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Abstract In order to handle the nonlinear properties of

hysteretic systems, an indirect adaptive fuzzy controller

(IAFC) is proposed in this paper. However, it is hard to

directly identify the unknown hysteretic effects. Therefore,

to overcome this problem, a dynamic hysteretic equation is

employed and modified to construct the nonlinear proper-

ties of backlash-like hysteretic systems. Besides, the exis-

tence of an IAFC can be derived in this paper. Compared

with the existing fuzzy control methods, our proposed

IAFC is simpler and can handle the more general hysteretic

problems with our new learning algorithm. Based on the

learning algorithm, the adaptive and the control laws not

only can be derived but the stability of the closed-loop

system can also be guaranteed by the Lyapunov stability

criterion. Finally, the proposed IAFC is compared to the

adaptive backstepping control method, and the results show

that our proposed IAFC can effectively handle the non-

linear properties in the backlash-like hysteretic systems.

Keywords Backlash-like hysteretic system � Hysteretic

effect � Indirect adaptive fuzzy controller � Lyapunov

stability � Adaptive backstepping control

1 Introduction

In mechanical systems, hysteresis and dead zone are two

kinds of input nonsmooth nonlinearities which will degrade

the performance of the systems. These nonlinear phe-

nomena exist in many physical systems and materials, such

as ferroelectric and ferromagnetic materials, mechanical

actuators, electronic throttles, and other related fields [1–7].

Although hysteresis and dead zone commonly coexist, they

have different nonlinear properties, actually. Hence, in this

paper, we only discuss the hysteretic nonlinearities. In fact,

different types of hysteresis have totally different nonlinear

properties. Thus, we focus mainly on the hysteresis model

called ‘‘backlash-like hysteresis.’’ Backlash-like hysteresis

is usually found in the mechanical systems, which causes a

delay between the input force and output response. To

control the systems with unknown backlash-like hysteresis

is quite important but typically challenging. Incidentally,

conventional control methods are insufficient to deal with

the nonlinear systems with these non-smooth nonlinearities

[8]. For simplicity, the hysteresis is sometimes ignored in

the controller design. However, ignorance of nonlinear

hysteresis will lead to the obvious steady-state error,

oscillation, and even instability. Hence, the development of

alternate effective approaches is required and urging.

For research purpose, the foremost task is to find a

model to describe the hysteretic nonlinearities, which helps

us to design a proper controller. Until now, the research on

mathematical models for unknown hysteresis is still an on-

going topic. Thus, there are various models being proposed

in past decades, and different hysteresis models will affect

the effectiveness of the control algorithms. Generally, the

existing hysteresis model can be roughly categorized into

two types [9]: operator-based hysteresis models and dif-

ferential equation-based hysteresis models. The operator-
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based models use integral equations which contain nu-

merous hysteresis operators and can describe the shapes of

hysteresis curves accurately. The popular operator-based

models are Preisach model [10], Prandtl-Ishlinskii (PI)

model [11], etc. For differential equation-based models,

they have finite dimensions and can be extend to con-

tinuous inputs using approximation [9], which can reduce

the computational complexity effectively. The models like

Bouc-Wen model [12], Duhem model [9], and Backlash-

like model [13] are used widely in the controller design for

hysteretic problems. For nonlinear hysteretic properties in

our benchmark problems, the backlash-like model pro-

posed in [13] is adopted with a little modification

throughout this paper to model our problems.

Based on the mathematical models, several alternate ap-

proaches have been proposed in [13–21] in past decades. The

above methods used the adaptive control schemes to mitigate

the nonlinear effects of hysteresis. In [14–16], an adaptive

inverse operator was constructed to cancel the backlash

nonlinearity, but the strict initial conditions were required. In

[21], a smooth inverse function combined with the back-

stepping technique was utilized to compensate the nonlinear

effects of the backlash. Using the intelligent control schemes

like fuzzy logic control (FLC) or neural network (NN) has

been depicted in [17–19]. Those intelligent control methods

have the advantage of excellent nonlinearity approximation,

which can eliminate the inversion error [17–19]. Some ex-

perimental applications showed that backlash inverters

would degrade the system control performance [22, 23].

Hence, a controller design scheme without constructing the

inverse operator has been proposed in [13, 18, 20]. In [18]

and [13], a continuous dynamic backlash-like hysteresis

model was defined. However, the backlash-like term multi-

plying the control in [18] and [13] must be bounded, and the

uncertain parameters must also be within known intervals.

The adaptive backstepping control methods proposed in [20]

strived to eliminate the above restrictions. Some more

complex problems and methods can be found in [24–26].

A new indirect adaptive fuzzy controller (IAFC) using

‘‘feedback ? feed-forward’’ scheme is proposed to miti-

gate the hysteretic phenomenon without the above restric-

tions, Besides, a dynamic backlash-like hysteresis model is

utilized in the nonlinear systems with unknown nonlinear

control gain which is more general than that in [13]. The

existence of the IAFC for the unknown hysteretic system is

first shown in Theorem 2. The adaptive laws of IAFC are

constructed based on the Lyapunov stability theory, and the

IAFC control law guarantees that all the signals of the

closed-loop system are stable. Finally, the proposed IAFC

is compared with the adaptive backstepping control

method, and the results demonstrate that our proposed

IAFC has better effectiveness and excellent tracking

performance.

This paper is organized as follows: Sect. 2 states the

problem of this paper, where the nonlinear backlash-like

model is introduced. In Sect. 3, the proposed IAFC scheme

is presented. In Sect. 4, the simulation results are presented.

Finally, in Sect. 5, conclusions are drawn.

2 Problem Formulation

2.1 System Model

We consider the following nth-order SISO nonlinear sys-

tem described by the differential equations which are more

general than that in [13] and [20]:

_xi ¼ xiþ1 ; i ¼ 1; � � � ; n� 1

_xn ¼ FðxÞ þ gðxÞxðuÞ
y ¼ x1

8
<

:
; ð1Þ

where x ¼ ½x1; x2; � � � ; xn�T ¼ ½x; _x; � � � ; xðn�1Þ�T 2 R
n is the

measurable state vector; u 2 R and y 2 R are the input and

the output of the system, respectively; FðxÞ ¼ �
Pr

i¼1

aifiðxÞ; and parameters ai are unknown but bounded con-

stants fi(x) and control gain g(x) are unknown nonlinear

functions. (1) has to be controllable so we require that the

control gain g(x) = 0. Besides, without losing generality,

it is assumed that g(x) [ 0. In [13], the control gain g is

simply an unknown constant, and functions fi have to be

known linear or nonlinear functions. The function x(u) is

the output of the nonlinear hysteresis. Incorporating this

hysteretic function into our system model, a nonlinear

hysteretic system is formed and the system schematic

diagram is shown in Fig. 1.

The control objective is to design a control law for

u(t) in (1) and an adaptive law for adjusting the parameter

vector, such that the system output x can track the reference

signal ym. Note that the reference signal ym is assumed to be

(n-1)th differentiable.

2.2 Backlash-like Model and Its Characteristics

A continuous dynamic model to simulate the hysteretic

phenomenon defined by [13] can be described by

u
( )t Nonlinear

Model

NHS

( )u t ( )y t

Fig. 1 Representation of the nonlinear hysteretic system
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dx
dt
¼ a

du

dt

�
�
�
�

�
�
�
�ðcu� xÞ þ B

du

dt
; ð2Þ

where a, B, c are constants and c [ B [ 0; u(t) is the input

of x(u) and also the control signal to the plant in this paper.

Actually, the backlash-like model is just an extension of

the Duhem model [9]. Thus, the solution of (2) can be

solved explicitly:

xðuðtÞÞ ¼ cuðtÞ þ dðuÞ ð3Þ

and

dðuÞ ¼ x0 � cu0½ �e�aðu�u0Þsgnð _uÞ

þ e�ausgnð _uÞ
Z u

u0

B� c½ �eafsgnð _uÞdf;
ð4Þ

where u0 and x0 ¼ xðu0Þ are initial conditions which are

defined as u0 ¼ x0 ¼ 0 (initial rest) in this paper; sgnð�Þ
represents the sign (or signum) function. The relationship

between x and u is illustrated in Fig. 2. In Fig. 2, the sign of a
in (4) determines the direction of the curves. When a[ 0, the

hysteresis loop will be in counterclockwise direction.

Similarly, whena\ 0, the hysteresis loop will be in clockwise

direction. In this paper, we only take a[ 0 into consideration.

In addition, solving for (3) and (4), we can get an ex-

plicit solution of backlash-like hysteretic function xðuÞ as

follows:

when _u� 0,

xðuÞ ¼ cuðtÞ þ x0 � cu0ð Þe�aðuðtÞ�u0Þ

þ ðB� cÞ
a

1� ð2e� aj jus � e�2 aj jusÞea u0�uðtÞð Þ
h i

ð5Þ

and when _u\0,

xðuÞ ¼ cuðtÞ þ x0 � cu0ð ÞeaðuðtÞ�u0Þ

þ ðc� BÞ
a

1� ð2e� aj jus � e�2 aj jusÞea uðtÞ�u0ð Þ
h i

;

ð6Þ

where us [ 0 is the upper bound (also lower bound) of the

hysteretic input u(t), i.e., uj j � us. As mentioned previously,

u0 and x0 are set to zero; thus (5) and (6) can be simplified

as follows:

when _u � 0,

xðuÞ ¼ cuðtÞ þ ðB� cÞ
a

1� ð2e� aj jus � e�2 aj jusÞe�auðtÞ
h i

ð7Þ

and when _u\0,

xðuÞ ¼ cuðtÞ þ ðc� BÞ
a

1� ð2e� aj jus � e�2 aj jusÞeauðtÞ
h i

:

ð8Þ

3 Design of Indirect Adaptive Fuzzy Controller

To properly control the nonlinear systems with hysteretic

phenomena, a ‘‘feedback plus feed-forward’’ closed loop con-

figuration which is used widely in numerous industrial appli-

cations is presented. The control strategy is shown in Fig. 3.

In Fig. 3, ym is the input signal to the system, and, in this

paper, the feed-forward controller is simply a transducer to

convert the reference signal to our control signal, i.e.,

uforward ¼ bym, where b is a unit constant gain (b = 1).

Then, the feedback controller is the proposed IAFC which

is presented step by step as below.

3.1 Ideal Hysteresis Controller

Before presenting the IAFC, the following assumptions and

lemma must be discussed:
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Fig. 2 The hysteretic illustrations: a a[ 0; b a\ 0

86 International Journal of Fuzzy Systems, Vol. 17, No. 1, March 2015

123



Assumption 1 For all x 2 R
n, there exist unknown bound

functions gðxÞ and �gðxÞ such that 0 \ gðxÞ � gðxÞ � �gðxÞ.

Lemma 1 In (3) and (4), the hysteretic displacement

d(u) is bounded, i.e., d(u) B q, where q is a constant.

Proof By (7) and (8), the hysteretic displacement can be

simplified as

dðuÞ ¼ sgnð _uÞ ðB� cÞ
a

1� 2e� aj jus � e�2 aj jus
� �

e�sgnð _uÞauðtÞ
h i

:

Obviously, if a[ 0 and _u [ 0, then

lim
u!1

dðuÞ ¼ B� c

a
: ð9Þ

Similarly, if a[ 0 and _u \ 0, then

lim
u!�1

dðuÞ ¼ c� B

a
: ð10Þ

From (9) and (10), we can imply that there is a uniform

bound q such that dðuÞj j � q.

For the development of the control law, the following

further Assumption 2 is made.

Assumption 2 Based on some observations and the de-

cent choose of the parameters, we can find that because the

term 2e� aj jus � e�2 aj jus
� �

e�sgnð _uÞauðtÞ in d(u) is steady,

d(u) varies slightly, which can be asserted by the

experimental results shown in Fig. 4. In Fig. 4, the

parameters are chosen as B = 0.345, c = 1.345, u = 10s-

in(2.5t), and a differs as shown in the figure.

Observing the behaviors of d(u) in Fig. 4, we can find

that the hysteretic displacement almost equals to the bound

valueq ¼ sgnð _uÞ B�c
a . Hence, we can assume that d(u) is not

only a uniform bounded function but also a constant, i.e.,

dðuÞ ¼ �sgnð _uÞd, where d is a positive constant. Replace

(3) with dðuÞ ¼ �sgnð _uÞd, and the following equation can

be derived:

xðuÞ ¼ cuðtÞ � sgnð _uÞd: ð11Þ

With Lemma 1, Assumption 1, and Assumption 2, the

following Theorem 1 can be presented:

Theorem 1 Consider the system in (1) with hysteretic

functions (5) and (6). There exists an ideal controller uideal

such that the system output x1 can track the reference

signal ym as close as possible.

Proof Let y ¼ y; _y; � � � ; yðn�1Þ� �T
denotes the output vec-

tor, and ym ¼ ym; _ym; � � � ; y
ðn�1Þ
m

h iT

denotes a bounded

reference input which has the nth-order derivative.

Define the output tracking error as e ¼ ym�y and the

error vector as e ¼ ym � y ¼ e1; e2; � � � ; en½ �T¼ e; _e; � � � ;½
eðn�1Þ�T . Choose a vector k ¼ kn; � � � ; k1½ � such that all roots

of the polynomial sn þ k1sn�1 þ � � � þ kn are in the left-half

complex plane, and the polynomial is called Hurwitz

polynomial [27, 28].

Then, apply (11) into (1), and we can get the following

equation:

xðnÞ ¼ FðxÞ þ gðxÞðcuðtÞ � sgnð _uÞdÞ: ð12Þ

From (12), if F(x) and g(x) are known, we can assume

that there exists an ideal controller as given below:

uideal ¼
1

cgðxÞ �FðxÞ þ yðnÞm þ kT e
h i

þ sgnð _uidealÞ
d

c
: ð13Þ

Then, we have to prove that (13) can control the output

x1 to track the reference signal ym. Substituting (13) into

(12), we can obtain the closed-loop system as

xðnÞ � yðnÞm ¼ kT e ð14Þ

) eðnÞ þ k1eðn�1Þ þ � � � þ kne ¼ 0: ð15Þ

With the Routh-Hurwitz stability criterion, via choosing

the vector k properly, we can acquire that lim
t!1

eðtÞ ¼ 0,

which proves the theorem.
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Fig. 4 The values of hysteretic displacement under different

conditions

Fig. 3 The control strategy to handle the nonlinear hysteretic system
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3.2 Indirect Adaptive Fuzzy Controller

Although we can prove the existence of the ideal hysteresis

controller, F(x) and g(x) are usually unknown; hence, we

cannot actually derive the ideal controller. In order to

overcome this problem, utilizing the control strategy

mentioned in Fig. 3, the ideal controller can be ap-

proximated by an IAFC.

For the design of the IAFC, firstly, we have to construct

the fuzzy logic system which can be expressed through

singleton fuzzifier, center average defuzzifier, and product

inference [27, 28]:

yðxÞ ¼
PM

l¼1 �yl
Qn

i¼1 lAl
i
ðxiÞ

� �

PM
l¼1

Qn
i¼1 lAl

i
ðxiÞ

� � ¼ hTnðxÞ; ð16Þ

where lAl
i
ðxiÞ are the fuzzy input membership functions, �yl

is the maximum point (or called center) of the output

membership function lBlðyÞ, and, without loss of gener-

ality, we assume that lBlð�ylÞ ¼ 1. h ¼ �yl; � � � ; �yM
� �T

is an

adaptive parameter vector, and nðxÞ ¼ n1ðxÞ; � � � ; nMðxÞ
� �T

is an input fuzzy basis function, where nlðxÞ can be defined

as

nlðxÞ ¼
Qn

i¼1 lAl
i
ðxiÞ

PM
l¼1

Qn
i¼1 lAl

i
ðxiÞ

� � : ð17Þ

Since F(x) and g(x) are unknown, utilizing the fuzzy

control logic system, we can approximate them by f̂ ðxjhf Þ
and ĝðxjhgÞ, respectively: For variable xi, define fuzzy sets

Fli
i and Gri

i , where i ¼ 1; 2; � � � ; n; li ¼ 1; 2; � � � ; pi and

ri ¼ 1; 2; � � � ; qi. Then, we obtain

f̂ ðxjhf Þ ¼
Pp1

l1¼1 � � �
Ppn

ln¼1 �yl1���ln
f

Qn
i¼1 l

F
li
i

ðxiÞ
� �

Pp1

l1¼1 � � �
Ppn

ln¼1

Qn
i¼1 l

F
li
i

ðxiÞ
� � ¼ hT

f nðxÞ

ð18Þ

ĝðxjhgÞ ¼
Pq1

r1¼1 � � �
Pqn

rn¼1 �yl1���ln
g

Qn
i¼1 l

G
li
i

ðxiÞ
� �

Pq1

r1¼1 � � �
Pqn

rn¼1

Qn
i¼1 l

G
li
i

ðxiÞ
� � ¼ hT

g gðxÞ;

ð19Þ

where �yl1���ln
f and �yl1���ln

g are free parameters which can be

chosen randomly or by some certain structures. Then, the

resulting control law is

uIAFC ¼
1

cĝðxjhgÞ
�f̂ ðxjhf Þ þ yðnÞm þ kT e
h i

� dðuÞ
c
: ð20Þ

However, for industrial applications, a feed-forward

controller is incorporated into our control scheme to en-

hance the steady-state error and improve the rise and

settling time. The complete control strategy has been pre-

sented in Fig. 3, and the overall control signal can be as

given below:

u ¼ uIAFC þ bym: ð21Þ

Applying (21) to (1), we can obtain the error equation in

the vector form [28]

_e ¼ Ke þ b
	�

f̂ ðxjhf Þ � FðxÞ
�

þ ĝðxjhgÞ � gðxÞ
� �

cuþ dðuÞð Þ g
ð22Þ

where

K ¼

0 1 0 0 � � � 0 0

0 0 1 0 � � � 0 0

� � � � � � � � � � � � � � � � � � � � �
0 0 0 0 � � � 0 1

�kn �kn�1 � � � � � � � � � � � � �k1

2

6
6
6
6
4

3

7
7
7
7
5

and

b ¼ 0 0 � � � 1½ �T .

In [28], the optimal parameters h�f and h�g are defined, and

the minimum approximation error can be defined as

E ¼ f̂ ðxjh�f Þ � FðxÞ
h i

þ ĝðxjh�gÞ � gðxÞ
h i

cuþ dðuÞð Þ:

ð23Þ

Substituting (23) into (22), we can rewrite (22) as

_e ¼ Keþ b




f̂ ðxjhf Þ � f̂ ðxjh�f Þ
h i

þ ĝðxjhgÞ � ĝðxjh�gÞ
h i

cuþ dðuÞð Þ þ E

�

;
ð24Þ

which is equivalent to

_e ¼ Keþ b hf � h�f
h iT

nðxÞ



þ hg � h�g
h iT

gðxÞ cuþ dðuÞð Þ þ E

�

;
ð25Þ

Finally, the adaptive laws are defined to minimize the

tracking error e, hf � h�f , and hg � h�g. The adaptive laws

are presented in Theorem 2.

Theorem 2 Consider the backlash-like system (1) satis-

fying Assumptions 1 and 2. The control law is designed in

(20), and the adaptive laws are

_hf ¼ �c1eT PbnðxÞ ð26Þ
_hg ¼ �c2eT PbgðxÞðcuIAFC þ cbym � sgnð _uIAFCÞdÞ; ð27Þ

where c1 and c2 are the learning rate, and P and Q are

positive definite matrix satisfying the following Lyapunov

Matrix Equation:
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KTPþ PK ¼ �Q: ð28Þ

Proof Choose a candidate Lyapunov equation

V ¼ 1

2
eT Peþ 1

2c1

hf � h�f
� �T

hf � h�f
� �

þ 1

2c2

hg � h�g
� �T

hg � h�g
� �

: ð29Þ

Then, differentiate (29), and we can get

_V ¼ � 1

2
eT Qeþ eT PbE

þ 1

c1

hf � h�f
� �T

hf þ c1eT PbnðxÞ
� �

þ 1

c2

hg � h�g
� �T�

hg þ c2eT PbgðxÞ
�
cuIAFC

þ cbym � sgnð _uIAFCÞd
�
�:

ð30Þ

In order to minimize the three terms e, hf � h�f , and

hg � h�g, we have to make _V\0. _V consists of four terms as

below:

1. � 1
2

eT Qe\0 is obvious because Q is a positive definite

symmetric matrix.

2. eT PbE can be small enough: when the fuzzy logic

system is adequate, the minimum approximation error

will become a small value or even zero.

3. 1
c1

hf � h�f
� �T

_hf þ c1eT PbnðxÞ
� �

becomes zero when

we choose _hf ¼ �c1eT PbnðxÞ.
4. 1

c2
hg

�
�h�gÞ

T _hg

�
þc2eT PbgðxÞ cuIAFCþð cbym �

sgnð _uIAFCÞdÞ� can also become to zero when we

choose _hg ¼ �c2eT PbgðxÞðcuIAFC þ cbym � sgn

ð _uIAFCÞdÞ:

The sum of the above four terms is negative, and this

completes the proof.

4 Simulation Studies

In this section, three benchmark hysteretic examples con-

trolled by the proposed IAFC are presented and compared

to the adaptive backstepping control (ABC) method in [20].

Example 1 uses the hysteresis example in [13, 18, 20–22]

with a little modification: the control gain in Example 1 is

an unknown nonlinear function; however, the control gain

in [13, 18, 20–22] is just an unknown constant. Example 2

is an Inverted Pendulum System (IPS) [27] with hysteresis,

which is a standard benchmark used in numerous re-

searches. Example 3 is a single-link robotic manipulator

problem stated in [29]. This problem already exists a

frictional model, and we impose the hysteretic function

into this example. These three examples, which are

simulated based on MATALB simulation platform, can

fully examine the effectiveness of the proposed novel

IAFC. The details and the results of the problem are shown

below:

Example 1 Consider the following second-order nonlin-

ear backlash-like hysteresis system:

_x1 ¼ x2

_x2 ¼ a
1� e�x2

1þ e�x2
þ gðx1; x2ÞxðuÞ

y ¼ x1

8
>>><

>>>:

; ð31Þ

where x represents the output of the hysteresis nonlinearity

as in (7) and (8); the actual parameter a ¼ 1 and, for

simulation purpose, gðx1; x2Þ ¼ 2þ sinðx1x2Þ[ 0.

The control objective is to control the system output

y ¼ x1 with initial state x0 ¼ 0:3; 0½ � to follow a desired

trajectory ym ¼ 0:5 sin 2:3tð Þ. The backlash-like hysteresis

model is described by (7) and (8) with parameters

a ¼ 1;B ¼ 0:345; c ¼ 3:1635; and us ¼ 10. The initial 25

values of vector hf ð0Þ and the initial 9 values of vector

hgð0Þ can be randomly chosen in 0 1½ �.
Construct the IAFC for the nonlinear system:

Step 1: Select the design parameters: the learning

rates c1 ¼ 35 and c2 ¼ 1 for (26) and (27), respectively;

control parameters k ¼ ½k1; k2�T ¼ ½ 10 1 �T , positive defi-

nite matrix P ¼ 255 25

25 5

� 

, and b ¼ ½ 0 0 � � � 1 �T .

Step 2: The adaptive fuzzy membership function can be

defined as Gaussian functions as follows:
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lFl
i

xið Þ ¼ e
�ðxi�cflÞ2

2

� �

; for i ¼ 1; 2; l ¼ 1; 2; � � � ; 5
ð32Þ

lGm
i

xið Þ ¼ e
�ðxi�cglÞ2

2

� �

; for i ¼ 1; 2; m ¼ 1; 2; 3 ð33Þ

where ½cf 1; cf 2; cf 3; cf 4; cf 5� ¼ ½�10;�5; 0; 5; 10� and ½cg1;

cg2; cg3� ¼ ½1; 1:5; 3�. Then, compute the fuzzy basis

functions.

Step 3: Compute the adaptive laws in (26), (27) and

control law in (20), and then obtain the control signal in

(21).

The parameters of the adaptive backstepping method in

[20] are chosen as c
_

1 ¼ 15, c
_ ¼ C

_

¼ g
_ ¼ 0:5.

The simulation results are shown in Figs. 5, 6 and 7. The

system output x1 tracks the desired reference signal ym as

shown in Fig. 5. The control input uðtÞ is shown in Fig. 6,

and tracking error e1ðtÞ is shown in Fig. 7.

In Fig. 5, we can find that these two approaches can

handle this hysteretic problem appropriately. In Fig. 7, the

system reaches the steady state at about 1 s using these two

methods. In order to evaluate the effectiveness of these two

controllers, the Mean Square Error (MSE) is adopted and

given as follows:

MSE ¼ 1

n

Xn

i¼1

ym � yið Þ2 ¼ 1

n

Xn

i¼1

e2
i ; ð34Þ

where i is the index of the n points over which the MSE is

computed.

The mean square errors of IAFC and ABC are shown in

Table 1: the MSE of the proposed IAFC is smaller than

ABC. Besides, in Fig. 6, the control input of ABC has

more severe chattering effects than the proposed method.

Example 2 Consider a second-order IPS with hysteresis,

which is shown below:

_x1 ¼ x2

_x2 ¼
g sin x1 � mlx2

2
cos x1 sin x1

Mcþm

l 4
3
� mðcos x1Þ2

Mcþm

� �

y ¼ x1

8
>>>>><

>>>>>:

þ
cos x1

Mcþm

l 4
3
� mðcos x1Þ2

Mcþm

� �xðuÞ;

ð35Þ

where x1 is the angular position of the pendulum, x2 is the

angular velocity of the pendulum, g = 9.8 m/s2 is the

gravitational acceleration, mc = 1 kg is the mass of the

cart, m = 0.1 kg is the mass of the pole, and l = 0.5 m is

the half-length of the pendulum. The control objective is to

ensure the system output x1 with initial state x0 ¼ ½p=12; 0�
which can track the desired reference signal

ym ¼ p=30ð Þ sinðtÞ. The backlash-like hysteresis pa-

rameters are the same as the previous example.

Table 2 Initial value of hf(0)

lF2
lF1

-p/6 -p/12 0 p/12 p/6

-p/6 -5 -1 0 1 5

-p/12 -5 -1 0 1 5

0 -5 -1 0 1 5

p/12 -5 -1 0 1 5

p/6 -5 -1 0 1 5
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Fig. 6 Control input u(t)

Table 1 Mean square errors of ABC and IAFC

Control algorithm Mean square error

Adaptive backstepping control 7.5602 9 10-4

Indirect adaptive fuzzy control 3.4384 9 10-4

0 2 4 6 8 10 12 14 16 18 20
-0.3

-0.25

-0.2

-0.15

-0.1

-0.05

0

0.05

Time (s)

T
ra

ck
in

g 
E

rr
or

 e
(t

)

Adaptive Backstepping

Indirect Adaptive Fuzzy

Fig. 7 Tracking error e1(t)
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The initial values of hf(0) and hg(0) are shown in

Table 2, 3.

Construct the IAFC for the nonlinear system:

Step 1: Select the design parameters: the learning rates

c1 = 50 and c2 = 0.1 for (26) and (27), respectively;

control parameters are the same as in the previous example.

Step 2: Compute the fuzzy basis functions with the

adaptive fuzzy membership function as below:

lFl
i

xið Þ ¼ lGl
i

xið Þ ¼ e �
ðxi�clÞ2

2

� �

;

for i ¼ 1; 2; l ¼ 1; 2; � � � ; 5

where ½c1; c2; c3; c4; c5� ¼ � p
6
;� p

12
; 0; p

12
; p

6

� �
.

Step 3: Compute the adaptive laws in (26), (27) and

control law in (20), and then obtain the control signal in

(21).

The parameters of the adaptive backstepping method in

[20] are chosen as c
_

1 ¼ 35, c
_ ¼ C

_

¼ g
_ ¼ 0:6.

The simulation results are shown in Figs. 8 and 9. The

system output x1 tracks the desired reference signal ym as

shown in Fig. 8. The tracking error e1(t) is shown in Fig. 9.

Besides, the mean square errors of the two approaches are

shown in Table 4. As we can see, with faster rise time and

smaller steady-state error, the proposed IAFC outperforms

the adaptive backstepping controller.

Example 3 Consider a single-link manipulator with the

following dynamic equation [29]:

_x1 ¼ x2

_x2 ¼ �ðdrx2 þ mrgvlr cosðx1ÞÞ=J þ 1=Jð Þxþ dðtÞ
y ¼ x1

8
<

:
;

ð36Þ

where x1 is the angular position of the manipulator and x2 is

the angular velocity of the manipulator. mr is the mass of

the payload, lr is the length of the manipulator, J is the

inertia coefficient, and dr is the damping factor. d(t) is the

external disturbance, which is a frictional model as given

below:

dðtÞ ¼ � sgn x2ðtÞð Þcr þ vrx2ðtÞð Þ
J

; ð37Þ

where cr is the Coulomb friction torque, and vr is the dy-

namic friction coefficient. The parameters are chosen as

mr = 5 ? 4sin(t), lr = 0.25 m, dr = 2 kg m2/s, vr = 0.3,

cr = 1.5, J = 1.33mrlr
2, and x(0) = [p/6, 0].

The control objective is to ensure that the system output

x1 can track the desired reference signal ym = sin(t). The

backlash-like hysteresis parameters are the same as Exam-

ple 1 and Example 2.

Table 3 Initial value of hg(0)

lG2
lG1

-p/6 -p/12 0 p/12 p/6

-p/6 0.126 0.136 0.146 0.136 0.126

-p/12 0.126 0.136 0.146 0.136 0.126

0 0.126 0.136 0.146 0.136 0.126

p/12 0.126 0.136 0.146 0.136 0.126

p/6 0.126 0.136 0.146 0.136 0.126
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Fig. 8 Output y tracks reference signal ym
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Table 4 Mean square errors of ABC and IAFC

Control algorithm Mean square error

Adaptive backstepping control 1.697 9 10-4

Indirect adaptive fuzzy control 8.5397 9 10-5
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Construct the IAFC for the hysteretic robotic manipula-

tor problem:

Step 1: Select the design parameters: the learning rate

c1 = 50 and c1 = 1 for (26) and (27), respectively; control

parameters are identical to Example 1.

Step 2: Compute the fuzzy basis functions with the

adaptive fuzzy membership function as below:

lFl
i
ðxiÞ ¼ lGm

i
ðxiÞ ¼ e �

ðxi�ciÞ2
2

� �

;

for i ¼ 1; 2; l ¼ 1; 2; � � � ; 5

where c1; c2; c3; c4; c5½ � ¼ � p
6
;� p

12
; 0; p

12
; p

6

� �
.

Step 3: Compute the adaptive laws in (26) and (27) and

control law in (20), and then obtain the control signal in

(21). The initial values of hf(0) and hg(0) are set to zero

vectors.

The parameters of the adaptive backstepping method in

[20] are chosen as c
_

1 ¼ 35, c
_ ¼ C

_

¼ g
_ ¼ 0:7.

The simulation results are shown in Figs. 10 and 11. The

system output x1 tracks the desired reference signal ym as

shown in Fig. 10. The tracking error e1(t) is shown in

Fig. 11. Besides, the mean square errors of the two

approaches are shown in Table 5. In this more complex

hysteretic system, both of the approaches can reach good

performance. However, referring to the MSE, the proposed

IAFC can achieve better performance than the adaptive

backstepping method.

5 Conclusions

In this paper, a new ‘‘feedback ? feed-forward’’ control

strategy for real applications is presented to deal with

nonlinear hysteretic problems. However, ideal controller

cannot be derived directly; hence, an IAFC is proposed to

approximate the ideal controller. Then, using Lyapunov

theory, the stability of the closed-loop system and the

tracking performance can be guaranteed. Finally, the

simulation results demonstrated that the proposed approach

can achieve excellent tracking performance for the hys-

teretic IPS with unknown nonlinear gain, which cannot be

handled by previous approach. Further studies would focus

on real industrial applications to verify the effectiveness of

our proposed approach. Besides, we will extend our pro-

posed IAFC to deal with different kinds of hysteretic

problems in this research area.
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