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Abstract This paper investigates the polynomial fuzzy
observer design for discrete-time uncertain polynomial sys-
tems. Three classes of discrete-time polynomial fuzzy systems
are studied via a sum of squares (SOS) approach. A polyno-
mial fuzzy system is a more general representation of the well-
known Takagi—Sugeno (T-S) fuzzy system. The conditions in
the proposed approach are derived in terms of SOS, which is
the extension of the LMI method. Hence, the conditions ob-
tained in this paper are more general than the corresponding
LMI approaches for T-S fuzzy systems. All the design con-
ditions in the proposed approach can be symbolically and
numerically solved via the recently developed SOSTOOLS
and a semidefinite-program solver, respectively. Numerical
examples are provided to demonstrate the validity and appli-
cability of the proposed SOS-based design approach.
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1 Introduction

The fuzzy control [1-11] has emerged as one of the most
active and fruitful areas for research in the application of
fuzzy set theory since the idea was proposed by Zadeh in
1965 [12]. Takagi—Sugeno (T-S) models are nonlinear
blending of linear models via membership functions which
hold the convex-sum property [1]. Due to its exact repre-
sentation of a nonlinear model in a compact subset of the
domain of the state variables, T-S models [7-11] have
been intensively studied. The T-S fuzzy control becomes
more natural, simpler, and more effective to complement
other nonlinear control methods [13] that require special
and rather involved knowledge. The direct Lyapunov
method has been usually employed to investigate the sta-
bility and stabilization of T-S models. This method often
leads to conditions formulated in terms of linear matrix
inequalities (LMIs) [9-11], which can be solved nu-
merically and efficiently by LMI solvers. Though LMI
approaches remain the most favorite tool of choice, not all
the problems can be reformed to LMISs. It should be pointed
that some nonlinear systems are not T-S fuzzy controlled
via LMIs, but they can be controlled through polynomial
fuzzy controllers via SOS approaches in this paper. This is
a different approach from the existing LMI approaches.
The polynomial fuzzy control was inspired in 2007 [14].
The paper uses polynomial fuzzy system to model and
control the nonlinear systems via an SOS approach. The
authors also study the SOS-based polynomial fuzzy ob-
server design for three classes of continuous polynomial
fuzzy systems: The polynomial matrices A; and B; are
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independent of the states x to be estimated (shortly name it
as Class I) [15], [18], the polynomial matrices A; are per-
mitted to be dependent of the states x to be estimated
(shortly name it as Class II) [16], [18], the polynomial
matrices A; and B; are permitted to be dependent of the
states x to be estimated (shortly name it as Class III) [17,
18]. And some extensive results have been obtained, e.g.
another paper on relaxation for T-S systems’ stability
analysis via SOS method is addressed in [19]. The SOS
approach [14-19] presents that it is an extensive repre-
sentation of LMIs. Obviously, the problems in them cannot
be solved by interior point algorithms, e.g. by LMI solvers,
but they can be solved via the recently developed SOS-
TOOLS [20] and an SDP solver [21].

Not all the states of a system are available in many
practical applications, or the cost to measure some states is
too high sometimes. Observer design methods were pre-
sented to deal with the problem, and observer-based control
was developed following it. For fuzzy system, the authors
[9] presented fuzzy observer designs for both continuous
and discrete systems. Soon afterward, observer-based
adaptive fuzzy sliding mode control method was developed
in [2], observer-based adaptive fuzzy backstepping control
method was obtained in [5] and [22], observer-based fuzzy
adaptive control approach was proposed in [23], observer-
based active fault-tolerant control problem was addressed
in [24], an observer-based model reference adaptive it-
erative learning control strategy was proposed in [25],
observer-based adaptive fuzzy output-feedback control
problem was studied in [26], the observer-based non-
quadratic H,, output-feedback stabilization problem was
investigated in [27], and so on. However, for polynomial
fuzzy systems, there are a few results. Polynomial fuzzy
observer designs for continuous polynomial fuzzy systems
were provided in [15-18] via a sum of squares (SOS) ap-
proach. Observer designs for discrete-time polynomial
fuzzy systems have not been addressed in the literature.
This motivates us to do this work. In this paper, we con-
sider the observer design problem of the discrete-time
polynomial fuzzy system with uncertainty under the SOS
framework by exploiting the structure of the system. The
main contribution of our paper lies in (1) The SOS-based
observer designs for three classes of discrete-time poly-
nomial fuzzy systems with uncertainty are provided in this
paper for the first time. (2) The design of the observer is an
extension to the discrete-time T-S fuzzy system. (3) The
stability conditions given in this paper are more relaxed
than the corresponding LMI approaches.

The rest of the paper is organized as follows: some
foundational results for the later developments are recalled
in Sect. 2. The SOS-based polynomial fuzzy controller and
observer designs for Class I are presented in Sect. 3. The
SOS-based polynomial fuzzy controller and observer

designs for Class II are presented in Sect. 4. The SOS-
based polynomial fuzzy controller and observer designs for
Class III are presented in Sect. 5. Finally, a conclusion is
given in Sect. 6.

2 Problem Formulation and Preliminaries

In this section, we recall the T-S fuzzy model, the fuzzy
controller design, the polynomial fuzzy model, and the
SOSTOOLS.

First of all, consider a class of nonlinear plant as follows:
x(k+ 1) = f(k, x(k), u(k)) (1)
where f is a smooth nonlinear function such that
£(0,0,0) = 0.x(k) = [x1(k), x2(k), ..., x,(k)]" € R" is the
system state vector, and the system input u(k) = [u(k),
ur(k), . .., u(k)]" € R™.

The main feature of a T-S fuzzy model is the conse-
quent of each IF-THEN rule is a linear system model and
T-S fuzzy model can be regarded as a universal ap-
proximator of most general nonlinear system. Based on the
sector nonlinearity method [9], we can represent the non-
linear system (1) with the following T-S fuzzy form:

Plant Rule i: TF z;(k) is My, . . ., zp(k) is M,

THEN

x(k + 1) = Aix(k) + Bu(k) (2)

where zj(k) is the premise variable, M;; is the fuzzy set
associated with the ith model rule and the jth premise
variable component, A;=A; — AA;, A; e R and B; €
R™™ are constant matrices, AA; = E;F;(k)H; is the
uncertain matrix, where F;(k) is a real uncertain matrix
function satisfying F! (k)F;(k) <I, E; and H; are known
real constant matrices, i = 1,2,...,r, and r is the number
of IF-THEN rules, j=1,2,...,p. The defuzzification
process of the model (2) can be represented as below:

it @iz (k) (A (k) + Biu(k))
2im1 0i(2(k))

where it is assumed that a;(z(k)) = [T/, My(z(k)),
wi(z(k)) >0, >i_  wi(z(k)) >0, i=1.2,...,r.

The system (3) can be represented as below for brevity:

x(k+1)=

(3)

x(k+1) = Z hi(z(k)){Aix(k) + Bu(k)}, (4)
where hi(z(k)) = wi(z(k)) /T_ wi(z(k)), hi(z(k)) >0,

S hi(zk) =1, i=1,2,..,r.

The fuzzy controller for the nonlinear plant represented
by (3) is designed to share the same IF parts with the plant
as follows:
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Control Rule i: IF z; (k) is My, ..., z,(k) is M,,, THEN
u(k) = —K;x(k) (5)

where K; € R™" is a constant matrix.
The defuzzification process of the model (5) can be
represented as below:

a(k) = 3 h(elh)) {—Kin(k)}. (6)
i=1

The polynomial fuzzy system is a fuzzy model with a
polynomial model consequence. Using the sector nonlin-
earity method, system (1) can be exactly represented with
the following polynomial fuzzy model:

Plant Rule i: TF z;(k) is My, ..., z,(k) is M,
THEN
x(k + 1) = Ai(x(k))x(k) + B (x(k))u(k) (7)

where A;(x(k)) = Ai(x(k)) + AA;. A;(x(k)) € R™" and
Bi(x(k)) € R”™ are polynomial matrices, i = 1,2,...,r,
and r is the number of IF-THEN rules.

The defuzzification process of the model (7) can be
represented as below:

x(k+1) = Zr: hi(2(k)){Ai (x(K))x(k) + Bi(x(k)Ju(k)}.
i=1
(8)

For the convenience to the observer design, the fol-
lowing representation is introduced:

x(k+1) = i hi(2(k)) {Ai (m(k))x(k) + Bi(n(k) Ju(k)}
i=1

©)

where (9) reduces to (8) when m(k) = n(k) = x(k).
Three types of polynomial observer-based control will
be studied as below:

(i) Class I: m(k) = n(k) = (k).
(i) Class II: m(k) = x(k) and n(k) = (k).
(iii)  Class III: m(k) = n(k) = x(k).

&(k) is a measurable vector that is assumed to be inde-
pendent of the state x(k) to be estimated.

To stabilize the fuzzy system (8), a polynomial fuzzy
controller will be designed as follows:
u(k) = hiz(k){—Ki(x(k))x(k)} (10)

i=1
where K;(x(k)) € R™" is a polynomial matrix in x(k),
i=1,2,...r

Definition 1 [20]
is a SOS, if there exist polynomials fi(x),..
that

A multivariate polynomial p(x), x € R”,
. fim(x) such

@ Springer

p(x) =Y f (). (11)
i=1

Definition 2 [20] The SOS condition (11) is equivalent to

the existence of a positive semidefinite matrix Q, such that

p(x) = Z"(x)QZ(x), (12)
where Z(x) is some properly chosen vector of monomials.

Before deriving the main results, one preliminary lemma
is given in the following:

Lemma 1 Given matrices P = PT, E, and H.
P —EF(k)H — H' FT(k)E" > 0

for all F(k) € RI*? satisfying FT (k)F (k) <I if and only if
there exists a scalar ¢ > 0 such that

1
P—¢EE" ——H"H > 0.
&

Proof Using Lemma 2.4 in [28], the result can be derived
easily.

In consideration of clear expression, we will drop the
notation with respect to time k and variable z(k) in the
following process about proof, e.g., i;, £ and x will be used
to instead of h;(z(k)), &(k), and x(k), respectively.

3 Controller and Observer Design (Class I)

In industry control problems, not all the states of a system

can be measured. The polynomial fuzzy observer design is

proposed based on SOS conditions in this section.
Polynomial fuzzy observers are required to satisfy the

following condition:

lime=0

—00

where e = x — X, X denotes the state vector estimated by a

polynomial fuzzy observer. In this part, we assume that

A;(x(k)) and B;(x(k)) in (8) are measurable matrices. Un-

der the assumption, we replace the polynomial fuzzy model

(8) with

xk 1) = ihi<z<k>>{&<¢<k>>x<k> T B(E)u(x(k)
(13)

where ¢(k) is a measurable vector that could be outputs,
time, both of them or others. And the output for the

polynomial fuzzy model is defined as
y(k) = Cx(k) (14)

where C € R?*" is a constant matrix.
Then the polynomial fuzzy observer is proposed:
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= 3 el A R)i(R)
i=1
T BER)() + L&) — )} (15)
§(k) = Ci(k) (16)

where L;(£) € R™ is the polynomial observer gain. The
following controller needs to be developed:

0= > hie)

Theorem 1 The equilibrium of the overall control system
consisting of (13)—(17) is asymptotically stable in the large
and the steady error between the real state and the esti-
mated state converges to zero if there exist polynomial
matrices M;(E(k)) € R™", N;(E(k)) € R™", a constant
matrix Q1 € R™", and a scalar ¢ > 0 satisfying the fol-
lowing conditions:

—Ki(S(k))x(k)}- (17)

[ X * *
7]{ {(2,',' X],',' — SE,‘EiT * |1 is SOS (18)
_HiQ 0 el
20 * % i
0t XZU'I{QXZJ" X(;f o T s s0s, i< (19)
H,Q 0 0 el
where
01 —rul 0 O 0
Xuii =
! { 0 o-mt] © {0 Ql}
Xoi — Ziin Eulz Xor B Eljlz
§ [ Em | Y 0 Zym
Eina = Bi(E(k))Mi(E(k)), Eyjiz = Bi (E(k))M;(E(k))
Zina = Ai(E(k))Q1 — Ni(E(K))
Eijn = Ai(E(k))Q1 — Ni(é(k))
Zin = Ai(E(k))O1 — Bi(&(k))M;(E(k))
Zyjn = Ai(E(k) Q1 — Bi(E(k))M;(E(k))
X3ij = 2Q — SEiEf — 8EjEjT
with E; = [ET EN', H;=[H;0], i, j=1,2,---,r. y, €

R and n, € R are vectors which are independent
of x, ry; and ry; are nonnegative polynomial functions about
&(k) such that r; > 0 and ry; > 0 for E(k) # 0. Moreover,
the gains can be obtained:

Ki(&(k)) = Mi(E(k)Q,", Li(¢(k) = Ni(&(k))Qy '€,
C™ is the generalized inverse matrix of C.

Proof First, the augmented system (20) consisting of (13—
17) is obtained:

=3 hi(z(k))hy(2(Kk)) Gy (£ (k))%(k) (20)
ij=1
where
i(k) = [ €', Gyn = Ai(é(k)) — Bi(E(k))Fj(E(k))
Gijp1 = —AA;, Gy = Ai(é(k)) — Li(E(k))C
G = BEWDE(E), Gylew) = [ Gz

Next, a candidate of a Lyapunov function is proposed:
V(i(k)) = &' (k) Px(k) (1)

where P = Q~!' > 0. Then, if the following conditions are
fixed, AV(x) <0 at x # 0.

(Z hith§(§)> P (Z hithfj(f)> - P<0

Using Schur complement theorem and performing
congruence transformation, the following inequality is
obtained:

(22)

Zhh[ 2o o]0 (23)
Due to

ih"h’{afw Q}

_i {Glz(éQ Q} 4
Zh"‘{ 4O+ N 20

i#j

if the conditions (18) and (19) hold, by Schur complement
theorem and Lemma 1, the Eq. (24) > 0 could be obtained.
The proof is completed.

Remark If A;(&), B;(&), Li(¢) and F;(&) reduce to
constant matrices in (13), (15), (17), they reduce to the T-S
fuzzy model, the T-S fuzzy controller, and the T-S fuzzy
observer, respectively. The SOS conditions in Theorem 1
reduce to the following LMIs:

0 * *
)52,'[ Q — SE,‘EiT * >0 (25)
_H,‘Q 0 el
20 * *
Xoij +Xoji X3 * .
- b >
.0 0 el >0, i<j, (26)
A0 0 0 &
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where
1o 0 | AiQ1 — BiM; B:M;
Q N |: 0 Ql ’ XZU o 0 A,‘Q] _Ni

X3 =2Q —¢EE] —¢EE], i, j=12,---,r

Therefore, Theorem 1 presents more general results.

3.1 Simulation Results I

Consider the following system:

{xl(k + 1) = 0.5x; (k) — sin(k)x; (k) (27)
x(k+ 1) = —x3(k)x; (k) + sin(x2(k))

This nonlinear system has a polynomial term —x3(k)x; (k)
and a nonlinear term sin(x, (k)). Assume the range of x,(k),
i.e. x2(k) € [—a, a], where ais a positive value. We can get
the following fuzzy system using the sector nonlinearity

[9]:

x(k + 1) = gh,»(z(k)){/iix(k) + Bu(k)}
y(k) = Cx(k)

(28)

where

05 0 0.5 0 0
A= [—az 1]’A2_ {—cﬂ —0.2172]’3"_ [1]

05 0 05 0 0
A3_[0 1}’/‘4_[0 —0.2172}”5"_[1}

C=[0 1],H;=[1 0],i=1,...4.
vy ) ot

For a larger range a € [107°,10%], the LMI conditions
(25), (26) are infeasible. This also means that the obtained
LMI-based T-S fuzzy controller design method for the
nonlinear system is not valid. Conversely, the SOS design
method based on the polynomial fuzzy systems realizes
that the polynomial fuzzy controller stabilizes the system
and the estimated states converge to the real states.

Assume that x, is measurable and y = x,. The system
(28) can be represented as the system (13) and (14), where

@ Springer

o) = | % 1| B—E=r0r
w00 = | 0y o] =10 11

Bi(y(k) = B2(y(k)) = [0 1]" Hi=H,=[1 0]
_sin(y(k)) +0.2172y(k)

hi(z(k)) = 1.2172y(k)
~ y(k) — sin(y(k))
ha(20) = =5

By solving the SOS conditions in Theorem 1, the feed
back gains are given as below:

Ki(y(k)) = [0.11e72 — 0.18y*(k) 0.48 + 0.32¢™'%)?(k) |

Li(y(k)) = {0.41515 + 0.20e—15y2(k)]

0.91 +0.72¢13y?(k)

Ka(y(k))=[—0.19¢73 —0.89¢7!y?(k) —0.10—0.94¢~'*)?(k)]

~ [0.46¢715 4+ 0.22¢713y2(k)
Ly(y(k)) = [ —0.18 + 0.30¢ 32 (k)

where ¢’ means 107, p is an integer. Figure 1 shows the
controlled system behavior for the initial condition x(0) =
[0.5 0.5]" and %(0) = [-0.5 0.5]". Figure 2 shows the
control and estimation results by the polynomial fuzzy
observer. It can be seen that the designed controller sta-
bilizes the nonlinear system. The estimation error via the
designed observer tends to zero.

4 Controller and Observer Design (Class II)

In the above section, an observer design for the polynomial
fuzzy system (13) and (14) with the system matrix A; and

Fig. 1 System response with the polynomial fuzzy observer



Y. Wang et al.: Time Polynomial Fuzzy Systems

05§

state

Fig. 2 Control and estimation results

input matrix B; are measurable. In this section, a more
complicated class of nonlinear system is considered, i.e. the
system matrix A; depends on the state x. The following
polynomial fuzzy system is considered:

xk 1) = ihi(z(k)){&(x(k))x(k) BRIk}

(29)

where ¢(k) is a measurable vector that could be outputs,
time, both of them or others. Then a polynomial fuzzy
observer is proposed to estimate the states of (29):

k1) = 3 () A G R34+
B + L) - 9)

where L;(X(k)) € R is the polynomial observer gain.
The following controller needs to be developed:

u(k) = Z hi(z(k)){ —Ki(x(k))%(k)} (31)
i=1

(30)

Theorem 2 The equilibrium of the overall control system
consisting of (14), (16), and (29)—(31) is asymptotically
stable in the large and the steady error between the real
state and the estimated state converges to zero if there exist
01 € R, and polynomial matrices M;(%(k)) € R™",
and N;(x(k)) € R™" satisfying the following conditions:

[ X1 * *

17{ {(2,’1‘ Xlii — FE,EZT * 7]1 is SOS (32)
_HiQ 0 el

20 * * ok
0" Xojj +Xoji Xz %
2 I:I,Q 0 el
H;Q 0 0 e

n,isSOS, i<j (33)

99

where

_ | Q1 —rd 0 _ 101 O
X = { o Ql—rz,»l]’ Q= { 0 Ql}
Xy — |:Eii11 5:2} Xy — [5611 gZ;j
By = Ai(x(k), x(k))Q1 — Ni(i(k))
B = Ax(0), £)01 — Ni(i(K)
Ziin = Ai(x(k))01 — Bi(E(k))M;(x(k))
Eijn = Ai(&(k)) Q1 — Bi(&(k))M;(x(k))
A(x(k), %(k))e = A;(x(k))x(k) — Ai(x(k))x(k)

with E; = [ET ET)", H;=[H;0]. n, € R and y, €
R¥*2 qgre vectors which are independent of x. ry; and ry;
are nonnegative polynomial functions about (k) such that
rii >0 and ry; >0 for £(k) #0,i,j=1,2, ..., r. More-
over, the gains can be obtained:

Ki(%(k)) = M;(3(K))Q; ', Li(%(k)) = Ni(%(k))Q; ' C~
C™ is the generalized inverse matrix of C.

Proof First, the augmented system (34) consisting of
(14), (16), and (29)—(31) is obtained:

Fh 1) = 5 hle)hy ((0)Gy (R, £(8) x(Rk)F(E)
ij=1

(34)
where
i(k) =[x €T, Gyia = Bi(¢(k))F;(k(k))
Gijit = Ai(x(k)) — Bi(&(k))Fi(£(k))

Gilelw (k)20 = | Gy G|

Gya = Ai(%(k), x(k)) — Li(x(k))C.
Next, a candidate of a Lyapunov function is proposed:
V(i(k)) = " (k) Px(k) (35)

where P = Q~!' > 0. Then, if the following conditions are
fixed, AV(x) <0 at X # 0,

ij=1 i—=1

(36)
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Following the similar lines of the proof of Theorem 1,
the result can be easily derived.

4.1 Simulation Results II

Consider the following system:

{ x1(k+ 1) = 0133 (k)x; (k) + 0.1x2(k) — sin(k)x; (k)
x(k+ 1) = 0.9x3 (k) + sin(x; (k) + u(k)
(37)

This nonlinear system has polynomial terms 0.9x3(k)
and 0.1x3(k)x; (k). The premise variable vector z contains
X, to be estimated if a T-S fuzzy model is to be used in
practical sense. The previous LMI conditions obtained
cannot be applied to the system. Otherwise, x, appears in the
polynomial system matrix A;, and it is not contained by the
premise variable vector z in the polynomial fuzzy system.

Assume that x; is measurable and y = x;. The system
(37) can be represented as the system (29) and (14), where

(k) = {lef(k) 0.90%)15(@} ki = [5]

it = [*438) mty] #000 =[]

_sin(y(k)) +0.2172y(k)

h(a(k)) = e ¢ ol
hz(z(k))zy(’?;;%, =11 0],i=1,2

By solving the SOS conditions in Theorem 2, we have
0, polynomial matrices M;(x(k)) and N;(x(k)). The
polynomial feedback gains F;((k)) and L;(x(k)) could be
obtained F;(x(k)) = M;(£(k))Qy ", Li(x(k)) = Ni(x(k))Q;!
C~—, where i =1,2. In comparison with Fig. 3, which
represents the system behavior for the initial condition
x(0) =[0.5 1]" and £(0) = [0.5 — 1]", Fig. 4 shows the
controlled system behavior, which illustrates the efficiency
of the designed fuzzy regulator and the fuzzy observer via
SOS approach for the same initial condition. Figure 5
shows the control and estimation results by the designed
polynomial fuzzy observer.

5 Controller and Observer Design (Class I1I)

In this section, a more general class design is considered,
i.e., both the system matrix A; and the input matrix B; are
dependent on the state x. Consider the following polyno-
mial fuzzy system:

@ Springer
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Fig. 3 System response without the input
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Fig. 4 System response with the polynomial fuzzy observer
x(k+1) = hi(z(k){Ai(x(k))x(k) + Bi(x(k))u(k)}
i=1

(38)

Then a polynomial fuzzy observer is proposed to esti-
mate the states of (38):

fh 1) = 3 (el AR +
i=1

Bi(x(k))u(k) + Li(x(k))(y — ¥)}

where L;(x(k)) € R™ is the polynomial observer gain.
The following controller needs to be developed:

u(k) = Z hi(z(k)){—Ki(x(k))%(k) } (40)

(39)

Theorem 3 The equilibrium of the overall control system
consisting of (14), (16), and (38)—(40) is asymptotically
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Fig. 5 Control and estimation results

stable in the large and the steady error between the real
state and the estimated state converges to zero if there exist
Q01 R 0, e R™" and polynomial  matrices
M;(%(k)) € R™", and N;(x(k)) € R™" satisfying the fol-

lowing conditions:

[ X * *
n | Xoi X — eEE] % |1, isSOS (41)
_HiQ 0 el
20 ¥ % x|
g | s s, i) @)
H;Q 0 0 el

where

Einy = Ai(x(k)) Q2 — Ni(%(k)),  Zinna = Ni(%(k))
B = Ai(x(k))Q2 — Ni(x(k)),  Ejia = Ni(x(k))
Bim = Ai(%(k)) Q1 — Bi(%(k))M;(%(k))
Eyn = Ai(%(k)) Q1 — Bi(x(k))M;(x(k))
i1 = (Ai(x(k)) — Ai(x(k))) Q1

- (Bi(x(k)) — B;(x(k)))M;(x(k))

with E; = [0 EiT]T, H; = [H; H]. n, € R"" and n, c
RY*2 are vectors which are independent of x. ry; and ry;
are nonnegative polynomial functions about &(k) such that
ri; > 0and ry; >0 for E(k) #0,i, j=1,2, ..., r. More-
over, the gains can be obtained:

Ki(3(k)) = Mi(x(k)) Q1 ", Li(x(k)) = Ni(%(k))Q; ' C™

C™ is the generalized inverse matrix of C.

Proof First, the augmented system (43) consisting of
(14), (16), and (38)—(40) is obtained:

= Zi: hi(z(k))hy(2(k)) Gy (£(k), x(k))x(k)  (43)

where
SN T T . | Gin Gy
0= T Gy = (g o]
Gy = Ai(x(k)) — Bi(x(k))F;(%(k))
Gij12 = ( (k))c Glj22 A ()C(k)) ( ( ))C

G = Ai(x(k)) — A;(%(k))—

(Bi(x(k)) — Bi(x(k)))F;(x(k)).

Next, a candidate of a Lyapunov function is proposed:
V(x(k)) = " (k)Px(k) (44)

where P = Q~! > 0. Then, if the following conditions are
fixed, AV(x) <0 at X # 0,

(Z h,-th;()E,x)>P<§r: h,-thij()E,x)> —P<0 (45)

Following the similar lines of the proof of Theorem 1,
the result can be easily derived.

5.1 Simulation Results III

Consider the following system:

{x1(k+ 1) = fi(k)

xa(k+ 1) = fo(k) (46)

where
fi= 0.3x§(k)x1

£ =0.5x (k) + sin(x; (k) +

(k) + 0.1x, (k)

(1 + 53 (K))u(k).

— 0.1 sin(k) (x1 (k) + x2(k))

Fig. 6 System response without the input
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state

"0 20 40 60 80 100 120
k

Fig. 7 System response with the polynomial fuzzy observer

state

Fig. 8 Control and estimation results

This nonlinear system has polynomial terms O.Sx%(k),
0.3x3(k)x;(k), and (1 +x3(k))u(k). The SOS design
method based on the polynomial fuzzy systems realizes
that the polynomial fuzzy controller can stabilize the sys-
tem and the estimated states converge to the real states.
Assume that x; is measurable and y = x;. The nonlinear
system (46) can be represented as the system (14) and (38),
where

Ay (x(k)) = [0'3)?(") XS(M’ b= [é]

~[03x3(k) 0.1 B 0
Ax(x(k)) = {—0.2172 xz(k)]’Bi(y(k)) - {1 —I-xg(k)}

_ sin(y(k)) +0.2172y(k) :
h(z(k)) = 1.2172y(k) C

hy(z(k)) :% c=[1 0],i=1,2.

By solving the SOS conditions in Theorem 3, we could
obtain Oy, Q», polynomial matrices M;(X(k)) and N;(x(k)), the

@ Springer

polynomial feedback gains K;(%(k)) and L;(x(k)). In
comparison with Fig. 6, which represents the system behavior
for the initial condition x(0)=[0.5 1" and £(0) =
[-0.5 0.5]", Fig. 7 shows the controlled system behavior,
which illustrates the efficiency of the designed fuzzy regulator
and the fuzzy observer via SOS approach for the same initial
condition. Figure 8 shows the control and estimation results
by the designed polynomial fuzzy observer.

6 Conclusions

In this paper, a SOS approach has been presented to design
the polynomial fuzzy observer for the discrete polynomial
fuzzy system. Three classes of discrete-time polynomial
fuzzy systems have been studied: (1) the system matrices
A; and input matrices B; are independent of the states x to
be estimated; (2) the system matrices A; are permitted to be
dependent of the states x to be estimated; (3) the system
matrices A; and input matrices B; are permitted to be de-
pendent of the states x to be estimated. The parallel dis-
tributed compensation (PDC) has been employed to design
polynomial fuzzy regulators and polynomial fuzzy ob-
servers. Numerical examples have been designed to
demonstrate the utility of the proposed approach. Follow-
ing these proposed approach, we can study the nonlinear
control problems such as backstepping control, sliding
mode control, and so on based on polynomial fuzzy ob-
server further.

Acknowledgments This work was supported by the National Nat-
ural Science Foundation of China (61433004, 61273027), Science and
Technology planning project of Liaoning Province, China
(2013219005), and IAPI Fundamental Research Funds 2013ZCX14.
This work was supported also by the development project of key
laboratory of Liaoning province.

References

1. Takagi, T., Sugeno, M.: Fuzzy identification of systems and its
applications to modeling and control. IEEE Trans. Syst. Man
Cybern. 15(2), 116-132 (1985)

2. Tong, S.C., Li, H.X.: Fuzzy adaptive sliding-mode control for
MIMO nonlinear systems. IEEE Trans. Fuzzy Syst. 11(3),
354-360 (2003)

3. Zhang, H.G., Liu, D.R.: Fuzzy Modeling and Fuzzy Control.
Birkhauser, Boston (2006)

4. Wang, Y.C., Zhang, H.G., Wang, Y.Z.: Fuzzy adaptive control of
stochastic nonlinear systems with unknown virtual control gain
function. Acta Autom. Sinica 32(2), 170-178 (2006)

5. Tong, S.C,, Li, Y., Li, Y.M,, Liu, Y.J.: Observer-based adaptive
fuzzy backstepping control for a class of stochastic nonlinear
strict-feedback systems. IEEE Trans. Syst. Man Cybern. Part B
41(6), 1693-1704 (2011)



Y. Wang et al.: Time Polynomial Fuzzy Systems

103

6. Zhang, H.G., Zhang, J.L., Yang, G.H., Luo, Y.H.: Leader-based
optimal coordination control for the consensus problem of multi-
agent differential games via fuzzy adaptive dynamic program-
ming (published on-line on 11th, March). IEEE Trans. Fuzzy
Syst. (2014). doi:10.1109/TFUZZ.2014.2310238

7. Yang, F.S., Zhang, H.G.: T-S model-based relaxed reliable stabi-
lization of networked control systems with time-varying delays
under variable sampling. Int. J. Fuzzy Syst. 13(4), 260-269 (2011)

8. Zhang, H.G., Li, M., Yang, J., Yang, D.D.: Fuzzy model-based
robust networked control for a class of nonlinear systems. IEEE
Trans. Syst. Man Cybern. Part A 39(2), 437-447 (2009)

9. Tanaka, K., Wang, H.O.: Fuzzy Control Systems Design and
Analysis: A Linear Matrix Inequality Approach. Wiley, Hoboken
(2001)

10. Zhang, H.G., Yang, D.D.: Guaranteed cost networked control for
T-S fuzzy systems with time delays. IEEE Trans. Syst. Man
Cybern. Part C 37(2), 250-265 (2007)

11. Feng, G.: A survey on analysis and design of model-based fuzzy
control systems. IEEE Trans. Fuzzy Syst. 14(5), 676-697 (2006)

12. Zadeh, L.: Fuzzy sets. Inf. Control 8, 338-353 (1965)

13. Baumann, W., Rugh, W.: Feedback control of nonlinear systems
by extended linearization. IEEE Trans. Autom. Control 31(1),
40-46 (1986)

14. Tanaka, K., Yoshida, H., Ohtake, H., Wang, H. O,: Stabilization
of polynomial fuzzy systems via a sum of squares approach. In:
Proceeding of the 22nd IEEE International Symposium on In-
telligent Control, 160-165 (2007)

15. Tanaka, K., Yoshida, H., Ohtake, H., Wang, H.O.: Polynomial
fuzzy observer designs: A sum-of-squares approach. IEEE Trans.
Syst. Man Cybern. Part B 14(5), 1330-1342 (2012)

16. Tanaka, K., Ohtake, H., Wada, M., Wang, H. O. Chen, Y.-J.:
Polynomial fuzzy observer design: a sum of squares approach, In:
48th IEEE Conference on Decision and Control, 7771-7776 (2009)

17. Seo, T., Ohtake, H., Chen, Y.J., Tanaka, K., Wang, H.O.: A
polynomial observer design for a wider class of polynomial fuzzy
systems. Int. Conf. Fuzzy Syst. 2011, 1305-1311 (2011)

18. Tanaka, K., Ohtake, H., Seo, T., Wang, H.O.: An SOS-based
observer design for polynomial fuzzy systems. Am. Control Conf.
2011, 4953-4958 (2011)

19. Guelton, K., Manamanni, N., Duong, C.C., Koumba-Emianiwe,
D.L.: Sum-of-squares stability analysis of Takagi-Sugeno sys-
tems based on multiple polynomial lyapunov functions. Int.
J. Fuzzy Syst. 15(1), 1-8 (2013)

20. Prajna, S., Papachristodoulou, A., Seiler, P., Parrilo, P.: SOS-
TOOLS: Sum of Squares Optimization Toolbox for MATLAB,
Version 2.00. California Institute Technology, Pasadena (2004)

21. Sturm,J.: Using sedumi 1.02, a matlab toolbox for optimization over
symmetric cones. Optim. Methods Softw 11(4), 625-653 (1999)

22. Tong, S.C., Li, Y.M.: Adaptive fuzzy output feedback tracking
backstepping control of strict-feedback nonlinear systems with un-
known dead zones. IEEE Trans. Fuzzy Syst. 20(1), 168-180 (2012)

23. Lee, C.H., Hsueh, H.Y.: Observer-based adaptive control for a
class of nonlinear non-affine systems using recurrent-type fuzzy
logic systems. Int. J Fuzzy Syst. 15(1), 55-65 (2013)

24. Shen, Q.K., Jiang, B., Cocquempot, V.: Adaptive fuzzy observer-
based active fault-tolerant dynamic surface control for a class of
nonlinear systems with actuator faults. IEEE Trans. Fuzzy Syst
22(2), 338-349 (2014)

25. Wang, Y.C., Chien, CJ.: An observer-based model reference
adaptive iterative learning controller for nonlinear systems. Int.
J.Fuzzy Syst. 16(1), 73-85 (2014)

26. Zhang, L.L., Tong, S.C., Li, Y.M.: Adaptive fuzzy output-feed-
back control with prescribed performance for uncertain nonlinear
systems. Int. J. Fuzzy Syst. 16(2), 212-221 (2014)

27. Kim, S.H.: Nonquadratic H,, stabilization conditions for ob-
server-based T-S fuzzy control systems. IEEE Trans. Fuzzy Syst.
22(3), 699-706 (2014)

28. Xie, L.: Output feedback H,, control of systems with parameter
uncertainty. Int. J. Control 63, 741-750 (1996)

Yingying Wang was born in
Jilin Province, China, in 1981.
She received the B.S. degree in
mathematics and applied
mathematic from Jilin Normal
University, in 2006, and M.S.
degree in applied mathematic
from Harbin University of Sci-
ence and Technology, in 2009.
She is currently a Ph. D candi-
date in control theory and con-
trol engineering at Northeastern
University, China. Her current
research interests cover fuzzy
control, nonlinear control, and
delay systems.

Huaguang Zhang (IEEE fel-
low, 2014) was born in Jilin
Province in 1959. He received
the B.S. and M.S. degrees in
control engineering from
Northeast Dianli  University,
Jilin City, China, in 1982 and
1985, respectively, and the
Ph.D. degree in thermal power
engineering and automation
from  Southeast  University,
Nanjing, China, in 1991. In
1992, he joined the Department
of Automatic Control, North-
eastern University, Shenyang,
China, as a Postdoctoral Fellow for 2 years, where, since 1994, he has
been a Professor and the Head of the Institute of Electric Automation,
School of Information Science and Engineering. He has authored or
coauthored more than 200 journal papers and the monograph Fuzzy
Modeling and Fuzzy Control (Birkhduser, 2006), and has co-invented
20 patents. He is an Associate Editor of Automatica and Neurocom-
puting. His current research interests include fuzzy control, neural-
network-based control, nonlinear control, and their applications. Prof.
Zhang serves as an Associate Editor of the IEEE TRANSACTIONS
ON SYSTEMS, MAN, AND CYBERNETICS-PART B: CYBER-
NETICS, IEEE TRANSACTIONS ON FUZZY SYSTEMS, and
IEEE TRANSACTIONS ON NEURAL NETWORKS. He was
awarded a Nationwide Excellent Postdoctoral, and he is the recipient
of the Outstanding Youth Science Foundation Award from the Na-
tional Natural Science Foundation Committee of China in 2003. He
was named a Cheung Kong Scholar by the Education Ministry of
China in 2005. He is a deputy director for Intelligent System Engi-
neering Committee of CAA.L

@ Springer


http://dx.doi.org/10.1109/TFUZZ.2014.2310238

104

International Journal of Fuzzy Systems, Vol. 17, No. 1, March 2015

Jianyu Zhang was born in
Heilongjiang Province, China,
in 1979. He received the B.S.
degree in mathematics and ap-
plied mathematic from Jiamusi
University, in 2003. He worked
in Guidao Jiaotong Polytech-
nic Institute, Shenyang, China,
after he received the M.S. de-
gree in fundamental mathemat-
ics from Harbin University of
Science and Technology, in
2009. Now, he is a Ph. D can-
didate in control theory and
control engineering at North-

eastern University, Shenyang, China. His current research interests
include sliding mode control and delay systems.

@ Springer

Yingchun Wang was born in
Liaoning Province, China, in
1974. He received the B.S., M.S.,
and Ph.D. degrees from North-
eastern University, Shenyang,
China, in 1997, 2003, and 2006,
respectively. Since 2006, he has
been with the School of Infor-
mation Science and Engineering,
Northeastern  University She-
nyang, China. He is also currently
with the Key Laboratory of Inte-
grated Automation of Process
Industry (Northeastern Universi-
ty), National Education Ministry,

Shenyang. His research interests include fuzzy control and fuzzy sys-
tems, stochastic control, time-delay systems, and nonlinear systems.



	An SOS-Based Observer Design for Discrete-Time Polynomial Fuzzy Systems
	Abstract
	Introduction
	Problem Formulation and Preliminaries
	Controller and Observer Design (Class I)
	Simulation Results I

	Controller and Observer Design (Class II)
	Simulation Results II

	Controller and Observer Design (Class III)
	Simulation Results III

	Conclusions
	Acknowledgments
	References


