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Abstract

The evolution of atherosclerotic plaque is in general a complex phenomenon, which is yet to be perceived completely. The
present work deals with a simple reaction—diffusion model system to describe the early onset of atherosclerotic plaque for-
mation. Both the non-spatial and spatial systems are studied analytically and numerically. The non-spatial system has been
found to be globally stable, and hence, it can withstand considerable variation in parameter values leading to some assistance
for various clinical investigations on atherosclerosis. The results based on model parameter values reveal several bifurcation
diagrams with respect to significant model parameters with biological implications for the non-spatial system. Moreover,
necessary condition for diffusive instability of a locally stable equilibrium is included in the present work to understand the

dynamical behaviour of the system.
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Introduction

Atherosclerosis is a chronic inflammatory disease occurring
due to plaque accumulation in the innermost layer of the
artery. It is the primary cause of heart attack (acute myo-
cardial infarction) and stroke (cerebrovascular accident),
resulting in 900, 000 deaths per annum in US in particular
and 13 million death worldwide, in general (Hao and Fried-
man 2014).

Atherosclerosis is a non-symptomatic disease, which
takes about 14-15 years to produce symptoms and can start
as early as from infancy. Numbness or pain in certain body
parts is the early symptoms of this disease depending on
the site where the plaque builds up (Ougrinovskaia et al.
2010). Usually, atherosclerotic plaque consists of low-den-
sity lipoprotein (LDL), macrophages, smooth muscle cells
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(SMCs), platelets, and debris. The plaque builds up in the
intima, and in the long run, it grows beyond a certain limit
exerting immense pressure on the endothelium wall. Then,
endothelium wall breaks down and the plaque bulges into
the lumen which restrains smooth blood flow in those body
parts causing pain or numbness as the early symptoms of
atherosclerosis (Libby et al. 2002).

A large number of clinical investigations (Libby et al.
2002; Malek et al. 1999; Gijsen et al. 2008) confirm that
the process of atherosclerotic plaque formation starts with a
lesion in the endothelium wall. Smoking is one of the lead-
ing causes of endothelial lesions (Pittilo 2000). Bad cho-
lesterol, that is, LDL enters into the intima through those
endothelial lesions and gets oxidised in the presence of free
radicals in the intima. The immune response to this oxida-
tion process signals endothelium cells to recruit monocytes
and T cells. In intima, monocytes are differentiated into
macrophages in the presence of scavenger receptors. Mac-
rophages phagocytose oxidised LDL particles and eventually
form foam cells (lipid-laden cells) (Little et al. 2009; John-
son and Newby 2009; Gui et al. 2012). Foam cells together
with the dead macrophages, cell debris form atherosclerotic
plaque.

Since the atherosclerotic plaque formation usually takes
about 14-15 years to become symptomatic, its clinical
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investigations are very expensive and time consuming. Vari-
ous mathematical models were made use of to study the
mechanism of interactions of the cellular components over
the past few years (Hao and Friedman 2014; Ougrinovskaia
et al. 2010; McKay et al. 2005; Cobbold et al. 2002; Cohen
et al. 2014; Bulelzai and Dubbeldam 2012; Anlamlert et al.
2017; Ibragimov et al. 2005; Friedman and Hao 2015), to
investigate the dynamical response of atherosclerotic plaque
models. An extensive list of previous work done on athero-
sclerosis can be found in Parton et al. (2015). Very recently,
a mathematical model was proposed by Guo et al. (2018)
with the introduction of intraplaque neovascularisation and
hemodynamic computation with plaque destabilisation for
the purpose of having an estimate of the effect of neo-angi-
ogenesis and intraplaque haemorrhage in the formation of
atherosclerotic plaque quantitatively. With the advancement
of matured plaques, vascular smooth muscle cells are replen-
ished from media to synthesise a fibrous cap that stabilises
the plaque and sets apart the plaque content from blood-
stream. The fibrous cap protects against the clinical issue of
atherosclerosis. For reasons unknown, it is often observed
that certain plaques become stable and robust, while others
become fragile and alarmingly sensitive to rupture. With this
motivation, a multiphase model has been taken up by Wat-
son et al. (2018) subsequently to investigate early fibrous cap
formation in the atherosclerotic plaque. The present authors’
recent work (Mukherjee et al. 2019) comprises of a nonlin-
ear ODE model of atherosclerosis including ten relevant cel-
lular components involved in the plaque formation process.
The model is subsequently reduced with quasi-steady-state
approximation theory. A detailed analysis of the reduced
model has been performed there and effect of the wall shear
stress of the artery wall in atherosclerosis is adequately
incorporated.

The present article focuses on a simplified model com-
prising the basic interaction of macrophage phagocytosing
oxidised LDL in atherosclerotic plaque formation. A reac-
tion—diffusion model system of two partial differential equa-
tions involving one-spatial dimension is being considered to
address the phagocytosing process. The present model can
be biologically interpreted as, even a small perturbation in
the non-inflammatory state can lead the chronic inflamma-
tory reaction in presence of large LDL concentrations.

In “Formulation of the model”, an one-dimensional
reaction—diffusion model of atherosclerosis is introduced;
in “Rescaled model”, the model is duly non-dimensional-
ised, while the stability analysis of the non-spatial model
is provided in “Kinetic model”. “Stability analysis in the
presence of diffusion” deals with the stability analysis of
the spatial model system; “Numerical simulation” takes
into account the numerical simulation and discussion of the
results obtained, and finally, “Concluding remarks” covers
the concluding part of this article.
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Formulation of the model

To represent the biochemical process through a suitable
mathematical model, a few assumptions are being consid-
ered. The present model is focused on the key aspects of
the plaque formation process. Only the interactions between
oxidised LDL and macrophages are considered for the model
formulation.

The basic equations over a domain 2 =[0,L] CR as
described in Fig. 1 inside the intima, under the assumption
that oxidised LDL (X) and macrophages (M) are diffusing
according to Fick’s law in (2 are:

X MX < .
— =K - p,—— —d X +y,V*X, 2.1
5 P 51% X 71 2.1
M D% + R, IOXH - 0, M5 _ a1 + 1,920,
ot o0+X

(2.2)
where V2 = £ with the initial conditions X(0,x) >0,

o2’
M(0,x) > 0,Vx € 2. The domain being considered is
entirely within intima, and so, boundary conditions can
be assumed to be zero-flux conditions ‘;—X =M _0in
00 % (0, 00), where n is the outward norma? VeCth’ of the
boundary 0£2, which is assumed to be smooth. The choice
of such boundary conditions implies that the oxidised LDL
and the macrophages cannot leave the domain during the
plaque formation process.

Equation (2.1) denotes the evolution of concentration of
oxidised LDL as long term oxidised LDL influx rate K
(Ougrinovskaia et al. 2010), ingestion of oxidised LDL by
macrophages p,; x_—é, loss of oxidised LDL dxff , and the cor-
responding diffusion term D, V2X. Equation (2.2) represents
the change of concentration of macrophages as macrophage
influx DX + fR(X, M)XM (Ougrinovskaia et al. 2010), reduc-
tion in macrophage capacity due to phagocytosing oxidised

X

LDL P25z death of macrophages d,,M, and the corre-

Media

Fig.1 Cross-section of an artery
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sponding diffusion term D,V?M. The parameters K, D, f
have similar meaning as of Ougrinovskaia et al. (2010) and
6 is the half-saturation constant.

Rescaled model

For rescaling purpose, as in Ougrinovskaia et al. (2010),
R(X, M) = 1is assumed:

0X MX

o T 121+—X—X+D1V2X, (3.1
oM XM
= = 1 X + dp XM — d,y Tox dyyM + D, VM,  (3.2)
where,
X=X/6, M=M/s, t =7dy, x = %
K P
dy =—, dj, = —,
11 5dX 12 dX
71 D of P
D= dy ==, dyy = =, dyy = 2,
1 dXL2 21 dX 22 dX 23 dX
P
#Tdy TP a

Kinetic model

To determine various conditions for the onset of inflamma-
tory reaction, first, one should consider only the reaction part
of the system (3.1)—(3.2), as follows:

dXx MX

e TR Iy T .
dmM XM
& =dy X + dy XM — d231+_X = dyuM, (4.2)

with initial conditions X(0) > 0, M(0) > 0.
Stability analysis of the kinetic model

Positivity and boundedness

Theorem Let all the parameters of the system of Egs.
(4.1)-(4.2) be positive and I' be a region in Ri defined as,
F={X,.M)eR2|0<X <X,0<M<M}. Then, T is
positive invariant and all the solutions starting from I' are
uniformly bounded, and the parameters over bar are being
the respective upper bounds.

Proof First, one may make an attempt to prove the positive
invariant part.

Let (X(0),M(0)) e I

If possible, suppose X(#) be non-positive. Then, there
exists #, > 0, such that X(¢;,) = 0 and X(¢) > O for any ¢ sat-
isfying 0 < t < ¢,. Then, necessarily

dXx

= <
dt =t

This is a contradiction, because

X, M(1)X (1)

- TS TN - X(ty) =d;; > 0.

ar = =

Hence, X(¢) is positive V¢ > 0. Similarly,

174
O li=t, =d21X(ty) + dpp X(10)M (1))

X(1))M(1y)
- 23TX(¢@) — dyM(ty) = dy X(1) > 0.
Hence, X(7) is positive V¢ > 0. Next, the part of boundedness
may be shown as follows:
From Eq. (4.1), one may have:

= X(t) <d,, + K7,

where «, is a positive integrating constant. The term x,e™

vanishes as ¢ — oo. Therefore, X(f) < d,; as, t = oo, i.e., X(¢)
remains bounded V¢ > 0. Then, one may choose «a,, a posi-
tive constant, such that d,,X < a, < d,,. Next

dm XM

E = d21X + dZZXM - d231+—X - d24M
= dd_Af + d24M S dz]X + dszM
<a;+ao,M

[as X is bounded so one may assume d,; X < ay,

a positive constant ]

dM
= O + (dy — )M <
= M@ < % + Ky,

24 — @

where Kk, is a positive integrating constant. The term
K,e(~(@u=®) yanishes as t — oo, because (dyy, — @y) > 0.

Therefore, M(r) < d“‘a as, t — oo, i.e., M(t) remains
24— 4p

bounded V¢ > 0 (Anlamlert et al. 2017).
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Equilibrium points and their stability

The system (4.1)—(4.2) has a non-zero equilibrium position
E(X,,M.), where
X, is aroot of ayz® + a,z22 + a,z + a; = 0, where
ao = d22 > 0,
ay = —dy; —dydy —dyydyy — doy + dy,
ay = —dpdy| — dyy + dyzdy) +dyydy,
613 = d24d11 > 0.
— — 2
M, is obtained from M, = %
124e
The Jacobian of the system (4.1)-(4.2) is:

oMy — dX
7= awr T e
dyy +dpM — (lfx)z dpX — 25 —dy
_ [Fn FIZ] .
Iy Iy

Theorem 1 The system (4.1)—(4.2) is locally asymptotically

stable at E(X_, M.,) if:

(4.3)

(i) dpX, < 5 +dyyand

doyM,
(i) dp + d22M > (123&)
Proof The Jacobian of the system (4.1)—(4.2) at E(X,, M.) is:
dpM, _dpX,
|+X,)2 1+Xe
S = (1+X. dyyM, dyX,
dy +dpM, - (13:&,)2 dpX, = lixe —dy @.4)
— [Flle FIZS] .
FZle FZZe

The characteristic equation of _Z, is given by:
W +Au+A, =0,

where Ay = —(I'yj. + I )and Ay = (I Lo = T2 I o1)-
The system (4.1)—(4.2) is locally asymptotically stable at
E(X,, M,) if both the eigen-values of ¢Z, are real negative or
complex with negative real parts, i.e., according to Routh—
Hurwitz criterion iff A; > 0 and A, > 0. Clearly, I'};, <0.

Vl < _(X - Xe)2 + dlZ(XXeMe + XMXe)
7

——— ~
_Vll VlZ
Vy < —dy X(M — M,)?
|
_VZI

Therefore, if I),, < 0, i.e., dy,X, < d”Xe +d,,then A > 0.

When I'),, < 0 holds, and if I, > 0, then one has A, > 0.
Therefore, the condmons for locally asymptotic stability are

(i) dppX, < X, o+ dyy and (ii) dy + dp,M, > (ldzzil)
Theorem 2 The system (4.1)-(4.2) is globally stable at

X, M,) if:
Vip+ Vo <V + Vy,

where V.

j»I.J = 1,2 are defined in the proof.

Proof Consider

V=<X—Xe—Xeln§> + (M—Me—Meln%>

€
2
2V
i=1
where V; = (f; - f;, —f; In 7{_—;’), where f; = X,M fori=1,2,
respectively. ‘
Now, at E(X.,M.), the right-hand sides of equations
(4.1)—(4.2) are 0, and hence one obtains:

4.5)

d,—-d McX, X.=0
214X, B
= d,, =d MX, +X
=
1 2T x e
dy X + dpX M, — dy :_Xe —dyyM, =0

e

XM,
X[ dszM +d231

= d, = X,

+ d24M ]

Then, using these above equations and performing a straight
forward calculation, one may get:

(4.6)

+ dp M(MX + M.X,) + dpy(XM* + XM?) + dp3(MX M, + XMM,,) .
. ~

g

V22
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Hence, if

Vip+ Vo <Vi +Vy, 4.7)
then one may have:
vV <0. (4.8)

Also from Eq. (4.6), it is clear that V = 0 at E(X,, M,).
Hence, by Lyapunov-Lasalle’s invariance principle (Hale
1969), the proof follows. O

Bifurcation analysis

Theorem 3 The system (4.1)—(4.2) exhibits a saddle-
node bifurcation around the equilibrium point E(X,, M) at

Proof Let the Jacobian matrix corresponding to (4.1)—(4.2)
at E(X,,M.,) be:

_ (Tie 1) 12e]
s [F 2te Ioel”
where details of Fl-je are provided in (4.4). The matrix _# has

a zero eigen-value iff det # = 0. Solving det ¢ = 0, one gets:

_ =P  _ s
d23 = m = d23 , where

(4.9)

P =—dpX,” = 2dpX,? +dyyX,” +d)X, dy)
+d;,M,dyX,?
—dpX, +d X, dy +2dyy X, + d ;M dyy + doy.

The other eigen-values of ¢ are evaluated at d,; = d%"],
and one of them must be negative to get a saddle-node bifur-
cation. Let y and § be the eigen-vectors corresponding to
the eigen-value 0 of the matrix _¢ and its transpose 7",

respectively.

The eigen-vectors are obtained as: y = [zl] and § = [51],
2

where 6, for k=1,2 are the roots of the system
Zi:l Iy 0, =0fori=1,2and g for k = 1,2 are the roots
of the system Z:=1 [0, =0fori=1,2.

Denote RHS of (4.1)-(4.2) by G. Then, one may evaluate
G, It is clear from the expressions on RHS of (4.1)-(4.2)

0 0
that Gy, = [—MX]' Therefore, Gdﬂ(E(Xe,Me),d%”]) = | -mx |
- X - 14X,
Therefore, one may obtain then:

771Gy, (EX, M), dyy") = =8, =" #£0. Also, one
may see that " (D*G,, (E(X,, M), dg;"])(y/, w)) # 0, where

D? operator is explained in detail in Perko (2008). Following
Sotomayor’s theorem given in Perko (2008), one may con-
clude that at d,; = d%”], the system (4.1)—(4.2) goes through
a saddle-node bifurcation. O

Stability analysis in the presence of diffusion

The spatial model (3.1)—(3.2) is considered in this section.
In (3.1)=(3.2), D, and D, are the dimensionless self-diffu-
sion coefficients of oxidised LDL and macrophages respec-
tively. To study the effect of diffusion in the spatial model
(3.1)-(3.2), first, one should linearize the system (3.1)—(3.2)
about the non-zero equilibrium E(X,, M.) as follows:

oU
= =I,, U+ I,,V+D VU, 5.1
v

= =l U+ IV + D,V?V, (5.2)

where X =X, + U, M = M, + V, and I';_has similar expres-
sions as described in Theorem 1 fori,j = 1,2. Here, (U, V)
are small perturbations of (X, M) about the equilibrium point
E(X.,M.). One may assume that

Ul _ | pAttike
Vv v, ’

where 4 > 0, v; > O represent the amplitude (i = 1,2) and k
is the wave number of the perturbation in time 7. The system
(5.1)—(5.2) becomes:

oUu
= =Tie =DiROU + IV, (5.3)
av
5 ~TaeU+ e — Dyk*)V. (5.4)

At E(X,,M,), the characteristic equation of the linearised
system (5.3)—(5.4) is:

P +AA+A, =0,

where A, = A, + (D, + D)k* and A, =A, — (DI +
D, Iy, K> + D D,k*.

Theorem 4 Ifd,,X, < % + d,,, the stability of the non-
spatial system (4.1)-(4.2) at E(X,, M,) implies the stability
of the diffusive system (3.1)—(3.2).

Proof The stability of the non-spatial system (4.1)—(4.2) at
E(X.,M,) implies the stability of the spatial system (3.1)—
(3.2) at E(X,, M,)if A, > 0and A, > 0. According to Theo-
rem 1, we have A; > 0 and A, > 0. Therefore, clearly,

@ Springer
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Table 1 List of parameter

. Parameters Description Numeric values
values used in the model
dy, Cholesterol influx rate 2
dy, Rate of loss of oxidised LDL for consumption by macrophages 0.048
dy, Rate of endothelial response to oxidised LDL 0.1
dyy Rate of endothelial response to macrophages /T-cell cytokines 1
dys Rate of loss of macrophages for phagocytosing oxidised LDL 0.048
dyy Death rate of macrophages 0.24
200
=
s 1 3
3 I
3 s i
jo2l
§ ] = i
E 4
g 80 100
| | 23
0 05 1 15 2 25 3 35 4 45 5

Oxidised LDL (X)

Fig.2 Local stability of the non-spatial model (4.1)-(4.2) corre-
sponding to the parameter values from Table 1 and the red asterisk
denotes the equilibrium point where all the trajectories converge from
several initial positions

400,

3501 7

3001 7

200 7

150" 1

Macrophages (M)

100

50| 7

0 0.5 1 15 2 2.5 3 35 4 4.5 5
Oxidised LDL (X)

Fig.3 Global stability of the non-spatial model (4.1)—(4.2) corre-
sponding to the parameter values from Table 1 and the red asterisk
denotes the equilibrium point where all the trajectories converge from
several initial positions far away from the equilibrium point

A, > 0always. Suppose that A, = A, — H,k* + H,k*, where
Hl = Dlrzze + D2F11e and H2 = D]D2 Cleaﬂy Hz > O. AS

@ Springer

Fig.4 Bifurcation diagram of macrophages’ concentration with
respect to d,; keeping all other parameter values remain same as of
Table 1

Macrophages (M)

60 70 80 90 100

Fig.5 Bifurcation diagram of macrophages’ concentration with
respect to d,, keeping all other parameter values remain the same as
of Table 1

I'ii. <0,s0 H; < 0whenever I',,. < 0. This proves that the
diffusive system is also stable at E(X,, M,) under the same
condition as of non-spatial system which is expressed as

. dyX,
Iy, <0,ie.,dnX, < lee + dyy. O
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Fig.7 Panel of time-variant
concentrations of oxidised LDL
and macrophages corresponding
to three different values of D,
for a fixed D, at various specific
locationsax=2,bx=4,c
x=35

@ Springer

0.2488

0.2486

——D,=10, D,=0.001
——D,=100, D,=0.001
——D,=1000, D,=0.001

0.2484

0.2482

0.248

Oxidised LDL (X)

0.2478

0.2476

0.2474

0.2472
0

(a

0.2514

20

0.2512

——D,=10, D,=0.001
——~D,=100, D,=0.001
——D,=1000, D,=0.001

0.251

0.2508

0.2506

Oxidised LDL (X)

0.2504

0.2502

0.2498
0

(b)

0.2515

20

0.251

Oxidised LDL (X)

0.2505

(c)

0.25

—D,=10,D,=0.001
——D,=100,D,=0.001
—D,=1000, D,=0.001

20

Macrophages (M)

Macrophages (M)

Macrophages (M)

183

182.5

182

181.5

181

——D,=10, D,=0.001
——D,=100, D,=0.001
——D,=1000, D,=0.001

180.5

183

182.5

182

181.5

181

20

——D,=10, D,=0.001
——D,=100, D,=0.001
——D,=1000, D,=0.001

180.5
0

183

20

182.5f

1821

181.5f

1811

180.5

—D,=10,D,=0.001
—D,=100,D,=0.001
—D,=1000, D,=0.001

20



Modeling Earth Systems and Environment (2019) 5:1853-1865 1861
Fig.8 Spatial pattern of the 0.258 — 350 :
concentrations of oxidised LDL ::;288 ——1t=500
(in left) and macrophages (in —1t=100
right) for different time periods 0.256F t=gg
E—
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Theorem 5 The condition for diffusive-driven instability of
the system at E(X,, M,) is given by, A, + H,k* < H,K? i.e.,
if Ay + k*D\D, < (D, Iy, + D, T, k2.

Proof The spatial system undergoes instability if
A, <0. Now, from above A,=A,—H k> + H)k*,
where H, =D I, +D,I;,, and H,=DD,.
Therefore, A, <0 if A,+Hk*<Hk*, i.e., if
A, + k*D Dy < (DI, + DTy, K.

Numerical simulation

This section provides various numerical simulations for
both the non-spatial (4.1)—(4.2) and spatial (3.1)—(3.2)
dynamical system under consideration with the model
parameters included in Table 1. The non-negative equilib-
rium point E(X,, M,) of the non-spatial model (4.1)—(4.2)
is found to be X, = 0.2494464334, M, = 182.6730627, and
the eigen-values of _Z, at this equilibrium point are found
to be —6.349, —0.268, thereby ensuring the stability nature
of the model system under the usage of the parameter
values provided in Table 1. Figure 2 depicts the locally
asymptotically stable nature of the non-spatial model sys-
tem around the equilibrium point, whereas Fig. 3 shows
the global stability irrespective of the starting positions.
Thus, the stability of equilibrium position for non-spa-
tial model system is established both analytically and
numerically.

Figure 4 displays a bifurcation diagram of macrophages
with respect to the model parameter d,; of the non-spatial
model (4.1)—(4.2) over the specific range 0 < d,; < 60
while keeping all the remaining parameter values unaltered
as enlisted in Table 1. The instability occurs in the region
which is 0 < d,; < 60. The biological interpretation of the

bifurcation diagram may be made in a way that in the event
of decreasing the rate of loss of macrophages for phago-
cytosing oxidised LDL, the foam cell formation gradually
reaches a threshold level resulting in rupturing of endothe-
lium wall and plaque bulges into lumen obstructing the
smooth blood flow, and hence, an instability occurs in the
vascular region (Davis 2005).

On the other hand, the dynamical behaviour of concen-
tration of macrophages also experiences a bifurcation with
respect to d,,, as depicted in Fig. 5. The bifurcation dia-
gram is plotted by treating concentration of macrophage as
a function of d,, with the range of values 0 < d,, < 100.
The chaotic region is observed for the range 0 < d,, < 50
and beyond which the stability has been found to prevail
because of period halving experience of the model system.
From biological point of view, this diagram ensures that
when the death rate of macrophage decreases, the number of
active macrophage increases in the intima to consume more
oxidised LDL, and hence, accumulation of plaque increases
eventually leading to the instability of the vascular region
(Libby et al. 2002).

The panel of pictures exhibited in Fig. 6 illustrates the
characteristic of time-variant concentrations of oxidised
LDL and macrophages corresponding to three different
values of D, = 0.001,0.01 and 0.1 for a specific value of
D, = 102 at three spatial locations of x = 2,4 and x = 5. It
appears that the decreasing diffusivity of the macrophages
causes an enhancement of the oxidised LDL and reduction
of macrophages at the onset resulting in a gradual increas-
ing—decreasing trend for oxidised LDL and reverse decreas-
ing—increasing trend for macrophages with large passage of
time. These trends are maintained at all the spatial sites dif-
fering only in the vicinity of equilibrium position. One may
note from these pictures that the deviations prevailed more
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Fig.9 a Distribution of oxidised

LDL (X) and macrophages

(M) over time and space of the

present model (3.1)—(3.2) for

diffusion coefficients D; = 100 2
and D, = 0.001, while other

parameter values remain the

same with initial condition (IC) 15
=[1 + cos(x), 182 + cos(x)]. b X
Distribution of oxidised LDL a‘
(X) and macrophages (M) =4
over time and space of the B
model (3.1)~(3.2) for diffu- £
sion coefficients D, = 103 é

and D, = 0.001 keeping other
parameter values same with
IC=[1 + cos(x), 182 + cos(x)]
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towards the onset and they gradually die out towards the end
after considerable advancement of time.

On the other hand, the nature of the variations of con-
centrations of oxidised LDL and macrophages with time at
different spatial locations are captured in Fig. 7 correspond-
ing to three values of D, = 10, 10, and 10° for a specific
value of D, = 0.001. The enhanced diffusivity of oxidised
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LDL concentration causes it to increase with time right from
its onset followed by a slight diminishing trend towards the
advancement of time. A completely reverse trend is observed
in the concentration of macrophages. The deviations of mag-
nitudes for both the concentrations of oxidised LDL and
macrophages over the entire span of time at all the selected
spatial locations are recorded to vary within the vicinity of
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Fig. 10 a Distribution of
oxidised LDL (X) and mac-
rophages (M) over time and
space of the present model
(3.1)—(3.2) for diffusion 15
coefficients D; = 10? and

D, = 0.01 and other parameter

values remain the same with 08y
IC={1 + cos(x), 182 + cos(x)]. 3
b Distribution of oxidised EI 0.64-
LDL (X) and macrophages a
(M) over time and space of the 3
model (3.1)~(3.2) for diffu- 804y
sion coefficients D, = 10? X
and D, = 0.001 keeping other O 0.2
parameter values same with
IC=[1 + cos(x), 182 + cos(x)]
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the equilibrium position of the present system. Such devia-
tions appear to be more towards the outer boundary x = 5
than near the inner one x = 2.

Figure 8 includes the spatial patterns of the concentra-
tions of oxidised LDL and macrophages over the entire
space length for different time periods. One may note that
the oxidised LDL keeps on diminishing spatially from one
end to the other for all time periods, but the diminishing
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rate is gradually decreasing with increasing time in such
a way that the profile becomes almost constant for t = 500
having zero slope. The macrophage concentration, on the
other hand, follows a reverse spatial pattern of increasing
trend from one end to the other, the rate of which gradually
decreases with increasing time, and at one stage ¢t = 500, it
comes almost a straight line as in the case of oxidised LDL.
Therefore, examining the behaviour of spatial patterns, one
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may note that both the patterns gradually reduce to almost
straight lines assuming their respective concentrations in the
vicinity of the equilibrium position irrespective of the spatial
locations. In other words, the present spatial model system
bears the potential to establish its stability right from the
characteristics of the spatial patterns, especially how they
approach the equilibrium state with large passage of time.

The distributions of oxidised LDL and macrophages in
the system under consideration in the three-dimensional
space are recorded in Fig. 9 for two different values of diffu-
sivity (D; = 100, 1000) of the oxidised LDL while keeping
a constant diffusivity of the macrophages. It appears from
the pictures (a) and (b) that in the event of increasing dif-
fusivity of the oxidised LDL from 100 to 1000, the shape of
the distribution of both oxidised LDL and macrophages gets
largely perturbed with an increasing and decreasing trend,
respectively, with time advancement, while a reverse trend is
followed spatially. In an analogous manner, one may observe
the change of the shape of the distribution corresponding to
the different diffusivity of macrophages (D, = 0.01,0.001)
for a constant diffusivity (D, = 10?) of oxidised LDL, exhib-
ited in the concluding Fig. 10. Studying the characteristics
of all the shapes in three-dimensional space, one may esti-
mate the effects of diffusivity (D,, D,) on the distribution of
oxidised LDL and macrophages over space and time in the
system under consideration.

Concluding remarks

The present article deals with a reaction—diffusion system in
one-dimensional space to describe the basic interaction of
oxidised LDL and macrophages in the intima for atheroscle-
rotic plaque formation. The corresponding non-spatial model
has been found to be locally and globally stable around the
positive equilibrium. One of the important features of this
model is the global stability of the non-spatial model. The
existence of global stability which is very rare in previous
studies comprising mathematical models for the study of
atherosclerosis implies that it can withstand to some extent
a significant change in the numerical values of parameters
involved in the model. The dynamical system experiences
bifurcation with respect to some significant parameters
having relevant biological interpretations. In addition, the
diffusive system is found to be stable under suitable condi-
tions involving the model parameters and self-diffusion coef-
ficients. The stability of the system under consideration irre-
spective of spatial and non-spatial character is established
both analytically and numerically. The spatial patterns are
found to have a tendency to approach the stable equilibrium
position with the advancement of time. Moreover, diffusivity
of the oxidised LDL concentration has got its importance

@ Springer

more than that of macrophages on the distribution of these
cellular components over space and time.
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