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Abstract

This paper concerns an infinite-dimensional observer for manipulation of flexible beam by a rigid arm robot. The complex
dynamic of the system is described by distributed parameter model in terms of ordinary differential equations and partial
differential equation. A novel infinite-dimensional observer is proposed to estimate the vibration information of the flexible
object. In addition, an observer-based independent joint controller is designed to achieve the position control and vibration
suppression, which do not need end-point boundary control. The semigroup theory and LaSalle’s invariance principle are
adopted to prove the asymptotic stability of the robot system. The efficiency of the observers and the proposed control strategy

are demonstrated by numerical simulations.
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Introduction

In industry, the research of robotic manipulators handling
rigid bodies has received extensive attentions [1,2]. How-
ever, flexible objects such as solar panels, flexible metal
plates and spring components are often used in the auto-
motive, aerospace and medical fields [3,4]. For example,
space robotic arms are used to maintain the aircraft and
replace failed batteries, and the panels are mostly made of
flexible materials. Different from rigid parts, flexible parts
have the characteristics of light weight, high flexibility, man—
machine interaction and low energy consumption, which
also bring vibration. In the field of high accuracy and safety
requirements, the vibration is necessary to be solved [5,6].
Therefore, it is of theoretical and practical significance to
research the trajectory and vibration control of manipulation
for flexible beam during industry operation and assembly
tasks.

< Yuanchun Li
liyc@ccut.edu.cn

Shuyang Liu
liushuyang @ccut.edu.cn

Department of Control Science and Engineering, Changchun
University of Technology, Yan’an Street, Changchun 10012,
Jilin, China

In the literature, research on manipulation of flexible struc-
tures is always based on simplified lumped parameter model
[7,8]. In [9,10], the rigid control method has been used in
moving flexible object by rigid robot based on assumed
modes model. [11] researched two rigid robot manipulating
flexible beam by finite element method. However, the simpli-
fied model may bring control or observer overflow problem,
which may bring instability to the robot system. To avoid the
above drawbacks, great attention has been paid to study the
control design based upon distributed parameter model [12—
14]. Distributed parameter model is an infinite-dimensional
model, which refers to the relationship between the system
state and the change of space coordinates and time variables.
The PDE-ODE model is established for dual-arm coordi-
nated operation of large spatial flexible structuresin [15].[16]
studied the position/force control of flexible beams based on
PDE model. [17,18] address robust control for flexible sys-
tem based on distributed parameter system. However, most of
the above achievements are about the flexible beam, research
about the system of manipulation for flexible object based on
distributed parameter model are relatively few, which exists
many problems to be solved.

Furthermore, flexible beam operating system is a com-
plex dynamically coupled system, which includes not only
the rigid motion of large range, but also the local elastic
deformation. The most important problem in this system
is the vibration of the flexible structure in motion. Due
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to the requirements of high accuracy and high flexibility,
the resulting vibration cannot be ignored [19,20]. At the
same time, the characteristics of flexible object to be han-
dled vary with different manipulation tasks. So this makes
it impractical to outfit the flexible object with sensors and
actuators. Therefore, it is necessary to propose an observer
to estimate the vibration states [21]. At present, the results
of PDE observers for infinite-dimensional systems are lim-
ited. In [22], the PDE observer for flexible single-link robot
was proposed to estimate the infinite-dimensional states in
task space. Feng et al. [23] designed an exponentially con-
verging observer to estimates the state for the heat system
[24] develops PDE observer to estimate the freeway traffic
states. In [25], the Luenberger-like observers is proposed for
an infinite-dimensional rotating body-beam system. There-
fore, the research on infinite dimensional observer design for
manipulation of flexible object is necessary and meaningful,
and has not been reported yet.

Besides, the boundary control is always used for the con-
trol design of flexible system [26-28]. It not only needs joint
input actuator to adjust the position of the robot, but also
needs end-point input force to suppress the vibration. For the
single-link manipulator or multi-link manipulator, boundary
control is relatively easy to achieve, and is also effective to
suppress the vibration for the manipulator [29,30]. The actu-
ator installed at the end of the manipulator will not vary with
the change of the task when the manipulator systems perform
different operations. However, different from the manipula-
tor system, the flexible object operated by the manipulator
is the actuated mechanism, the actuator must be reinstalled
when the operation object is changed, it is not appropriate
to install the actuator at the end of the flexible object sys-
tem [31]. In this paper, we only use the independent joint
input to control the system, which do not need the end-point
input force. The vibration can be suppressed by adding the
root vibration observer signals of flexible object into the joint
input controller. The contributions are summarized below:

1. The complex dynamic is expressed as original infinite-
dimensional model without any simplification or dis-
cretization, which is very effective to reduce the vibration
of the system.

2. An infinite-dimensional observer is designed for the
manipulation of flexible object by a rigid arm manip-
ulator, it prevents the installation of sensors on flexible
objects.

3. The independent joint observer-based controller is pro-
posed based on distributed parameter model. The stability
is proved by LaSalle’s Invariance Principle.

This paper is structured as follows. “System description” sec-

tion describes the system dynamic. The infinite-dimensional
observer is designed in “Infinite-dimensional observer” sec-
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Fig.1 The structure diagram of manipulator operation

tion. “Observer-based controller design” section proposes the
observer-based controller and the asymptotic stability. The
“Simulation” section shows validation results by simulation,
and the conclusion is given in “Conclusion” section.

System description
Distributed parameter model

In the following, we consider a three-link robot moving a
flexible object as shown in Fig. 1. XQY is the inertial coordi-
nate. The flexible object is supposed to be an Euler—Bernoulli
beam due to its own characteristics. The beam has uniform
mass density pK, length / and uniform flexural rigidity E/,
u(t, r) stands for the elastic deformation at length » of flex-
ible beam at time ¢. The rigid link i (i = 1, 2, 3) has length
L;, mass center length L;,, mass m;, and moment of inertia
I;. 6; denotes the rotation angle of link 7, and ; is the joint
torque at the motor i. S = [Soy  S2y1T, 83 = [S3x  S3,]1T
and S = [S, Sy]T express the position of the second link,
the third link and the mass center of the flexible object in the
reference coordinate system, respectively.

Sox = LycosO) + Lag cos(01 + 62), @))
S2y = Lysinf; + Log sin(6q + 62), )
83y = L1 cos@+Ljcos(0) + 62)+L3g cos(0) + 02 + 63),
(3
S3y = Lysinf; + Lo sin(f1 + 62) + L3g sin(9; + 62 + 63),
(4)
Sy = Licos) + Lycos(01 + 62) + Lz cos(61 + 6> + 63)
+ rcos(0) + 6, + 63) — usin(6y + 6 + 63), (@)

Sy = Lysin60; + Ly sin(6y + 62) + L3z sin(9; + 62 + 63)
+ rsin(0) + 62 + 03) — ucos(0; + 0 + 63). (6)

Two assumptions are introduced [9]:
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Assumption 1 Assumed the longitudinal deflection of flex-
ible object is ignored, and only transverse deflection and
deflection angle are taken into consideration.

Assumption 2 The flexible beam is grasped rigidly, no defor-
mation occurs between the manipulator and the contacted
beam.

@

Remark 1 The superscript “.” is denoted as the derivative
of time ¢ and superscript ‘/” is the derivative of length r.
The subscript “E” of u(t, r) express variable r equal to [
and subscript “0” represent r equal to “0”, that is ug =
ut, r)ly=o, ue = ut, r)l,o

The total kinetic and potential energy are expressed as

T = % [WllL%g@'f + 167 +m2S$3 So + L6 + 62)°
. L 1 Lo
+m383 S5 + L6y + 62 + 93)2] + E,OK/O STSdr,
)
U =migLigsin0; +mpgLysinty +mpgLgsin(0) + 62)
+m3gLy sin6y+m3gLy sin(61+62) + m3gL3g sin(6;

l l
1
+0,+63) + pKg / Sydr + / E1W")dr.  (8)
0 0
The virtual work of the system is
3
SW =780, ©
i=1
By Hamilton’s principle, we have
1
/ (8T — 86U +6W)dr = 0. (10)
0]

The system dynamic model is expressed as

M©)6+[C@©,0)+ fO, )10+ F (6, uo”, u”)

+G=r, (11)
ETu®
=0, (12)
pK
up=0, uy=0, uy =0, uy=0. (13)

Parameters of (11) and (12) are as following

z(r, 1) = (r + L3)(01 + 62 + 03) +u(z, 1)
t
+/ [61L1 cos(02 + 63) + (61 + 62) Lo cos 63]dt,
0
(14)

0=1[60 6 05 1", F(0,uo” ") =[F F, F3 ",
t=[unnl,G =[G G G3 1. M@,

c(@, é) and f (0, i) are 3 x 3 matrix; 6, G and T are 3 x 1 vec-
tor (see Appendix A). The Eq. (11) also have the following

property:

Property 1 M (0)is symmetriqal and positive definite, M ),
C(0,0) and f(0, i) satisfy M — 2(C + f) = —(M —2
Cc+ M.

Energy analysis of flexible beam

First, the elastic deformation of Euler—Bernoulli beam is
assumed to be much smaller than the beam length (|u| << [),
so the square velocity ST S of flexible beam in (7) is simplified
as follows

STS = [61L cos(6 + 63) + (L3 + r) (61 + 65 + 63) + (6
+62)La cos 03 +ii]” + [01 Ly sin(62 + 63) + (61 + 62)

Ly sin6s1*. (15)

The transversal velocity S, is only considered since the

vibration of beam is hardly affected by the kinetic energy

due to the longitudinal velocity. The transversal component
STS of the beam is

STS; = [L16) cos(6r 4 63) + (L3 + 1) (61 + 62 + 63)
+(6; + 62)L; cos 05 + 1i]>. (16)

Then, the kinetic energy Ty and the potential energy U ¢
of flexible beam due to the transversal velocity are computed
as

| 1!
Tf+Uf=§/0 pKStTS,dr—I—E/O EI(u")%dr. (17)

Next, the time derivative of the total flexible energy Ty +
Uy can be derived as

Tf + Uf
l
= pK/ [L161cos(Br +63) + (61 + 62 + 63) (L3 + 1)
0

+ cos 93L2(él + 92) + I/'t][—élLl sin(6, + 93)(92 + 93)
+ L6, cos(6r + 63) + (51 + éz)Lz cos 63
— (91 + éz)Lz sin 93&3
1
+ (L3 4+ r)(01 + 62 + 63) + iildr + / ETu™udr,
0
(18)

where ii can be get from the vibration Eq. (6).
Finally, according to the boundary condition (7), we can
get

Tf + Uf = [L16; cos(6 + 63) + (61 + 62) L, cos 63

@ Springer
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+ (01 + 62+ 63) L3 ETuf)
— ELul 6y + 6, + 63) = —¢"6, (19)

where § = [0 65 93]T, q is defined as

[—cos(@2 +63)L1 — cos 3Ly — L3]ETuy + Elug
q= (—cosO3Ly — L3)Elug + Elu
—EIL3uy + Eluj

(20)

Infinite-dimensional observer
Observer design

For avoid installing sensors in the flexible beam, a non-
linear infinite-dimensional observer is designed to estimate
the root strain and shear force of flexible beam based on
Egs. (11)—(13). Assume that the angular 6;, angular veloc-
ity éi are available for measurement, and the estimates of
the angular and the flexible deformation are defined as 6;
and u(r, t). The estimate errors are defined as 9~,~ =6; — é,-,
a(t,r) = u(t,r) —a(t,r)and Z(r,t) = z(r,t) — 2(r, t).
The observer is proposed to satisfy the following relations as
t — 00:

~

b= 0. b — b 4t r) — ult.r), G r) — i(t.r).

(21)
Define the estimate Z(r, t) of z(r, t) as

2 1) = (r 4 L3) (01 + 62 + 03) + au(t, r)

r. . .
+ / [61L1 cos(0y + 63) + (61 + 02) Lo cos 63]dz.
0
(22)

An observer is designed to reconstruct the states in the
domain as follows

M (©)6 +C©.0)0 + £, )6 + F (@, af. )

k@ =) —ky6—0)+G =1, 23)
3 ET @
Z(rvt)+_u (tar):()a (24)
pK
0 =0, i)=0, a}=0, @&y =0, (25)

where kg = diag(kai, ka2, ka3), kp = diag(kp1, kp2, kp3),
kai, kpi € RT (i = 1,2, 3). Then, we subtract system model
(11)—(13) by (23)—(25) and get the model of estimate errors.

My1(8)61 + M12(8)62 + M13(6)63 + C11(6, 6)6,

@ Springer

+ C12(0, 6)62 + C13(6,0)65

!
— pK[Ljsin(6 + 93)]/ iidré, — pK[sin(0> + 63) L,
0

l . .
+ sin 93L2]/ ﬁd}”93
0
— ETiig + [cos(02 + 03) Ly + cos 3Ly + L3 El iy
+ ka101 + kp16) =0, (26)
M21(6)61 + M22(6)02 + M23(6)63 + C21 (6, 6)6,
+ C22(0, 6)6,
+ C23(6, 0)03
l . .
+ pK sin(6r + 63) L4 / udréy — pK sin63L,
0
l . .
/ iidrés — Elii)
0
+ (Lycos03 + L3)ETiiy + kaxfy + kpofh =0, (27)
M31(6)61 + M32(6)0> + M33(6)63 + C31(6, 6)6)
+ C32(0,0)0, + C33(0, 603
[ . .
+ pK[sin(6; + 63) L1 + sin 93L2]/ udro,
0
+ pK L;sin 63
l . .
f ﬁdrez
0
— ETii§ + L3ELi + k303 + k363 = 0, (28)
El-wy =
z(r,t) + u(t,r)=0, (29)
pK
iip=0, iip=0, iy =0, iy =0. (30)
The asymptotic stability of the observer
Define a generalized coordinate vector as
w=[w wy w3y ws ws we w7 wsl'
=[9~] 51 éz 52 9~3 53 i ﬁ]T (31)

The estimate error model (26)—(30) can be rewritten as

w=Aw+Y(w), w() ecH, (32)

where A is infinite-dimensional linear operator, Y (w) is finite
dimensional nonlinear operator.

Aw=1[wr @1 ws ¢ we @3 ws @], Yw e D(A),
(33)

Yw)=[0 Y, 0 Y, 0 Y3 0 Y417, (34)



Complex & Intelligent Systems (2023) 9:3249-3260

3253

where

@1 = (E1w5(0) — EIL3w5 (0) — kgywa — kpiwi)/Mi,
@2 = (E1w5(0) — EIL3w5 (0) — kgows — kpow3z)/ Mo,
@3 = (E1w7(0) — EIL3w5 (0) — kgzwe — kp3ws)/M33,
os = —EIwS /pK,

Y, = {—1‘}11(9)1132 — M1 (0)ws — M13(0)we — Criwa

— Cpwy — Cr3wg

+ [L sin(0> + 63)6> + [sin(6> + 63) L
!

+ sin63L,163]1pK / wgdr
0

— [cos(62 4 03)L1 + cos 63 L21ETwy (0)} /My,
Yo = {=Mn(@)ws — M1 (0)wz — M23(0)we — Carwa

— Cpnwy — Crzwg

— [L1sin(@, + 63)6; — Lo sin3631pK

[
/ wgdr — Ly cos 63 ETwY (0)}/ M2,
0

Y3 = {—M33(0)we — M31(0)wz — M32(0)ws — C31wn
— Cxwy — C33wg
— [sin(@y + 63)L16) + sinb3L260 + sinO3L262]pK

I
/0 wgdr}/Ms3,

Y4 = —Lyus cos(0y + 63) — Lo (o + uwyg)cos(63)
+ Lowe sin 63
— (L3 + r) (W2 + vy + We) — walf1 Ly sin(6; + 63)
+ sin63L2603] — we[6) L1 sin(62 + 63)
+ 6y + 62) Lo sin 03],

in which M;;(©) (i, j = 1,2, 3) in (23) contains ¢ form as
M;;(0), otherwise form as M;;. The defined Hilbert space is

shown below

H = R x H*(Q) x L*(Q),
D(A) = R® x HY(Q) x H*(Q),

where

1
Q:[O,l],LZ(Q)z{f:SZ—>R|/ | f1?dr < oo},
0

HYQ)={f:Q— RIf, . f',-, fP e L)

Define the energy of estimate error model as follows

1! .
E, = 5/ [pKZ2(r, 1) + ELid"™(t, r)]dr
0

Izr S (Rt
+59 M(6)6 + Ekpe 0. (35)
Then the time derivative of (35) is computed as

l . . .
E, =[ (pKZ(r,0)z(r, 1) + EId" (¢, )i’ (¢, r))dr
0
i o l;T .2 i~
+0T™M©)6 + 59 M(0)6 +k,0'0. (36)

Substituting the observer error dynamics (26)—(30) into
the above equation, then further obtain(see Appendix B)

E, = —k076 <0. 37)

From Eq. (37), it can be easily shown that operator A is dis-
sipated, and A generates a Co semigroup in H. Since Y (0) =
0, Y (w) is differentiable, we can easily get (I — A)’] isa
compact operator for sufficiently large 1 > 0O(e.g., forA > &)
[32,33], then the solutions of (32) locally exist in, more-
over the bounded solutions are also precompactin D C H;
Based on the LaSalle’s Invariance Principle, it then follows
that the solution of the system w(t) — C asymptotically
ast — oo, where C = {w € D|E(w) = 0}, and < is the
largest invariant set in C. However, Eq. (37) is not sufficient
to prove the stability of the designed observer. To strictly
prove the observer is asymptotically stable, we should apply
the extended LaSalle’s Invariance Principle to show E, = 0
implies w = 0 and then verify the observer stability.

So from E, = 0, yields

6; =0, 6; =6, — 6; = const. (38)
Putting (38) into (26)—(30) yields
l . .
pK/ [—L1sin(6 + 63)]udrby — pK[sin(6r + 03) L1
0

1
+sin93L2]f udrés
0

—Elﬁg + [cos(6r + 603) L1 + cosO3L, + L3]E1ﬁ8/
+kp16) =0, (39)

I
pKLjsin(0 + 93)/ udré, — pK L sin 63
0

!
/O iidréy — ETig
+(Lycos 83 + L3)ELi + kpbr = 0, (40)

I
pK[sin(@> + 63)L1 + sin 93L2]/ udr6y + pK L sin 03
0
[ . . ~
/ udrt, — Elig + L3Eliy + kp303 =0, (41)
0

" EI _,
u(t,r)+—u(t,r)=0, (42)
pK
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iip =0, iy =0, =0,y =0. (43)

By solving (42) and (43), the solutions (¢, ) can be get
according to the method of separating variables.

at,r)=o@r)e, (44)

where ¢ (r) are eigenfunctions for Eq. (44) and X are nonzero
complex eigenvalues. Substituting (44) into (42), we have

2

K o) 4s)
zr Y0

A
o*(r) = —
The solution of (45) is given by
9(r) = yie?" + 2P+ y3elP 4 eI (46)

where y;(i = 1,2,3,4) e R, 8 = V/—A2pK/EI € C; j
is the imaginary unit, j> = —1.

Applying Eq. (46) to the boundary condition (43), we
obtain

9(0) = ¢'(0) = ¢" () = "' (1) = 0. (47)
Using (46) and (47), we have

+yv+ys+ya=0
Vi—vtvi—ya=0 8)
nt+yr—vi—yva=0
n—v2—v3itya=0.

The solution of Eq. (48)is y1 = y» = y3 = y4 = 0, hence
¢(r) = 0, then we have

i, r)=e@r)et =0. (49)

From Egs. (39)—(41), we obtain that 6; = 0 and thus get

~

b = 0r. 6 — 6. Gt F) — ult.r). Gt r) — (. r).
(50)

Therefore, we proved w = 0 from Ea = 0, the designed

observer is asymptotic stability.

Observer-based controller design
Furthermore, we propose the observer-based controller that

requires only the independent joint input, and the controller
can ensure the asymptotic stability.

@ Springer

Theorem 1 If we set the control law as follows based on
the estimate of observer (23)—(25), the closed-loop system is
asymptotically stability.

T = —kje—koe—ks¢ F (0, af), i) F (6, i), i )+ G, (51)

inwhichk) = diag(kyy, k12, k13), ko = diag(ka1, k22, k23),
k3 = diag(ka1, k3o, k33) are 3 x 3 positive-definite diagonal
matrix.

Proof First, define vector p as

p=Ip1 p» ps ps p5s ps p1 ps w'l
=ler é e é e3 é3 u u wT ]T. (52)
The observer error dynamics (26)—(30), closed-loop sys-

tem model (11)-(13) and (51) are rewritten in the matrix

operator form as

p=Bp+N(p), p0)eH, (53)

where B represents an infinite-dimensional linear operator

as follows
Bp=1I[p2 s1 ps s2 ps s3 ps s4 Aw']T,
N(p)=[0 N 0 N2 0 N3 0 Ny Y(w)'I",

in which

s1 = (EIp5(0) — EIL3pY (0) — k11 p1 — ka1 p2)/ M1,
53 = (EIp7(0) — EIL3p7'(0) — k12 p3 — koo pa)/ M2z,
53 = (EIp5(0) — EIL3pY (0) — ki3 ps — kaz pe)/ M33,
_EL

sS4 = s
4 pK7

Ny = {—1‘7111((9)17'2 — M120)pa — M13(0)pe — C11p2
—Ci12p4 —C13p6
+ [sin(62 + 03) L1 p4 + [sin(62 + 63) L1
+sin03L21pelpapK fol psdr
— [c0s(62 +03) L1 +cos 03 Lol EIp}'0) —kaipa Fy ' Fy} /M,

Ny = {=M2(0)ps — M21(0)p2 — M23(0) p6 — Ca1p2 — Co2pa
i
— C23p6 — [Ly1sin(02 +63)pr — Lo sin 93P6]P4PK/() psdr

AT ~
— Lycos3EIpPY (0) — k3o paFy Fa}/ M,

N3 = {—=M33(0)ps — M31(0)p2 — M32(0) ps — C31p2 — C32p4
— C33pg — [sin(02 + 03) L1 pa + sin(03) Lo p2

l

) AT 4
+ Ly Sln93p4]papK/0 psdr — k3zpeF3 F3}/M33,

Ny = —Lppcos(6r + 03) — Lo(p2 + p4) cos(63) + Lo pe sin63
— (L3 +7)(P2 + Pa + Pe) — palf1 L1 sin(@2 + 03) + sin63L,63]
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Table1 Physical parameters of Parameter Value Parameter Value Parameter Value
the system
L, 0.7m Lig 0.35m mi 8 kg
Ly 0.6m Ly, 0.35m my 8 kg
L3 0.2m Lig 0.17m m3 4 kg
I; 37 x 109 kgm EI 20Nm? l I m
pK 0.5kg/m
— Pelb1L1 sin(62 + 63) + (1 + 62) Lo sin63]. Table 2 Control parameters of the system
Parameter Value Parameter Value Parameter Value
The state space H and the domain D(B) of the operator
B are defined as kn 50 ki 20 ki3 12
ka1 45 12%3 20 k23 9
H = R x H3(Q) x L*(Q) x R® x H3(Q) x L*(Q), K 10 k32 10 k33 10
k, 37 k 10 k
D(B) = R® x H*(Q) x H*(Q) x R® x H*(Q) x H*(Q). a a2 a3
kp1 22 kp2 17 kp3

Then, choose the energy function of the close-loop system
as

1 ! 22 72
E = 3 [pKz"(r,t) + Elu"(t,r)]dr
0
l.p R
+§e M@)e + Ee kie+ E,. 54)

Differentiating (54) with respect to time by using (19) and
(37) yields

. 1 . 2 2
E=—qTé+é"[M©B)E+ SM©3 + ¢Thkie — 0 ky0.
(55)

‘We further have
E=—qTé+"t—F(0.u0" uy") — Gl —07kyb. (56)

From (20), we can get F (6, ug”, ug”) — g = 0, then
substitute controller (51) into (56) and have

E=—¢"ke — ks TeF (0, i, i) F (0. af., i) — 6 ka6 < 0.
(57)

According to (57), we can know that operator B is
dissipated. It can be also verified operator B generates a
Co-semigroup in H based on Lumer—Phillips theorem that
used in “Infinite-dimensional observer” section. Then sim-
ilar to the application of LaSalle’s Invariance Principle in
“Infinite-dimensional observer” section, from E = 0 we can
also get

e=é=ult.r)=i(t,r)=6=0=ii(t,r)=ii(t.r)=0. (58)

This means p = 0, it can be proved that the solution of
E = 01is p = 0, and therefore, we get the asymptotically
stable of the proposed observer-based control. O

Simulation

The designed observer and controller strategy are tested with
the simulation implemented in MATLAB. System physical
parameters are given in Table 1.

The initial and desired trajectory are as follows:

010 =2.2rad, 0y9 = 1.7rad, 630 =0.2rad,
91d =23 rad, sz = 1.8rad, 93d = 0.1rad.

The controller and observer parameters of the system are
given in Table 2. The observer-based controller is given to
guarantee the asymptotic stability, which make the robot
track the desired joint angular and its speed, and suppress the
vibration. The simulation result of the proposed controller is
provided by Figs. 2, 3,4, 5, 6,7 and 8. Note that the simulation
time is 10 s. Figure 2 displays the three angles, angular veloc-
ities and the corresponding estimates, which can all track the
desired trajectory. It is clear that the estimate angles and angle
velocities could converge to their true values within 4 s. Fig-
ure 3 shows the deflection at link end of the flexible beam and
its estimation value, we can conclude that the vibration of the
beam is suppressed and the estimate can converge to the real
value. Figures 4 and 5 represent the strain force, the shear
force and their estimate values, which indicate the vibration
informations can be exactly observed. Figure 6 indicates the
three-dimensional deformation and its estimation of flexi-
ble beam. From Fig. 7, we can see the deformation error
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can be effectively suppressed to asymptotically approach O,
which demonstrates the observer could accurately estimate
the vibration deformation states. As shown in Fig. 8, the
result is the controller input of the proposed independent joint
control. Therefore, the simulations demonstrate the good per-
formance of the proposed infinite-dimensional observer and
controller.

Conclusion

In this paper, a non-linear infinite-dimensional observer is
proposed for manipulator operating a flexible beam based on
distributed parameter model. We further design an observer-
based independent joint control to regulate the angles to
follow the desired states and suppress the vibration of the
beam simultaneously, which can avoid setting sensors and
actuators on the beam. The asymptotic convergence of the
observer and the controller is validated through theoretical
proof. Numerical simulations have demonstrated the perfor-
mance of the proposed observer and the control strategy. The
next problem to be tackled is to research the cooperative force
control of manipulation for flexible object by multi-arm robot
based on infinite-dimensional model.
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Appendix A: Modeling parameters

The parameters of joint Eq. (11) are as follows.

My =9hL+1+13+m L]Zg +In2L%g +m3L§g
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+ (my +m3) L3+
m3L% +2L1(myLag +m3Ly)costy
+2m3LL3g cos(6 +63)
+2m3LyL3g cosO3 + pKli[sin(6p + 63)L
+sin63Ly1%, (Al
Mg =My = I+ Iy + myL3, +m3L3,
+m3L% + (maLog
+m3Lp)costh Ly +m3LjL3g cos(0r + 603)
+2m3LyL3g cos 03
+ pKILy[sin(6y + 03)L| + sin03L3]sin 63, (A2)
M3 =M3 =1+ m3L§g +m3LyL3g cos(6 + 63)
+m3LyL3g cos 63, (A3)
My =h+1 +m2L§g + m3L§g +m3L3
+2m3LyL3g cost
(A4)
(A5)

(A6)

+ pKLzzl sin 63 sin 03,

My3 = M3y =13 + m3L§g +m3LyL3g cost,

M3z =13 +m3L%g,

Cip = —(maLog + m3L2)L192 sin 0y
—m3L)L3g sin(0s + 63)(02+63)
—m3LyL3g03sin63 + pKI[sin(6y + 63)L1
+sin03La1[L1 (6,
+63) cos(6s + 63) + Lob3 cos B3], (A7)

Cra = —(maLog +m3L2)(61 +62)L | sin6;

—m3(01 + 6 + 63)L L3 sin(6;
. 1
+63) — m3LyLogf3sin63 — (L3l + 512)
x (01 + 6 + 03)[L) sin(62
+63)]+ pK Lol sin 03[ L1 (6 + 63) cos(63 + 63)
+ L293 cos 03] — pKL>(6;
+0,) cos 03[ L1 sin(6 + 63)]
+ pKLy L2[é] cos(0p + 03) sin 63, (AS)

C13 = —m3L1L3g (6] + 02 + 63)sin(6 + 63)

—m3LyL3g 6y + 62 +63)sin 63
Lo o«
= pK (L3l + 311 +6; +63)
X [Lqsin(0r + 63) + Ly sin63], (A9)

Cap = (maLog +m3L2)L191 sin 0y
+m3Ly L3g0) sin(6y + 63)

. Lo o0 . .
—m3LyLyg03sin63 + pK (L3l + 512)(61 + 62 +63)
X sin(6p
+03) + pK Lyl cos 63[L () + 63 +63) sin(6 + 63)
+ Ly63 sin63]

— pK Ly Lyl cos(6y + 03) sin 63, (A10)

Cop = —(m3Lag +pKLy cos 63) L 63 sin 03, (Al 1)

Cy3 = —m3L2L3g(91 + 6 + 63) sin 63

1 . : . .
— pK (L3l + E12)((91 + 0y + 63)Ly sin 63, (A12)

C31 = m3L1L3g0) sin(0y + 03) + m3(0) + 62)

LyL3gsint3
T,
+ K (L3l + 51701 + 0y + 63)[sin(0; +63)

Ly +sin63L7],
C3 :m3L2L3g(91 +6;) sinf3 + pK (L3l

(A13)
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+ 3061 +6 +63) L sin, (A14)
C33=0, (A15)
Fy = —Elu + (Ly cos(8y + 63) + Ly cos 63 + L3)Eluf), (A16)
Fy = —Elu{ + (Ly cos63 + L3)Elu(), (A17)
Fy=—Eluf + L3Eluf. (A18)
Gy =g(miLig+mpLy +m3Ly)cos6)
+g(myLyg +m3Ly)cos(d) + 62)
+m3L3ggcos(d) + 6, +03), (A19)
Gy =g(mpLyg +m3Ly)cos(6) + 62)
+m3L3gg cos(d) + 0 + 03), (A20)
G3 =m3gLsg cos(d) + 62 +63), (A21)

—Afladr —A—pKLysings ffadr

f= A fLadr —pKLysin63 [} idr

A+ pKLysins [Ladr pKLysin6s [} adr

(A22)

where A = pK L sin(6; + 63).

Appendix B: Calculation of the derivative of
Lyapunov function

Substituting the observer error dynamics (26)—(30) into Eq.
(36), then further obtain

I
. El
E, = pK/ (——iNdr + EIu"d|| — ETu""0|!
0 pK 0 0
1
+/ ETu®udr
0
o ) 1 . = L
+ 0" [M(@6)6 + EM(Q)Q] +ky60°0
i El g ) 5 (BT
=pK | [Z(=—u"") + Elu™uldr + 61{E1u
0 pK
—[Licos(0 + 63)
+ Lo cosO3 + L3]E1ﬁ8/ — kd151 — kplél}
+ Oy (ETi"
— (Lpcos B3 + L3)E1ﬁ6/ — kdzéz — kpzéz}

+ ég{Elﬁg - L3EIIZ6N
— ka303 — kp3603) + k078, (B1)

where Elu”zl% =0, Elu”’ll|6 = 0. Based on the energy
dynamic of flexible beam, we can obtain

L., EI l .
,OK/ z(——a<4>)dr+/ EIi%idr
0 oK 0
I . . .
= pK/ [61L1 cos(62 + 63) + (61 + 62) Lo cos 63
0

+ (L3 +7)(01 + 62+ 63)
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+ ][ L16) cos(6a + 63) — 6y sin(62 + 03) L1 (6 + 63)
+ Lo (01 + 62) cos b5

— 1 + 62)La63sin 03 + (L3 + r) O + 62 + 63) + idr

l
+/ Eli®udr
0
l . .. l .
:pK/ F,TFtdr+f Eli™idr. (B2)
0 0

From Eq. (19), we can get

L, EI l .
,oKf Z(——ﬁ(“)) dr+/ Eli®adr
0 pK 0

= [Llél cos(6r + 63) + (51 + éz)Lz cos 63 + (51 + 52
4By L31ETal — ETal6y + 62 + 63)

—01{EL] — [Ly cos(62 + 63)+ Ly cos 63 + L3 ELil]')
+ O {ELi"y — (Lycosfs + L3y)Eliy}

+ B (ELi] — LyEL]). (B3)
Thus, we get
E, = —k076 <0. (B4)
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