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Abstract Real-time hybrid simulation (RTHS) allows re-
searchers to physically evaluate critical parts of a prototype struc-
ture at full scale in the laboratory while the rest is numerically
modeled. The reliability of the RTHS experimental results how-
ever still remains unsolved in the presence of experimental errors
even though a number of methods have been proposed based on
the actuator tracking in the time domain. Frequency-domain
evaluation indices (FEI) provide a novel and effective
technique to evaluate the amplitude and phase errors of
the actuator tracking. In this paper, the correlation be-
tween the reliability of RTHS results and the FEI indices
is explored for the worst-case scenarios of single-degree-
of-freedom (SDOF) linear elastic structures. The influence
of natural frequency and damping ratio are considered
through a suite of ground motions. The relationship be-
tween the FEI parameters and the error of RTHS replicat-
ing actual structural response is explored and a criterion
based on worst-case scenarios is proposed for reliability
assessment. Numerical simulations are conducted to demon-
strate the effectiveness of the proposed reliability criterion.

Keywords Real-time hybrid simulation . Frequency domain
evaluation index . Reliability assessment . Probability and
statistical methods .Worst-case scenario

Introduction

With the development of technologies, new innovative rate-
dependent materials, such as vibration isolation bearing [1]
and elastomeric damper [2], become widely used in building
design for seismic hazard mitigation. Laboratory tests are
necessary to experimentally assess the performance of
these materials when applied in building design. Since
external loading is often applied in extended time scale
in conventional hybrid simulation, shaking table test
seems more appealing for rate-dependent materials [3,
4]. However, due to the capacities of shaking table fa-
cilities, full-scale test is often difficult if not impossible
in laboratories. Real-time hybrid simulation technique is
developed from conventional quasi-static hybrid simula-
tion [5], but requires that the command displacements be
imposed onto the experimental substructure(s) by the actua-
tor(s) in a real-time manner. The dynamics of individual sub-
structures are integrated by an integration algorithm such as
central difference method [5], operator-splitting technique
(OS) [6] and unconditionally stable explicit CR integration
algorithms [7]. Thus, real-time hybrid simulation provides
an efficient experimental technique to evaluate the perfor-
mance of rate-dependent material in large or full scale in size
limited laboratories.

The differences between command and measured displace-
ments are inevitable for actuators due to inherent servo-
hydraulic dynamics [8–10]. These differences are often re-
ferred to as time delay or actuator delay. Time delay has little
influence on conventional quasi-static hybrid simulation but
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can be significantly detrimental for real-time hybrid simula-
tion. Actuator delay varies for many different factors such as
the structure stiffness and the PID (proportional-integral-de-
rivative) gains in the servo-hydraulic controller. A number of
compensation methods have been proposed to minimize the
effect of actuator delay in order to achieve good actuator con-
trol for real-time hybrid simulation, such as the polynomial
extrapolation method [8], linear acceleration extrapolation
[11] and the inverse compensation method [10]. These com-
pensation methods require an accurate estimate of actuator
delay in the servo-hydraulic system, which is often difficult
to acquire before the test. To overcome this, compensation
methods based on adaptive control theory have been explored,
such as online delay estimation method [12], adaptive inverse
compensation (AIC) method [13, 14], the feedforward-
feedback tracking control [15] and adaptive time series com-
pensator [16].

However, experimental results showed that the actuator delay
can be reduced but cannot be completely eliminated evenwhen a
most sophisticated compensation method is used [10]. Post-test
actuator tracking assessment is therefore necessary to ensure that
the real-time hybrid simulation results truthfully replicate the
actual structural responses under earthquakes. Since the actual
response is often not available before or even after the test, the
calculated displacements from the integration algorithm are often
used in comparison with the measured displacements. The max-
imum tracking error (MTE) and root-mean-square (RMS) [13]
are the two often used errors when comparing the calculated and

measured displacements. Energy error [17] calculates the energy
introduced by the actuator tracking error to estimate the reliability
of the test. Tracking indicator (TI) [18] computes the area
enclosed by calculated displacements and measured displace-
ments during the test. The phase and amplitude error indices
(PAEI) [19] further extends the tracking indicator by fitting the
area into an ellipse to get the phase error and amplitude error.
These time-domain methods are useful when applied to compare
performances of different delay compensation methods for the
same experimental setup, but are not practical when applied for
tests with different ground motion inputs since structural re-
sponses vary under different excitations. Meanwhile, assuming
calculated displacements as actual responses is considered inap-
propriate for time-domain methods since errors in real-time hy-
brid simulation often accumulate thus deviating the calculated
displacements from the actual responses.

More recently, a frequency-domain evaluation index (FEI)
was proposed to overcome the disadvantages of existing time-
domain techniques [20]. Two indices, i.e., A and ϕ, from fre-
quency domain analysis enable interpreting actuator tracking
error in terms of amplitude and phase errors, respectively. The
difference between A and 1 denotes the amplitude error, while
the difference between ϕ and 0 represents the phase error.
More accurate actuator control is achieved when A is closer
to 1 and ϕ is closer to 0. By introducing the concept of equiv-
alent frequency, an equivalent time delay d can be calculated
for the entire duration of the real-time hybrid simulation,
which provides an overall evaluation of actuator control.

Fig. 1 Block diagram for
computational simulations

Fig. 2 Actual structural response without amplitude error and time delay Fig. 3 The measured displacements for time delay of 5msec
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Data and frequency decimation were further discussed to im-
prove the efficiency of computation for online evaluation [21].

However, the above mentioned methods in both time
and frequency domains can only assess the actuator
tracking error during the real-time hybrid simulation,
cannot measure the reliability of the test in terms of
how truthfully it replicates the actual structural re-
sponses under earthquakes. Stability analysis has
attracted considerable interests for real-time hybrid sim-
ulation when actuator delay exists due to servo-
hydraulic dynamics. Wallace et al. [9] used a delay dif-
ferential equation model to perform stability analysis for
real-time hybrid simulation of a single-degree-of-
freedom (SDOF) linear elastic structure. The stability
limits were calculated as well as the critical delay for
linear elastic structures. Wu et al. [6] investigated the
effect of actuator delay on real-time hybrid simulation
for SDOF linear elastic structure when the operator-
splitting (OS) method is utilized for solving the struc-
tural dynamics. Chen and Ricles [10] took into account
the properties of different explicit integration algorithms
and the actuator delay in stability analysis utilizing the
discrete transfer function approach. Gao et al. [22] ana-
lyzed four different cases for real-time hybrid simula-
tion, in which the worst-case scenario is that the mass
concentrates in the numerical substructure and the stiff-
ness concentrates in the experimental substructure. The
maximum allowable delay limit was then calculated for
a linear elastic system under worst-case scenario.
Mercan and Ricles [23] conducted a stability analysis
for real-time pseudodynamic and hybrid pseudodynamic

testing, which a mapping technique that transforms the
characteristic equation of the time delay system into a
polynomial. Zhu et al. [24], adopted a discrete-time root
locus technique to investigate the delay-dependent sta-
bility in RTHS. Maghareh et al. [25] proposed a predic-
tive stability indicator (PSI) due to systematic experi-
mental errors for a SDOF system. This indicator was
further extended to MDOF system by converting a de-
lay differential equation to a generalized eigenvalue
problem by Maghareh et al. [26].

In this study, the worst-case scenario concept is applied
for reliability assessment of real-time hybrid simulation.
The reliability of RTHS in this paper represents whether
the RTHS results can be used to appropriately interpret
the structural performance under earthquakes with the
presence of unavoidable test error. In addition, this study
will account for amplitude error previously observed in
real-time hybrid simulations in laboratories, which is of-
ten ignored in previous stability analyses described above.
Unlike the stability analysis of real-time hybrid simulation
under actuator delay, its accuracy varies for different
ground motion inputs. Correlation between FEI indices
and the reliability of real-time hybrid simulation is ex-
plored for a suite of ground motions.

Frequency-Domain Evaluation Index

The FEI developed by Guo et al. [20] can be briefly
described as following. Considering that F[o(t)] and
F[I(t)] represent the Fast Fourier transforms (FFT) of
the input and output signals after window transform
[27], the weight of ith frequency is defined as,

wi ¼
F I tð Þ½ �i

�� ��2
Xp

i¼1

F I tð Þ½ �i
�� ��2 ð1Þ

where ‖ ⋅ ‖ represents the modulo operation and p rep-
resents the number of frequencies to be considered,
which equals to half of the smallest power of two that
is greater than or equals to the number of data points.

Fig. 4 The relationship between
d and error for (a) MTER and (b)
RMSR

Fig. 5 The measured displacements for amplitude error of 0.99
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The frequency evaluation index (FEI) between the win-
dow transformed input and output is calculated as

FEI ¼
Xp

j¼1

F O tð Þ½ � j
F I tð Þ½ � j

⋅wj

( )
ð2Þ

Then, the amplitude (A) and the phase angle (ϕ) are calcu-
lated as follows,

A ¼ FEIk k ð3aÞ
ϕ ¼ arctan Im FEIð Þ=Re FEIð Þ½ � ð3bÞ
where Im(∙) and Re(∙) represent the imaginary and real part of
FEI, respectively. The parameter A gives the ratio between the
weighted amplitudes of the input and output signals; while the
parameter ϕ is the phase difference between the two. The
difference between A and 1 is referred to as amplitude error
and the value of ϕ is referred to as phase error. To calculate the
time delay, the equivalent frequency feq is defined as,

f eq ¼
Xp

i¼1

wi⋅ f ið Þ ð4Þ

The equivalent time delay is then calculated as,

d ¼ −ϕ
.

2π⋅ f eqð Þ ð5Þ

Test error, including time lags and coupled dynamics, can
be divided into time delay and amplitude error through FEI.

Correlation Between Simulation Accuracy and FEI
Indices

The relative MTE (referred as MTER) and RMS (referred as
RMSR) are used to assess the difference between actual struc-
tural responses and measured displacements from real-time
hybrid simulations. Different from measured displacements
during the real-time hybrid simulation, the actual structural
responses are the displacements derived from computational

simulation without any amplitude error or time delay, which
are not measurable since the actual responses are not known
before or after the test. Due to the cumulative effect of the
tracking errors between the command displacements sent to
the actuators and the measured displacements from the actua-
tor on RTHS, the global response errors (MTER and RMSR) are
not equal to the tracking errors. Nonlinear structural behavior
could present a more complicated challenge due to different
nonlinearity modeling. Meanwhile, it has been shown by
Chen et al. [28] that the yielding behavior of the structure
introduces hysteretic damping thus helping stabilize the real-
time hybrid simulation, which implies that the linear elastic
case is more demanding than the corresponding nonlinear
case. To present the methodology of reliability assessment
for worst-case scenario, a linear elastic structure is therefore
used in this study.

Worst-Case Scenario for Real-Time Hybrid
Simulation with Error

The equation of motion for a linear elastic SDOF structure
under worst case in real-time hybrid simulation can be
expressed as

€x tð Þ þ 2ξω⋅ ˙x tð Þ þ kpω2⋅x t−τð Þ ¼ a tð Þ ð6Þ

where ξ and ω are the damping ratio and circular frequency of
the SDOF structure, respectively; t is time function; ˙x tð Þ and
€x tð Þ are the velocity and acceleration responses of the SDOF

Fig. 6 The relationship between
d and test error for (a) MTER and
(b) RMSR

Fig. 7 The measured displacements for time delay of 2 msec. and
amplitude error of 1.02
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structure, respectively; a(t) is the external excitation; and kp
and τ constants which represent the amplitude error and time
delay due to servo-hydraulic dynamics in a real-time hybrid
simulation, respectively. Based on equation (6), the structure
response x(t) depends on damping ratio, stiffness and external
excitation. The influence of these factors on the accuracy of
simulated structural responses can be derived by simulations
of typical structures with different damping ratios and stiffness
subjected to a suite of ground motions. Assuming these three
factors are independent from each other, the correlation be-
tween simulation accuracy and FEI indices can be established.
For illustration, the fundamental frequency of the structure is 1
Hz, and the inherent damping ratio is assumed to be 0.02. The
NIS000 component of the 1995 Kobe earthquake recorded at
Nishi-Akashi station is randomly selected from the PEER
StrongMotion Database [29] for the simulation. The sampling
rate for the computational simulation is assumed to be 1024
Hz, which is consistent with the state-of-the-art servo-
hydraulic equipment. To accommodate different sampling rate
from the ground motion records, a first order linear

interpolation method is used for resampling the ground mo-
tion records in 1024 Hz.

The corresponding block diagram is presented in
Fig. 1 for real-time hybrid simulation of a SDOF linear
structure, where the stiffness k is isolated as the exper-
imental substructure to calculate the restoring force by
multiplying the measured displacements while the rest
of the SDOF structure is modeled as the analytical sub-
structure. The calculated displacements and measured
displacements are denoted as xc and xm in Fig. 1, re-
spectively, where the calculated displacements are used
as input and measured displacements are considered as
output in FEI in equation (1). The delay is represented
by a transport delay τ while the possible amplitude error
is represented by a proportional gain kp [30].

For an ideal experiment, a compensation method can
completely eliminate the amplitude error and time delay,
i.e., the FEI indices A and d are equal to 1 and 0,
respectively. The actual structural response can be cal-
culated by setting time delay τ and amplitude kp in
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Fig. 8 Contour plot when
amplitude error and time delay
existed for (a) MTER (surface
plot), b) RMSR (surface plot), (c)
MTER (plain) and (d) RMSR
(plain)

Fig. 9 The relationship between
A and d with 5% error for (a)
MTER and (b) RMSR
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Fig. 1 to 0 and 1, respectively. In this case, both mea-
sured and calculated displacements are the same as ac-
tual structural responses, which are referred to as x1(t)
in Fig. 2. It can be observed that the displacement re-
sponse is relatively small during the first 5 seconds and
increases from 7 to 13 sec.. The displacement between
14 and 30 sec. varies from -50mm to 50mm. The dis-
placement then decreases gradually to smaller than 5mm
after 40 sec..

Correlation Between Time Delay d and Test Accuracy

Computational simulations are conducted to quantify the
correlation between time delay and simulation accuracy.
For the purpose of analysis, the amplitude gain kp is set
to be 1. Since the critical delay for stability is 6.4 msec.
for the SDOF structure with natural frequency of 1 Hz
[9], the computational simulations select the time delay
τ from 0.1 to 8 msec. with increment of 0.1 msec..

Figure 3 presents the measured displacements when
time delay is 5 msec.. Compared with the actual re-
sponse in Fig. 2, the peak value in Fig. 3 is around
50 mm at 40 sec. Figure 3 also shows the accumulative
effect of time delay in real-time hybrid simulation,
where the actuator delay would lead to inaccurate test
results even the simulation remains stable.

Both the MTER and RMSR errors in Fig. 4 are observed to
increase linearly with respect to delay when time delay is less
than 4 msec. and then exponentially when time delay is larger
than 4 msec.. When the time delay is equal to 6.4 msec. of
critical delay for stability, the MTER and RMSR errors are

calculated as 280% and 96%, respectively, which are obvious-
ly unacceptable for engineering applications. A new criterion
is required for reliability assessment of real-time hybrid sim-
ulation in the presence of time delay.

Correlation Between Amplitude A and Simulation
Accuracy

To quantify the relationship between amplitude error and test
accuracy, the amplitude kp varies from 0.98 to 1.02 with an
increment of 0.001 while time delay τ remains 0. Figure 5
presents the measured displacements of the simulation when
amplitude is 0.99. Compared with the actual structural re-
sponse in Fig. 2, the displacements in Fig. 5 are almost exactly
the same, implying that an amplitude error of 0.01 has little
effect on the simulation accuracy.

Figure 6 shows the MTER and RMSR errors for different
amplitude errors. Both MTER and RMSR are observed to in-
crease linearly with respect to amplitude error when the am-
plitude error is less than 0.02. The slope forMTER is about two
times larger than that of RMSR in Fig. 6. For the simulation
with the amplitude error of 1%, theMTER and RMSR errors are
9.2% and 4.2%, respectively. Thus, the amplitude error is also
cumulative in real-time hybrid simulation and should be
accounted for reliability assessment.

From the analysis above, correlation between test errors
and the FEI indices are explored for a linear elastic SDOF
structure under one selected ground motion. The MTER and
RMSR of the simulation increase linearly for small time delay
while exponentially for large time delay. One the contrary, the
MTER and RMSR of the simulation grow with amplitude error
linearly when the amplitude error is less than 0.02. Due to the
cumulative effect of time delay and amplitude error on real-
time hybrid simulation, the results might be incredible even
when the test is stable. A new criterion is necessary to account
for the influence of both time delay and amplitude error for
reliability assessment of real-time hybrid simulation results.

Criterion for Reliability Assessment

In most situations, both the amplitude error and the time delay
exist between calculated and measured displacements in a
real-time hybrid simulation. New simulations are conducted
to account for simultaneous amplitude error and time delay.
The time delay τ changes from 0 to 2msec for every 0.1msec
while amplitude kp varies from 0.98 to 1.02 for every 0.001. A
total of 800 simulations are conducted for different combina-
tions of amplitude error and time delay. Figure 7 shows the
displacements of the simulation with time delay of 2msec and
amplitude error of 0.02. The displacements in Fig. 7 are obvi-
ously larger than the ideal displacement with the maximum
displacement about 10% larger than that in Fig. 2. The contour

Fig. 10 Curve fitting for 5% RMSR error

Table 1 Fitting parameters and fitting error

Curve a B error

Ellipse 1.3 × 10−4 2.3 0.12

Cosine 1.6 118.5 0.65

Parabola −1.0 × 104 1.6 0.42
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plots under different amplitude errors and time delays can be
seen in Fig. 8.

To determine if the test results are reliable when the
actual structural responses are unavailable or unknown
for direct comparison, the amplitude error and time de-
lay between calculated displacements and measured dis-
placements are utilized to estimate whether the test error
between ideal displacements and measured displace-
ments are acceptable. In this study, a 5% error is select-
ed for the purpose of illustration of presented method-
ology implying that the measured displacements are re-
liable if the error (MTER or RMSR) is less than 5%.
Figure 9 presents the FEI indices A and d for MTER

and RMSR equal to 5% for linear structure with natural
frequency of 1 Hz subjected to the selected ground

motion. The curves in Fig. 9(a) and (b) are calculated
by taking 5% as threshold value for reliability assess-
ment, and can be easily extended to other values de-
pending on the different requirements of the researchers.
The curves in Fig. 9 can be considered as the criterion
to determine the reliability of real-time hybrid simula-
tion for the selected ground motion. If the indices A and
d calculated are located inside the curve in Fig. 9(a) and
(b), the MTER or RMSR between measured displace-
ments and actual responses is less than 5%, otherwise
the error is larger than 5%. The reliability of real-time
hybrid simulation can thus be determined using the FEI
indices. It can also be observed in Fig. 9 that MTER

presents more stringent requirement on time delay and
amplitude error than the RMSR. However, this could be

Table 2 Fitting parameters and the fitting error for MTER

No. Earthquake /Component a(10−4) b error No. Earthquake /Component a(10−4) b error

1 NORTHR/MUL009 0.67 1.35 0.03 51 SUPERST/B-PTS225 1.58 3.02 0.06
2 NORTHR/MUL279 0.76 1.51 0.03 52 SUPERST/B-PTS315 5.74 9.74 0.41
3 NORTHR/LOS000 1.01 2.02 0.04 53 LOMAP/STG000 1.53 2.55 0.21
4 NORTHR/LOS270 1.12 2.27 0.05 54 LOMAP/STG080 3.27 4.85 0.21
5 DUZCE/BOL000 3.20 4.47 0.39 55 ERZIKAN/ERZ-NS 1.54 2.79 0.08
6 DUZCE/BOL090 1.59 2.59 0.11 56 ERZIKAN/ERZ-EW 0.61 1.28 0.03
7 HECTOR/0542a090 1.21 2.19 0.13 57 CAPEMEND/PET000 0.45 0.90 0.04
8 HECTOR/0542c180 1.34 2.47 0.10 58 CAPEMEND/PET090 1.05 1.88 0.06
9 IMPVALL/H-DLT262 0.97 1.71 0.09 59 LANDERS/LCN260 1.38 2.38 0.15
10 IMPVALL/H-DLT352 1.15 1.93 0.06 60 LANDERS/LCN345 1.34 2.31 0.09
11 IMPVALL/H-E11140 1.86 2.99 0.19 61 NORTHR/RRS228 0.71 1.46 0.04
12 IMPVALL/H-E11230 12.60 24.98 0.99 62 NORTHR/RRS318 1.19 2.31 0.05
13 KOBE/NIS000 1.38 2.35 0.13 63 NORTHR/SYL090 1.72 2.82 0.13
14 KOBE/NIS090 1.32 2.31 0.07 64 NORTHR/SYL360 2.69 4.09 0.16
15 KOBE/SHI000 6.33 8.10 0.77 65 KOCAELI/IZT180. 0.48 0.99 0.02
16 KOBE/SHI090 1.11 2.13 0.09 66 KOCAELI/IZT090 1.44 2.59 0.09
17 KOCAELI/DZC180 3.33 6.46 0.70 67 CHICHI/TCU065-E 5.08 5.65 0.09
18 KOCAELI/DZC270 0.78 1.56 0.05 68 CHICHI/TCU065-N 1.44 2.38 0.17
19 KOCAELI/ARC000 1.07 2.15 0.04 69 CHICHI/TCU102-E 1.57 2.49 0.10
20 KOCAELI/ARC090 2.76 5.18 0.16 70 CHICHI/TCU102-N 1.63 2.53 0.21
21 LANDERS/YER270 1.93 4.41 0.06 71 DUZCE/DZC180 0.81 1.58 0.05
22 LANDERS/YER360 2.15 5.01 0.13 72 DUZCE/DZC270 0.71 1.43 0.04
23 LANDERS/CLW-LN 4.69 7.03 0.42 73 GAZLI/GAZ000 1.24 2.78 0.13
24 LANDERS/CLW-TR 1.99 3.69 0.09 74 GAZLI/GAZ090 0.83 1.84 0.03
25 LOMAP/CAP000 24.50 47.81 3.25 75 IMPVALL/H-BCR140 2.29 4.01 0.28
26 LOMAP/CAP090 0.88 1.74 0.10 76 IMPVALL/H-BCR230 1.13 2.22 0.05
27 LOMAP/G03000 0.77 1.46 0.04 77 IMPVALL/H-CHI012 0.80 1.68 0.07
28 LOMAP/G03090 2.46 3.84 0.16 78 IMPVALL/H-CHI282 1.62 3.54 0.17
29 MANJIL/ABBAR--L 1.37 2.47 0.16 79 NAHANNI/S1010 1.50 2.86 0.13
30 MANJIL/ABBAR--T 4.48 8.03 0.55 80 NAHANNI/S1280 0.68 1.38 0.03
31 SUPERST/B-ICC000 12.32 27.72 1.24 81 NAHANNI/S2240 0.57 1.25 0.05
32 SUPERST/B-ICC090 0.63 1.23 0.03 82 NAHANNI/S2330 1.62 3.02 0.21
33 SUPERST/B-POE270 2.02 4.45 0.09 83 LOMAP/BRN000 3.26 5.95 0.36
34 SUPERST/B-POE360 1.57 3.14 0.07 84 LOMAP/BRN090 2.43 4.45 0.11
35 CAPEMEND/RIO270 1.65 2.71 0.20 85 LOMAP/CLS000 0.79 1.47 0.06
36 CAPEMEND/RIO360 0.58 1.15 0.03 86 LOMAP/CLS090 2.43 4.31 0.17
37 CHICHI/CHY101-N 2.26 5.25 0.11 87 CAPEMEND/CPM000 1.03 1.90 0.05
38 CHICHI/CHY101-W 2.54 5.96 0.14 88 CAPEMEND/CPM090 2.23 3.79 0.13
39 CHICHI/TCU045-E 1.95 2.95 0.20 89 NORTHR/0637-270 3.12 4.98 0.31
40 CHICHI/TCU045-W 6.07 7.19 0.37 90 NORTHR/0637-360 2.22 3.36 0.17
41 SFERN/PEL090 1.73 2.97 0.30 91 NORTHR/STC090 1.46 2.91 0.09
42 SFERN/PEL180 2.42 4.32 0.23 92 NORTHR/STC180 2.17 3.81 0.19
43 FRIULI/A-TMZ000 3.73 5.32 0.27 93 KOCAELI/YPT060 3.60 5.54 0.61
44 FRIULI/A-TMZ170 1.50 2.49 0.16 94 KOCAELI/YPT330 2.76 4.26 0.41
45 IMPVALL/H-E06140 4.73 5.95 0.10 95 CHICHI/TCU067-E 2.61 3.91 0.25
46 IMPVALL/H-E06230 1.39 2.43 0.07 96 CHICHI/TCU067-N 7.39 7.96 0.52
47 IMPVALL/H-E07140 1.49 2.59 0.09 97 CHICHI/TCU084-E 2.99 3.90 0.35
48 IMPVALL/H-E07230 1.25 2.23 0.13 98 CHICHI/TCU084-N 5.23 8.42 0.41
49 ITALY/A-STU000 0.69 1.50 0.03 99 DENALI/ps10047 4.21 5.30 0.15
50 ITALY/A-STU0270 1.33 2.71 0.06 100 DENALI/ps10317 4.56 6.21 0.47
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difficult to fulfill in real-time hybrid simulation. The
curve in Fig. 9(b) is therefore used in this study to
evaluate the performance of real-time hybrid simulation
with the presented methodology.

Curve Fitting

The curve in Fig. 9(b) is fitted into a function for the purpose
of practical application so that the reliability of the tests can be
evaluated. The curve fitting in this study is based on the cri-
terion that the parameters in target function should be as few
as possible while the results should be as accurate as possible.
Three functions including ellipse, cosine and parabola are
used to fit the curve. The center of ellipse is located in (A, d)
equal to (1, 0), the symmetry axis of cosine and parabola
curves locate at A equal to 1. The equations of these three
functions are expressed as following:

A−1ð Þ2
a02 þ d2

b
02 ¼ 1 ð7aÞ

d ¼ acos b A−1ð Þð Þ ð7bÞ
d ¼ a A−1ð Þ2 þ b ð7cÞ
where a, a/, b and b/are the constants to be determined.

Equation (7a) can also be written as:

d ¼ �b
02
⋅

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1−

A−1ð Þ2
a02

s
ð8Þ

In equation (8), d represents time delay, which is a real
value. For this reason, the absolute value of A-1 should be less
than a/. However, a/ is the parameter to be determined, which
is impossible to guarantee in data fitting. So equation (7a) is
rewritten into the following form:

d
0 ¼ a⋅b−b⋅A

0
� �

=a ð9Þ

where d/ represents the square of d, A/ represents the square of
(A-1);a represents the square of a/; b represents the square of
b/. The index to evaluate the fitting performance is calculated
by the following equation:

error ¼
Xn

i¼1

�
d
2

i −d
=
i

�
2 ð10Þ

where d is the time delay calculated by fitting equation; n
represents the number of data and equals 25 in this function.

MATLAB Curve Fitting Toolbox [30] is used to determine
the parameters as shown in Fig. 10. The corresponding values
of the parameters and the fitting errors are presented in Table 1.
The ellipse function is observed to lead to smallest error and
therefore is considered to be the best fit. The reliability criterion
of the real-time hybrid simulation can be written as:

A−1ð Þ2
1:3� 10−4

þ d2

2:3
≤1 ð11Þ

When A and d of a real-time hybrid simulation satisfy
equation (11), the RMSR between simulated displacements
and actual structural responses would be less than 5%. The

Fig. 11 Correlation between parameters a and b

Fig. 12 Lognormal distributions
for (a) a and (b) b

0.98 0.99 1 1.01 1.02
0
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3
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d
(m

s)

95%

Fig. 13 Criterions with 95% guarantee rate for different ground motions

244 Exp Tech (2017) 41:237–249



test results are therefore considered reliable for truthfully rep-
licating the structural response of the SDOF structure under
the selected ground motion. Otherwise, the results are consid-
ered not reliable due to larger RMSR than 5%.

Probabilistic Approach for Reliability Analysis
Under Different Ground Motions

The reliability criterion in equation (11) is derived considering
the NIS000 component of the 1995 Kobe earthquake as input.
To further extend this proposed methodology, a suite of
ground motions are selected to calculate the parameters a
and b in equation 7(a). Due to different characteristics of var-
ious ground motions, it is naturally expected that different sets
of a and b are statistically derived. The parameters a and b
with 95% confidence are selected based probability and sta-
tistical theory. The reliability criterion with selected a and b is
expected to evaluate the accuracy of real-time hybrid simula-
tion for the worst-case scenarios.

Ellipse Parameters Under Different Ground Motions

In this paper, twenty four sets of far-field ground motions as
well as twenty eight near-field ground motions are selected
from the PEER Strong Motion Database [24]. Two compo-
nents of each earthquake are analyzed to calculate the param-
eters a and b which are presented in Table 2, where the pa-
rameter a varies from 5.5 × 10−5 to 6.6 × 10−4 corresponding
to the amplitude error from 7.4 × 10−3 to 2.3 × 10−2. The pa-
rameter b varies from 1.1 to 7.6, which corresponds for time
delay from 1.05 msec. to 2.76 msec.

The values of parameters a and b are presented in Fig. 10
for different ground motions. It can be observed that b in-
creases almost linearly with respect to a. The correlation co-
efficient of 0.9774 between a and b indicates strong depen-
dence between these two parameters. Using linear polynomial
model, the results can also be observed in Fig. 11. From
Fig. 11, b is about 1.65 × 104 times larger than a.

Probabilistic Approach for Reliability Analysis

Different excitations can derivate different a and b, but these
parameters are almost proportional for the same frequency and
damping. To get the reliability criterion, MATLAB statistic
toolbox [30] is used to fit the parameters of a and b into
lognormal distribution as shown in Fig. 12. The parameters
with 95% confidence are selected as criterion.

In Fig. 12(a), the parameter a varies from 0.5 × 10−4 to
4.5 × 10−4 with peak value around 1 × 10−4. The 95% confi-
dence for a gives 5.3 × 10−5, which represents the boundary
amplitude error for 5% RMSR is about 0.0073. In Fig. 12(b), b
varies from 1 to 7 with peak value around 2. The 95% confi-
dence for b gives 1.04, which indicates that the critical delay
for 5% RMSR is about 1.02 msec. Thus, the reliability bound-
ary of the real-time hybrid simulation for 100 strong ground
motions can be written as:

A−1ð Þ2
5:3� 10−5

þ d2

1:04
≤1 ð12Þ

The curve fitting for different ground motions and
the curve with 95% confidence are presented in
Fig. 13. It is observed that different ground motion in-
put lead to different eclipse functions, implying that it

Fig. 14 Parameters for different
frequencies for ground motion
NIS000 for (a) a and (b) b

Table 3 The parameter for both a and b with 95% guaranteed rate under different frequency

f 0.25Hz 0.5Hz 0.75Hz 1Hz 1.25Hz 1.5Hz 1.75Hz 2Hz

a 6.6 × 10−5 4.6 × 10−5 4.3 × 10−5 5.8 × 10−5 6.2 × 10−5 5.1 × 10−5 5.8 × 10−5 7.3 × 10−5

b 23.27 4.01 1.62 1.13 0.83 0.44 0.38 0.33
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would be difficult, if not impossible, to assess the reli-
ability of the real-time hybrid simulation results in a
deterministic manner.

The Influence of Frequency

Previous study by Wallace et al. [7] shows that the critical
delay for stability is dependent on the frequency of the struc-
ture. It is necessary for the reliability criterion to account for
the influence of different frequencies. The same block dia-
gram in Fig. 1 is used for computational simulation.
Different frequencies of the structure are used including1.0
Hz, 0.25 Hz, 0.5 Hz, 0.75 Hz, 1 Hz, 1.25 Hz, 1.5 Hz,
1.75 Hz and 2 Hz with the other parameters unchanged.
Following the same procedure as described above, the param-
eters a and b in equation (9) are derived for each frequency
and presented in Fig. 14.

It can be observed from Fig. 14(a) that a changes randomly
with frequency, which means the frequency has little influence
on a. The parameter a is observed to vary from 5.8 × 10−5 to
7 × 10−4, which corresponds to the amplitude error 0.008 and
0.027, respectively. On the contrary, parameter b shows a
strong dependence on frequency in Fig. 14(b) to decrease
quickly with respect to frequency smaller than 0.75Hz. This
observation is consistent with the maximum allowable delay
calculated by Gao et al. [22], which the allowable delay de-
crease dramatically with the increase of the frequency. The
parameter b varies from less than 0.8 to 40.4, which corre-
sponds to the time delay of 0.9 msec. and 6.4 msec., respec-
tively. For simplification, the minimum of parameter a in
Fig. 14(a) is selected while the parameter b fits into an expo-
nential function with frequency, which is assumed as:

b ¼ k1e−k2 f ð13Þ

The results from the curve fitting are presented in Fig. 14.
The reliability criterion of the real-time hybrid simulation for
the NIS000 component of the 1995 Kobe earthquake can be
rewritten as:

A−1ð Þ2
5:8� 10−5

þ d2

97e−3:4 f
≤1 ð14Þ

To account for the influence of different ground motions,
the parameters for both a and b with 95% confidence under
0.25 Hz, 0.5 Hz, 0.75 Hz, 1.25 Hz, 1.5 Hz, 1.75 Hz and 2 Hz
are derived and presented in Table 3. Similar to that observed
in Fig. 15, the parameter of a changes with respect to frequen-
cy while b shows a strong dependence on frequency. Since the
frequency has little influence on a, the parameter a can be
calculated based on all the parameters under different frequen-
cies to get more reliable results. The parameter for awith 95%
confidence under different frequencies is 5.6 × 10−5. The pa-
rameter b also fits into an exponential function with frequency
in equation (13) as shown in Fig. 15.

The reliability criterion for the real-time hybrid simulation
in worst-case scenario for the damping ratio of 0.02 can be
written as:

A−1ð Þ2
5:6� 10−5

þ d2

121:6e−6:6 f
≤1 ð15Þ

It can be observed in equation (15) that the frequen-
cy has little influence on the boundary of amplitude
error but plays an important role in the boundary of
time delay. To ensure the reliability of real-time hybrid
simulation, amplitude error should be less than 0.0073
in worst-case scenario. In other words, the RMS R

Fig. 15 Data fitting for (a) a and
(b) b

Table 4 The parameter for both a and b under different damping ratio

ξ 0.02 0.03 0.04 0.05 0.06 0.07 0.08 0.09 0.10

a 1.3 × 10−4 4.3 × 10−4 8.3 × 10−4 1.3 × 10−3 1.9 × 10−3 2.8 × 10−3 3.8 × 10−3 4.9 × 10−3 6.1 × 10−3

b 1.7 2.8 3.9 5.0 6.0 7. 3 8.5 9.6 10.7
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between measured displacements and the ideal displace-
ments would be larger than 5% if A is larger than
1.0073 or smaller than 0.9927, no matter how small
the time delay is in the test. On the contrary, the test
results may be reliable even the time delay is as large
as 4.8 msec. when the frequency is 0.25 Hz, but may
be unreliable when this delay is 0.6 msec. for 2 Hz.
The higher frequency of the structure, the more accurate
delay compensation method should be used.

The Influence of Damping Ratio

Besides the ground motion and frequency, the damping ratio
has also been shown to affect the critical time delay for real-
time hybrid simulation. For the same linear elastic SDOF
structure with natural frequency of 1.0 Hz, the damping ratio
is varied from 0.02 to 0.10 with an increment of 0.01.
Following the same procedures described above, a and b are
derived for each damping ratio for the NIS000 component of
the 1995 Kobe earthquake and presented in Table 4. It can be
observed that both a and b increase linearly with damping
ratio, which can be expressed as linear functions of damping
ratio as following:

a ¼ k3ξ ð16aÞ
b ¼ k4ξ ð16bÞ

The parameters of k3 and k4 are found to be 0.046 and 100,
respectively, for the simulation with the ground motion NIS000.
The criterion for the NIS000 component of the 1995 Kobe earth-
quake when the structure is 1 Hz can be written as:

A−1ð Þ2
0:046ξ

þ d2

100ξ
≤1 ð17Þ

Though equations (16a) and (16b) are calculated based on
NIS000 component of the 1995 Kobe earthquake and 1 Hz
structure, other ground motions and frequency also follow the
same relationship between parameters in ellipse and damping
ratios since the damping ratio is independent with ground
motion and frequency.

To account for the influence of ground motions, a
and b can be calculated based on equations (11), (15)
and (17). Comparing equation (11) with equation (17)
for a, 1.3 × 10-4 is equal to 0.046ξ, then 5.6 × 10-5 in
equation (15) is equal to 0.021ξ. Comparing equation
(11) with equation (17) for b, 2.3 is equal to 1000ξ,
then 121.6e-6.6f in equation (15) is equal to 46080ξe-6.6f.
The criterion therefore can be formulated as

A−1ð Þ2
0:021ξ

þ d2

6080ξe−6:6 f
≤1 ð18Þ

The RMSR between measured displacements and the actual
responses would be less than 5% if the A and d between
calculated displacements and measured displacements satisfy
equation (18).

Application of the Criterion

Numerical simulations are conducted to demonstrate the ef-
fectiveness of the proposed criterion in equation (18). The
model structure for RTHS is a SDOF frame with a spring as
shown in Fig. 16, of which the frame is taken as numerical
substructure and the spring is considered as the experimental
substructure. Themass and the stiffness of the frame arem and
kn, while the stiffness of the spring is ke. Four different cases of

m

Numerical substructure

Experimental

substructure

ke

kn

l=1m

h=1m

Fig. 16 Model structure in numerical simulation

Table 5 Parameters in each case
case fn

(Hz)
ξ Ke

(N/m)
kn
(N/m)

m = (ke + kn)/(2π
fn)

2 (kg)
EI = knh

3/24
(N · m2)

EA
(N · m2)

αes Amplitude
error

1 1 0.02 3.50 1E-6 0.09 4.17E-8 4.17E-3 3.6 1.0037

2 0.6 0.02 3.50 1E-6 0.25 4.17E-8 4.17E-3 2.7 1.0035

3 1 0.05 3.50 1E-6 0.09 4.17E-8 4.17E-3 3.4 1.0117

4 1 0.02 3.50 1E-6 0.09 4.17E-8 4.17E-3 3.2 1.0074
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simulations are conducted to account for difference natural
frequencies, damping ratios as well as different values of
FEI indices. Numerical simulations presented herein are con-
ducted using Frame_2D [31], where the CR integration algo-
rithm [7] is used to compute the structure responses. The pa-
rameters of the numerical simulations are tabulated in Table 5.
From Table 5, ke and kn are 3.50 N/m and 1 × 10−6 N/m re-
spectively for all cases. Thus, the stiffness of the structure can
be considered as concentrated in experimental substructure.
The KJM000 component of the 1995 Kobe earthquake is se-
lected as the external excitation with the peak ground motion
acceleration of 0.707g, which is not used in previous statistical
analysis. A time delay of 4 msec. is assumed for the actuator
dynamics for all numerical simulations, and the inverse com-
pensation [13] is used for delay compensation with the αes

also presented in Table 5. The simulated structural responses
are compared with exact responses in Fig. 17. The RMSR error
of the simulated structural responses as well as FEI indices are
calculated and presented in Table 6.

The amplitude and time delay indices in Table 6 can
be substituted into equation (18) for reliability assess-
ment. The first three cases satisfy the criterion for 5%
RMSR error while the fourth case does not, which indi-
cates the first three cases could be considered reliable
but the fourth case could have larger RMSR error than
5%. On the other hand, RMSR errors between simulated
structural and exact responses are observed to be small-
er than 5% for first three cases but larger than 5% for

the fourth case, which are consistent with the assess-
ment using equation (18), implying that the criterion is
effective.

Summary and Conclusions

Since the actuator delay cannot be completely eliminat-
ed by existing compensation methods, post-simulation
reliability assessment is necessary for real-time hybrid
simulation. Determining the reliability of the simulation
remains a challenge even a number of evaluation
methods have been proposed. In this paper, correlation
between the FEI indices and the reliability of the test is
established by an ellipse for the worst-case scenarios,
where the RMSR response error is fixed to find the
corresponding tracking errors. Probabilistic and statisti-
cal methods based on the simulation of one hundred
earthquake components are used to account for the ef-
fect of various ground motion inputs, different natural
frequencies and damping ratios. Different from stability
analysis under actuator delay, the influence of amplitude
error is also considered based on the observations in
previous experimental studies. A 5% RMSR error is used
to demonstrate the proposed methodology for reliability
assessment through the FEI indices derived through the
calculated and measured displacements. Simulations are
conducted to reveal the application of this criterion.

Fig. 17 Structure response in
first simulation and measured
displacement in second
simulation for (a) case 1, (b) case
2, (c) case 3 and (d) case 4

Table 6 FEI indices and RMSR
case A d (A-1)2/(0.021ξ) + d2/(6080ξe-6.6f) fulfill equation (18) RMSR (%)

1 1.0039 0.39 0.956 Yes 2.55

2 1.0036 1.30 0.760 Yes 3.16

3 1.0119 0.59 0.977 Yes 2.00

4 1.0080 0.78 3.830 No 5.35
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Studies presented herein show that parameters a and b of
the ellipse function are linearly correlated when the frequency
of the structure is fixed, indicating that the external excitation
and damping ratio can influence the reliability boundary for
both amplitude error and time delay. On the other hand, the
frequency has little effect on amplitude reliability boundary
but can significantly influence delay reliability boundary. The
criterion presented in equation (18) can be used as post-test
reliability assessment of RHTS results. The test can be con-
sidered reliable if time delay and amplitude errors satisfy the
proposed criterion. Numerical simulations are conducted to
demonstrate the effectiveness of the proposed reliability crite-
rion. Besides, the criterion can be also used to design RTHS,
which the tolerance amplitude error and time delay can be
estimated before test. For the future work, the reliability crite-
rion should consider cases other than worst-case to provide
more accurate assessment of real-time hybrid simulation. The
reliability criterion should be also further extended to nonlin-
ear structures and multiple degrees of freedom structures.
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