2� 2 LI ;

(IVFU0)0 RðWÞ ¼ U;

(IVFL0) Rð d½a1; a2�Þ ¼ d½a1; a2�; 8½a1; a2� 2 LI ;

(IVFL0)0 RðøÞ ¼ ø:

Proof First, we need to prove that ðIVFU0Þ0 , R is serial

, ðIVFUÞ.. If R is serial then _
y2W

Rðx; yÞ ¼ ½1; 1� for all

x 2 U. By (IVFU3), we can obtain Rð d½a1; a2�Þ ¼ d½a1; a2�;
for any ½a1; a2� 2 LI . So, (IVFU0) holds.

Conversely, by assuming that (IVFU0) holds and using

(IVFU3), we have

W 	N _
y2W

Rðx; yÞ
� �

; a1; a2½ �
� �

¼ W ½0; 0�; ½a1; a2�ð Þ:

According to Theorem 3.5(15), it follows that

_
y2W

Rðx; yÞ ¼ ½1; 1�. So R is serial. On the other hand, if R is

serial, then

RðWÞðxÞ ¼ R d½1; 1�ÞðxÞ ¼ _
y2W

Wð	NRðx; yÞ; ½1; 1�
� �

¼ W 	N ð _
y2W

Rðx; yÞÞ; ½1; 1�
� �

¼ W ½0; 0�; ½1; 1�ð Þ ¼ ½1; 1� ¼ UðxÞ:

Therefore, (IVFU0)0 holds.
Conversely, if (IVFU0)0 holds, then by Theorem 3.5(15)

and the above equation, it can be directly obtained that R is

serial.

Second, by the Theorem 4.1, we can observe that

(IVFU0) , (IVFL0), (IVFU0)0 , (IVFL0)0, from which

we conclude that R is a serial , (IVFU0) , (IVFU0)0 ,
(IVFL0) , (IVFL0)0.

Theorem 4.4 Let (U, R) be an IVF approximation space.

If R is an IVF relation on U, R and R are the generalized

IVF approximation operators of (U, R), then

(1) R is reflexive , IVFURð ÞA � RðAÞ
, IVFLRð ÞRðAÞ � A:

(2) R is symmetric , IVFUSð Þ
�R W ½1; 1�U�fxg;

d½a1; a2�
� 	� 	

ðyÞ

¼ R W ½1; 1�U�fyg;
d½a1; a2�

� 	� 	

ðxÞ

, IVFLSð ÞR Hð½1; 1�fxg; d½a1; a2�Þ
� 	

ðyÞ

¼ R H ½1; 1�fyg; d½a1; a2�
� 	� 	

ðxÞ:

(3) R is T � transitive
, ðIVFUTÞ RðRðAÞÞ � RðAÞ
, ðIVFLTÞ RðAÞ � RðRðAÞÞ

Proof (1) If R is reflexive, then, for any A 2 IVFðUÞ and
x 2 U; we have

RðAÞðxÞ ¼ _
y2U

W 	NRðx; yÞ;AðyÞð Þ

� LIW 	NRðx; xÞ;AðxÞð Þ
¼ W ½0; 0�;AðxÞð Þ ¼ AðxÞ;

which implies that A � RðAÞ

Conversely, if (IVFUR) holds, then by (IVFU7), we

obtain

W 	NRðx; xÞ; ½a1; a2�ð Þ ¼ R Wð½1; 1�U�fxg;
d½a1; a2�Þ

� 	

ðxÞ

� LIW ½1; 1�U�fxg;
d½a1; a2�

� 	

xÞ

¼ W ½1; 1�U�fxgðxÞ; ½a1; a2�
� 	

¼ W ½0; 0�; ½a1; a2�ð Þ:

According to Theorem 3.5(15), we have Rðx; xÞ
� LI ½1; 1�
Hence, we conclude that R is reflexive. On the other

hand, by Theorem 4.1 we can observe that (IVFUR) ,
(IVFLR). So R is reflexive , (IVFUR) , (IVFLR).

It follows immediately from (IVFU7) and (IVFL7). If R

is T � transitive, then, for any A 2 IVF Uð Þ and x 2 U we

have
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R RðAÞ
� �

ðxÞ ¼ _
y2U

W 	N Rðx;yÞ;RðAÞðyÞ
� �

¼ _
y2U

W 	NRðx;yÞ; _
z2U

W 	NRðy; zÞ;AðzÞ
� �

� �

¼ _
y2U

_
z2U

W 	N Rðx;yÞ;W 	N Rðy; zÞ;AðzÞ
� �� �

¼ _
y2U

_
z2U

W S 	NRðx;yÞ; 	NRðy; zÞ
� �

;AðzÞ
� �

¼ _
y2U

_
z2U

W 	N T Rðx;yÞ;Rðy; zÞð Þ;AðzÞ
� �

� LI _
y2U

_
z2U

W 	N Rðx; zÞ;AðzÞ
� �

¼ ðRðAÞÞðxÞ:

So, (IVFUT) holds.

Conversely, if (IVFUT) holds, then by (IVFU7), for any

x; y 2 U, one has

W 	NRðx; yÞ; ½a1; a2�ð Þ

¼ R Wð½1; 1�U�fyg;
d½a1; a2�Þ

� 	

ðxÞ

� LIR R W ½1; 1�U�fyg;
d½a1; a2�

� 	� 	� 	

ðxÞ

¼ _
z2U

W 	NRðx; zÞ;R W ½1; 1�U�fyg;
d½a1; a2�

� 	� 	� 	

ðzÞ

¼ _
z2U

W 	NRðx; zÞ;W 	NRðz; yÞ; ½a1; a2�ð Þð Þ

¼ _
z2U

W S 	NRðx; zÞ; 	NRðz; yÞð Þ; ½a1; a2�ð Þ

¼ _
z2U

W 	NT Rðx; zÞ;Rðz; yÞ; ½a1; a2�ð Þ

¼ W 	N _
z2U

T Rðx; zÞ;Rðz; yÞð Þ
� �

; ½a1; a2�
� �

:

By virtue of Theorem 3.5(15), we have

Rðx; yÞ � LI _
z2U

T Rðx; zÞ;Rðz; yÞð Þ:

So R is T � transitive.

On the other hand, by Theorem 4.1, we can observe that

(IVFUT) , (IVFLT). Hence, R is T � transitive ,
(IVFUT) , (IVFLT).

5 Axiomatic Characterization of Generalized IVF

Rough Approximation Operators

In this section, we will present an axiomatic characteriza-

tion of generalized IVF rough sets by defining a pair of

abstract IVF approximation operators.

Now we consider the abstract interval-valued fuzzy set-

theoretic operators L;H : IVFðWÞ ! IVFðUÞ.

Definition 5.1 Let L;H : IVFðWÞ ! IVFðUÞ be two op-

erators. They are referred to as dual operators if for all

A 2 IVF Wð Þ the following holds:

(1) LðAÞ ¼ 	 NH 	N A
� �

;

(2) HðAÞ ¼ 	 N L 	N A
� �

:

Definition 5.2 Suppose that L;H : IVFðWÞ ! IVFðUÞ
are two dual operators. Then L and H are referred to as IVF

approximation operator iff H satisfies the axioms (H1) and

(H2), or equivalently L satisfies the axioms (L1) and (L2),

where

ðH1Þ HðA [ BÞ ¼ HðAÞ [ HðBÞ;

ðH2Þ HðWð d½a1; a2�Þ;AÞÞ ¼ Wð d½a1; a2�;HAÞ;
ðL1Þ LðA \ BÞ ¼ LðAÞ \ LðBÞ;

ðL2Þ LðHð d½a1; a2�Þ;AÞÞ ¼ Hð d½a1; a2�; LAÞ;

For any A;B 2 IVFðWÞ and ½a1; a2� 2 LI :

Lemma 5.1 Suppose that E : IVFðWÞ ! LI satisfies the

following conditions:

(1) EðA \ BÞ ¼ EðAÞ \ EðBÞ;
(2) EðHðba;AÞÞ ¼ Hða;EðAÞÞ where A;B 2 IVFðWÞ

and a 2 LI :

Then there exists v 2 IVFðWÞ; such that

EðAÞ ¼ ^
y2W

HðvðyÞ;AðyÞÞ; 8A 2 IVFðWÞ

Proof For any 8A 2 IVFðWÞ,we denote c ¼ EðAÞ. It

follows from the item (2) that E Hðbc;AÞð Þ ¼
H c;EðAÞð Þ ¼ Hðc; cÞ ¼ ½1; 1�:

Define v ¼ ^fA 2 IVFðWÞ : EðAÞ ¼ ½1; 1�g: Clearly,

Hðbc;AÞ 
 v. By virtue Theorem 4(2) in [11], we can see that

HðHðc;AðyÞÞ;AðyÞÞ� LIHðvðyÞ;AðyÞÞ. Thus, by Theorem

5(6) in [11], we further obtain c� LI ^
y2W

HðvðyÞ;AðyÞÞ:

On the other hand, denote

g ¼ sup c 2 LI : EðHðĉ;AÞÞ ¼ ½1; 1�
� �

:

Then

Hðg; cÞ ¼ inf Hðc; cÞ : EðHðĉ;AÞÞ ¼ ½1; 1�f g
¼ inf Hðc; cÞ : Hðc;EðAÞÞ ¼ ½1; 1�f g
¼ ½1; 1�:

Hence, by Theorem 4(3) in [11], we get g� LIc. For any
a[ LIEðAÞ ¼ c; we have a[ LIg. It then follows that
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EðHðba;AÞÞ\LI ½1; 1�. By the definition of v, E(v) = [1, 1],

we get EðHðba;AÞÞ\LIEðvÞ. It is easy to see that E is

monotone. Therefore, v 6� Hðbc;AÞ. By Theorem 5(6) in

[11], a[ LI ^
y2W

HðvðyÞ;AðyÞÞ. Thus c� LI ^
y2W

HðvðyÞ;

AðyÞÞ. Hence, c ¼ ^
y2W

HðvðyÞ;AðyÞÞ:

Lemma 5.2 Suppose that L;H : IVFðWÞ ! IVFðUÞ are

two dual IVF approximation operators. Then for each

x 2 U, there exist IVF sets vx and ux 2 IVFðWÞ such that

for any A 2 IVFðWÞ,
HðAÞðxÞ ¼ _

y2W
W vxðyÞ;AðyÞð Þ;

LðAÞðxÞ ¼ ^
y2W

H uxðyÞ;AðyÞð Þ

Proof Let ExðAÞ ¼ 	 NHð	 NAÞðxÞ; 8x 2 U: Then

ExðA \ BÞ ¼ 	 NH 	N ðA \ BÞ
� �

ðxÞ
¼ 	 NH ð	 N AÞ [ ð	 NBÞ

� �

ðxÞ
¼ 	 N Hð	 N AÞ [ Hð	 N BÞ

� �

ðxÞ
¼ 	 N Hð	 N AÞðxÞ _ Hð	 NBÞðxÞ

� �

¼ 	NHð	 N AÞðxÞ
� �

^ 	 NHð	 N BÞðxÞ
� �

¼ ExðAÞ ^ ExðBÞ;

ExðHð d½a1; a2�Þ;AÞÞ ¼ 	 NH 	NHð d½a1; a2�;AÞ
� 	

ðxÞ

¼ 	 NH W 	N
d½a1; a2�; 	N A

� 	� 	

ðxÞ

¼ 	 NW 	N
d½a1; a2�;Hð	 N AÞ

� 	

ðxÞ

¼ H d½a1; a2�; 	NHð	 NAÞ
� 	

ðxÞ

¼ H ½a1; a2�;ExðAÞð Þ:

By Lemma 5.1, there exists, there exists ux 2 IVFðWÞ
such that ExðAÞ ¼ ^

y2W
HðuxðyÞ;AðyÞÞ. Let vx ¼ 	N ux:

Then we have

HðAÞðxÞ ¼ 	 NExð	 NAÞ

¼ 	 N ^
y2W

H uxðyÞ; 	NAðyÞ
� �

� �

¼ _
y2W

	NH uxðyÞ; 	NAðyÞ
� �� �

¼ _
y2W

W 	N uxðyÞ;AðyÞ
� �

¼ _
y2W

W vxðyÞ;AðyÞð Þ:

On the other hand, since HðAÞðxÞ ¼ _
y2W

WðvxðyÞ;AðyÞÞ,

we obtain LðAÞðxÞ ¼ ^
y2W

HðuxðyÞ;AðyÞÞ.

Let H be an operator from IVF(W) to IVF(U). We define

a special IVF relation RelH from U to W as follows: for all

ðx; yÞ 2 U �W

RelHðx; yÞ

¼ 	 N _
½a1;a2�2LI

W H W ½1; 1�W�fyg;
d½a1; a2�

� 	� 	

ðxÞ; ½a1; a2�
� 	

� �

:

Now we consider the relations between IVF ap-

proximation operators and the general IVF relations.

Theorem 5.1 Let R 2 IVFðU �WÞ: Then Rel�R ¼ R:

Proof For any ðx; yÞ 2 U �W , we have

Rel�Rðx; yÞ

¼ 	 N _
½a1;a2�2LI

W �R W ½1; 1�W�fyg;
d½a1; a2�

� 	� 	

ðxÞ; ½a1; a2�
� 	

� �

¼ 	N _
½a1;a2�2LI

W W 	NRðx; yÞ; ½a1; a2�
� �

; ½a1; a2�
� �

� �

¼ 	N 	 N Rðx; yÞ
� �

¼ Rðx; yÞ:

Theorem 5.2 Suppose that L;H : IVFðWÞ ! IVFðUÞ
are two dual IVF approximation operators. Then

RelH ¼ H;RelH ¼ L:

Proof For any A 2 IVFðWÞ and x 2 U, we get

RelHðAÞðxÞ

¼ _
y2W

W _
½a1;a2�2LI

W HW ½1; 1�W�fyg;
d½a1; a2�

� 	

ðxÞ; ½a1; a2�
� 	

;AðyÞ
� �

¼ _
y2W

W _
½a1;a2�2LI

W _
z2W

W vxðzÞ;W ½1; 1�W�fyg;
d½a1; a2�

� 	

ðzÞ
� 	

; ½a1; a2�
� �

;AðyÞ
� �

¼ _
y2W

W _
½a1;a2�2LI

W W vxðyÞ; ½a1; a2�ð Þ; ½a1; a2�ð Þ;AðyÞ
� �

¼ _
y2W

W vxðyÞ;AðyÞð Þ ¼ HðAÞðxÞ:

It is easy to see that RelH = L holds due to the as-

sumption and RelHðAÞðxÞ ¼ HðAÞðxÞ.

Theorem 5.3 Let L,H be a pair of dual operators. Then

there exists an IVF relation R 2 IVF U �Wð Þ such that

L ¼ R and H ¼ R iff L, H are IVF approximation

operators.

Proof ()) It follows immediately from Theorem 4.2

((). Let R = RelH. Then H ¼ RelH ¼ R and

L ¼ RelH ¼ R. By Theorem 5.2, we can obtain the con-

clusion immediately.

Theorem 5.3 shows that IVF approximation operators

defined in Sect. 4 can be characterized by the axioms L1,

L2, H1 and H2.

Example 5.1 Let U ¼ W ¼ fx1; x2g. Define H : IVFðWÞ
! IVFðUÞ as HðAÞ ¼ fhx1;maxfAðx1Þ;Aðx2Þig; hx2;
maxfAðx1Þ;Aðx2Þig for any A 2 IVF Uð Þ. By Theorem

3.5(5), we can computer that for all ½a1; a2� 2 LI and

A 2 IVFðUÞ,
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H W d½a1; a2�
� 	

;A
� 	

ðxiÞ

¼ max W d½a1; a2�;A
� 	

ðx1Þ;W d½a1; a2�;A
� 	

ðx2Þ
n o

¼ max W ½a1; a2�;Aðx1Þð Þ;W ½a1; a2�;Aðx2Þð Þf g
¼ Wð½a1; a2�;maxfAðx1Þ;Aðx2ÞÞ

¼ Wð d½a1; a2�;HðAÞÞðxiÞ;

which implies that HðWð d½a1; a2�Þ;AÞÞ ¼ Wð d½a1; a2�;HðAÞÞ:

Thus, (H2) holds.

Let

A ¼ hx1; ½0:1; 0:2�i; hx2; ½0; 0:8�if g;
B ¼ hx1; ½0:1; 1�i; hx2; ½0; 1�if g:

Then HðA[BÞðxiÞ¼½0:1;1�;ðHðAÞ[HðBÞÞðxiÞ¼½0:1;0:8�:
Thus (H1) does not hold. Hence H2 6) H1. Similarly, we

can prove that H1 6) H2.

Remark 5.1 From Example 5.1, we conclude that

H1;H2f g, or equivalently fL1; L2g, is the minimal axiom

set to characterize the generalized IVF rough approxima-

tion operators produced by an arbitrary IVF relation.

6 The Composition of IVF Approximation Spaces

In the section, we will investigate the composition of

generalized IVF rough set models. First, the concept of the

composition of IVF relations is introduced.

Definition 6.1 Let G1 ¼ ðU;V ;R1Þ and G2 ¼ ðV ;W ;R2Þ
be two generalized IVF approximation spaces. The com-

position of IVF relations R1 and R2 is an IVF relation

R from U to W, denoted by R ¼ R1 � R2:, and is defined as

follows: for all ðx; zÞ 2 U �W

Rðx; zÞ ¼ _
y2V

T R1ðx; yÞ;R2ðy; zÞð Þ: ð8Þ

The generalized IVF approximation space G ¼
ðU;W ;RÞ is referred to as the composition of G1 ¼
ðU;V ;R1Þ and G2 ¼ ðV;W ;R2Þ, denoted by G ¼ G1  G2.

Now, it is natural to ask, ‘‘what is the relationship be-

tween generalized IVF rough approximation operators in

the composition space G and in the original two IVF ap-

proximation spaces G1 and G2?’’ The following theorem

answers the question.

Theorem 6.1 Let G1 = (U,V,R1) and G2 = (U,W,R1) be

two generalized IVF approximation spaces, and G ¼ G1 
G2 be the composition of G1 and G2. Then

(1) R ¼ R1 � R2;

(2) R ¼ R1 � R2

Proof We only prove the conclusion in (1). The

assertion in (2) can be easily obtained by Theorem 4.1

and the result in (1). For every A 2 IVF Wð Þ and x 2 U,

we have

R1ðR2ðAÞÞðxÞ ¼ _
y2V

W 	NR1ðx; yÞ;R2ðAÞðyÞ
� �

¼ _
y2V

W 	N R1ðx; yÞ; _
z2W

W 	NR2ðy; zÞ;AðzÞ
� �

� �

¼ _
y2V

_
z2W

W 	N R1ðx; yÞ;W 	N R2ðy; zÞ;AðzÞ
� �� �

¼ _
y2V

_
z2W

W S 	 N R1ðx; yÞ; 	N R2ðy; zÞ
� �

;AðzÞ
� �

¼ _
z2W

W 	N _
y2V

T R1ðx; yÞ;R2ðy; zÞð Þ
� �

;AðzÞ
� �

¼ _
z2W

W 	N Rðx; zÞ;AðzÞ
� �

¼ RðAÞðxÞ:

Example 6.1 Let U ¼ V ¼ W ¼ x1; x2f g. Assume that

A ¼ hx1; ½0:1; 0:7�i; hx2; ½0:6; 0:8�if g;

R1 ¼ R2 ¼ fhðx1; x1Þ; ½0:7; 0:8�i; hðx1; x2Þ; ½0:3; 0:5�i;

hðx2; x1Þ; ½0:4; 0:6�i; hðx2; x2Þ; ½0:1; 1�ig

and T = min. Then R2ðAÞ¼fhx1; ½0:6;0:8�i;hx2; ½0:6;0:7�ig;
R1ðR2ÞðAÞðx1Þ ¼ ½0:6; 0:8�; R1ðR2ÞðAÞðx2Þ ¼ ½0:6; 0:8�:
Hence R1ðR2ÞðAÞ ¼ fhx1; ½0:6; 0:8�i; hx2; ½0:6; 0:8�ig:

On the other hand, from Eq. (8), we have R ¼ R1 � R2 ¼
fhðx1; x1Þ; ½0:7; 0:8�i; hðx1; x2Þ; ½0:3; 0:5�i; hðx2; x1Þ; ½0:4;
0:6�i; hðx2; x2Þ; ½0:3; 1�ig.

Thus, RðAÞ ¼ fhx1; ½0:6; 0:8�i; hx2; ½0:6; 0:8�ig: Obvi-

ously, R ¼ R1 � R2. Similarly, we can obtain R ¼ R1 � R2.

7 Application of the Generalized Interval-Valued

Fuzzy Rough Set Model in Medical Diagnosis

In this section, in order to illustrate the efficiency of gen-

eralized interval-valued fuzzy rough set, we present an

approach to the decision making based on the generalized

interval-valued fuzzy rough set.

In order to rank the interval values, Xu [46] gave the

definition as follows.

Definition 7.1 ([46]) Let a ¼ ½aL; aU � and b ¼ ½bL; bU �
then the degree of possibility of a� b is defined as:

pða� bÞ ¼ max 1�max
bU � aL

aU � aL þ bU � bL
; 0

� �

; 0


 �

:

ð9Þ
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Similarly, the degree of possibility of b� a is defined as:

pðb� aÞ ¼ max 1�max
aU � bL

aU � aL þ bU � bL
; 0

� �

; 0


 �

:

ð10Þ

Equations (9) and (10) are proposed in order to compare

two interval values, and to rank all the input arguments.

Further details could be found in [46].

In the following we will apply generalized interval-

valued fuzzy rough set model to medical diagnosis

problems.

Let (U, W, R) be an IVF approximation space. Suppose

that the universe U ¼ fx1; x2; . . .; xmg denotes a symptom

set, and the universe W ¼ fy1; y2; . . .yng denotes a disease

set. Let R 2 IVFðU �WÞ be an IVF relation from U to

W. For any xi; yj
� �

2 U �W ;R xi; yj
� �

represents interval

membership degree of the relationships between the symp-

tom xiðxi 2 UÞ and the disease yjðyj 2 WÞ, which is

evaluated by a doctor in advance. For any a patient set Awho

has some symptoms in universeU, patient set A is an IVF set

on symptom set U. That is, A ¼ fhxi;A xið Þijxi 2 Ug, where
AðxiÞ 2 LI represents the membership degree to the symp-

tom xi 2 U of A. Now, the problem is that a decision-maker

needs to make a reasonable decision about how to judge

what kind of the disease yj patient A is suffering from.

In what follows, we present an approach to the decision

making for this kind of problem by using the generalized

interval-valued fuzzy rough set theory with three steps.

First, according to Definition 4.1, we calculate the lower

and upper approximations RðAÞ and RðAÞ of IVF set A with

respect to (U, W, R). Without loss of generality, for the

lower and upper approximations of IVF set A we can take

T = min.

Second, we introduce two operations on two IVFs,

shown as follows, for all A;B 2 IVF Uð Þ.

• Ring sum operation:

A� B 2 ¼ hx; ½lAðxÞ þ lBðxÞ � lAðxÞ lBðxÞ; mAðxÞf
þmBðxÞ � mA xð ÞmB xð Þ�ijx 2 Ug;

• Ring product operation:

A B 2¼ hx; ½lAðxÞlBðxÞ; mAðxÞmBðxÞ�ijx 2 Uf g:

So, by the ring sum operation, we can obtain

RðAÞ � RðAÞ ¼
n

hyj; ½lRðAÞðyjÞ þ lRðAÞðyjÞ

� lRðAÞðyjÞlRðAÞðyjÞ; mRðAÞðyjÞ þ mRðAÞðyjÞ

� mRðAÞðyjÞmRðAÞðyjÞ�ijyj 2 W
o

;

Denote kj ¼ RðAÞ � RðAÞðyjÞ.

Finally, by Eq. (9), we rank the interval values kj. Then
the optimal decision is to select y1 if kl ¼ maxjkj; j ¼
1; 2; . . .; Wj j; j ¼ 1; 2; � � � ; jW j: In other words, if

kl ¼ max
j

kj; j ¼ 1; 2; . . .; jW j, we can conclude that pa-

tient A is suffering from the disease yl. Note that if l has

more than one value, then all the yl may be chosen, which

implies that patient A is suffering from the various diseases.

Therefore, we have established an approach to uncer-

tainty decision making based on the generalized interval-

valued fuzzy rough set theory. In the next section, the

application of this method will be shown by using a

medical diagnosis decision-making problem.

8 A Numerical Example

In this section, we will apply the decision approach pro-

posed in Sect. 7 to a medical diagnosis problem.

Let U ¼ x1; x2; x3; x4; x5f g be five symptoms in clinic,

where xi stand for ‘‘temperature’’, ‘‘headache’’, ‘‘stomach

pain’’, ‘‘cough,’’ and ‘‘chest-pain,’’ respectively, and the

universe W ¼ fy1; y2; y3; y4; y5g be four diseases, where yi
stand for Viral fever’’, ‘‘Malaria’’, ‘‘Typhoid’’, ‘‘Stomach

problem’’ and ‘‘Chest problem’’ respectively. Let R 2
IVFðU �WÞ be an IVF relation from U to W. And R is a

medical knowledge statistic data of the relationship of the

symptom xiðxi 2 UÞ and the disease yi yi 2 Wð Þ. The

statistic data are given in Table 1.

In this example, we suppose that A represents a patient.

And the symptoms of patient A are described by an IVF set

on the universe U. Let

A ¼ hx1; ½0:4; 0:5�i; hx2; ½0:5; 0:6�i; hx3; ½0:7; 0:9�i;f
x4; ½0:2; 0:3�i; hx5; ½0:5; 0:7�ih g:

For example, for A(x3) = [0.7,0.9], a doctor cannot

present the precise membership degree of how pain the

stomach of patient A is, but he (she) provides a certain

interval value [0.7,0.9] to depict the membership degree of

how pain the stomach of patient A is.

In what follows, we give the decision-making process by

using the three steps given in Sect. 7 in detail.

First, let T = min, then by Definition 4.1, we calculate

the lower and upper approximations RðAÞ and RðAÞ of

patient A as follows:

RðAÞ ¼ hy1; ½0:2; 0:3�i; hy2; ½0:2; 0:3�i; hy3; ½0:4; 0:5�i;f
y4; 0:4; 0:5½ �i; hy5; 0:5; 0:6½ �ih g;

RðAÞ ¼ hy1; ½0:7; 0:9�i; hy2; ½0:7; 0:9�i; hy3; ½0:7; 0:9�i;f
y4; 0:7; 0:9½ �i; hy5; 0:7; 0:9½ �ih g:

Then, we have
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RðAÞ � RðAÞ ¼ hy1; ½0:76; 0:93�i; hy2; ½0:76; 0:93�i;f
y3; 0:82; 0:95½ �i; hy4; 0:82; 0:95½ �i; hy5; 0:85; 0:96½ �ih g:

So according to Eq. (9), it is clear that the maximum

interval value is k5 ¼ ½0:85; 0:96�. Hence, the optimal de-

cision is to select y5. That is, we can conclude that patient

A is suffering from the disease Chest problem (y5).

On the other hand, if we adopt the ring product op-

eration, then

RðAÞ  RðAÞ ¼ hy1; ½0:14; 0:27�i; hy2; ½0:14; 0:27�i;f
y3; 0:28; 0:45½ �i; hy4; 0:28; 0:45½ �i; hy5; 0:35; 0:54½ �ih g:

We can note that the optimal decision is still to select y5.

In other word, patient A is still suffering from the disease

Chest problem (y5). In general, no matter we adopt the ring

sum operation or ring product operation in decision mak-

ing, the decision result is the same.

9 Conclusion

In this paper, we have developed a general framework for

the study of generalized interval-valued fuzzy rough sets

by using constructive and axiomatic approaches. This work

may be viewed as the extension of Mi and Zhang [16].

Then composition of two approximation spaces was also

studied. At last, by using the generalized IVF rough set

theory, we have developed a general framework for dealing

with uncertainty decision making. The approach will be

helpful for making scientific and reasonable decision on

fuzzy and uncertainty decision problems. Further, we use a

medical diagnosis decision-making problem to demonstrate

the principal steps of the decision methodology.

Knowledge reduction is one of the important contents in

the research on rough set theory. So in the future we mainly

focus on knowledge reduction based on generalized IVF

rough set theory under complete information systems.

Moreover, it is important and interesting to further inves-

tigate characterization and uncertain measures of general-

ized IVF rough sets.
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