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Abstract
A finite element limit analysis (FELA) combined with a machine learning technique is adopted to determine failure envelopes 
of a strip footing resting on anisotropic soil under combined loadings (V, H, M). Based on numerical results from 2D FELA, 
the parametric studies on the failure envelopes in the 2D space (H, M) and 3D space (V, H, M) considering the effect of 
anisotropic behaviors of clays and interface interaction between soil and structure, are investigated. Additionally, the failure 
mechanisms of the investigated strip footings are also illustrated. These results can enhance the understating of practical 
engineering for designing a strip footing resting on anisotropic soil under combined loadings (V, H, M). In the later part, an 
artificial neural network (ANN) is adopted to propose the correlation equation between input parameters and their correspond-
ing outputs using the data from FELA. Based on the developed ANN model, building the failure envelopes of strip footing 
subjected to general load (V, H, M) becomes quicker than the traditional methods. For more detail, the careful explanation 
for applying ANN results is presented through the design example. It can be a valuable procedure for practical engineers to 
establish the failure envelope of a footing on anisotropic clay under combined loading (V, H, M).
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Introduction

In geotechnical engineering science, considering general 
loading is essential when designing shallow foundations for 
offshore structures since the significant lateral forces gener-
ated by wind and waves commonly occur. Consequently, 
the footings of offshore structures often experience general 
load consisting of vertical load (V), horizontal load (H), and 
bending moment (M). Various numerical and experimental 
studies have explored the behavior of different foundation 

types subjected to general loading in clay. These studies 
include the works of Bransby and Randolph (1998), Bransby 
and Yun (2009), Martin (1994), Martin and Houlsby (2000), 
Gourvenec and Randolph (2003), Gourvenec (2008), Gour-
venec and Barnett (2011), Taiebat and Carter (2000), Yun 
and Bransby (2007), and Bolton and Lau (1993). Generally, 
the combined loading problems were based on the traditional 
bearing capacity design method, as proposed by Brinch 
Hansen (1970), Meyerhof (1953), Vesic (1975), and Das 
and Larbi-Cherif (1983). In detail, these approaches adjusted 
a footing's bearing capacity for eccentric and inclined loads.

An additional alternative method, which provides 
increased accuracy, involves explicitly expressing the 
capacity of a foundation under various loading conditions, 
as expressed by a 3D failure envelope in a (V-H-M) space. 
This 3D failure envelope is illustrated as a 3D surface, where 
those positions outside the surface represent the situation 
that footings lead to failure, while those inside the surface 
mean that the footing does not fail and is deemed safe. The 
methodology of this failure envelope was initially proposed 
by Roscoe and Schofield (1957), who presented an exten-
sive application of the failure envelope in the field of bear-
ing capacity problems. Numerous studies have explored 
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the utility of this methodology, including previous works 
by Butterfield and Ticof (1979), Butterfield and Gottardi 
(1994), Feng et al. (2014), Martin and Houlsby (2001), 
Gourvenec (2007), Mana et al. (2013), Nova and Montrasio 
(1991), Ukritchon et al. (1998), Vulpe et al. (2013), Zhang 
et al. (2011), and Ibrahim et al. (2022).

It is worth noting that soils typically exhibit various levels 
of strength anisotropy, as highlighted in previous studies 
by Davis and Christian (1971), Ladd and Degroot (2003), 
Law (1978), Pan and Dias (2016), Reddy and Rao (1981), 
Su et al. (1998), Ukritchon et al. (2003), Kumar and Ghosh 
(2007), and Yang and Du (2016). These investigations have 
explored the significant impact of the anisotropic character-
istics of natural clays on foundation stability. The existing 
studies primarily focus on the foundations on isotropic clays 
that adhere to the Mohr–Coulomb or Tresca failure criterion. 
However, they do not take into account the anisotropy of 
clays. Additionally, there has been no literature proposing 
solutions for determining the failure envelopes of strip foun-
dations under general loading (V, H, M) on anisotropic clays.

This study aims to analyze the capacity of strip footings 
on anisotropic clays under general V-H-M loading. The 3D 
failure envelope in (V-H-M) space and the 2D failure enve-
lope in (H-M) spacing considering the effect of the aniso-
tropic behavior of clay and interface interaction between soil 
and footing are investigated. According to the structure of 
this study, the parametric analysis is first derived from 2D 
finite element limit analyses (FELA) to consider the effect 
of the anisotropic behavior of clay and the soil-structure 
interface interaction on the bearing capacity of strip footings 
under general V-H-M loading. Then, the Artificial Neural 
Network (ANN) models are adopted in this study to depict a 
correlation that relates the input variables to the correspond-
ing output outcomes. Based on the analysis of parametric 
study results, the proposed correlation equation from the 
optimal ANN model can assist engineers in real applica-
tions by enabling them to build a failure envelope of strip 
footing under combined loading (V, H, M). It can be helpful 
for practitioners to check the capacity of strip foundations 
subjected to combined loads (V, H, M).

Problem statement

Problem definition

The challenge of analyzing a rigid strip footing placed on 
anisotropic clay subjected to various loads is illustrated 
in Fig. 1. The width of a strip footing is denoted as (B). 
The rigid plate elements simulate the strip foundation by 
assuming the footing to be highly rigid and incapable of 
failure. As a result, the rigid footing effectively transfers 
all loads to the ground. The strip footing is subjected to 

various loads involving vertical force (V), horizontal force 
(H), and bending moment (M). It is important to empha-
size that the positive orientation is assigned to the vertical 
load in the compression condition (vertical load applied 
downward to the footing). Tensile forces in the vertical 
direction are not considered in this study, where only com-
pressive vertical forces are considered. The clay profile 
underlying the strip footing is assumed to be anisotropic 
and weightless.

The numerical models are simulated following two 
cases of soil-structure interfaces, including “full-tension” 
condition (in the case of no separation between soil and 
footing) and “no-tension” condition (in the case of separa-
tion allowed to occur). Note that “zero-thickness” inter-
face elements are applied to connect footing and soil (see 
Fig. 1). For the no-tension condition, the tension cut-off 
function for the failure criterion is activated. According to 
this function, the tensile stresses are not allowed to take 
place at the interface, so that the separation may happen 
underneath the footing. Conversely, the tension cut-off 
function has been deactivated to simulate the full-tension 
condition accurately.

AUS failure criterion

In this investigation, the Anisotropic Undrained Shear 
(AUS) failure criterion (Krabbenhoft et al. 2019) is uti-
lized to develop the criterion for  covering the failure 
behavior of anisotropic clays. The soil strength require-
ment for the AUS model is based on three distinct aniso-
tropic undrained shear strengths, which can be acquired 
through triaxial compression (suTC), triaxial extension 
(suTE), and direct simple shear (suDSS) tests. In order to 
emphasize the variability in undrained strength across var-
ious directions, two anisotropic strength ratios, denoted as 
re and rs, are introduced. These ratios serve as the dimen-
sionless input parameters in the present study, where their 

Fig. 1   Problem definition for obtaining 3D failure envelope of a strip 
footing on anisotropic clay
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expressions are described in Eqs. (1) and (2) as shown 
below:

and

Krabbenhoft et al. (2019) further explained that the har-
monic mean can be derived from the relationship between 
rs and re, expressed as Eq. (3) follows:

where the variable re falls within the range of 0.5 to 1. As 
mentioned by Krabbenhoft et al. (2019), altering the value 
of (re) results in a corresponding modification of the failure 
surface following the AUS failure criterion, as illustrated 
in Fig. 2. The case of an isotropic clay can be analyzed by 
establishing re = 1, meaning suTC = suTE = suDSS, so that the 
AUS failure criterion can be transformed into the Tresca fail-
ure criterion. Based on Eq. (5), considering the anisotropy 
effect of clay can be determined through only the parameter 
(re).

Failure envelop

In this study, a 3D failure envelope in the space of V-H-M 
is adopted to express the undrained capability for the strip 
footing in anisotropic clay under various loading condi-
tions. For practical application, the output results (V-H-M) 
of the 3D failure envelope are normalized following the 

(1)re =
suTE

suTC

(2)rs =
suDSS

suTC

(3)rs =
2re

1 + re

dimensionless approach as introduced by Butterfield (1999). 
Combined with considering the anisotropic behavior of clay, 
the normalized output results (V-H-M) can be expressed as 
the function of re, as shown in Eq. (4):

where V/suTCB is the non-dimensional vertical load coeffi-
cient; H/suTCB is the non-dimensional horizontal load coef-
ficient; M/suTCB2 is the non-dimensional bending moment 
coefficient, and re represents the anisotropic ratio.

To build a 3D failure envelope through dimensionless 
variables (V/suTCB, H/suTCB, M/suTCB2), the dimensionless 
vertical load factor, V/suTCB, can be broken into the ratios 
between the levels of vertical load mobilization (V/V0) and 
V0/suTCB, as shown in Eq. (5):

where V0 is the ultimate load of a strip foundation under the 
pure vertical loading (pure V) for each of the soil profiles. It 
is important to note that the value of V0/suTCB is first deter-
mined before carrying out the failure envelope analysis and 
V0 is dependent on the (suTC, B, re). After obtaining the value 
of V0/suTCB, the value of V/suTCB can be calculated by mul-
tiplying with the value of V/V0 in ranges of [0, 0.2; 0.4; 0.6; 
0.8, 1]. In other words, the value of V/suTCB is varied from 
0 to V0/suTCB. According to this change, the investigated 
3D failure envelope (V/suTCB, H/suTCB, M/suTCB2) is now 
changed to 3D failure envelope (V/V0, H/suTCB, M/suTCB2). 
This kind of 3D failure envelope (V/V0, H/suTCB, M/suTCB2) 
previously mentioned by Gottardi and Butterfield (1993), 
Houlsby and Puzrin (1999), Taiebat and Carter (2002), and 
Gourvenec and Randolph (2003).

An example of a 3D failure envelope is shown in Fig. 3, 
indicating a three-dimensional interaction plot within the 
(V/V0, H/suTCB, M/suTCB2) space is used to express the und-
rained capacity of strip footings under general loading. Each 
point on the surface of the 3D failure envelope corresponds 
to various plastic zones and failure mechanisms, encom-
passing a combination of failure modes, including rotations, 
bearing capacity, and translations. Additionally, Fig. 4 pre-
sents the contour of the 3D failure envelope corresponding 
to a cross-section of the vertical load ratio, V/V0. It can be 
considered as a 2D failure envelope in the M-H space (M/
suTCB2, H/suTCB) at a specific value of V/V0.

As illustrated in Fig. 4, two separate scenarios are ana-
lyzed for each envelope within the (H/suTCB, M/suTCB2) 
space. In the first quadrant, labeled as “I” in the first portion, 
the lateral load and bending moment induces a footing top-
pling in the same direction. In another case, labeled as “II” 
in the second quadrant, the overturning movement happens 

(4)
V

suTCB
,

H

suTCB
,

M

suTCB
2
= f

(

re
)

(5)
V

suTCB
=

V

V0

×
V0

suTCB

Fig. 2   The formations of the yield surfaces of the AUS model with 
various re values
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in opposite directions due to the different directions between 
the lateral load and bending moment, as emphasized in prior 
research conducted by Keawsawasvong and Ukritchon 
(2016). The remaining plots in the third and fourth quadrants 
can be derived through problem anti-symmetry, where the 
results in the first and the second quadrants match those in 
the third and fourth quadrants (see Fig. 4).

To build a 3D failure envelope (V/V0, H/suTCB, M/suTCB2), 
the 2D failure envelope (H/suTCB, M/suTCB2) is first deter-
mined for the five cross-sections of V/V0 = 0, 0.2, 0.4, 0.6, 
and 0.8. To define the 2D failure envelope in the H/suTCB—
M/suTCB2 space, it needs to define the proportion between 
horizontal load and bending moment through tan(β) = M/
HB or M = tan(β)(HB). The value of β represents the angle 
assessed starting from the positive of the horizontal axis 
(refer to Fig. 4) (Salencon and Peeker 1995; Keawsawasvong 
and Ukritchon 2016). In this study, the value of β is selected 
within the ranges from 0° to 180° with the interval of 10°, 

serving as the loading constraint for the FELA. Note that 
the values of (Vo, H, and M) are determined using the FELA 
models.

Methodology

FELA model

The FELA technique has demonstrated a notable level of 
accuracy and precision in its outcomes. It offers both lower 
bound (LB) and upper bound (UB) solutions, resulting 
in an estimation of an exact value (Sloan 2013; Lai et al. 
2023; Kumar et al. 2023a, b). The lower bound (LB) analy-
sis defines soil mass as the three-node triangular element 
with four unknown stresses under plane strain and axisym-
metric conditions. Stress discontinuities can exist along all 
shared edges of surrounding components (especially inter-
facial aspects) by modeling each triangle element with 
its unique nodes. The computation of LB is performed 
by employing the Second Order Cone Program (SOCP), 
which produces a stress field that satisfies the equilibrium 
equations at triangle elements and across stress discon-
tinuities, stress boundary conditions, and yield criteria. 
The LB SOCP optimization procedure aims to optimize 
the ultimate pressure influenced by the unknown nodal 
stresses. The upper bound calculations include dividing 
the soil mass around the shell foundation into triangu-
lar pieces with six nodes. Each node is coupled to two 
unknown velocities, which account for both plane strain 
and axisymmetric circumstances. The unknown speeds are 
the same between elements close to each other and are 
calculated using a quadratic formula inside each compo-
nent. It should be noted that velocity discontinuities can 
only occur in interface elements defined by soil footing 
interfaces. The kinematically acceptable velocity field to 
satisfy velocity boundary conditions and the compatibility 

Fig. 3   3D failure envelope 
through three dimensionless 
variables (V/V0, H/suTCB, M/
suTCB2) 

H/suTCB

M/suTCB2

V/V0

M/(suTCB2)

H/(suTCB)

tan( ) = M/(HB)

Failure Envelope

MHMH

Fig. 4   Establishing the 2D failure envelope for a specified value of V/
V0
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equations with the associated flow rule at triangular and 
interfacial pieces are generated by the UB computation's 
second-order conic programming (SOCP) formulation. 
The ultimate pressure (Krabbenhoft et al. 2019) is the 
goal of the UB SOCP optimization. UB solutions can be 
accomplished by utilizing the virtual work framework, 
which contrasts the work done by external loads with the 
internal energy dissipation at triangular interfacial parts.

In this study, numerical solutions of the capacity of rigid 
strip footings placed on anisotropic clays under combined 
loads are calculated utilizing the OptumG2 FELA software 
(Krabbenhoft et al. 2015). The typical model geometry for 
this problem is shown in Fig. 5. The interaction between 
the soil and footing is represented in the model by incor-
porating “no-tension” and “full-tension” conditions, which 
permit the underlying soil to “separate” or “not to separate” 
from the footing, respectively, as mentioned in the section of 
the problem definition. Soil elements are modeled by obey-
ing the AUS model. Additionally, the feature of a fan mesh 
is activated at both corners of the footing to enhance the pre-
cision of the calculated FELA outcomes. Limiting bound-
ary conditions for the model are assessed at a distance of 
6B extended laterally from the footing center and 3B below 
the soil surface. The width (B) of the strip foundation was 

maintained at 1.0 m throughout all analyses in this research. 
The right and left boundaries of the domain are specified 
as roller supports, permitting vertical movements while 
restricting lateral rotations and horizontal displacements. 
The top ground surface is unrestricted, allowing for move-
ment and deformation without any imposed constraints. On 
the other hand, the fixed support is employed to apply at the 
base boundary of the model, providing complete restraint 
against all rotations and translations.

The auto-mesh adaptive method in OptumG2 is employed 
to enhance the precision and dependability of numerical 
solutions. This technique adjusts the mesh density in spe-
cific regions based on the local solution characteristics. 
This auto-mesh adaptive process starts with an initial mesh 
configuration and employs error indicators to pinpoint areas 
within the domain where the solution exhibits inadequate 
representation. In the context of FELA, these commonly 
correspond to regions characterized by high shear dissipa-
tion. Once these areas are identified, the mesh is refined to 
enhance solution accuracy. In this study, five adaptive itera-
tions of mesh adaptivity are employed. This study initiated 
this process with 5,000 elements and concluded with 10,000 
elements to narrow the gap between lower and upper bounds 
solutions, yielding more precise and dependable outcomes. 

Fig. 5   FELA model of a strip 
footing under general loading in 
OptumG2

Fig. 6   An adaptive mesh pattern and boundary conditions
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Increasing the number of components in the sensitive areas 
may improve the accuracy of the results. The meshing pro-
cedures represent the original meshes' progression toward 
the intended value. The solutions remain unchanged since 
there are enough elements and processes. An illustration of 
the application of the auto-mesh adaptive method for the 
strip footing problem is depicted in Fig. 6.

The calculation process includes two main steps. In the 
first step, the limit load (V0) of strip footing, considering 
the anisotropic behavior of clay through a parameter (re), 
is first assessed by pure vertical applied load. In the second 
step, with a fixed vertical load (V) in the range [0, 0.2V0, 
0.4V0, 0.6V0, 0.8V0] applied to the strip footing, the value 
of load combination (H, M) is determined through the mul-
tiplier technique in FELA cooperating with the value of 
tan(β) as mentioned in Fig. 4. In total, there are 840 analy-
sis cases considering both “no-tension” and “full-tension” 
interface conditions with the ranges of (re, V/V0, β), as shown 
in Table. 1. Based on calculation results, the 2D failure enve-
lope (H/suTCB, M/suTCB2) with a range of V/V0 [0, 0.2, 0.4, 
0.6, 0.8] and 3D failure envelope (V/V0, H/suTCB, M/suTCB2) 
is presented and investigated in the later part.

Machine learning model

Artificial Neural Networks (ANNs) is a complex system 
inspired by human brain learning. This machine learning 
model is how people solve and learn a particular problem. 
Mainly, ANNs are a layer-organized network of intercon-
nected nodes, so-called artificial neurons, in which three 
types of essential layers define the architecture of neural 
networks and illustrate how the network transforms its input 
into the outcomes (Shams et al. 2020; Kapadia and Jariwala 
2021; Cherif et al. 2023; Saint-Fleur et al. 2023). Figure 7 
shows the architecture of a feed-forward, so-called multi-
ple-layer network with the input, hidden, and output layers, 
respectively. It should be noted that each node consists of 
its weights and biases, which are adjusted in the training 
process following the Levenberg-Madquardt backpropaga-
tion algorithm (Hagan and Menhaj 1994). The backpropaga-
tion process, as shown in Fig. 8, illustrates how the network 
adapts by comparing its output to the desired target. Initially, 
the inputs transform the neural network using a transfer 

function, resulting in the output. If the output and target 
comparison do not meet the required criteria, the network 
adjusts its weights and iterates until it achieves a suitable 
fit. This dynamic and iterative process enables the network 
to learn and optimize its performance efficiently. This back-
propagation has the advantage of being ten to one hundred 
times faster than algorithms such as Gradient Descent but 
requires more memory.

This paper proposes the application of artificial neural 
networks to determine the dimensionless horizontal load 
(H/suTCB) and bending moment factor (M/suTCB2) of the 
strip footing on anisotropic clay under combined loading 
through the correlation equations. Based on these equations, 
the practitioners can quickly determine the 2D failure enve-
lope (H/suTCB, M/suTCB2) with the range of V/V0 [0, 0.2, 0.4, 
0.6, 0.8] and also the 3D failure envelope (V/V0, H/suTCB, 
M/suTCB2). The inputs to the ANN model include (re), the 
vertical load mobilization (V/V0), and different (β) angles, 
respectively.

The ANN is implemented in MATLAB code (Beale et al. 
2010), in which the size of input layer Qx3 (re, V/V0, β) and 
the outcomes layer Qx2 (H/suTCB, M/suTCB2), where Q is 
number 420 cases. In this study, 420 data points are ran-
domly allocated into three sets: 70% for training, 15% for 
validation (to prevent overfitting), and 15% for an independ-
ent test of network performance. A two-layer feed-forward 
network with tan-sigmoid hidden neurons and linear output 

Table 1   Ranges of input parameters

Variable Selected values

V/V0 0, 0.2, 0.4, 0.6, 0.8
re 0.5, 0.6, 0.7, 0.8, 0.9, 1
β 0, 15, 30, 40, 50, 60, 70, 80, 90, 100, 

110, 120, 130, 140, 150, 160, 170, 
180

Fig. 7   The architecture of multi-layer networks

Fig. 8   The process of backpropagation



2381Modeling Earth Systems and Environment (2024) 10:2375–2392	

1 3

neurons is applied, and the chosen number of neurons in 
the hidden layer is selected and discussed in the next part. 
As a result, optimal weight and bias, so-called “Neural Net-
work Constants”, are generated and applied to investigate 
the sensitive analysis of each parameter toward their out-
puts (Abdollahi et al. 2021; Ahmad et al. 2022; Kumar et al. 
2023a, b).

Results and comparisons

Verification

A comparison of failure envelopes of strip footing in clay 
in the (H/suTCB, M/suTCB2) space with the cross-section of 
V/V0 = 0 (no vertical load) between the present study and 
the previous numerical solutions suggested by Ukritchon 
et al. (1998) is presented in Fig. 9. It is noted that the case of 
isotropic clays is carried out by setting re = 1, meaning that 
the AUS failure criterion becomes the Tresca failure crite-
rion. This figure shows that the failure envelope exhibited 
an elliptical shape that rotated away from the positive H/
suTCB-axis. The current results show a favorable comparison 
with existing results. The current solutions are higher than 
the previous solutions. This difference arises because dif-
ferent mathematical forms of failure criteria are employed. 
The previous solutions utilized the Tresca model, while this 
study adopts the AUS model. The agreement between the 
previous solutions and the current results derived from the 
FELA analysis in the failure envelopes in (H-M) space of 
strip footing, is in good agreement with Ukritchon et al. 
(1998).

FELA results

To investigate the 3D failure envelope (V/V0, H/suTCB, M/
suTCB2) considering the effect of anisotropic behavior of clay 
and soil-footing interface interaction, 2D failure envelopes 
(H/suTCB, M/suTCB2) with a range of V/V0 [0, 0.2, 0.4, 0.6, 
0.8] are investigated and shown in Figs. 10, 11, 12, 13, 14 
and 15. These failure envelopes in the H-M space exhibit 
asymmetry relative to the H-axis and M-axis, with the extent 

H/suTCB

M/suTCB2

Ukritchon et al. (1998)

Present study

V/V0 = 0

Fig. 9   A comparison of failure envelopes for  strip footings on iso-
tropic clays between the current study and the existing  results from 
Ukritchon et al. (1998)

Fig. 10   Failure envelopes of 
strip footings with re = 0.5

H/suTCB

M/suTCB2

H/suTCB

M/suTCB2

V/V0 = 0
V/V0=0.2

V/V0=0.4

V/V0=0.6

V/V0=0.8

re = 0.5

V/V0 = 0

V/V0 = 0.2

V/V0 = 0.4

V/V0 = 0.6

V/V0 = 0.8

(a) No tension (b) Full tension

V/V0 = 0-0.8
V/V0 = 0-0.8

V/V0 = 0; 0.2
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Fig. 11   Failure envelopes of 
strip footings with re = 0.6

(a) No tension (b) Full tension

H/suTcB

M/suTCB2

V/V0 = 0

V/V0=0.2
V/V0=0.4

V/V0=0.6
V/V0=0.8

re = 0.6

V/V0 = 0

V/V0 = 0.2
V/V0 = 0.4
V/V0 = 0.6

V/V0 = 0.8

H/suTCB

M/suTCB2

V/V0 = 0-0.8

V/V0 = 0-0.8

V/V0 = 0; 0.2

Fig. 12   Failure envelopes of 
strip footings with re = 0.7

(a) No tension (b) Full tension

H/suTCB

M/suTCB2

H/suTCB

M/suTCB2

V/V0 = 0

V/V0=0.2

V/V0=0.4

V/V0=0.6

V/V0=0.8

re = 0.7

V/V0 = 0.0
V/V0 = 0.2
V/V0 = 0.4
V/V0 = 0.6
V/V0 = 0.8

V/V0 = 0-0.8

V/V0 = 0-0.8

V/V0 = 0; 0.2

V/V0 = 0

V/V0 = 0.2

V/V0 = 0.4

V/V0 = 0.6

V/V0 = 0.8

Fig. 13   Failure envelopes of 
strip footings with re = 0.8

(a) No tension (b) Full tension

H/suTCB

M/suTCB2

H/suTCB

M/suTCB2

V/V0 = 0

V/V0=0.2

V/V0=0.4
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of asymmetry influenced by the loadings combination and 
anisotropic strength ratios (re). As shown in Figs. 10, 11, 
12, 13, 14 and 15 for cases of re [0.5, 0.6, 0.7, 0.8, 0.9, 
1], the magnitude of the failure envelopes is significantly 
impacted by the values of re. An increase in re results in an 
increase in the size of the failure envelope. An increase in 
(re) leads to a greater obliqueness of the failure envelopes. 
In both interface conditions (full-tension and no-tension), 
the appearance of the envelopes for the different values of 
re is in a similar pattern. For full-tension cases, the case of 
V/V0 = 0 expresses the largest H-M failure envelope for all 
values of re. Note that the contour dimensions are similar in 
both V/V0 = 0 and 0.2 for the case of full-tension conditions. 
Moreover, as the normalized vertical load component (V/V0) 
increases, the horizontal-moment capacity decreases, result-
ing in the failure envelope contracting towards the origin. 
On the contrary, in cases of no-tension interface, the size of 

the failure envelope for the case of V/V0 = 0 is smallest and 
located at the origin point (0,0) because the footing cannot 
withstand any lateral force induced from H and M loadings 
owing to the soil-footing interface having zero tensile stress. 
However, in cases of no-tension interface when the value of 
V/V0 increases, the size of the failure envelope becomes big-
ger since the applied vertical force can enhance the capacity 
at the connection between the footing and underlying clay.

Figures 16a, b illustrate the 3D failure envelopes (V/V0, 
H/suTCB, M/suTCB2) under two conditions: no-tension and 
full-tension, respectively. In this 3D diagram, the x-axis, 
y-axis, and z-axis represent the non-dimensional load vari-
ables of H/suTCB, M/suTCB2, and V/V0, respectively. The 3D 
failure envelope in no-tension and full-tension cases gener-
ally takes the form of an ellipsoid rotating along the ver-
tical axis, arising from the favorable H/suTCB. The asym-
metry arises due to the physical fact that combinations of 

Fig. 14   Failure envelopes of 
strip footings with re = 0.9

(a) No tension (b) Full tension
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Fig. 15   Failure envelopes of 
strip footings with re = 1

(a) No tension (b) Full tension
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horizontal and moment loads acting in the same direction 
are not equivalent to those acting in opposition. The diagram 
lacks symmetry when V/suTCB = 0.

In the upper part of the 3D failure envelopes where V/V0 
is larger than 0.6, the case with full-tension interaction is 
larger than the one with no-tension interaction. In the lower 
part of the 3D failure envelopes where value of V/V0 is less 
than 0.6. For the no-tension case, it is found that the size of 
the cross-section of the failure envelope diminishes when the 
value of V/V0 becomes zero. Without any tensile resistance 
or vertical load (V/V0 = 0), the strip foundation would fail 
when subjected to a moment at low vertical loads, resulting 
in a diminished foundation capacity. Furthermore, the size 
of the 3D envelope of the full-tension case is much bigger 
and more asymmetric than another no-tension case when the 

value of V/V0 is less than 0.6. The reason for these problems 
can be explained through the failure mechanism, as illus-
trated in Figs. 17 and 18.

The deformation patterns at failure obtained from FELA 
solutions with “no-tension” and “full-tension” conditions 
for the cases of re = 0.5 and 1 are shown in Figs. 17 and 18, 
respectively. It can be found in Figs. 17 and 18 that a com-
bined sliding and rotating mechanism governs the failure. 
As shown in Fig. 17, for the no-tension cases, the separation 
between the footing and clay is recorded. In this case, the 
moment component increases (resulting in a decrease in hor-
izontal capacity), and the sliding mechanism transitions into 
a shallow scoop for both re = 0.5 and 1. It can be explained 
that, in no-tension cases, the failure pattern is primarily 
driven by the impact of moment rather than the horizontal 

Fig. 16   Examples of 3D failure 
envelopes

(a) No tension

(b) Full tension 

H/suTCB

M/suTCB2

V/V0

H/suTCB

M/suTCB2

V/V0
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force. This phenomenon results in a scoop-wedge mecha-
nism, with the scoop component gaining greater significance 
as the moment increases. As shown in Fig. 18, since the 
interface between the clay and the footing is considered 
under the full-tension condition, there is no separation even 
though the footing is subjected to a sizeable horizontal load 
and moment. A non-symmetric wedge mechanism can be 
seen in Fig. 18. On other sides, it is noted that the anisotropic 
ratio (re) has a small impact on the failure patterns, as shown 
in Figs. 17 and 18.

To enhance the understanding of the failure mecha-
nisms of this problem, a comparison of failure mecha-
nisms under varying combinations of horizontal load and 
bending moment is shown in Fig. 19 for cases of full-
tension interface. In that, the incremental deviatoric strain 
contours are used to express the failure patterns. Seven 

cases are examined, corresponding to different values of 
β angles, including β = 0°, 30°, 90°, 110°, 140°, 170°, and 
180°. The failure mechanism is resulted from a combi-
nation of rotational and translational modes. The modes 
of horizontal displacements and rotations are created by 
applying the horizontal force and bending moment. The 
failure condition is generally associated with the sliding 
slip surface beneath the foundation, which behaves mostly 
like a scoop mechanism. In the first quadrant, where the 
(β) angle ranges from 0° to 90°, the maximum moment 
capacity is achieved since both horizontal load and 
moment are applied on the footing in the same direction. 
The plastic zone expands as (β) approaches 90°, leading 
to a wedge-scoop-wedge mechanism. This differs from 
the scoop-wedge mechanism noticed in the second quar-
ter (with β ranging from 90° to 180°), where the directions 
of horizontal force and bending moment are different. It is 
noteworthy that the extent of the plastic zone diminished 
until (β) reached 180°, at which point the failure mecha-
nism at β = 180° became indistinguishable from that at 
β = 0°. The optimal mechanisms for H/suTCB values just 
below or above M/suTCB2 lead to backward (reverse to H) 
and forward foundation translation in addition to rotation.

ANN results

To select the optimal ANN model, in this study, the per-
formance functions for feedforward networks are mean 
square error (MSE) and the coefficient of determination 
(R2) between the network outputs and the target outputs. 
As shown in Fig. 20 for full-tension cases, the number of 
neurons is varied from 1 to 11 to investigate the impact of 
a number of neurons on the value of MSE and R2. It should 
be noted that lower MSE values are better, and R2 close to 1 
means a close relationship. As a result, the optimal selection 
for the full-tension conditions uses 8 neurons in the hidden 
layer for the ANN architecture with the MSE and R2 equal 
to 0.0006 and 0.9988, respectively. It means that the optimal 
ANN architecture utilized to predict the dimensionless hori-
zontal load (H/suTCB) and bending moment ratio (M/suTCB2) 
of the investigated strip footing on anisotropic clay are 3-8-2 
(three input, eight hidden, and two output neurons). The 
analysis process will be carried out similarly in the cases of 
no-tension, as shown in Fig. 21. The optimal ANN model for 
cases of no-tension is also 3-8-2. After the updating weighs 
and bias in the training process, these optimal Neural Net-
works Constants values are shown in Tables 2 and 3.

The neural networks constants could be used to create 
the correlation equation between the three input variables 
(re, V/V0, β) and the two outputs (H/suTCB, M/suTCB2). As a 
short description, the correlation equation can be expressed 

re = 0.5

re = 1

Fig. 17   Failure patterns of strip footings with no-tension interface, 
where V/V0 = 0.4

re = 0.5

re = 1

Fig. 18   Failure patterns of strip footings with full-tension interface, 
where V/V0 = 0.4



2386	 Modeling Earth Systems and Environment (2024) 10:2375–2392

1 3

Fig. 19   Examples of failure 
mechanisms along the surface 
of a 2D failure envelop of a strip 
footing under general loading
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Fig. 20   The Mean Square Error (MSE) and Coefficient of determination (R2) of the number of selected hidden neurons for full-tension cases
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through the hyperbolic tangent sigmoid (Tansig) function 
as shown in Eq. (6).

where yn is normalized output, W12 and W23 are the weight 
matrices value in hidden layer with tansigmoid and output 
layer with linear transfer function, b1 and b2 are the bias 

(6)yn =

[

Nh
∑

h=1

W23tansig

(

n
∑

i=1

{

W12xNi
}

+ b1

)

+ b2

]

matrices in hidden and output layer, respectively, xNi are the 
normalized input values in the range (hmin, hmax) = (– 1,1) 
and is calculated in Eq. (7); Ni and Nh are the number of 
input and hidden neurons.

(7)xNi =
xi − xmin−i

xmax−i − xmin−i

(

hmax − hmin
)

+ hmin
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Fig. 21   The Mean Square Error (MSE) and Coefficient of determination (R2) of the number of selected hidden neurons for no-tension cases

Table 2   Weights and Bias of 
the ANN model for full-tension 
cases

Neuron W12 b12 W23 b23

Input variables Output

re V/V0 β H/suTCB M/suTCB2

1 0.1797 1.9045 1.0338 – 2.7454 0.5397 0.1665 – 1.1005 – 6.2164
2 0.1110 0.0156 0.6109 – 1.1192 – 5.1610 – 2.2676
3 – 0.0370 0.2793 – 0.0609 0.1564 – 4.2810 – 8.6456
4 – 0.0467 0.8478 4.0437 2.4346 – 0.1956 – 0.3536
5 0.0201 0.6080 – 0.0225 0.2852 2.1402 3.9972
6 0.1289 – 0.1028 – 3.4743 – 3.0350 1.4163 – 3.9180
7 0.0676 – 0.0838 1.6644 – 2.5432 2.1471 – 4.0740
8 – 0.1151 0.0591 4.2550 3.6564 1.3008 – 2.2507
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The ANN prediction is determined by Eq. (8), which is 
the reverse normalizing of the normalized values of input 
and output variables of training data.

To be more precise and applicable for practical engi-
neering, the detailed calculation described below shows an 
example of calculating the predicted value of (H/suTCB, M/
suTCB2) in the case of (re = 0.5, V/V0 = 0, β = 0), with full-
tension condition. The simple three steps include:

1. The normalized values for three input variables (re, V/V0, 
β), xNi = (-1, -0.5, -0.8333) are given by Eq. (7).

2. Substitute the value of xNi into the formulas following 
Eq. (6) below.

(8)y =
(

yn − hmin
)

(

y0−max − y0−min
)

(

hmax − hmin
) + y0−min

N1 = tansig
(

0.1791re + 1.9045V∕V0 + 1.0338� − 2.7454
)

= −0.9998

N2 = tansig
(

0.1110re + 0.0156V∕V0 + 0.6109� − 1.1192
)

= −0.9410

N3 = tansig
(

−0.0370re + 0.2793V∕V0 − 0.0609� + 0.1564
)

= 0.1042

N4 = tansig
(

−0.0467re + 0.8478V∕V0 + 4.0437� + 2.4346
)

= −0.8649

N5 = tansig
(

0.0201re + 0.6080V∕V0 − 0.0225� + 0.2852
)

= −0.0200

N6 = tansig
(

0.1289re − 0.1028V∕V0 − 3.4743� − 3.0350
)

= −0.2139

N7 = tansig
(

0.0676re − 0.0838V∕V0 + 1.6644� − 2.5432
)

= −0.9993

N8 = tansig
(

−0.1151re + 0.0591V∕V0 + 4.2550� + 3.6564
)

= 0.1936

H∕suTCB = 0.5397N1 − 5.1610N2 − 4.2810N3 − 0.1956N4 + 2.1402N5

+ 1.4163N6 + 2.1471N7 + 1.3008N8 − 1.1005 = 0.7003

3. The predicted value in the instance of (re = 0.5, V/V0 = 0, 
β = 0) is given by Eq. (8).

(A) For H/suTCB

(B) For M/suTCB2

FELA results for the case of (re = 0.5, V/V0 = 0, β = 0) 
with (H/suTCB, M/suTCB2) = (0.6665, 0.1786) where ANN 
prediction is (0.7003, 0.2020). The error between the ANN 
prediction and the FELA results is less than 12.00%.

According to the above calculation, all predictions for 
both full-tension and no-tension cases from the ANN model 
are compared with FELA results, as shown in Figs. 22 and 
23, respectively. The prediction results agreed with the 
FELA results, with MSE and R2 values of (0.0006, 99.88%) 
and (0.00013, 99.57%) for full-tension and no-tension condi-
tions, respectively. As a result, the suggested equation can 
be utilized confidently to calculate dimensionless horizon-
tal force (H/suTCB) and bending moment (M/suTCB2) of the 
strip footing on anisotropic clay under combined loading. It 
should be noted that the prediction may be inaccurate if the 
parameter input value is out of training data.

M∕suTCB2 = 0.1665N1 − 2.2676N2 − 8.6456N3 − 0.3536N4 + 3.9972N5

− 3.9180N6 − 4.0740N7 − 2.2507N8 − 6.2164 = −0.4504

y =
(

yn − hmin
)

(

y0−max − y0−min
)

(

hmax − hmin
) + y0−min = 0.7003

y =
(

yn − hmin
)

(

y0−max − y0−min
)

(

hmax − hmin
) + y0−min = 0.2020

Table3   Weights and Bias of 
the ANN model for no-tension 
cases

Neuron W12 b12 W23 b23

Input variables Output

re V/V0 β H/suTCB M/suTCB2

1 – 0.1113 1.3186 0.8764 – 1.9487 0.5434 1.4619 1.9494 – 5.9733
2 – 0.0354 0.5096 1.2221 – 1.2101 – 0.5360 – 6.3716
3 0.0609 – 0.8485 0.4135 – 0.7521 – 4.9188 – 0.7339
4 0.1039 0.5186 0.4006 0.8191 2.8575 0.1561
5 – 0.0217 0.7081 0.4908 0.4999 – 2.9650 1.6990
6 – 0.0306 – 0.2940 – 2.2199 1.4255 0.2433 – 2.1190
7 – 0.0054 – 0.6041 0.4395 – 1.0194 7.0870 – 2.0440
8 0.1035 – 0.7711 1.1624 1.1374 – 0.3559 2.1609
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Design example

As reference practical instruction for practitioners in apply-
ing ANN results to establish 2D and 3D failure envelopes 
of a strip footing on anisotropic clay under general loading 
(V-H-M), the paper presents a practical example, as follows:

A strip footing on clay characterized by anisotropic soil 
behavior has to be designed to determine the failure enve-
lope under combined loading. The strip foundation meas-
uring B = 2 m in width lies on the surface of anisotropic 
clay. The interface condition between the clay and founda-
tion is supposed to be “full-tension”. It is given that re = 0.6, 
suTC = 50 kPa. Assume that β is from 0° to 180°, V/V0 = 0.2, 
and V0 is defined as a function of re, presented in Table 4.

From Table 4, it can be noted that the value of V0/suTCB 
becomes equal to 3.838 since re = 0.6. On substituting the 
value of B and suTC, it can be seen that V0 = 383.8 kN and 
V = 76.76 kN. Let re = 0.6, V/V0 = 0.2. For β = 30°, the values 
of the factors H/suTCB and M/suTCB2, using Eqs. (6–8), are 
0.4276 and 0.2469, respectively. Therefore, the design will 
provide the value of H = 42.76 kN and M = 49.38 kNm in 
the full-tension condition. Similarly, a sequence of investi-
gations is conducted by altering β angles to obtain the cor-
responding lateral and bending moment loads. According to 
this procedure, a graph depicting the relationship between 
H and M is produced as shown in Fig. 24. Furthermore, by 
varying the V/V0 from 0 to 1, the 3D failure envelope of strip 
footing on anisotropic clay for case (B = 2, suTC = 50 kPa, 
re = 0.6) can be established, as shown in Fig. 25.
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Fig. 22   The comparison between the results of ANN predictions and FELA results for the full-tension cases
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Conclusions

The paper studied the failure envelopes of strip footing in 
anisotropic clay under general loading (V-H-M) by applying 
the lower bound solutions of 2D FELA and artificial neuron 
networks (ANN). The results of the paper are summarized 
as follows:

1.	 The effect of the anisotropic behavior of clay on the 
bearing capacity of the investigated strip footing under 
general loading (V-H-M) is carefully investigated 
through the 2D failure envelope (H/suTCB, M/suTCB2) at 
various cross-sections (V/V0 = 0, 0.2, 0.4, 0.6, 0.8) of 
the 3D failure envelope (V/V0, H/suTCB, M/suTCB2). As 
a result, an increase in (re) makes the 2D failure enve-
lope bigger, but does not affect much on the change of 
the shape of the failure envelope.

2.	 The impacts of the interface interaction between soil 
and footing are investigated through 2D and 3D failure 
envelopes and failure mechanisms. The results show 
that the shapes of the 3D failure envelopes between no-
tension and full-tension cases are different. In the upper 
part of the 3D failure envelope where V/V0 is larger than 
0.6, 3D failure envelopes in full-tension cases are larger 
than those in no-tension cases. The reason can be found 
through the failure mechanism of the investigated strip 

footing where the soil and footing are separated due 
to the setting of no-tension conditions at the interface 
of soil and footing. In the lower part of the 3D failure 
envelope where V/V0 is less than 0.6, the shapes of 3D 
failure envelopes seem to be likely symmetry in no-ten-
sion cases and asymmetry in full-tension cases.

3.	 The ANN model is applied in this study to propose an 
efficient tool for practical engineering to build 2D space 
(H/suTCB, M/suTCB2) and 3D failure envelope (V/V0, H/
suTCB, M/suTCB2. In detail, the correlation equations are 
proposed to show the relationship between (H/suTCB, M/
suTCB2) and (re, V/V0, β). As a result, with the instance 
value of the input design parameter, i.e., (re, B, suTC), the 
2D failure envelope (H/suTCB, M/suTCB2) and 3D failure 
envelope (V/V0, H/suTCB, M/suTCB2) can establish quickly 
and high accuracy. As reference practical instruction, a 
practical example with careful explanations is presented 
for practitioners.
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