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Abstract

Pythagorean fuzzy sets (briefly, PFSs) were created as an upgrade to intuitionistic fuzzy sets (briefly, IFSs) which helped
to address some problems that IFSs couldn’t solve. The definition of g-rung orthopair fuzzy sets (briefly, -ROFS) is then
declared to generalize and solve PFS and IFS failures. Using the concept of PF S-neighborhood, Zhan et al. defined the
description of the covering through the Pythagorean fuzzy rough set (briefly, CPFRS). Hussain et al. also developed the
concept of q-ROF B-neighborhood to build the concept of covering through g-rung orthopair fuzzy rough sets (Cq-ROFRS).
To enhance the results in Zhan et al.’s and Hussain et al.’s method and in a related context, the concept of PF complementary
B-neighborhood is constructed. Hence, using PF g-neighborhood and PF complementary 8-neighborhood, three novel kinds
of CPFRS are investigated and the related characteristics are analyzed. The interrelationships between Zhan et al.’s approach
and our approaches are also discussed. Besides, the concept of q-ROF complementary S-neighborhood is examined. Three
new Cq-ROFRS models are differentiated using the principles of q-ROF B-neighborhood and q-ROF complementary S-
neighborhood. As a result, the related properties and relationships between these various models and Hussain et al.’s model
are established. Because of these correlations, we may consider our approach to be a generalization of Zhan et al.’s and
Hussain et al’s approaches. Finally, we developed applications to solve MADM problems using CPFRS and Cq-ROFRS, as
well as variances of the two methods using numerical examples are presented.
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Abbreviation CPFRS Covering based pythagorean fuzzy
rough set
RS Rough set PFB CAS (A, ) Pythagorean fuzzy  B-covering
FS Fuzzy set approximation space (A, 7)
CRS Covering based rough set PEN Pythagorean fuzzy number
FRS Fuzzy rough set g-ROFS g-Rung orthopair fuzzy sets
RFS Rough fuzzy set Cq-ROFRS Covering based g-Rung orthopair
CFRS Covering based fuzzy rough set fuzzy rough sets
IFSs Intuitionistic fuzzy sets gq-ROFBCAS (O, N) g-ROF B-covering approximation
CIFRS Covering based intuitionistic fuzzy space (®, M)
rough set g-ROFN g-ROF number
PFSs Pythagorean fuzzy sets MADM Multi-attribute decision making
MCDM Multi-criteria decision making
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Introduction

Rough set (RS) theory was established for adapting the
ambiguity and granularity in data via Pawlak [1,2]. It is
also utilized in various areas such as neighborhood systems,
graphs, kernel, reduction, granulation, probabilistic rough
set, variable precision and so on [3—13]. The most important
generalization of this theory is covering via rough set (CRS).
Many researchers worked on CRS as Pomykala [14,15] stud-
ied the two pairs of dual operator, Yao [16,17] extent these
operators via the neighborhood and granularity, Couso et al.
[18] construct CRS with incomplete data, Bonikowski et al.
[19] established CRS through minimal description, Zhu [20]
discussed topological properties to CRS, Zhu et al. [21] pre-
sented the reduction on CRS, Zhu et al. [22,23], Tsang et al.
[24] and Xu et al. [25] introduced other kinds of CRS, Liu
et al. [26] built the differences between CRS Zhu’s and Xu’s
models, Ma [27] investigated some kinds of neighborhoods
via CRS.

The concept of fuzzy rough set (FRS) and rough fuzzy set
(RFS) was constructed by Dubois et al. [28]. Deng et al. [29]
proposed new model of fuzzy covering according to FRS.
Atef et al. and Li et al. studied additional kinds of fuzzy
rough covering (FRC) [30-34]. Also, Ma [35] discovered
kinds of fuzzy covering rough set (FCRS) using the fuzzy
B-neighborhood. Moreover, the notions of a fuzzy comple-
mentary S-neighborhood and fuzzy 8 minimal and maximal
description were found by Yang et al. [36,37].

Fuzzy set theory (FS) was initiated by Zadeh [38]. There
are some problems in FS for dealing with uncertain data, so
the definition of IFSs was appeared by Atanassov [39] which
contain two parts membership degree and non-membership
degree. In IFSs, the sum of membership and non-membership
classes is between [0, 1]. Atanassov et al. [40] used IFS
to make a decision multi-person problem. Huang et al.
[41,42] introduced the notion of intuitionistic fuzzy multi-
granulation rough sets and intuitionistic fuzzy via CRS.
Alcantud et al. [43] discussed the decomposition theorems.

In realistic problems, much difficult application can not
be solved via IFSs. Therefore, Yager [44] introduced the
concept of PFSs. The main adding in PFSs is the sum of
squares of membership class and non-membership class is in
[0,1]. Yager [45,46] suggested the usage of PFSs to solve real
problem and make a decision. Garg [47,48] studied the gen-
eralized Pythagorean fuzzy information aggregation using
Einstein operations and Pythagorean geometric aggregation
operations using Einstein t-norm with their applications.
Zhang et al. [49] extend the PFSs to solve MCDM issues.
Hussain et al. [50] defined the concept of Pythagorean fuzzy
soft rough sets. Wang and Garg [51] introduced an algorithm
for MADM by Pythagorean fuzzy archimedean norm opera-
tions. Recently, Zhan et al. [52] established the definition of
CPFRS according to a PF g-neighborhood. They used these
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notions to solve problems in multi-attribute Pythagorean
fuzzy decision making (MAPFDM).

From profounding in the real application, there were some
problems not solved by IFSs and PFSs. So, In 2017, Yager
[53] demonstrate a new notion to solve these issues in IFSs
and PFSs. This notion called the g-rung orthopair fuzzy sets
(q-ROFSs) are considered a generalization of PFSs and IFSs.
The sum of qth power of membership class and gth power
of nonmembership class is in the interval [0, 1] in q-ROFSs.
In recent years, g-ROFSs studied and applied more widely
in many distinct areas. Yager and Alajlan [54] discussed the
relevant characteristics of q-ROFSs. In 2019, there was a
new think of q-ROFSs via orbits by Ali [55]. The notions of
connection number based q-ROFS is developed by Garg [56].
Especially, Hussain et al. [57] introduced the definition of Cq-
ROFRS through the notion of g-ROF B-neighborhood and
applied it in multi-attribute q-ROF decision making (MAq-
ROFDM). These differences illustrate that 3-PFSCRS is the
best approximations among 1-PFSCRS (Zhan et al.’s model),
2-PFBCRS and 4-PFSCRS.

The main aim of this study is to improve Zhan et al.’s
[52] and Hussain et al.’s [57] studies, by overgrowing the
lower approximation and diminish the upper approxima-
tion of the proposed methods. Thus, we set the meaning of
PF complementary B-neighborhood and hence we present a
new type of CPFRS model (2-PFBCRS). To generalize this
study, we obtain two new PF S-neighborhoods by joining
PF B-neighborhood and PF complementary S-neighborhood
and then two new CPFRS models are built (3-PFSCRS
and 4-PFBCRS). The properties of these models are also
discussed. Further, the relationships through the Zhan et
al.’s model and our models (i.e., 1-PFBCRS, 2-PFSCRS,
3-PFBCRS and 4-PFBCRS) are investigated. Moreover, we
put forward the definition of q-ROF complementary -
neighborhood and using it to introduce a novel model of
Cq-ROFRS (2-g-ROFBCRS). Hence, we merge the defini-
tions of q-ROF B-neighborhood and q-ROF complementary
B-neighborhood to generate two new kinds of q-ROF B-
neighborhood (3-q-ROFBCRS and 4-q-ROFSCRS). We use
these kinds to give two other paradigms of Cq-ROFRS
and also study relevant properties. Relationships between
Hussain et al.’s model and our’s (i.e., 1-q-ROFBCRS, 2-
gq-ROFBCRS, 3-q-ROFSCRS and 4-g-ROFBCRS) are also
given. We put forward some examples to explain the dif-
ferences between these two approaches which conclude
that 3-PFBCRS is the best among others (i.e., |-PFSCRS,
2-PFBCRS and 4-PFBCRS) and 3-q-ROFBCRS is more
accurate than others (i.e., 1-q-ROFBCRS, 2-q-ROFSCRS
and 4-q-ROFBCRS). Finally, we apply the presented work
to solve MAPFDM and MAQ-ROFDM problems.

The rest of the article is as follows. The basic notions
about PFSs and q-ROFSs are set in “Preliminaries”. “PF
complementary B-neighborhood and three novel kinds of
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CPFRS” constructs three new models of CPFRS by means of
PF B-neighborhood and PF complementary -neighborhood.
We determine the definition of q-ROF complementary -
neighborhood and use it to build three models of Cq-ROFRS
with the help of q-ROF S-neighborhood in “q-ROF com-
plementary B-neighborhood and three novel kinds of Cg-
ROFRS”. In “Decision-making approach using PFSCAS”,
we give numerical examples via our methods to explain the
theoretical studies. We put forward the main goals of this
study in “Conclusion”.

Preliminaries
In the following, we supply a short scanning of some concepts
consumed over the paper.

Definition 1 [49] Let A be a universe. For every u € A, if
we have a membership function ¥p : A — [0, 1] and a non-
membership function {p : A — [0, 1]. Define the PFS P as
indicated below.

P ={(u,9p), ipw))}, ey

where 0 < 93 (u) + {5u) < 1.

Definition 2 [49] Consider a PFS P € A, define the grade
of indeterminacy of u € A to P as follows.

Ep() = /1 — 03 () — (. )

Definition 3 [49]LetP; = (9p,, {p,) and Pr = (9p,, {p,),
for Py, P> € PF(A). Then Yu € A, we have the following
properties

(1) Py = {(u, &p, (u), ¥p, (u))}.

Q) P =Py = Opw) = dp,w) and op, () =
&p, (u).

(3) P1 C Pyif Up, (u) < Op,(u) and &py () < &p,(u).

@) P10 Py = {(u, Op, () AOp,(u), &p, (u) V &p, ()}

(5) PLUP = (0, 9, (0) v Py (), Ty () A G 10)).

6) P1 — P, =P NP3.

Definition 4 [49] Let P = (Up,, {p,) and P, = (¥p,, {p,)
be two PFNs. Then the distances among them is defined as
follows.

1
E(P1.Py) = E[Iﬂ%l — 05, + 163, — &, | + Ep, — s%zq.
(3)
Zhan et al. [52] introduced the notion of CPFRS and put

forward the definition of PF B-neighborhood as indicated
below.

Definition 5 [52] Consider A be a universe and Y =
(A1, Ay, ..., Ay} where A; € PF(A) andi = 1,2, ..., m.
Then for each PEN 8 = (¥4, ¢g), a Pythagorean fuzzy B
covering of A, if Z,- (u) > B for each u € 2. Now (A, '17)
is called the Pythagorean fuzzy B-covering approximation
space (briefly, PFBCAS).

Definition 6 [52] Consider a PFSCAS (A, 77), for some
PFN B = (g, ¢g). For every u € A, define the PF B-
neighborhood of u as follows.

PP = e T: Aiw) = B). @

Definition 7 [52] ConsideraPFBCAS (A, ’f), for some PFN
B = (Vp,¢p). Forevery u € A and X € PF(A), thatis,
X ={W0xWwi), ¢xW;)) :i =1,2,...,m}. Define the first
type of PF lower approximation (1-PFLA) £F'F (X') and the
first type of PF upper approximation (1-PFUA) U ¥ (X) as
follows.

ui, Ay (Emp (ui uj) Vv 0x (uj)),
d””m:{( i Epg et X")}, s

Vict (O i u) A G (u))
(i Vi) (P (i 1) A 192((%/))7} ©

Z/{PF(X) —
: { /\L](Eﬁg(ui,uj) v ex(u))))

Then the pair (L{F(X), UFF (X)) is called the
1-PFBCRS.

Definition 8 Consider ® be a universe. For every u € O,
if we have a membership function uy : & — [0, 1] and
a non-membership function vy : & — [0, 1]. Define the
g-ROFS X as indicated below.

X = {(u, px W), vy (u))}, (7N
where 0 < %, () +v5. () < 1.

Definition 9 [53] Consider a g-ROFS X' € @, define the
grade of indeterminacy of u € ® to X as follows.

Ex) = {1 = 05w — £hw). ®)

Definition 10 [53] Let X = (ux,, vy,) and &> = (ua,,
vy,), for X1, X € q-ROF(®). Then Vu € ©, we have the
following properties

(1) X7 = {(u, vy, (), py, ()}

2 X =X = pxw = ux) and vy (u) =
vy, ().

(3) X1 CAif py (u) < pa, () and vy, (u) < v, ().

@) XN X = {(u, py, () A, @), vy, () V vy, (u))}.

(5) X1 Uy = {(u, o, () V p, (), vy, (u) A vy, (u))}
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6) X1 — X =4 ﬂch.

Hussian et al. [57] presented the concept of CPFRS with
the aid of the definition of q-ROF B-neighborhood as indi-
cated below.

Deﬁn|t|0n11 [57] Cons1der ® be a universe and R =
{Rl, Rz, .. R } where R € q-ROF(®) and i =
1,2,...,m. Then for each q-ROFN B8 = (ug, vg), ag- ROF
B covering of O, 1fR (u) > Bforeachu € ®. Now (O, R)
is called the q-ROFg-covering approximation space (briefly,
g-ROFBCAS).

Definition 12 [57] Consider a q-ROFBCAS (O, SYt), for
some q-ROFN B8 = (ug, vg). For every u € ©®, define the
g-ROF B-neighborhood of u as follows.

O =N{R; € R : Riw) = B). ©)

Definition 13 [57] Consider a q-ROFBCAS (O, 5%), for
some q-ROFN B8 = (ug,vg). For every u € © and
X € q-ROF(A), that is, X = {(uxw;),vyu;)) : i =
1,2, ..., m}. Define the first type of q-ROF lower approxi-
mation (1-q-ROFLA) E?—ROF(X ) and the first type of q-ROF
upper approximation (1-q-ROFUA) L{?'ROF(X ) as follows.

(ugs ARy (e zp i, ur) A (ur)),
£ @) = i “ } (10)

szl (végk (up, ur) v ‘)X(”r)))q
(Mka \/Zzl(ﬂ B (uk,ur)VMX(ur))’
u?—ROF(X) _ I Quy } o

/\Zzl (U@fk (ug, ur) Avy (ur)))q

Then the pair (E?'ROF

ROFBCRS.

q-ROF

(X)), U (X)) is called the 1-g-

Definition 14 [57] Let X = (ux,, vy,) and Ao = (uy,,
Vy,) be two g-ROFNs. Then the distances among them is
defined as follows Vg > 1.

1
EX1, ) = [E DIk () = ey ()
ue®
1
1 q
- val(u)—vxz(u)lq} : (12)

ued

PF complementary B-neighborhood and
three novel kinds of CPFRS

This section’s objective is to investigate the definition of
PF complementary B-neighborhood and then construct three
new types of a CPFRS model. Further, we discuss the rela-
tionships via these models.

@ Springer

Table 1 Rating for (A, 7)

A 4> A3 Ay As
ur (0.8,02)  (0.7,0.6) (0.5,0.8) (0.9,03) (0.4,0.6)
w  (07,03) (04,05 (0.8,0.1) (0.6,0.7) (0.7,0.2)
w3 (0.6,04)  (0.8,0.6) (0.8,0.3) (0.3,0.9  (0.7,0.1)
us  (0.8,03) (03,09 (04,03) (0.7,0.6) (0.8,0.4)
us  (0.2,0.7)  (0.7,03)  (0.9,02) (0.7,0.5) (0.8,0.3)
ue  (0.6,0.6) (0.7,02) (0.6,0.5) (0.8,0.1) (0.4,0.2)

PF complementary -neighborhood

Definition 15 Consider a PFBCAS (A, 7) and PFN 8 =
(%8, ¢g). Then foreach u € A, define the PF complementary
B-neighborhood of u as follows.
PPy =PPw), Yve A (13)
Example 1 ConmderaPF,BCAS (A T) A ={uy,ur, uz, ug,
us,ug) and ¥ = {Ay, Ay, A3, Ay, As), where f =
(0.7, 0.4) are summarized in Table 1.

It is computed that
PO10Y — X\ N A,

uj
POTOY = AN A3N As,
POTOD = A3n A4s,
POTOY = Ay n As,
PO = AN A3 N As,
POTOD = Ky N Ay

The rating corresponding to them are computed and listed in

Table 2. However, the values of their complement 73;0'7’0'4)

is given in Table 3.

The first type of a CPFRS

Definition 16 Consider a PFBCAS (A, 7) and PFN g8 =
(¥, ¢p). Forallu € A and X € PF(A). Define the 2-PFLA
L5F(X) and 2-PFUA UST (X)) as follows.

(ui7 /\;l:] (é": (uiv u ) Vv 0}(‘(“ ))a

£ x) = A RN

V,‘:1(075A,3 (i, uj) A {X(u/)))

(wis VI (925 i uj) A Dxuj)),

U (X) = R : (15)
Ni=1 (fﬁﬁ (i uj) Vv ex(uj)))

Then the pair (L7 (X), UST (X)) is called the 2-PFBCRS.
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Table2 Result for

735(:7,0‘4), s=1,2,...6 ui uz us Uq us ue
73,’31 (0.8,0.3) (0.6,0.7) (0.3,0.9) (0.7,0.6) 0.2,0.7) (0.6, 0.6)
73,,2 0.4,0.8) (0.7,0.3) (0.6,0.4) 0.4,0.4) (0.2,0.7) (0.4,0.6)
73,,’33 0.4,0.8) 0.7,0.2) (0.7,0.3) 0.4,0.4) (0.8,0.3) 0.4,0.5)
73[,34 0.4,0.6) (0.7,0.3) 0.6,0.4) (0.8,0.4) (0.2,0.7) 0.4,0.6)
7355 (0.4,0.8) 0.4,0.5) (0.7,0.6) (0.3,0.9) (0.7,0.3) 0.4,0.5)
ﬁi (0.7, 0.6) 0.4,0.7) (0.3,0.9) (0.3,0.9) (0.7,0.5) (0.7,0.2)

Table 3 Result for

BOTON = 1,2,..6 “ v “ “ us “
7351 (0.3,0.8) (0.7,0.6) 0.9,0.3) (0.6,0.7) (0.7,0.2) (0.6, 0.6)
73:’,32 (0.8,0.4) 0.3,0.7) (0.4,0.6) 0.4,0.4) (0.7,0.2) (0.6,0.4)
73:’,33 (0.8,0.4) 0.2,0.7) (0.3,0.7) 0.4,0.4) (0.3,0.8) (0.5,0.4)
75?4 0.6,0.4) (0.3,0.7) (0.4,0.6) (0.4,0.8) (0.7,0.2) 0.6, 0.4)
5;& (0.8,0.4) (0.5,0.4) (0.6,0.7) (0.9,0.3) (0.3,0.7) (0.5,0.4)
7’52{36 (0.6,0.7) 0.7,0.4) (0.9,0.3) (0.9,0.3) (0.5,0.7) (0.2,0.7)

Example 2 Consider Example 1 and X = (u1,0.7,0.4) +
(up,0.4,0.7) 4 (u3, 0.8, 0.6) + (14, 0.8, 0.1) + (us, 0.6, 0.5)
+ (ug, 0.9, 0.1). Then the following results hold.

(D LX) = (u1,0.7,0.6)+ (u2, 0.4, 0.7) + (u3, 0.4,0.7)
+ (ug,0.4,0.7) + (us, 0.5, 0.6) + (ug, 0.6, 0.5),
UPF(X) = (u1,0.7,0.4)+ (u2, 0.6, 0.4) + (u3, 0.7, 0.4)
+ (4,0.8,0.4) + (us,0.7,0.5) + (ug, 0.7,0.2).

(2) LX) = (u1,0.6,0.7)+ (u2, 0.6, 0.5)+ (u3, 0.7, 0.4)
+ (4, 0.6, 0.5) + (us,0.4,0.6) + (ug, 0.4,0.7),
USF(X) = (11,0.8,0.5) + (u2, 0.7, 0.4)+ (u3, 0.7, 0.4)
+ (4, 0.6,0.4) + (us,0.8,0.3) + (ug, 0.8, 0.3).

Theorem 1 Consider a PFBCAS (A, 'f). Then, we have the
following properties

(1) LEF(X) = USTF(x9))©.

(2) USF(x) = (LEF (x))“.

(3) If X C Y, then LEF(X) < LEF (D).
(4) If X C Y, then ULF (X) S UEF ().
(5) LEF(x nY) = LEF ) 0 LB ).
(6) ULF (X NY) SUSF(x) NUF ().
(7) LEF(x uY) 2 LEF ey u Lhf ().
(8) UPF(X UY) =ULF (X)) UUEE ().

Proof of Theorem 1 We just prove (1), (3), (5) and (7).

M eyF )

(us, A% 1(4“7533 (s, ur) V Ox¢(ur)),

Vi1 (92 s, 1) A Ex ()
(s, A=y (cﬁf (s, 1) V (1 = Dx (ur))),
Vi (1955 (ug, up) A (1= x(up)))
= W)

(3) Let X, Y € PF(A) suchthat X C Y (i.e., ¥x < ¥y and
Cx > ¢y)and u € A. Then we get the following result.

(us. A?ZI(Cﬁﬁ (s, up) V Ox(uy)),

L7 X)) =
2 VI (9 2 s, ) A £ ()

Now for X C ), we have

ﬂﬁé’F(X) = /\?zl (1973”5 (us, ur) v ﬁX(”t))
< /\?:1 (1973}; (s, ur) v ﬁy(“z))
= Urrrey)

and

;‘,C;F(X) == v?:l (19,5[3 (MS7 ut) A CX(ut))
= V?;l(ﬁﬁﬁ (s, ur) A g-y(ut))

=Lerrey)
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Therefore, [{F(X) C £§FO}).

O crFxny)
(uSa /\’_yl:] (57’5’\/3 (uSa ut) Vv 0Xﬂy(ut))v

v_rgl:] (195,3 (s, ug) A ;Xﬂy(ut)))
- (CﬁAﬂ (g, ur) V (D x (ur) N Oy (uy))),
t

VILH (05 (5, u0) A () N Ey (un))

(ug, A

(uSv /\?:] (C,ﬁAﬁ (MS7 Ml‘) 4 ﬁ/”(‘(uf))

A A (cﬁﬂ (s, ur) V Oy (uy)),

Ug

v;":l (ﬂﬁ}; (s, ur) A ;X(ut))

Us

AV, (%Aﬁ (s, ur) A Cy(up)))

cEEx)y N cdF )

D crfauy)
(us, A?:] (é‘,,’gﬂ (u87 ul) \% ﬁ(XUy) (uf))y

V;l:] (1973]3 (s, ur) A E(Xuy) (ut)))
(MS’ /\;l:] (;‘7’521? (“s ) ul‘)

V(0 x () U ﬂy(uz))),
V;”=1(1975}3 (us, uy)

Us

ACx (ur) ULy (up))))
(uSa A?:] (gﬁAﬁ (MS7 ul) Vv ﬁX(ut))

Us

Vo AS— (Cﬁfﬁ (s, ur) v 19))(“1)),

us

A%

Vit (ﬂﬁ};. (us, ur) A {X(’h))

A v;n:1 (ﬁﬁ}; (g, ur) A é-y(ut)))

=crFyucht )

Definition 17 Consider a PFBCAS (A, 17) and PFN 8 =
(P, ¢g). Thus the rough and precision degrees of X' €
PF(A) are respectively seen as follows.

M55 )
» P

P —

= D(L5F (), 5T (X)),

1— 0N

R0 (16)

Example 3 Consider Examples 1 and 2. Then the following
results hold.

2N

Broxy = 0.248, 2P~

By = 0.752

@ Springer

The second type of a CPFRS

Definition 18 Consider a PFBCAS (A, 'f) and PFN 8 =
(P8, ¢g). Then for each u € A, define a new kind of PF
B-neighborhood as follows.

P =PF APE. (17)

Example 4 Consider Example 1. We compute ﬂT,f as set in
Table 4.

Definition 19 Consider a PEBCAS (A, )~”) and PFN 8 =
(0, ¢p). Forallu € A and X € PF(A). Define the 3-PFLA
LEF(X) and 3-PFUA UST (X)) as follows.

(ui, Af’zl((lqg(ui,uj) v Ox(uj))), as)
VI (9 g (i) A L)) |
(ui, V?:l(ﬁqu (I/l,', uj) AN 19;((14]-)

n

)
. (19
Aizl(ilig (ui, uj) Vv CX(uj)))}

£y = !
Ut (x) = {

Then the pair (L7 (X), U3F (X)) is called the 3-PFBCRS.

Example 5 Consider Examples 1 and 2. Then we have the
following outcomes.

LX) = (u1,0.7,0.6) + (u2,0.7,0.4)
+(u3,0.7,0.4) + (u4,0.7,0.4)
+(us, 0.5, 0.6) + (us,0.7,0.5),
USF(X) = (u1,0.6,0.6) 4 (u2,0.4,0.4)
+(u3,0.4,0.4) + (us,0.4,0.6)
+(us, 0.6, 0.5) + (ug, 0.6,0.7)

Now, we obtain the following theorem which has the prop-
erties of the 3-PFBCRS model. The proof of this theorem is
straightforward from Definition 19 and Theorem 1, so, we
omit this proof.

Theorem 2 Consider a PFBCAS (A, 77). Then, we have the
following properties

(1) LEF () = USF(x))©.

(2) UEF(X) = (LEF(x9y)e.

(3) If X € . then LEF(X) € LEF (D).
(4) If X C Y, then U (X) C ULF ().
(5) LEF(x nY) = £5F(x) N LEF (D).
(6) UPF(X N Y) Ul xy nubt ().
(7) LEF(x uY) 2 LEF )y u LlF ).
(8) UPF(X UY) =ULF () UULE ().
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Table4 Result for

s =1,2,...,6 i B u3 s s e
1%, (0.3,0.8) (0.6,0.7) (0.3,0.9) (0.6,0.7) 0.2,0.7) (0.6, 0.6)
i, (0.4,0.8) (0.3,0.7) (0.4,0.6) (0.4,0.4) (0.2,0.7) (0.4,0.6)
Wiy (0.4,0.8) (0.2,0.7) (0.3,0.7) (0.4,0.4) (0.3,0.8) (0.4,0.5)
19y (0.4, 0.6) (0.3,0.7) (0.4,0.6) (0.4,0.8) 0.2,0.7) (0.4,0.6)
10 (0.4,0.8) (0.4,0.5) (0.6,0.7) (0.3,0.9) (0.3,0.7) 0.4,0.5)
1l (0.6,0.7) (0.4,0.7) (0.3,0.9) (0.3,0.9) 0.5,0.7) 0.2,0.7)

Definition 20 Consider a PFBCAS (A, 17) and PFN 8 =
(%8, £g). Thus the rough and precision degrees of X €
PF(A) are respectively seen as follows.

PF PF
Wz, o, = DL (). T (X)),

Example 6 Consider Examples 1 and 2. Then the following
results hold.

3N

Bo) = 0.228, 3P

Boy = 0.772

The third type of a CPFRS

Definition 21 Consider a PFBCAS (A, ’f) and PFN 8 =
(%8, ¢g). Then for each u € A, define a new kind of PF
B-neighborhood as follows.

G =PF v P Q1)

Example 7 Consider Example 1. We compute ﬁ[’f as follows
in Table 5.

Definition 22 Consider a PFBCAS (A, ?) and PFN 8 =
(P, ¢p). Forallu € A and X € PF(A). Define the 4-PFLA
LEF(X) and 4-PFUA U} (X) as follows.

Z:ZF(X) _ { (Mi, /\l"lzl(é'zzﬁf(ui, uj) Vv ﬁX(Mj)),} |

Visy (0o (i uj) A S (uj)))
(ui, \/;lzl (192%/5 (u,’, I/lj) A l?)((btj)

).
Ut (X =
4 ! A?:l(gﬁf (Ui, uj) v {X(”j)))}

Then the pair (L7 (X), UFF (X)) is called the 4-PFBCRS.

Example 8 Consider Examples 1 and 2. Then the following
results hold.

LX) = (u1,0.6,0.7) + (u2,0.4,0.7)
+(u3,0.4,0.7) 4 (g, 0.4,0.7)
+(us, 0.4,0.6) + (ug, 0.4,0.7),

UF(X) = (u1,0.8,0.4) 4 (u2,0.7,0.4)
+(u3,0.7,0.4) 4 (ug,0.8,0.4)
+(us, 0.8, 0.3) + (ug, 0.8,0.2)

Theorem 3 Consider a PFBCAS (A, 7’;). Then, we have the
following properties

(1) LEF(x) = UbF(xeye.

(2) UFF(x) = (LEF(xo))“.

(3) If X C Y, then LY (X) < LYF (D).
(4) If X C Y, thenULF(X) S UFF (V).
(5) LEF(x nY) = LEF(x) 0 LEF ).
(6) UF (X NY) Ut (x) nutf ().
(7) LEF(x uY) 2 LEF () U L ).
(8) UPF(X UY) =UF(X) UUF ).

Proof The proof is similar to Theorem 1 using Definition 22.
O

Definition 23 Consider a PFBCAS (A, T) and PEN B
(¥, ¢g). Thus the rough and precision degrees of X
PF(A) are respectively seen as follows.

m

M55 2,

LBy =

= D(LLF(X), UyT (X)),

11— 45)1757‘(2()'

(22)
Example 9 Consider Examples 1 and 2. Then the following
results hold.

4N <

Boy = 0.40195, 4P+

Box) = 0.59805
Relationships between the proposed methods

Below, we proceed to explain some relationships among
these kinds.

Proposition 1 Considera PFBCAS (A, T) and X € PF(A).
Then the following properties holds.
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Table5 Result for

Es=1.2,...6 i " v e - "o
2%,1 (0.8,0.3) (0.7, 0.6) (0.9,0.3) (0.7, 0.6) (0.7,0.2) (0.6, 0.6)
208, (0.8,0.4) 0.7,0.3) (0.6,0.4) (0.4,0.4) 0.7,0.2) (0.6,0.4)
2:]‘['53 (0.8,0.4) (0.7,0.2) (0.7,0.3) 0.4,0.4) (0.8,0.3) (0.5,0.4)
zﬁ[’i (0.6,0.4) (0.7,0.3) (0.6,0.4) (0.8,0.4) (0.7,0.2) (0.6,0.4)
208, (0.8,0.4) (0.5,0.4) (0.7,0.6) (0.9,0.3) 0.7,0.3) (0.5,0.4)
2%6 (0.7, 0.6) (0.7,0.4) (0.9,0.3) 0.9,0.3) (0.7,0.5) (0.7,0.2)

(1) £§F (X) < EIQDF (X) < E‘;F (X). complementary S-neighborhood of u as follows.

(2) LFx) < LPFx) < L5F (). < ~

(3) UFX) <Us™(X) < U (). Q) = Q/w), Yveo. (23)

(4) WF X)) <uf™(x) < U (). Example 10 Consider a ¢-ROFBCAS (6, ), © = {u1, us,

u3, uq, us, ug} and R = {R1, Ra, R3, R4, Rs}, where 8 =
Proof 1t is clear from Definitions 7, 16, 19 and 22. |

Proposition 2 Consider a PFBCAS (A, 77) and X € PF(A).
Then the following properties holds.

(1) LEFx) = £8F ) u £5F (x).
(2) UEFX0) <Uuff () nusr ().
(3) LyF(X) < LX) N LEF ().
(4) UPF(X) = U (x) LUSF (X).

Proof 1t is obvious. O

Remark 1 Consider a PFBCAS (A, )~”) and X € PF(A).
According to Example 2, you can see the following relations.

(1) P x) £ £8F(X) and £5F(X) £ £PF ().
(2) UFF(X) £ UEF(X) and UEF (X)) £ UPE ().

Based on the above remark and Example 2, the two model
1-PFBCRS and 2-PFBCRS are distinct from some of them.

g-ROF complementary B-neighborhood and
three novel kinds of Cq-ROFRS

To treat the insufficiency in PF, Yager’s set the notion of g-
ROF. In this section, we define the q-ROF complementary
B-neighborhood and then we present three models of Cq-
ROFRS. In addition, we study the relationships between us
and the last method by Hussian et al. [56].

g-ROF complementary B-neighborhood

Definition 24 Consider a q-ROFBCAS (®, En)di) and q-ROF
B = (ug,vp). Then for each u € ©, define the g-ROF

@ Springer

(0.5, 0.3, 0.8) are summarized in Table 6.
It is computed that

@ig,&o.ﬂ =R NRyNRs
@*Eg.s,o.n =R N7R,.
@1(4(;.8,0.7) =R NRs,
QO8O — Ry Ry Rs,
JO8OD = R, N Ry,
éig.s,m) =R NR;s

(980D are listed in Table 7.

1(40.8,0.7) as

and the complete values of @

Thus, we can obtain their complement values @
in Table 8.

The first type of a Cq-ROFRS

Definition 25 Consider a q-ROFBCAS (O, ET{) and
B = (ug,vg).Forallu € ® and X € ¢ — ROF(®). Define
the 2-q-ROFLA £ %" (x) and 2--ROFUA 1f %" ()

as follows.

or (ur, /\Zzl(ué}j (g, ur) vV e (ur)),
£37 (X) _ iy

Vie1 (v (ks ur) A v (un))

uj q

(24)
(Mk, VZ:I(M@?Q (””(1 ur) A /‘LX(ur))v

uq—ROF(X) _ uj
2 /\Z:l(véﬂ (ug, uy) vV v)((ur)))q
ug

(25)

Then the pair (EZ_ROF(X), Ug_ROF(X)> is called the
2-g-ROFBCRS.
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Table 6 Result for (©, i) 7 R, Rs 2 Rs
u (0.9,0.5) (0.85,0.65) (0.7, 0.8) (0.5,0.9) (0.9,0.3)
u (0.89,0.7) (0.93,0.45) (0.79, 0.65) (0.69,0.8) (0.65, 0.95)
u3 (0.95,0.6) (0.69, 0.85) (0.98, 0.63) (0.7,0.4) (0.5,0.9)
i (0.85,0.7) (0.6, 0.9) (0.55, 0.85) (0.97,0.3) (0.89, 0.4)
us (0.6, 0.87) (0.9, 0.45) (0.69, 0.85) (0.92,0.6) (0.3,0.75)
ue (0.88, 0.55) (0.6, 0.9) (0.9, 0.63) (0.8,0.7) (0.5, 0.89)

Table 7 Result for

§(0A8,0.7) k=1.2 6 ui uz us uq us Ue

Uk sh = 1,4, ...,

Qfl (0.35, 0.65) (0.35,0.65) (0.7,0.8) (0.5,0.9) (0.5,0.9) (0.7, 0.8)
éfz (0.65, 0.95) (0.39,0.7) (0.79,0.7) (0.65,0.93) (0.69,0.3) 0.79,0.7)
@53 (0.5,0.9) (0.69, 0.35) (0.95,0.6) (0.5,0.9) (0.69, 0.85) (0.95, 0.6)
@54 (0.6, 0.9) (0.6,0.9) (0.55,0.85) (0.85,0.7) (0.92, 0.6) (0.55,0.85)
@55 (0.6, 0.87) (0.6,0.87) (0.6,0.87) (0.6, 0.87) (0.6, 0.9) (0.6, 0.8)
@56 (0.5,0.9) (0.6,0.9) (0.88, 0.63) (0.5,0.89) (0.6, 0.9) (0.88, 0.63)

Table 8 Result for " s s s s e

0¥ k=1,2,..,6
@51 (0.65, 0.35) (0.65,0.35) (0.8,0.7) (0.9,0.5) (0.9,0.5) (0.8,0.7)
@52 (0.95, 0.65) (0.7,0.39) (0.7,0.79) (0.93, 0.65) (0.3, 0.69) (0.7,0.79)
@53 (0.9,0.5) (0.35,0.69) (0.6, 0.95) (0.9,0.5) (0.85, 0.69) (0.6, 0.95)
@54 (0.9, 0.6) (0.9,0.6) (0.85,0.55) (0.7, 0.85) (0.6, 0.92) (0.85,0.55)
éfs (0.87, 0.6) (0.87,0.6) (0.87,0.6) (0.87,0.6) (0.9, 0.6) (0.8, 0.6)
@56 (0.9, 0.5) (0.9,0.6) (0.63, 0.88) (0.89,0.5) (0.9, 0.6) (0.63, 0.88)

Example 11 Consider Example 10 and

u1,0.91,0.62), (42, 0.58, 0.83), (u3,0.8,0.75),
X —

@) L5 () =

(14, 0.95, 0.35), (us, 0.8, 0.7), (ug, 0.98,0.37)

Then we get the following results.

-ROF
(1 L]

q-ROF
U

(X) =

(X) =

(
(
(
(
(
(

u1,0.35,0.9), (u2,0.39,0.95),

u3,0.5,0.9), (us,0.55,0.9),
us, 0.58,0.9), (s, 0.5, 0.9)

u1,0.98,0.35), (u2, 0.98, 0.3),
13, 0.98,0.35), (u4, 0.98, 0.35),
s, 0.98,0.35), (ug, 0.98, 0.35)

Uy

q-ROF

(X) =

u1,0.58,0.83), (u2, 0.3, 0.83),
u3,0.35,0.95), (u4,0.58,0.92), ¢ ,
), (16, 0.58,0.88)
u1,0.98,0.35), (u2, 0.98, 0.35),
u3,0.98,0.35), (u4, 0.98,0.35),
)- ( )

(

(
(us,0.58,0.83
(

(

us, 0.98, 0.35), (ug, 0.98,0.35
(

Theorem 4 Consider a g-ROFBCAS (O, ST%). Then, we have
the following properties

’ (1) L
(2) U,

g-ROF

2
q-ROF

(X) = (
(X) = (LI (xey)e.

1(4"ROF

IROF (e,

(3) If X € Y, then LIRF () < LI*F ().

(4) If X C )Y, then
(XnYy

(5)

g-ROF
L,

g-ROF
U,

(X) S U,
_ pokor

q-ROF

).

(X) N LI*F ().
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(6) ug‘l’:Ol’;(X nY) c ug‘:O;(X) N ug'l’:og(y). (ks ARy (e 3 (i, ur) V ()
(7) L5 2 uY) 2 L8 ) U LET Y. ]
4-ROF 4-ROF ¢-ROF Apot (i (i) Vv oy (),
(8) USFOr (x u Yy =udR () LU (). B 3k

(9) L3N < x cuftor ).

Proof of Theorem 4: We prove (1), (3), (5), (7) and (9) only.

(1) £ ROF(xe

(3) LetX,Y € g-ROF(®) suchthat X C YV (ie., uyxy < Xy
and vy > vy)and u € @. Then we get the following

result.

i ROF

(ukv /\k 1( ~ﬂ (g, uy) v MXC(ur))
uk

Nﬂ (ug, ur) N vye (”r)))
le

Vie

uk
\%"

(ug—ROF(X)>

() (u)

(uks AF_y (Méjg (g, ur) vV px ),

U
Viei (Vg Gaeur) A v (@),

Uj

Now for X C ), we have

I’Lﬁ‘é*ROF(X) = /\Z:l (M@}; (g, up) v /'LX(MF))
Uk

and

< /\Zzl(u@g (up, ur) V oy (ur))
llk

= Hpg-Rory),

U‘C‘ZI*ROF(X) = vZ:](H‘QAﬁ (Mk, ur) A VX(ur))

I.lk
> Vi (Méﬁ (ug, ur) A vy(u,))
U

= VLZ—ROF(y)

Therefore, E‘ZFROF(X) - C;FROFO))-

S iR xny)

@ Springer

(ukv /\221(“@73 (ukv ur) Vv /’L(me)(ur))v

i

Vie1 (Véﬁ (U, ur) A V(me)(ur)))
uk

(ur. Ny (M@;s (g, ur) vV (mx(y) N py (),
uy

Vit (v@;g (g, ur) A (x(y) Ny ()

Uuj

(v
(s Az (1 gy Gt ) v (1 = e (),
k= l(

Vg (ke ) A (1= vx(ur)),

Vi, (Véys (up, ur) Avx(y))
Uk

Vf’zl(v@% (i, ur) Avy(y)))

s

_ EZ—ROF(X)mﬁq ROF(y)

7 £g—R0F(X Uy

(ks Afy (1 ~Aﬂ (g, ur) V pxuy) ur)),

% l(véﬂ (uk,ur) A V(Xuy)(ur)))
ug

(ur, Ny (uéﬂ (e, ur) A (e (y) Uy (),

s

Vit (Vé}} (i, ur) A (x (y) Uvy (1))

ug

(ukv /\Z:]( ~/3 (ukv r) Vv HX()’))

”k

V A=t (g (st V iy (),
le

v

VIL (v (ks ur) Avg ()
Ql{k

A VL (Vg (o ) Avy ()
_ Eg—ROF(X) UE;,—ROFO))

(9) Straightforward. O

Definition 26 Consider a q-ROFSCAS (O, %) and B =

(g, vg). Thus the rough and precision degrees of X €
g-ROF(®) are respectively seen as follows.

59 Réﬁ(x (ﬁq ROF(X), Z/{;_ROF(X)),
29@9(/\’) 1—- 29{@’,3(/\/)' (26)

Example 12 Consider Example 11, then we have the follow-
ing outcomes.

lmgﬁ(;v) 0.218, 19@3()() 0.782

2%@3(/\?) =0.201, 29@3 @ =0.799

The second type of a Cq-ROFRS
Definition 27 Consider a q-ROFBCAS (@,ET%) and =

(g, vg). Then for each u € ®, define a new kind of g-ROF
B-neighborhood as follows.

\0F = 88 A OF. 27)
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Example 13 Consider Example 10 and we can obtain the fol-
lowing results for 1(@u as listed in Table 9.

Definition 28 Consider a q-ROFBCAS (©,%) and
B = (ug,vg).Forallu € ® and X € ¢ — ROF(®). Define

the 3-g-ROFLA £4 %" (X) and 3-g-ROFUA 1 " ()
as follows.

Al ~ \V4
E;{—ROF(X)Z (Mk’ k=1(“1@g§k(”k’“r) MX(ur)),

)

Vi1 (vl@gk (up, up) v VX(ur)))q
(28)

UIROF () = (1ek, VZ:I(“.@fk (g, up) A e (ur)),
Nzt (0, Gae ) v v (),

(29)

Then, the pair (cg"“’ Py, ug—Ror (X)) is called the 3-
¢-ROFACRS.

Example 14 Consider Example 10 and 11. Then we have the
following results.

(u1,0.35,0.9), (u2,0.3,0.95),
(u3,0.35,0.95), (us,0.55,0.92),  ,
(us, 0.58,0.9), (ug, 0.5, 0.9)
(u1,0.98,0.35), (u2,0.98,0.35),
(X) = 1 (u3,0.98,0.35), (us, 0.98,0.35),
(us, 0.98,0.35), (ug, 0.98, 0.35)

£c31-ROF X) =

q ROF

Theorem 5 Consider a g-ROFBCAS (O, Sﬁ). Then, we have
the following properties

(1) L3R () = RO (xey)e.

(2) UTROF (xy = (£IROF (xey)e.

(3) If X € P, then LIRF () < LI*F ().
4) If X C Y, then U™ (x) cu g IROT ).
(5) LI x ny) = £ n £‘§'ROF<;V).
(6) uq ROF(X ny)c uq -ROF g-ROF(y).

x)ynu
(7) L" ROFxuy) 2 £§ ROE ey u £2RF ().
(8) uq ROFxuy) =

q-ROF (X)U u;/-ROF ).
(9) LIFF () c x uq ROF ).

q -ROF

Proof 1t is obvious. O
Definition 29 Consider a q-ROFBCAS (@,5’%) and g =
(g, vg). Thus the rough and precision degrees of X €
g-ROF(®) are respectively seen as follows.

Mg, = DL .U (),

3 P2 =1— 3%z

QA (X) QF(X)’ (30)

Example 15 Consider Example 14, then we have the follow-
ing outcomes.

0.137, 3P~

S =0.863

R 3p ) =

The third type of a Cq-ROFRS

Definition 30 Consider a q-ROFSCAS (O, 57?) and f =
(g, vg). Then for each u € ®, define a new kind of g-ROF
B-neighborhood as follows.
20 = &f v . (31)

Example 16 Consider Example 10 and we can obtain the fol-
lowing results for 2Qu as listed in Table 10.

Definition 31 Consider a q-ROFBCAS (O, STT) and
B = (ug,vg).Forallu € ® and X € ¢ — RO F(®). Define

the 4-g-ROFLA L]~ ROF )y and 4-q-ROFUA 14~ ROF (x)
as follows.
n
LIROF () = (1ek, Ak:l(ﬂz@gk (ug, ur) vV px (ur)),
4 B ki
g 0 A o),
(32)
q—ROF (1 VZ=1(M2@5k (g, ur) A px(ur)),
U, X)) =
AZ:l(Vz@gk (ug, uy) v vX(”r)))q

(33)

Then the pair (£4 " (), uf ="

4-q-ROFBCRS.

(X)) is called the

Example 17 Consider Examples 10 and 11. Then we get the
following results.

(u1,0.58,0.83), (42, 0.58,0.83),
(X) = { (u3,0.58,0.83), (14, 0.58,0.83), ¢ ,
(us, 0.58,0.83), (us, 0.58,0.83)
(u1,0.98,0.35), (u2,0.98,0.3),
(X) = { (u3,0.98,0.35), (us, 0.98,0.35),
(us, 0.98,0.35), (ug, 0.98, 0.35)

q-ROF
Ly

q ROF

Theorem 6 Consider a g-ROFBCAS (O, ??i). Then, we have
the following properties

(1) £IRF )y = IO (xey)e,

2)u ZROFm = (LIROF (xeyye,

(3) If X C Y, then £ (X) € £I™T ().
4) If X €Y, then " (xy < ud O ().
(5) LI x n Yy = £y n £ ).
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Table 9 Result for

QF k=1,2,...6 uj up u3 ug us ug
1@51 (0.35, 0.65) (0.35,0.65) (0.7,0.8) (0.5,0.9) (0.5,0.9) (0.7,0.8)
1@52 (0.65,0.95) (0.39,0.7) (0.7,0.79) (0.65,0.93) (0.3,0.69) (0.7,0.79)
1@53 (0.5,0.9) (0.35,0.69) (0.6,0.95) (0.5,0.9) (0.69, 0.85) (0.6, 0.95)
1@54 (0.6,0.9) (0.6,0.9) (0.55,0.85) (0.7,0.85) (0.6, 0.92) (0.55,0.85)
1@55 (0.6, 0.87) (0.6,0.87) (0.6,0.87) (0.6,0.87) (0.6,0.9) (0.6, 0.8)
1@56 (0.5,0.9) (0.6,0.9) (0.63,0.88) (0.5,0.89) (0.6,0.9) (0.63,0.88)

Table 10 Result for

20 k=1,2,..,5 - " - - 1 o
2@51 (0.65,0.35) (0.65,0.35) (0.8,0.7) 0.9,0.5) (0.9,0.5) (0.8,0.7)
2@52 (0.95, 0.65) (0.7,0.39) (0.79,0.7) (0.93,0.65) (0.69,0.3) (0.79,0.7)
2@53 (0.9,0.5) (0.69, 0.35) (0.95,0.6) (0.9,0.5) (0.85, 0.69) (0.95, 0.6)
2@54 (0.9, 0.6) (0.9, 0.6) (0.85,0.55) (0.85,0.7) (0.92,0.6) (0.85,0.55)
2@55 (0.87,0.6) (0.87,0.6) (0.87,0.6) (0.87,0.6) (0.9,0.6) (0.8, 0.6)
2@56 (0.9,0.5) (0.9, 0.6) (0.88, 0.63) (0.89,0.5) (0.9,0.6) (0.88,0.63)

6) U (x n Yy Ul o nud R ). Proof The proof is clear from Definitions 28 and 31. O

(7) z:i{":; (XUY) 2 ﬁZ'iZ’; (X)u ﬁZ'i‘j; ).
(8) UIRF(x U Yy = U () LU ().
(9) LIFF(x)y < x cul®of ).

Proof O

Definition 32 Consider a q-ROFBCAS (@,3~t) and B =
(g, vg). Thus the rough and precision degrees of X €
g-ROF(®) are respectively seen as follows.

o q-ROF g-ROF
Mgy 0 = DL (0. U (X)),
~ = —_ N ~
49’@3(){) L= 4N - (34)

Example 18 Consider Example 17, then we have the follow-
ing outcomes.

4N

3o = 0.159, 4P«

Sp) = 0.841

Relationships between the proposed methods

Next, we explain some relationships among these kinds.

Proposition 3 Consider a g-ROFBCAS (©, %) and X €
q-ROF(®). Then the following properties holds.

(1) £IRF () < LI () < £ ().
(2) L3R () < L1 () < £ ().
(3) Uy <ul*OF () <ud O ().

4) Ul RO )y < Ut () <ul RO ().

@ Springer

Proposition 4 Consider a g-ROFBCAS (@, %) and X €
q-ROF(®). Then the following properties holds.

D £ > £ L)
2) U Ul ) nud T ().
(3) £g-R0F(X) < ,C({.ROF(X) n ﬁg-ROF(X).

(4) ug-ROF(X) > z/{1(1—R0F(‘)C.) U Z/{;{-ROF()(.).

Proof Straightforward. O

Remark 2 Consideraq-ROFBCAS (O, SY%) and X € q-ROF(©®).
From Example 11, you can see the following relations.

(1) L5757 ¢ £55() and £57 () £ L7 ().
@) U () £ UFROT () and SO () < uFROT ().

Based on the above remark and Example 11, the two model
1-g-ROFBCAS and 2-q-ROFBCAS are distinct from some
of them.

Decision-making approach using PFBCAS

Now, we illustrate the proposed theoretical study with a real
example to clarify how this study is beneficial for the real
problems.
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Method on a CPFRS
Description and process

Assume that A = {u, : r = 1, ..., k} is the set of alternatives,
the m main attributes ¥* = {ANi i = 1,2,...,m}. Then
?(ur) = (x,j, yrj) indicates the experts assessment outcome
relevant to the alternatives u, and the attribute Ei. Also, we
suppose that PEN 8 = (g, {g). Thus (A, 7~") is a PFBCAS.
Therefore, by using the proposed covering method, we set
up the following steps to solve problems in MAPFDM.
Step 1: Construct MAPFDM with information system
(A, ’?, &, &). So, we have the following formula.
S ={4;. \/ (RA;jw)): (=1 ...m)}

1<i<n

= (AL x yD), Ao, )y D), e (A x), y0)Y (35)

and
S =145, )\ (R(Ajw)): (=1 ...m)}

1<i<n

= (A1, x7, 31D, (B2, 23, 35D, oo (A, 5, 911, (36)
where \/ and /\ denotes to “max” and “min”, respectively,
and R is the score function. If we have P = (¥p, {p), then
R(P) =3 —tpand —1 < R(P) < 1.

Step 2: Counting the adequate distances &} and &) as
follows:

& = ZT x €|:A (uy), ¥ (%)]

j=1
1 & ) g2
=527 |-
j=1
2 2
+HyZ =yl + |85 €] } (37)

1 " 2 ¢2
:EZ’]}x[xrj—xj
j=1
2 2
+Hyh =y |+ (& -] } (38)

where 7; = (71, D2, ..., T,) is the weight vector such that
> i=1Tj = 1. And if we have two PFNs P = (¥p,, {p,)

and P = (Up,, {p,), then E(P1, P2) = 2|:|192 _ ﬁz I+

%, — <1+ lep, — el | andgp = 1= 0%~ ch. 6 =
(&, &)

Step 3: Based on the presented knowledge, calculate the
lower and upper approximation of X using 3-PFSCRSs as
the following equations.

0P — (ui»A?zl(é“ws 55(141"”./)V’96"(”./))’ ’
Vi1 (05, g6 Wi ) A (1))
39)
e gy = | (I Gy ) 1 0 0)
; /\l'_lzl(ﬁﬁfAﬁf(ui,uj)Vfé”(”j)))
(40)

Step 4: If 0 < y < 1 is a threshold and 7 (u,v) =
g Calculate the sorting function of the

V=) (1-v2)
MAPFDM problem as follows.

xui) =y x T(LYF(E) + A —y) x T(UTT(&)), 41)
and hence sorting the alternatives.

The following algorithm is established from the above
data and it put forward in Algorithm 1.

Algorithm 1. Algorithm for a PFSCRSs to make a decision.

Input: MAPFDM with information system (A, ?‘, S, E).
Output: Decision Making.

1: Compute .} and ..

2: Compute &} and & 3: From Definition 6, compute 735 .

4: From Step 2 and by Definition 15, compute 73,? .

5: From Steps 2 and 3, compute 3-PFBCRSs £ (&) and Uf T (&)
6: Compute the sorting function s (u;).

7: Obtain the decision.

Test example

Presume that A = {uy, us, ..., ug}is aset of eight emergency
plans and T = {Comprehensiveness and completeness (A~ 1,
Timely Response (Zz), Feasibility (A~3), Budgeting the cost
(54), Ability to adjust the plan (A~5) } is the attribute set.
The proceedings of the mentioned algorithm 1 are indicated
below.

Step 1: In the set of attributes, an expert analyses each
alternative and provides its conclusions with relevant values
that are concise in Table 11.

Step 2: Expert gives the following results, according to
the significance of these five attributes.
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Table 11 Result for (4, T)

A A, As Ay As
wy (07,0.1)  (0.8,0.5 (0.8,0.1) (0.9,04) (0.6,0.5)
w  (04,03)  (0.7,02) (03,09  (0.6,03) (0.3,0.8)
us  (02,06) (0.7,04) (0.7,0.7) (0.3,0.9) (0.7,0.1)
us (07,05 (0.4,0.8) (0.6,0.1) (0.5,04) (0.7,0.4)
us  (0.6,0.6) (0.9,03) (07,0.1) (0.6,03) (0.7,0.7)
ue  (0.5,03) (05,07 (0.5,02) (0.9,04) (0.7,0.3)
w7 (0.6,0.5)  (0.6,0.1) (0.4,0.6) (0.8,0.5) (0.6,0.2)
ug  (0.8,03)  (0.7,0.7)  (0.2,0.6) (0.6,0.3) (0.4,0.5)

S =1{(A1,0.8,0.3), (A2,0.9,0.3), (A3,0.8,0.1),
(A4,0.9,0.4), (As, 0.7,0.1)}.

7, ={(A1,02,0.6), (A2,0.4,0.8), (A3,0.3,0.9),
(A4,0.3,0.9), (As,0.3,0.8)}.

Step 3: If we have the following weights 77 = 0.18, 7, =
0.32, 73 = 0.1, 74 = 0.25, 75 = 0.15, then we compute
the suitable distances as follows.

(u1,0.1249), (u2, 0.4466), (u3, 0.3945),
& = 1 (ug,0.3871), (us, 0.2213), (ug, 0.2822),
(u7,0.2945), (ug, 0.3289)
(u1,0.5265), (uz, 0.3914), (u3, 0.2698),
&), = 1 (ug,0.3628), (us, 0.5299), (ug, 0.4154),
(u7,0.5101), (ug, 0.4452)

Therefore,

(u1,0.1249, 0.5265), (u2, 0.4466, 0.3914),
(13, 0.3945, 0.2698), (u4, 0.3871, 0.3628),
(us,0.2213,0.5299), (e, 0.2822, 0.4154),
(u7,0.2945,0.5101), (us, 0.3289, 0.4452)

First, we calculate the PF 8-neighborhoods as follows.

5;?'7’0'4) = Z] N Zz N 53 n 54,
BOI04 _ 7,

BOTOY = 7,0 &,
75&).7,0.4) = AN As,
BOTOY = 3,0 &,

us

735?7»0'4) = Z4 N ZS’

75&(;.7,0.4) = A, A,
POT04) _ 7,

The complete values of 73,5?'7’0'4), s =

Table 12.

The PF complementary S-neighborhood of 735,?'7’0'4), s =
1,2, ...,61is given in Table 13.

Moreover, the 1%5 neighborhood as follow in Table 14.

Then using such information, we can obtain the results as
follows.

1,2, ..., 6 are given in

(u1,0.6,0.5299), (12, 0.6, 0.5),

) = (13, 0.6, 0.5299), (u4, 0.5, 0.5299), |
(us, 0.6, 0.5), (g, 0.5, 0.5299),

(17,0.6,0.5), (ug, 0.4466, 0.5299)
(u1,0.3945,0.6), (u2, 0.3945, 0.6),
(13, 0.3871, 0.6), (us, 0.3945, 0.5),
(us, 0.3945,0.6), (uq, 0.3871, 0.5),
(u7,0.3871,0.6), (us, 0.3871, 0.4)

Us¥ (&) =

Step 5: Compute the sorting function » () as follows.

(u1, 0.2486), (u2, 0.2354),
(u3, 0.2479), (us, 0.202),

Step 4: Using 3-PFBCRSs, compute the lower and upper ) (us,0.2354), (ug, 0.209), | -

approximation as the following results. (u7,0.2347), (ug, 0.1745)

Table 12 Result for

POTOH 1o 6 ui us u4 us ug uz ug
7351 (0.7,0.5)  (0.3,09) (02,09 (04,0.8) (0.6,0.6) (0.5,0.7) (0.4,0.6) (0.2,0.7)
ﬁ,fz (0.8,0.5) (0.7,0.2) (0.7,04) (0.4,0.8) (0.9,0.3) (0.5,0.7) (0.6,0.1) (0.7,0.7)
PP (06,05 (03,08 (0.7,04) (0.4,08) (0.7,0.7) (0.5,07) (0.6,02) (0.4,0.7)
PP (06,05 (03,09 (0.7,0.7) (0.6,04) (0.7,0.7) (0.5,03) (0.4,0.6) (0.2,0.6)
PP (08,05 (03,09 (0.7,07) (0.4,08) (0.7.03) (05.0.7) (0.4,0.6) (0.2,0.7)
PP (06,05 (03,08 (03,09 (0504) (0607 (0.7,04) (0.605) (04,0.5)
PP (08,05 (06,03) (03,09 (04,08 (0.6,03) (0507 (0.605) (0.6,0.7)
PE(07.01) (04,03) (0.2,0.6) (0.7,0.5) (0.6,0.6) (0.5,0.3) (0.6,0.5) (0.8,0.3)
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Table 13 Result for

ﬁzﬁ?‘%’o‘4)w s=1.2...6 uj u u3 uy us ug u7 ug
73;’,31 0.5,0.7)  (0.9,03) (09,0.2) (0.8,0.4) (0.6,0.6) (0.7,0.5) (0.6,0.4) (0.7,0.2)
ﬁfz (0.5,0.8) (0.2,0.7) (0.4,0.7) (0.8,0.4) (0.3,0.9) (0.7,0.5) (0.1,0.6) (0.7,0.7)
73:‘?3 (0.5,0.6) (0.8,03) (0.4,0.7) (0.8,0.4) (0.7,0.7) (0.7,0.5) (0.2,0.6) (0.7,0.4)
73:?4 (0.5,0.6) (0.9,03) (0.7,0.7) (0.4,0.6) (0.7,0.7) (0.3,0.5) (0.6,0.4) (0.6,0.2)
73:‘35 (0.5,0.8) (0.9,03) (0.7,0.7) (0.8,0.4) (0.3,0.7) (0.7,0.5) (0.6,0.4) (0.7,0.2)
ﬁi (0.5,0.6) (0.8,0.3) (0.9,0.3) (0.4,0.5 (0.7,0.6) (0.4,0.7) (0.5,0.6) (0.5,0.4)
73;7 (0.5,0.8) (03,0.6) (09,03) (0.8,04) (0.3,0.6) (0.7,0.5) (0.5,0.6) (0.7,0.6)
73:’433 (0.1,0.7) (0.3,0.4) (0.6,0.2) (0.5,0.7) (0.6,0.6) (0.3,0.5) (0.5,0.6) (0.3,0.8)

Table 14 Result for

ﬁﬁ?’7'0'4), s=1.2....6 u u u3 ug us ue u7 ug
1%] 0.5,0.7) (03,09 (0.2,09) (04,0.8) (0.6,0.6) (0.5,0.7) (0.4,0.6) (0.2,0.7)
9P, 05,08 (02,07 (04,07 (04,08 (03,09 (0507 (0.1,0.6) (0.7,0.7)
W, (05,06 (03,08 (04,07 (0.4,08) (0.7,0.7) (0.5,0.7) (0.2,0.6) (0.4,0.7)
b, 05,06 (03,09 (0.7,07) (04,06 (0.7,0.7) (0.3,0.5 (0.4,0.6) (0.2,0.6)
s (05,08 (03,09 (0.7,0.7) (0.4,08) (0.3,0.7) (0.5,0.7) (0.4,0.6) (0.2,0.7)
b, (05,06 (03,08  (0.3,09) (04,05 (0.6,0.7) (0.4,0.7) (0.5,0.6) (0.4,0.5)
1:]T57 (0.5,0.8) (0.3,0.6) (0.3,09) (04,0.8) (0.3,0.6) (0.5,0.7) (0.5,0.6) (0.6,0.7)
d 0.1,07)  (03,04) (0.2,0.6) (0.5,0.7) (0.6,0.6) (03,05 (0.50.6) (0.3,0.8)

and the sorting values as below

Ul = U3 Z U R U5 = U7 = UG = Uq = UG.

Step 1: Construct g-ROF plus ideal and g-ROF minus
ideal as the following formulas.

Method on a Cq-ROFRS
Description and process

Assume that @ = {u, k} is the set of alterna-
tives, the m main attributes h = {Ei :i=1,2,..,,m}. Then
éin and é’out are the experts assessment outcomes relevant to
the alternatives u, and the attribute 5 by wu,; and v,;. Thus
8 (u;) = (Wri, vri) is @-ROFN and represents by the follow-
ing matrix, where Em is the membership grade w,; and Eout
is the membership grade v,;.

r=1,..,

(11, vi1) (12, v12) - -+ (R1is V13)
- (p21, v21) (22, v22) ~ -+ ((2i, v2i)
8i(uy) = ) . )

(/‘Lrl» Vr1) (/LrZa Vo) - (ﬂri, Vri)

So, (O, 5%) is a ¢-ROFBCAS. Therefore, we give the fol-
lowing steps to solve MADM problems through presented
method on a Cq-ROFRS.

29 =10, \/ (SCiu)): (=1 ..

1<i<n

,m)}

= @1, x®, ¥9), G2, xP, ¥P), s G, x2, ¥2)) (42)

and

29 =105 \ (SCju): (=1 ...m)}
1<i<n
= {61, x2, D). (62,55, YD) ooy G x5 YD}

(43)

where \/ and /\ denotes to “max” and “min”, respectively,
and S is the score function. If we have X = (1, vy), then
SX) =51+ un% —v%)andg > 1.

Step 2: Counting the adequate distances 2® and Z° as
follows:
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9% = W;DG;(uy), 5;(£?))

j=1

1 m
= 5= D Wilwrj —u1
<2n o
1 :
+o ZWj|Vrj - v?lq) . (44)
j=1

7° =Y W;iDGj(u),5;(£°))
j=1

l m
= (% 2 Wil = u§?
j=1
1

1 — a
+E2wj|vr,-—vj@|'I) : (45)
j=1

where W; = (Wi, Wh, ..., Wy,) is the weight vector such
that ZT:I W; = 1. So, we have 7 = (2%, 9°).

Step 3: Compute the lower and upper approximation of
X using 4-q-ROFBCRSs as the following equations.

EE-ROF(@) _ (i, /\;‘V;I(Mz@ﬁi (Wi uj) A pgu)))), |
(i, VI (v, g (i ) v v )
(46)
UE»ROF(@) _ (i VT=1(M2@51. (i uj) v pgw)))),
(i /\’;l:l(vz@fi (i, uj) Avgu))))

(47)

Step 4: If 0 < & < 1 is a threshold and 7 (u,v) =
uv

e et then compute the sorting function of the
MAQ-ROFDM problem as follows.

o) =& x T(LT*N(D) + (1 — &) x T (D)),
(48)

and hence sorting the alternatives.
The following algorithm is established from the above
data and it put forward in Algorithm 2.

Algorithm 2. Algorithm for a -ROFSCRSs to make a decision.

Input: MAq-ROFDM with information system (&, "th Z,9D).
Output: Decision Making.

1: Compute .2® and .£°.

2: Compute 2% and 2° 3: From Definition 12, compute @5 .

4: From Step 2 and by Definition 24, compute @5 .
q—ROF

5: From Steps 2 and 3, compute 4-q-ROFBCRSs Ly

Z/{Z_ROF(.@)

6: Compute the sorting function ¢ (u;).
7: Obtain the decision.

(2) and

Test example

Assume that ® = {uy, us, ..., us} is a set of five candidates
for the faculty position in U university and % = {Research
productivity (51), Managerial skill (52), Impact on research
community (8~3), Ability to work under pressure (34), Aca-
demic leadership qualities (85), Contribution to U University
(36) } is the attribute set. The proceedings of the mentioned
algorithm 2 are indicated below.

Step 1: The decision maker’s evaluate f:'in and ffout are
established in Table 15.

Step 2: Compute .Z® and #° as the following.

o (81.0.98,0.3), (52, 0.95,0.4), (53,0.95,0.4),
| 34,0.9,0.1), (55, 0.8,0.65), (36, 0.94,0.38) | ’

o (81,0.5,0.2), (52,0.7,0.8), (83, 0.7,0.5),
| 34,0.6,0.3), (35, 0.65,0.87), (5, 0.4, 0.3)

Step 3: If we have the weights for all attribute as follows
W; =(0.2,0.18,0.22, 0.12, 0.15, 0.13), then we compute the
distances as indicated below.

2% = {(ul, 0.12943), (u2,0.13642),
(13,0.14903), (u4, 0.14129), (us, 0.13849)},
2° = {(u1,0.15782), (u2, 0.10907),

(u3,0.2201), (14, 0.11109), (us, 0.17627)}.

Table 15 Result for (©, M) ~ =

81 8 83 84 35 86
U (0.93,0.3) (0.7,0.4) (0.8,0.2) (0.9,0.1) (0.7,0.6) (0.4,0.3)
us (0.9,0.4) (0.7,0.8) (0.7,0.8) (0.6, 0.3) (0.65, 0.87) (0.6, 0.2)
U3 (0.8,0.7) (0.7,0.2) (0.95, 0.4) (0.8, 0.4) (0.5,0.2) (0.8,0.3)
us (0.8,0.3) (0.6, 0.3) (0.7,0.4) (0.9,0.2) (0.8, 0.65) (0.4,0.2)
us (0.5,0.2) (0.95, 0.4) (0.8,0.3) (0.7,0.1) (0.6,0.3) (0.94, 0.33)
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Table 16 Result for

QI(I(ZAS,OA)’ k=1.2...5 uy u u3 Uz us
éfl (0.8,0.3) (0.7,0.4) (0.4,0.3) (0.9, 0.3) (0.4,0.4)
éfz (0.6, 0.5) (0.7, 0.8) (0.6, 0.5) (0.6, 0.4) (0.6, 0.8)
@53 (0.8,0.7) 0.4,0.2) (0.8,0.4) (0.8,0.7) (0.7,0.4)
@54 (0.7,0.4) (0.6, 0.5) 0.4,0.4) (0.8,0.3) (0.4,0.5)
@55 (0.5,0.3) (0.59, 0.4) (0.7, 0.38) (0.5,0.2) (0.58,0.4)

Table 17 Result for

3O8OY L _ 12 5 - © - o ©
@Afl (0.3,0.8) 0.4,0.7) (0.3,0.4) (0.3,0.9) (0.4,0.4)
@:’fz (0.5,0.6) (0.8,0.7) (0.5, 0.6) (0.4,0.6) (0.8,0.6)
éﬁ (0.7,0.8) (0.2,0.4) (0.4,0.8) (0.7,0.8) 0.4,0.7)
éﬁ 0.4,0.7) (0.5, 0.6) 0.4,04) (0.3,0.8) (0.5,0.4)
555 (0.3,0.5) (0.4, 0.59) (0.38,0.7) 0.2,0.7) (0.4,0.58)

Table 18 Result for

2@ k=1,2,..5 “ 2 3 1 s
2@51 (0.8,0.3) 0.7,0.4) (0.4,0.3) (0.9,0.3) (0.4,0.4)
2@52 (0.6, 0.5) (0.8,0.7) (0.6, 0.5) (0.6, 0.4) (0.8,0.6)
2@53 (0.8,0.7) (0.4,0.2) (0.8,0.4) (0.8,0.7) (0.7,0.4)
2@54 (0.7,0.4) (0.6, 0.5) (0.4,0.4) (0.8,0.3) (0.5,0.4)
2@55 (0.5,0.3) (0.59,0.4) (0.7,0.38) (0.7,0.2) (0.58,0.4)

Step 4: The lower and upper approximation of 2 using
3-g-ROFBCRSs are calculated as the following.

First, we investigate the q-ROF B-neighborhood and q-
ROF complementary B-neighborhood as established, respec-
tively, in Tables 16 and 17.

Now, we can calculate 2@5 as the following Table 18.

(u1,0.12943,0.4), (u2,0.12943,0.7),
(u3,0.12943,0.7), (s, 0.12943,0.5),
(us,0.12943,0.4

(u1,0.0.9,0.10907

(2) =1 (u3,0.8,0.10907
(us, 0.7,0.10907)

EE-ROF ( @) _

, (u2,0.8,0.10907),

UFEor , (us,0.8,0.10907),

~— — — ~—

Step 4: Compute the sorting function of the MAg-
ROFDM problem as follows.

@) = 0.0538,
@(us) = 0.0585,

o(u) = 0.0765,
o(us) = 0.0473

¢(u3) = 0.0765

Then the order of these candidates is uy ~ uz > uyq > uy >
us, thus the second candidate is proper for this job.

Comparative analysis

The goal of this part is to explain the differences between our
proposed study and the previous work. We split our vision
into two parts, that is, CPFRS and Cq-ROFRS, respectively.

(1) The prime objective of the given method of CPFRS
is capable of promoting the lower approximation and
minimizing the upper approximation of the former inves-
tigation by Zhan’s in [52] as apparent in Examples 2, 5
and 8. To state the rapprochements through different pro-
cesses, thatis Yager’s process [45], Zhang’s process [49],
Zhan’s process [52] and our process, the classification
score of these decision-making samples are recorded in
Table 19 and 20 . Also, we demonstrate Fig. 1, to show
the values of ordering variables between Zhan’s model
and our model. From this figure, you can see that our
outcomes are greater than Zhan’s outcomes, and also the
first candidate is the suitable one among all in the two
presented models.

Tables 19 and 20 interpreted that the optimal decision
is the same alternative u; for the four processes i.e.,
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Table 19 Result for scores by
PFBCAS

Different processes

Obtain a value

@ Springer

Ui uy us Uug us Ueg u7 ug
Zhan’s model [52] 0.2029 0.124 0.1211 0.123 0.1316 0.1575 0.1259 0.0644
Our model 0.2486 0.2354 0.2479 0.202 0.2354 0.209 0.2347 0.1745
Table 20 Result for scores by . - -
PFACAS Different processes Obtain a decision
Yager’s process [45] Uy > Us = U = U7 = Uy = Uq = UD = U3
Zhang’s process [49] Uy > uUs > Uy > e > Ug > Ugq > Uy > U3
Zhan’s process [52] Uy > Ue = Us > U7 = U = Uq > U3 > Ug
Our process Uy > U3 > Uy Xus > U7 > Ug > Ug > Ug
0.5 ' ' ' ' i i i i shows that our non-membership ¢ of the lower approx-
—€—Zhan [51] model imation is lower than in Zhan et al. [52]. This means
04t 9—Proposed model | that our lower is better than Zhan’s lower from the view
of raising the lower approximation which makes our
approach is suitable than others.
2 03F iy Figure 3 also have two figures. The left one explained
% that the our membership ¥ of the upper approximation
> o2t | is lower than in Zhan et al. [52]. In contrast, the other
' figure clarifies that the our non- membership ¢ of the
upper approximation is higher than in Zhan et al. [52].
0.1r 1 This shows that our upper is better than Zhan’s upper
from the view of lowering the upper approximation that
0 . . . . . . . . makes our model is more appropriate than others.
1 2 3 4 5 6 7 8
Alternatives To sum, these two images mean that our lower approxi-
mation is better than Zhan-lower and our upper approx-
Fig. 1 Representations of the ordering alternatives imation is lower than Zhan-upper which makes our
proposed study is more appropriate than others. There-
(Yager’s [45], Zhang’s [48], Zhan’s [52] and our’s), that fore, the presented method is reliable, and effective and
is make our approach is feasible and effective. is considered as a generalization of the Zhan’s method.
Figures 2 and 3 states the another way to show that the  (2) §-ROF is considered as the generalization of PFS (where
variances through Zhan’s method [52] and our method. q = 2) and IFS (where q = 1). The presented model of
Figure 2 contains two parts. The left part illustrates that Cq-ROFRS is the natural extension to Hussain et al. [57]
our membership ¥ of the lower approximation is higher which investigates the novel covering method under the
than in Zhan et al. [52]. On the other hand, the right part
Fig.2 Representations of the 1 ; ; 1 ; ;
lower approximations between —e—[-PFLA —e—1-PFLA
methods in [52] and —o—3-PFLA ——3-PFLA
Definition 19 08y ] 08y ]
» 061 » 061
8 )
04 041
02 02
0 : : : : : : 0 : : : : : :
1 23 4 5 6 1 2 3 4 5 6
Alternatives Alternatives
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Fig.3 Representations of the 1 : : 1 : :
upper approximations between —e—[-PFUA —e—1-PFUA
methods in [52] and —6—3-PFUA —6—3-PFUA
Definition 19 08¢ ] 081 ]
L 06F » 061
0 o
2 2
S S
Z 04t 04+
02t 02t
0 t . + 0 . + . t
1 2 3 4 5 6 0 1 2 3 4 5 6 7
Alternatives Alternatives
Table 21 Result for orders by . -
D 1 |
¢-ROFBCAS istinct models Obtain a result
78] u u3 usq us
Hussain’s model [57] 0.0538 0.0842 0.0765 0.0585 0.0473
Our model 0.0538 0.0765 0.0765 0.0585 0.0473

Table 22 Result for orders by -ROFSCAS

Distinct models Obtain a decision

Hussain model [57]

Our model

Uy > u3 > U4 > Uy > Us

Uy X U3 > U4 > UL > US

notion of q-ROF B-neighborhoods. Here, we present the
definition of q-ROF complementary p-neighborhoods
and combine these two types of neighborhoods to investi-
gate two other kinds of g-ROF S-neighborhoods. Hence,
we used these types to construct three novel kinds of Cq-
ROFRS model. Now, we build the Tables 21 and 22 to
demonstrate the outcomes between Hussain et al. [57]
and our’s.

From Tables 21 and 22, we can say that the best decree is
the second candidate u, among two different approaches (i.e.,

Hussain et al. [57] and our’s). This means that the decision
is the same alternative. This proofs that the proposed model
is effective and reliable.

Figures 4 and 5 states the another way to show that the
variances through Hussain’s method [52] and our method.

Figure 4 splits into two parts. The left split illustrates that
the o of the lower approximation is higher than in Hussain
et al. [57]. On the other hand, the right split shows that the
v of the lower approximation is lower than in Hussain et al.
[57].

Figure 5 also have two images. These figures explained
the differences between u and v in Hussain et al. [57] and
ours.

In particular, the above two images mean that our lower
approximation is better than Hussain-lower and our upper
approximation is lower than Hussain-upper. Therefore, the
presented method is reliable, and effective and is considered
as a generalization of the Hussain method.

Fig.4 Representations of the 1 - : 1 - :
lower approximations between ° lqgggﬁ —6—1-g-ROFLA
methods in [57] and 0sh Ak | 095 ——4-q-ROFLA| |
Definition 31 ’ /" N\
091 i
06} Y
g E
§ § 0.85
0
04F
0.8
027 075}
0 . L L L 07 n . . .
0 1 2 3 4 5 6 7 0 1 2 3 4 5 6 7

Alternatives

Alternatives
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Fig.5 Representations of the 1 ———————————— T T 0.5 T T
upper approximations between I:I:I I:D I 1-q-ROFUA
methods in [57] and [ 1-q-ROFUA [_14-¢-ROFUA
Definition 31 0.8} [C14-q-ROFUA|| 04F 1
L 061 L 031 -
9] 9]
= =
> s
04F 021
021 0.1F
0 0 | |
1 2 3 4 5 6 1 2 3 4 5 6

Alternatives

q-ROF
Complementary
neighborhood

2-Cq-ROFRS

Fig.6 The organization of the proposed methods

q-ROF
neighborhood

3-Cq-ROFRS
&
4-Cq-ROFRS

PF PF
Complementary neighborhood
neighborhood )°] 1

3-CPFRS
1-CPFRS

&
4-CPFRS

1-Cq-ROFRS 2-CPFRS

To simplify our studies and the relations between our
presented models in CPFRS and Cq-ROFRS, we give the
following Fig. 6 that explained in briefly our vision in this
study. This Figure clarifies that the Cq-ROFRS is a general-
ization of CPFRS.

Conclusion

The main purpose of the proposed article is to improve Zhan
et al’s model in [52] and Hussain et al.’s model in [57]. The
chief investigation of the study is summarized as follows.

(1) We extend the study of CPFRS through PF complemen-
tary S-neighborhood. By joining the concept of PF -
neighborhood and PF complementary S-neighborhood,
we obtain three novel methods on a CPFRS. Also, we
investigate the comparisons between the Zhan et al.’s
process and our process. These differences illustrate that
3-PFBCRS is the best approximations among 1-PFBCRS

@ Springer

3)

“4)

Alternatives

(Zhan et al.’s model), 2-PFBCRS and 4-PFBCRS. It is
easy to see Tables 19 and 20 and Figs. 1, 2 and 3, which
shows these comparisons clearly.

To generalize Hussain et al.’s model and our models via
PF in “PF complementary S-neighborhood and three
novel kinds of CPFRS”, the meaning of q-ROF com-
plementary -neighborhood are distinguished. Also, we
combine the q-ROF g-neighborhood and q-ROF com-
plementary S-neighborhood to estimate new models
of Cq-ROFRS. Moreover, we discuss the differences
between Hussain et al.’s method and our’s. These com-
parisons explain that 4-q-ROFBCRS is the best approxi-
mations among 1-q-ROFBCRS (Hussain et al.’s model),
2-q-ROFBCRS and 3-q-ROFBCRS. 1t is handy to see
Tables 15 and 16 and Figs. 4 and 5, which shows these
differences clearly.

In short, the proposed models are extended on the first
studies on CPFRS by Zhan et al’s [52] and Cq-ROFRS
by Hussain et al.’s [57] methods. Zhan et al.’s paper is
a generalization to the notions on covering method by
IFS and Hussain et al.’s article is a generalization to the
last studies on CPFRS by Zhan et al.’s, so it is already
generalized to IFS. This article is working in the same
direction as these studies and is splits into two main parts.
The first one talks about the CPFRS model and makes
a generalization of Zhan et al.’s model. The second part
presents the new generalization of Zhan et al.’s model,
Hussain et al.’s model, and our’s in the first part by the
methodology of a Cq-ROFRS model.

Cq-ROFRS investigates to solve the limitations in the
CPFRS, CIFRS, and CFRS. CIFRS deals with the mem-
bership and non-membership degrees not only on the
membership degree as CFRS. CPFRS is more accurate
than CIFRS because it deals with membership and non-
membership degrees that their square sum is less than or
equal to 1. To treat the limitation on CPFRS, Cq-ROFRS
is considered as a generalization of CPFRS, CIFRS, and
CFRS because of the values of g. Further studies will
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focus on explaining the topological properties of the
CPFRS and Cq-ROFRS as in [58,59] and extend to the
graph theory as in [60].
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