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Abstract

Measles has emerged as one of the leading causes of child mortality globally, leading to an estimated 142,300 fatalities annu-
ally, despite the existence of a reliable and safe vaccine. Moreover, a surge in global measles cases has occurred in recent
years, predominantly among children below 5 years old and immunocompromised adults. The escalating incidence of measles
can be attributed to the continual decline in vaccination coverage. This phenomenon has attracted considerable attention from
both the public and scientific communities. In this work, we develop and analyze a fractional-order model for measles epi-
demic by incorporating vaccination as control strategy and investigating the effect of treatment failure in complicated cases.
The model is analyzed qualitatively and quantitatively to gain robust understanding into control measures required to curb
this menace. Stability analysis around the neighbourhood of measles-free steady state is carried out to determine properties
of the important threshold called reproduction number, which is necessary to quantitatively analyze the formulated model.
Sensitivity analyses of this threshold and the state solutions using the Latin hypercube sampling (LHS) and contour/surface
plots reveal the dominance of effective contact rate, progression and transition rates in influencing the general dynamics of
measles epidemic. Furthermore, the fractional non-standard discretization scheme using a well defined denominator function
is used to numerically solve the designed model. Scenario analyses to assess the impact of vaccination and treatment failure
show that an effective and safe vaccination programme could significantly reduce the spread of measles while uncontrolled
treatment failure could adversely increase the burden of measles within a population.

Keywords Mathematical model - Basic reproduction number - Stability analysis

Introduction

Measles, which is caused by the measles virus, is a highly
transmissible disease with endemic areas found in the tropi-
cal regions, although outbreaks also occur in temperate
zones (Moss 2017). It is recorded as one of the most dreadful
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Measles is a global phenomenon, with transmission pat-
terns varying between temperate and tropical climates. In
temperate countries, transmission intensifies in late win-
ter and early spring, while in tropical regions, it tends to
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increase after the rainy season. Before the advent of mea-
sles vaccination, epidemics occurred every 2 or 3 years,
their duration influenced by factors such as population size,
crowding, and immunity levels. In regions where measles
is endemic, the majority of children contract the virus by
the age of 10. In the past, when measles was endemic in the
United States, over 90% of individuals were infected by age
15 (Guerrant et al. 2006). Despite higher vaccination cover-
age levels in certain countries, susceptible populations can
accumulate over time, leading to explosive outbreaks occur-
ring every 5-7 years.

Measles has an incubation period of approximately 10
days from exposure to the onset of fever, with an additional 4
days for the appearance of the characteristic rash. The virus
is most contagious 1-3 days before the onset of fever and
cough. The secondary attack rate among susceptible house-
hold contacts is reported to exceed 80%, and outbreaks have
been documented in populations where only 3—7% of indi-
viduals were susceptible. Communicability diminishes sig-
nificantly following the appearance of the rash. Several types
of vaccines have also been recommended for use against
measles vaccines (Demicheli et al. 2013).

Fractional calculus has gained prominence as a valuable
tool for modeling biological processes, mainly due to its
capacity to account for “memory effect”, a very important
aspects in understanding such processes. The initial formula-
tion of fractional differential operators featuring power-law
kernels was introduced by Caputo (1967). However, these
formulations rely on singular kernels, imposing limitations
on their applicability in simulating biological and physi-
cal processes. To overcome these constraints, Caputo and
Fabrizio (2015), as well as Atangana and Baleanu (2016),
updated the definitions of fractional-operators. In the litera-
ture, various methods have been proposed to solve fractional
order models (Akindeinde et al. 2022).

Mathematical models have also been formulated to under-
stand the dynamics of measles. For instance, Mossong and
Muller (2003) utilized a mathematical model to evaluate
the epidemiological implications of vaccinated individuals
transmitting the measles virus. The model anticipated that,
following a prolonged absence of circulating virus, 80% of
all the seroconverted vaccinated persons would exhibit titers
below the protective threshold. Garba et al. (2017) designed
and scrutinized a mathematical model for measles transmis-
sion within a population. Their study assessed the collective
impact of vaccination and measles treatment in the popula-
tion. The authors in Aldila and Asrianti (2019) conducted
an analysis of a measles model incorporating a two-step
vaccination process and quarantine. The model categorized
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individuals into compartments based on their vaccination
status, distinguishing those with one dose and those with
two doses. The study aimed to investigate the effective-
ness of quarantine in controlling measles spread compared
to vaccination strategies. In their work, the study outlined
in Fakhruddin et al. (2020) constructed both deterministic
and stochastic models for measles transmission, considering
vaccination and a hospitalized compartment. The research
aimed to identify the most influential parameters for propos-
ing effective control strategies. It suggested that providing
treatment access is more beneficial than vaccination during
an outbreak. Memon et al. (2020) emphasized the critical
importance of achieving a high vaccine coverage rate for
effective disease control. Additionally, the study in Xue et al.
(2020) analyzed a dynamic model that incorporated peri-
odic transmission and asymptomatic infection with waning
immunity. The objective was to identify parameters influenc-
ing the seasonal fluctuation of measles and propose opti-
mal control measures to minimize the number of infected
individuals and associated costs. Alemneh and Belay (2023)
developed a deterministic model of measles transmission
dynamics by considering the impact of indirect contact rate.
Further studies on the mathematical modeling of measles
transmission are available in Peter et al. (2023d, 2018),
along with additional references cited in those works. To
the best of our knowledge, this is the first study to consider
the impact of treatment failure on the transmission dynam-
ics of measles. Despite the considerable research on mod-
eling measles epidemics, there is a need for a comprehensive
mathematical model investigating the impact of treatment
failure and vaccination using a fractional-order model.
Therefore, this paper aims to formulate a novel non-integer
mathematical model for measles, analyze the existence and
uniqueness of the solution, and identify parameters influ-
encing disease dynamics. The non-standard finite difference
(NSFD) scheme will be utilized to analyze the solution, a
method previously employed by various authors in modeling
fractional-order systems, including Shah et al. (2021), ud
Din et al. (2020), Sinan et al. (2023), Xu et al. (2022), Tong
et al. (2021), Maamar et al. (2024) and Peter et al. (2023a).
NSFD has proven to be a reliable tool for finding numeri-
cal solutions to fractional-order models, offering advantages
such as positivity, stability, and adherence to conservation
laws, making it preferable over other methods like pertur-
bation/decomposition schemes (Shah et al. 2021; Maamar
et al. 2024). The hope is that this study will pave the way for
further research in epidemiological modeling.

The rest of this paper is structured as follows: Method
which includes model formulation and analysis are described
in “Method”. “Numerical scheme” consists of the numeri-
cal scheme. Results and discussion are given in “Results”.
Finally, in “Conclusion”, we have provided conclusions
of this article. Table 1 shows a detailed description of the
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Fig. 1 Schematic diagram of
the model

Table 1 Description of the
model variables

Variable

Description

NG
V()
E@)
1(®)

H(@)
R(1)

Susceptible humans
Vaccinated humans
Exposed humans
Infected humans
Hospitalised humans
Recovered humans

parameters, while the model’s compartmental flow diagram
is shown in Fig. 1. The existence, uniqueness and stability
results are also added in the Appendix section

Table 2 Model parameter values and description

H+0;

Method

We formulate a new mathematical model of measles infec-
tion transmission with six compartments (Fig. 1). These
are, susceptible humans S(¢), vaccinated humans V(z),
exposed humans E(f), infected humans (f), hospitalised
humans H(f) and recovered humans R(f). The susceptible
population is increased by immigration or newborns at a
constant rate ¢, also, the susceptible individual acquired
temporary immunity at a rate 7 and loose immunity at a
rate p, the parameter a represent the force of infection
between the susceptible and infected individuals in the
population, the progression rate from exposed to infected
class is at a rate f, o represent fraction of individuals that
are hospitalised as a result of complicated measles infec-
tion while the rest of (1 — o)k recovered naturally. x repre-
sent the movement rate out of infected class. Proportion of
individual in the hospitalised class moved back to infected
class as a result of treatment failure at a rate e while the

Parameter Description Value Source

a Contact rate 1x1079 Fitted from James Peter et al. (2022)
0} Recruitment rate 68,027 Estimated

T Vaccination wane rate of susceptible class 0.003286 Fitted from James Peter et al. (2022)
p vaccine rate 0.000001 Fitted from James Peter et al. (2022)
u Natural death rate 0.000309 Estimated

B Progression rate from exposed to infected class 0.500000 Estimated

6 Measles induced death rate 0.033720 Estimated

6, Measles induced death rate for hospitalised individuals 0.013720 Estimated

0 Movement rate from hospitalised class 0.642 Peter et al. (2023c¢)

€ Treatment failure rate 0.02—0.07 Estimated from Peter et al. (2023c¢)
c Movement rate from infected class 0.036246 Fitted from James Peter et al. (2022)
K Fraction of individuals that are hospitalised 0.5 Estimated
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rest of (1 — £)0, recovered class as a result of treatment at
arate. There is a natural death at a rate g in all the classes
and the disease induced death rate in infected and hos-
pitalised class at the rate 6. The descriptions above can
be illustrated in a system of differential equations in 1,
while the model’s compartmental flow diagram is shown
in Fig. 1. The model variables and parameter description
are given in Tables 1 and 2.

CDiS(t) = b + TV — aSI — (u + p)S,
CDEV(r) = pS — (z + PV,

CDSE(t) = aSI — (u + P)E,

CDEI(t) = OeH + PE — (6 + p + 8,
CDEH(t) = okl — (0 + u + 6,)H,
CDER(t) = (1 — k)l + (1 — €)0H — uR.

ey

where, CDf defines the Caputo derivative of order £. The
system (1) can be represented in the compact form given as:

s _
{OD,K(t) = K(1, K(1)), )

K©O) =K,

where, K(t) = (S(1) V(t) E(t) I(t) H(t) H(t) R(t))T € RO,
for each t € J = [0, b]. That is, K : J —» R is a function.
Also, K : Jx R® - R defines a function.
K&, K@) =b+7V—aSI—(u+p)sS,
Ky, K(0) = pS = (z + )V,

K3(t.K(®) = aSI - (u + PE,

Ky, K(t)) =0eH + pE — (6 + u+6))I,
Ks(t, K(t)) = okl — (0 + u+ 6,)H,

Ket, K@) = (1 —x)ol + (1 —€)0H — uR.

3

Equation (3) can be written in form of the Volterra integral
equation given by

1 t
K@) = K(0) + — - 0)" ' K(p,K(@)d
®»=K(©0)+ I /O (t—o) (¢, K(@))do 4

The model analysis

In this section the local asymptotic stability and bounded-
ness of system (1) is analysed by giving a proof.

Boundedness of the total population

Theorem 0.1 The closed set
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D= {(S(t), V@), E®),1(1),H(t),R()) € ERi:S(z)
+ V(@) +E@ +10) + H() +R(@) < % }

is positively invariant in relation to the system (1).

Proof Adding all the equations of system (1) gives
CDIN = ¢ — uN(®) — (8,1 + 6,H), 5)

where, N(t) = S(t) + V(t) + E(t) + I(t) + H(t) + R(¢). From
(5), we have

SDIN < ¢ — uN, (©)
Applying Laplace transform on (6), we obtain that

ELIND) - £7INO) < % _ LN,

which further implies that

¢ 5!

LIN®)} £ ———— + N0 .

{N@)} RE ( )s§+” (7)
By partial fraction, the above expression reduces to

b1 (d) > 55!

L{N(t S—(—)— ——-N(Q .

(Noy <2 (5) = (5 -NO ) 5 ®)
The inverse Laplace transform gives
N@) < % - <% —N(O))E(:(—,ut‘f). 9)

Since the Mittag—Leffler function has asymptotic behaviour,
we have N(1) < %ast — o0. Therefore, system (3) has solu-

tions in D and hence is positively invariant. O

The Basic reproduction number of the model

The fundamental concept of the basic reproduction num-
ber involves estimating the anticipated number of second-
ary infections generated by a single infectious individual
throughout their entire period of infectivity in a population
that is entirely susceptible to the measles virus. This crucial
metric serves as a determinant for evaluating the potential
for disease invasion. Specifically, if the calculated value
surpasses one, it indicates the likelihood of an outbreak,
whereas a value below one suggests that the disease is likely
to fade out. To compute the basic reproduction number, we
proceed as follows: The disease free equilibrium (DFE) of
the model (1) is:
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Yo = (S*s V*’E*sl*sH*9R*) 13 + [(/4 + ﬁ) + (O' +u+ 61) + (6 +u+ 62)]&2
bz + ) po >
= , ,0,0,0,0 ). + [(u + +u+s)+u+pO+u+é
<#(T+”+p) W+ u+p) (u+p)o+pu+6)+u+p)0O+u+6,)
Following the approach from [2023b], the transfer matrices +(@+u+8)0+u+6,)— M - ola
(denoting the appearance of new infections and transitions u(T+p+p)
in and out of the disease compartments) for the model are, +u(u+ Plloc+u+6)(u+6,)+0(6, +p)
respectively given by +06(1 —ex)l(z4+u+p)(1 =Ry =0
ap(z+u) (12)
Fo HE+p+p) 10) From the Routh—-Hurwitz criterion, the equation above has
N 0 0 roots with negative real parts if and only if R, < 1. Hence,
0 0 0 the DFE is locally asymptotically stable if R, < 1. O
u+p 0 0
V=| -p o+u+é, —0b¢ (11)
0 —ok O0+u+s, Numerical scheme

The basic reproduction number of the model (1) is the spec-
tral radius of FV~! and is given by

_ afd(t + u)(O0 + u+6,)
ulp+Pllo+ pu+06)(u+6,)+ 06 +p)+0c(1 —ex)l(z+ pu+p)

Ry

Local asymptotic stability of the disease free
equilibrium (DFE) of the model

Theorem 0.2 The system’s DFE, Z,, is locally asymptoti-
cally stable (LAS) if Ry < 1, and unstable if Ry > 1.

Proof The stability of system (1) in the neighborhood of the
DFE is analyzed by Jacobian of system (1) evaluated at DFE,
Z,, which is given by:

adp(r+p)

—(u+p) T 0 = Sttt 0 0
p —(t+p 0 0 0 0
_ ad(z+u)

0 0 (u+p) et 0 0
0 0 p —(c+pu+6) 23 0
0 0 0 oK -@+u+6,) 0
0 0 0 (1-x)o (1-e8 —pu

The eigenvalues are given by:

M=—(u+p), h=-G@+un, A3=-u

and the solution of the characteristic polynomial:

Non- Standard Finite Difference Scheme for Caputo
fractional derivative

In order solve numerically system (1) we have to choose the
fractional operator as follows:

The Caputo derivative of function f{f) of order ¢ € (0, 1)
is defined as

1 AC)
D f()] = . 13
Vol=r=5 |, i=or )
The discretization of domain [0, 7] is given as
t=jh  j=0,1,23, .. (14)

where h = 1%, N represent number of sub intervals and 7 is
final time. Now at ¢t = liy1s Caputo derivative becomes

L1 d 2]
1 / SO 15)
0

D5 [f0)] lizyy, =

ra-4 (i —0)F
or
c 1 J Trs1
D fO]l,. = "0) (t;,, — 6)7¢ do,
O, Ti=5) kZO s 1) (- 0)
(16)
Now we a i '9) = L@
pproximate f (0) = == on[z, f,]as
df o k+1 _ rk
1o _ -t -
dae Y(h)
where f* = f(z,) and W(h) = Z = h+ O(h?), where u is

the natural death rate.
Now (16) becomes
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J o fh+1 _ gk
1 k+1 f _f _
D limy, ~ 775 2 / (101 = 0)7¢ do,
I

ra-¢ & W(h)
(13)
or
1 J fk+1 _fk
“D; @, = re-¢ ,; P(h) A (19)
where
AL =(1-9) / (i, —0)° db 00,

=h'"EG—k+ D' =G -0

The denominator function

The denominator function, which is an important element of
the NSFDs is now derived for the fractional system (1): Add-
ing all the equations of the model (1) gives,

SDEN() < & — uN,
with
N(®) < NOE(—ph*) + Gh°E, .y (—ph) Q1)

where E . , is the Mittag-Leffler functionand & = (1, — ;)
Letfy=0<t, <, <---<ty=T,suchthatt, = = and
Nez*
Fort > 0and 0 < ¢ < 1, the Caputo fractional derivative
is expressed as

k f.

i+

fo(l)|,=,k+, = F(ll—g) Z/ %(tk+1 —s5)ds  (22)
=gy

Upon discretizing @ on|[z;, 7, ] we have that

df(s) _ f*' =f
ds Wb

where 7 is the mesh size and f/ = f(,).
But,

k j j
. N 1 i f]+l _f]
DifOl—,,, = T2-2¢ Z A ¥(h)

J=0

with,
i 1- 1-
Aé,k = ((tk+1 1) f- (fep1 = Bg1) 5)

If j = k then,
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ALy = (g = 1) = (g = 1)) = (g = 1) =17 23)

When t = 1, , then we obtain

1 zk: J g
FQ-& &7 ¥ (24)

=F(@**Y, k=1,2,....,K -1

Applying the NSFD scheme (24) as proposed in Maamar
et al. (2024) to the inequality (21) we have that

k . .
1 . (NI — NT)
r2-9 /Z;, T

at j = k, we have that

< - puN! (25)

h1—§ (Nk+1 _ Nk)
re-¢ Ym

<TQ2 - &¥(h)( — uN)

k-1
+ 2 AN (N~ N
,20 e (26)

Now,

NHY(R'8 + uD2 = &)P(h)) < h'NF+ T2 - &P (W
-1
D IWAUGSEND
=0
(27)
Thus,

WIZENF 4+ T2 - OW(h) - X2 AL W+ - N

Nk+1 <
= W= + ul(2 — &)P(h)

(28)
When k = 0, we have that

N'< i\
=\ A=+ ul(2 - &)¥(h)

$I'(2 — &)W (h) >
M8+ ul'(2 — E)P(h)
(29)
To determine the denominator function, ¥(h), we compare
Eqgs. (21) and (29) using the terms containing the initial
population at time ¢ = 0.
Hence,

R'=£(1 = E(—ph®))

Y(h) =
W= i = oE i)

Applying the NSFD to the fractional system (1), we have
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F(zl— 9] kiO Sk:'(;)Sk Al‘f(J =¢+V —a IV — (u+ p)S™!

F(Zl— B ;0 Vk:(;)w AL = M — (e 4 Vi

F(zl— B) kgo Ektlj(z;)Ek ALy = oS = (et pET!

F(21_ = Z;) Ik:(;)lk Aéj = Ok + BE — (o + p + 8)FF!

F(zl— ) Z;) Hk;<;>Hk ALy = ok =0+ o+ Sy)H!

r(zl_ 5 g Rk;(;_l)Rk Aéj = (1 = )P + (1 — e)9H! — R
(30)

so that,

RS WD - (@ + V) = T (5 - 59 Al

sample the model’s parameters. In carrying out sensitivity,
the partial rank correlation coefficient (PRCC) is computed
between the parameter values in the response function and
the function values derived from the sensitivity analysis.
Each LHS run involves 1000 simulations of the model (1).
The PRCC values, ranging from —1to 1, denote the strength
and direction of the relationship. Positive (negative) value
indicates a positive (negative) relationship, while the mag-
nitude reflects the measure of sensitivity. A magnitude close
to zero implies very minimal impact, whereas a magnitude
close to one indicates a very significant impact. The response
functions under consideration will be the associated basic
reproduction numbers.

Sensitivity analysis of the measles reproduction number
with respect to all the parameters is presented in Fig. 2a. It
can be seen that, the measles transmission rate: « (which is

gitl )
R~ + W(WTQ2 — &)[ali + (u + p)]
RV (T2 = E)(pST) = Y (VR - vEy AE
Vj+1 — = &J ,
W=+ P2 = &) (7 + p)
R YWD - &aSH - Y (EM - B Ak
E]+1 — = &J ,
=€ +¥(WQ2 - &)(u + )
. (31)
1-¢7j _ j i+1y _ NV gk+1 _ gk Ak
e _ R0 + P2 — £)(OeH + E) — YI_ (I %) A%
W=¢ + W(WLQ2 — E)o + u + 6,) ’
iy 1 j—1
i W= H + W2 = &)(oxlH) = FZ (' — HY) AL,
W= + WD — E)O + pu + 6,) ’
O RTHR A YWIQ - 8|1 = K)o + (1 — e)0H| = Y (R — RY) A
Rj+l — = &J .
=€ + P2 - Ep
Results positively correlated) and transition rate out of the infected

Sensitivity analysis of R

Due to the likelihood of uncertainty in the estimation of
parameters, a detailed and comprehensive global sensitivity
analysis is conducted in this section, employing the meth-
odology introduced in Blower and Dowlatabadi (1994). The
analysis incorporates the Latin hypercube sampling (LHS) to

class: o (negatively correlated) are the most influential
parameters. Other parameters which are positively correlated
include: progression rate from exposed to infected class: f,
vaccination wane rate: 7, movement rate from hospitalized
class: € and treatment failure rate: £ while other negatively
correlated parameters are: vaccination rate: p, the measles
induced death rates for infected and hospitalized individuals:
0, and 8,, the fraction of individuals that are hospitalized: k.
Thus, increase in the positively correlated parameters would
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0.8
0.6
0.4
0.2

-0.2
-0.4
-0.6
-0.8

PRCC Values

(a) Sensitivity analysis of Ro.

Peak size of infected population
1 ‘

PRCC Values

Otpﬁr98182031<

(c) Peak size of of infected population.

Peak size of exposed population

PRCC Values

(xp[sr98162ce K
(b) Peak size of Exposed population.

Peak size of hospitalised population
1 ‘ —

PRCC Values

a p B T 6 8 5 0 & x

(d) Peak size of of hospitalised population.

Fig.2 Sensitivity analysis of the: a measles reproduction number, b peak size of exposed population, ¢ peak size of infected population, d peak

size of hospitalized population

negatively impact the dynamics of measles epidemic within
the population, while increment in the negatively correlated
parameters would positively impact the dynamics of mea-
sles. Particularly if little or no efforts are put in place to
check surge in the measles transmission rate, then measles
is sure to become endemic in the population while increase
in the transition out of infected class due to hospitalization,
treatment and natural recovery would positively bring down
the burden of measles within the population. It is also inter-
esting to point out that, increase in treatment failure rate
adversely affect the dynamics of measles epidemic. Contour
and surface plots of the measles reproduction number with
respect to the rho, tau, beta and e are presented in Figs. 3

@ Springer

and 4. These additional simulations also buttress the impacts
highlighted in the sensitivity analysis plots.

Time evolutions

Simulations to validate the theoretical analyses carried out in
the previous sections are now performed. To assess the long
time dynamics of the disease under a measles-free scenario,
simulations are carried out in Fig. 5 via the Non-standard
finite discretization scheme and the ODE45 solver when the
order of the fractional derivative is near one. Firstly, it is
observed that the NSFD scheme behaves very closely with
the ODEA4S5 solver for values of the fractional order very near
to one, thereby validating the accuracy of the scheme under
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o)

~

)]

N

(a) Ro with respect to o and p.

x 107 0

N W A OO0 O N @

—_
T

o x107°

(¢) Ro with respect to c and T

Fig.3 Sensitivity analysis of R, using contour and surface plots

a well defined denominator function given in terms of the
Mittag—Leffler function. Secondly, it is observed that, under
this scenario, the trajectories of the system all converge to
the measles-free steady state when the reproduction number
Ry < 1. Also, numerical experiments to validate the theo-
retical analysis under an endemic steady state are performed
in Fig. 6. It can also be observed that, all solution trajectories
converge to the measles-endemic steady state when the asso-
ciated reproduction number, R is greater than one.

Effect of vaccination and treatment parameters

Numerical assessments of the epidemiological impact
of measles vaccination are presented in Fig. 7. It can be

(b) Ro with respect to oc and p.

(d) Ro with respect to « and t

observed in these figures that, as the measles vaccination
rate is stepped from p = 0.10 to p = 0.130, while fixing
the order of the derivative at £ = 0.90, there is a signifi-
cant reduction in the exposed, infected and hospitalized
individuals as can be seen in Fig. 7a—c. Thus, to cur-
tail the spread of measles within the population, efforts
should be stepped to provide safe and effective mass mea-
sles vaccination for all susceptible individuals.
Numerical assessments of the epidemiological impact
of treatment failure are presented in Fig. 8. It can be
observed in these figures that, as the treatment failure rate
increases from & = 0.02 to £ = 0.8, while fixing the order
of the derivative at & = 0.90, there is a significant increase
in the exposed, infected and hospitalized individuals as
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x10™ 0

p
M W A O N ®
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0.9 —
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08| & ® © N K o ;
o © o
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Fig.4 Sensitivity analysis of R using contour and surface plots

can be seen in Fig. 8a—c. These trends in the behaviour of
the infected classes also confirms the sensitivity analyses
results presented earlier.

Effect of fractional order

Simulations to assess the impact of memory effect on the
dynamics of all the epidemiological components of the
model are presented in Fig. 9. It can be seen that the sin-
gular kernel inherent in the definition of the Caputo frac-
tional operator, which is lacking in the integer derivative,

@ Springer

(b) Ro with respect to o and f3

(d) Ro with respect to p and €

has influence on the various classes of the model. The
variations in the compartments as the order is varied
from & = 0.90 to & = 0.98 are also greatly observed for the
infected classes.

Conclusion
In this work, we have developed and analyze a fractional-

order model for measles epidemic incorporating vaccination
and treatment failure. The model is analyzed qualitatively
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Fig.5 Comparison of NSFD and ODE45 when ¢ = 0.99 and when R, < 1
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Fig.6 Comparison of NSFD and ODE45 when & = 0.99 and when R, > 1
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Fig.7 Impact of vaccination on the infected classes when & = 0.90 and when R, > 1

and quantitatively to gain robust understanding into control
measures required to curb this menace. Stability analysis
around the neighbourhood of measles-free steady state is
carried out to determine properties of the important thresh-
old called reproduction number, which is necessary to
quantitatively analyze the formulated model. Sensitivity
analyses of this threshold and the state solutions using the
Latin hypercube sampling (LHS) and contour/surface plots
reveal the dominance of effective contact rate, progression
and transition rates in influencing the general dynamics of
measles epidemic. Furthermore, the fractional non-stand-
ard discretization scheme using a well defined denominator
function is used to numerically solve the designed model.
Scenario analyses to assess the impact of vaccination and

treatment failure show that an effective and safe vaccination
programme could significantly reduce the spread of mea-
sles while uncontrolled treatment failure could adversely
increase the burden of measles within a population.

The major highlights of the numerical analysis are pre-
sented below:

(i) The solution profiles of all epidemiological com-
partments when the reproduction numbers are both
below one and greater than one are graphically pre-
sented using the fractional Non-standard finite dis-
cretization scheme.

It was observed that, for the scenarios when the mea-
sles associated reproduction number R, is less than

(ii.)
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Fig.8 Impact of treatment failure on the infected classes when & = 0.90 and when R, > 1

one and when it is greater than one, the solution tra-
jectories converge to the infection-free and measles-
endemic steady states, respectively.

(iii.) Sensitivity analyses using the Latin Hypercube
Sampling (LHS), and also using contour plots and
surface plots are performed on the model’s reproduc-
tion number. The impact of influential parameters
are graphically presented. Worthy of mention, is the
influential impact of measles transmission rate and
treatment failure rate (positively correlated) and mea-
sles vaccination rates (negatively correlated).

(iii) Different scenario analyses to investigate the impact
of measles vaccination measures on the infected indi-
viduals are presented. It was observed that enhanced

@ Springer

measles vaccination programme under the admin-
istration of safe and highly effective vaccine could
curtail the spread of measles within the population.

This study also has some limitations which can necessitate
further research in this direction. The study did not consider
within-host dynamics of measles transmission. It also did
not consider the co-infection of measles with other viral or
bacterial diseases. These can be taken upon for study in the
near future. Also, a robust stochastic or agent-based ver-
sion of the current model could also be investigated for a
future study. Novel and efficient fractional numerical scheme
could also be developed to study the current model. On the
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biological side, with more reliable data and information, the
current model could be fit to real data in the near future.

Existence and uniqueness of the solution
Existence

We shall now investigate the conditions appropriate for
existence of unique solution to the designed model.
Consider the space E = C[7, R®] coupled with the norm:
191l = EA9®1 where,
9@ = 18, (D] + [9:,D)] + 1901 + 18, + [95()] + 195
The norms on C([7, R%]) or C([7, R) will be evident from

the context of the framework.

Theorem 3 (Yong et al. 2016) Suppose M is a “non-empty
closed, bounded and convex subset” in a given Banach

Space E = C([J, R®]). Let the operators P,P,:M—>E
satisfy the properties below:
@) P9, + P,d, € M, whenever 8,,9, € M; (ii.)P,isa

contraction, (iii.) P, is compact and continuous.

Then there exists § € M such that 9 = P,9 + P,9.

Theorem 4 If K : FxR® = R® is continuous and
satisfies 1K, 9| < [P@), forall (t,9())
€ J xR and ¥ € C(J,R,) with || = sup,c; [P
Then the designed fractional model (1) has no less than one
solution.

Proof Consider ={9€kE:
6
n > 19 + QII'Y|l, 9, € R° and Q = r(.5+1)

“closed convex and bounded subset” of E.
Define operators Py, P, : B, - Eby

||8|| <n}, where

. Obviously B, is

1 ! _
(P9)(n) = e /0 (t— o) 'K(p,9p)dp VieJ
(P9) ) =9y, VieJ

respectively. From the given assumptions K : JX R® — R®
is continuous and fulfil the requirements below,

K@, 9(n) < Y@l

for each t € J and 9(r) € R®. That is, £ : Jx R® - R®is
"point-wise" bounded.
Now, for any 9,,9, € B,,, we have

@ Springer

__sup

”(P 9,)(0) + (P,9,) (z)‘ =y

P19, (1) +P219(l)‘

__sup — )¢l
2 [Joo+ F@ L [ o= or e
<t ||+ i L -0 ']‘Pw)]d(p]

-1
Te ?23/ -y de
&l

T T
el

+olv] <y

IA
o=
=)

IA
=
=)

Il
=)
=)

Il
o=}
=)

Hence, P9, + P,9, €B,.
It can be seen that P, is a “contraction”. Since K is con-
tinuous, it implies that the operator P, is equally continuous.
Now, for a given J € Bn, we have

o] =

P119(t)‘

__sup

“teJg

(@, 9(p))d ‘
lﬂ@/(t @) (@, @)de

<SP o Ne-l
Sieg F(e:)/ ¢

-1y
*T® fZE/ (t—orde

et
ré+1
e

‘P((p)‘d(p

Therefore, Pl(Bn) C Bn. As PI(B”) is closed and equally
bounded. For us to use the “Arzela Ascoli” theorem, we
need to show that PI(B”) is “quicontinuous”.

Now for any 9 € B,, consider
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|(78) () = (Pr9) 1)
_|L [, - oo, S
‘H®A<a ¥ K, 0@))dop

1 [" 1 ‘
- — - K, 8 d
I /0 t — o) (@, @))do

-7l
~(t—9) | K(@. 8(p)dg

+/ (1, — 0)* ' K(e, 9(0))de

_F(§+l)[ 1]

It can be observed that the right side of the above inequal-
ity goes to zero when #, — 1. Thus, P|B, is equicontinu-

|

ous and hence, P,(B,). Therefore, since P,(B,) is closed,
bounded and also equicontinuous, it is thus compact and this
means that P, is compact operator. Hence, all requirements
of Theorem 3 are now satisfied. Therefore, 39 in [E such that
() = P, 9(t) + P,3(t). That is,

1) =9y + / (1 — @) 'K(@, 3(p))de

NG

Uniqueness
Theorem 5 IfK € C([J, R®]) satisfies the Lipschitz condition
(2, 8,0) = K (1, 9,0)| < L] 9,0 = 9,0], (32)

forallt € J,9,,9, € E, L > 0. Then system (4) has unique
solution whenever QL < 1.

Proof Define P : E — E by by

1 t
PHO =8, + — | K(p,9 — @) deo.
(PI)(1) 0+F(§) /0 (@, 9)(t — @) do

For any 9,,9, € E, we have

” (P9,)®) - (P&z)(t)H

<
=5y N@

_ _ el
@ na/“ >“W%@“0H
mw—/ﬂ—@“’@ﬂw»

8+ =—— (t— 0 K(0.9,(9))de

eJ F(é)
- K(9.9,(9)) |do
up Lic t(t - (p)ﬁ‘l’t‘) (-9 ((p)’d(p
=P Te : g
‘CIC 191 - 192 t
<010 — ) ld
T TO ?EA“ orde
< ¥ L, s
—nan)“%_z

= QE}C

&m—&mw

This implies that P is a contraction mapping.

Since P(I(1)) = P,(3(®)) + P,(9(1)), PB, C B, and the
set B, is closed and convex, the proposed model possess a
unique solution following from Banach contraction theo-
rem. O

Ulam-Hyers stability

Stability analysis of the formulated model in the framework
of Ulam-Hyers (UH) (Ulam 1960, 2004) is now discussed.

Let E = C(J, R%) be the space of functions (which are
continuous) from 7 to R®, endowed with this defined norm
191 =27 1911, where T = [0, b].

Definition 6 The system (1) or its equivalent form given by

{ D291 = K(t,9(t)),

90) =9, (33)

is UH stable whenever 3k > 0, such that V& > 0 and a given
solution of (33) which satisfies:

I€D®d(0) — K1, 3¢)|| < &, t € T, e =max(e)T, i=1,2,...10.

(34
Junique solution 9 € E, of (33) such that,

19) — SOl < ke, 1 € T, k=max(k)", j=1,2,... 10.

Definition 7 System (33) is "generalized UH stable" if 3 a
continuous function ¢ : Rt — R* with ¢(0) = 0 such that
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for any other solution § € E of the inequality (34), Junique
solution 9 € E satisfying the following:

190) = 9@l < dle), t € T, = max(dp)’, j=1,2,... 10.

Remark 8 A function J € E satisfies (34) iff 3 1 € E, with
the features:

i) k@l <e te J.

(i) ¢D®8() =K@, () +h@), te J.

Lemma9 Ifd € E is satisfied for the inequality (34), then 8
also holds true for:

< Qe

aq aq w—1
() - (190+F( ) / (t— o) /C((p,t‘)((p))d(p)

(35
Proof With the help of item (ii.) of Remark 8, we obtain
CD?J(t) = K¢, 8(1)) + h(r), t€ J.
Upon the application of Caputo integral, we have,

I(n) =9, + o / (t — )" ' Ko, dp))de

1
l“()

Re-writing, and also applying norm on either sides and
together with item (i.) of Remark 8, we have

(36)
(r )" W(@)de

_ _ 1 ! el _
() - <80 + ) /O - o) Ko, 19((p))d(p>

1 ' w—1
< /0 (t = @) h(@)|dop

< <b—w>e < Qe
I'w+1)

O

Theorem 10 V 9 € E and K : jx[R{" — RO with L >0
andl — QL > 0, where Q = the system (33) is “gen-

eralized UH stable”.

T@+1) +1)

Proof 1f § € E satisfies the inequality given by (34) and
9 € E is a unique solution of (33). Then Ve >0, r€ J,
together with Lemma 9, we have,

@ Springer

156 - 9] = 32,13,

w—1
oo / (1= @) i)

_ 1 _ w—1
<&0+F(w) /0 (t- o) lC(w,&((p))d(p)

< el =Sl + 17

[|h<r>|<% / <r—(p>‘"-'d<p>]

+ j;‘j,r( ) / (t— @) 'K 9)

—-K(, 19(t))|d<p

£K|| sup w—1
<Qe+ ——— @) ,ej/(t @) do

b _
< Qe+ <m>E,C”19 - 19”

= Qe + QL ||90) - 90)||-

1 ' w—1 )
m / =) Ko, @)de

Thus, we have
19 — 9l < ke, (37)

where k =

1-QL"
Thus, if we take ¢p(e) = ke, then $p(0) = 0 and hence the
system (33) is both Ulam Hyers (UH) and generalized UH
stable. O
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