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Abstract

With the generalization of the concept of set, more comprehensive structures could be constructed in topological spaces. In this
way, it is easier to express many relationships on existing mathematical models in a more comprehensive way. In this paper,
the topological structure of virtual fuzzy parametrized fuzzy soft sets is analyzed by considering the virtual fuzzy parametrized
fuzzy soft set theory, which is a hybrid set model that offers very practical approaches in expressing the membership degrees of
decision makers, which has been introduced to the literature in recent years. Thus, it is aimed to contribute to the development
of virtual fuzzy parametrized fuzzy soft set theory. To construct a topological structure on virtual fuzzy parametrized fuzzy
soft sets, the concepts of point, quasi-coincident and mapping are first defined for this set theory and some of its characteristic
properties are investigated. Then, virtual fuzzy parametrized fuzzy soft topological spaces are defined and concepts such as
open, closed, closure, Q-neighborhood, interior, base, continuous, cover and compact are given. In addition, some related

properties of these concepts are analyzed. Finally, many examples are given to make the paper easier to understand.
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Introduction

Vagueness and uncertainty are important characteristics
which have to be dealt with during a data analysis to increase
the robustness of the results. However, it is in general not
so straightforward to decompose the vagueness of the data.
Therefore, many mathematical approaches, which are based
on the analysis of certain data, might be inadequate to cap-
ture this component. Many theories have been introduced to
handle with the vagueness involved in data. To name a few,
we can think of the theory of fuzzy sets (briefly FSs) [41],
the theory of rough sets [31] and the theory of intuitionistic
FSs [5]. Among these theories, Zadeh’s FS theory [41] is the
most popular one. Although these theories have brought sev-
eral novelties into the classical theories, they all have some
kind of drawbacks. In 1999, Molodtsov [29] introduced the
soft set (briefly SS) theory and he further stated that this new
theory is exempt from the difficulties seen in other theories,

B Orhan Dalkili¢
orhandlk952495 @hotmail.com

Department of Mathematics, Faculty of Arts and Sciences,
Mersin University, Mersin, Turkey

since it has sufficient parametrization tools. The fact that
SSs offer a better approach than other mathematical mod-
els enabled this theory to be applied in various fields such
as smoothness of functions, perron integrations, game the-
ory and so on. Moreover, researchers who have studied this
theory have applied this mathematical model to topological
spaces [1-4,6,19,34], decision-making problems [12—-14,16—
18,21,42], and also ring and group theories [24,25,38].
Especially recently, there has been an increase in the
number of studies that deal with FSs and SSs, which are
two successful mathematical models in combating uncer-
tainty. The first combination of these sets are fuzzy soft sets
given by Maji and et al [28]. For these sets, a membership
degree of the objects in the universe set is mentioned, so
that a better approach to uncertainty is presented. As with
SSs, this theory has been applied to various aspects such
as decision making [7,8,20,32,33,40], algebraic structures
[35,39] and topology [22,23,26,27,30,36,37]. Another com-
bination of FSs and SSs are fuzzy parametrized soft sets
given by Cagman et al. [10]. In this set theory, unlike [28],
a membership degree of the elements in the parameter set is
mentioned. Handling these two cases together, Cagman et al.
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[9] introduced the fuzzy parametrized fuzzy soft sets express-
ing the membership degrees of the elements in both object
and parameter sets to the literature. However, this mathemat-
ical model cannot express uncertainty very well. Because
determining the membership degrees depends on the deci-
sion maker and it is a very difficult task to express this in the
range of [0, 1]. Another important reason is that how many
mistakes the decision maker can make in determining the
membership degrees of parameters and objects in the most
accurate way is another uncertainty. In order to overcome
these problems, Dalkili¢ [11] allowed the decision maker
to express a lower limit and an upper limit for each mem-
bership value and thus proposed virtual fuzzy parametrized
fuzzy soft sets (briefly VFP-fuzzy soft sets or VFPFSS), a
new hybrid set type of FSs and SSs with the combination of
three different fuzzy parametrized fuzzy soft sets. The pur-
pose of this paper is to analyze the topological structure of
virtual fuzzy parametrized fuzzy soft sets, which facilitates
the job of the decision maker in expressing the membership
degrees in an uncertainty problem more accurately. In this
way, it is aimed to express many relationships on existing
mathematical models in a better way.

The presentation of the rest of this paper is structured
as follows: In the second section, the framework of VFPF-
SSs are introduced. In the third section, some concepts
required to construct a topological structure based on VFPF-
SSs have been defined and some related properties are given.
In the third section, VFP-fuzzy soft topological spaces are
analyzed. Moreover, some concepts of VFP-fuzzy soft topo-
logical spaces such as VFP-fuzzy soft open, VFP-fuzzy
soft closed, VFP-fuzzy soft closure, VFP-fuzzy soft Q-
neighborhood, VFP-fuzzy soft interior, base, VFP-fuzzy soft
continuous, cover, VFP-fuzzy soft compact and pear have
been given and some related properties have been analyzed.
In addition, some examples are given to better understand the
defined concepts. The final section consists of the conclusion
of the paper.

Preliminaries

In this section, some definitions and results for set theories
associated with this paper are reminded. Detailed explana-
tions especially for VFPFSS among the reminded set theories
can be found in [11].

Throughout this paper, R = {ry, r2, ...} is an initial uni-
verse, 28 is the power set of R and P = {py1, p2,...} i
a set of parameters. In this case, the lower virtual parame-
ter set and the upper virtual parameter set are expressed as
P = {p‘lﬁ, pg*z, ...yand P = {p{", p5?, .. }.respectively.

Definition 2.1 [41] A FS X over R is a set defined by a func-

tion wy representing a mapping ux : R — [0, 1]. uy is
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called the membership function of X and the value wy (r) is
called the grade of membership of r in X. Thus, a FS X over
R can be represented as follows:

X ={{ux(r)/r):r € R}.
Then,

(i) A fuzzy point in R, whose valueisa (0 < n < 1) at
the support r € R; is denoted by ry,.
(ii)) A fuzzy point r,, € X, where X is FS in R iff n <
pux(r).
(iii) A is called empty FS if ux(r) = O for all »r € R,
denoted by 0. If jux (r) = 1 forall r € R, X is denoted
by 1.

State that the set of all the FSs over R will be denoted by
2F R

Definition 2.2 [29] A pair (F, P) is called a SS over U,
where F is a mapping given by F : P — 2R,

In other words, a SS over U is a parameterized family of
subsetsof U. For p € P, F(p) may be considered as the set of
p-elements of the SS (F, P), or as the set of p-approximate
elements of the SS, i.e.

(F,P):{(p,F(p)):peP, F:P—>2R}.

Definition 2.3 [11]Let X, X, X beaFS over P, P, P, respec-
tively. A VFPFSS F}‘? on R is defined as follows:

Iy =y UlyUTy

such that
,u,&(pg) a — o
Iy = P vx (P%) ) - p* € Poyx (p%)
€ 2" ®; px(p) pux(p™) € 10,110 <@ < ux(p)},

I'x = (/pr(p)’yx(p)> :p € P yx(p)

€2F® uy e [0,1]},

Ty = <Ml§£ﬂ),m(p“)> 0™ e P.7x (1)

e 2F®: iy (p) ug(p™) € [0, 1,0 <@ <1 — ux(p)}

where the functions yx : P — 2F(R) yx : P — 2F(R),y_x :
P — 2F®) are called lower approximate function, approxi-
mate function, upper approximate function, respectively, and
the function ux : P — [0, 1] is called membership function
of the X, such that "yx (p%) = 0if ux(p%) =0","yx(p) =
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0if ux(p) = 0” and *yx (p*) = 0if g (p*) = 0”. Here
ux(p*) = ux(p) —a and pux(p%) = ux(p) +a.

From now on, VFPFSS(R, P) denotes the family of all
VFPFSSs over R with P as the set of parameters.

Definition 2.4 [11] Let F;é € VFPFSS(R, P). Then,

@) I‘)‘(/ is called the empty-VFPFSS if ux(p%) = 0 and
yx(p%) = 0; Vp% € P, denoted by Fg.

(i) F; is called the X-universal-VFPFSS if My(pa) =1
and yx (p¥) = 1; Vp® € P, denoted by F)!(. If X =P,
then X-universal-VFPFSS is called universal-VFPFSS,
denoted by Fl‘é.

Definition 2.5 [11]Let 'y, 'y’ € VFPFSS(R, P). Then,
(i) T'y is called a subset of I'y if

x(p%) < uy(pP) and yx (p%) < yr (pP); vpe, pf €

)

=

T T v

(p) < uy(p) and yx(p) S yy(p); Vp € P,
(p

X _
(0™ < uyp(p?) and yx (p¥) < W (pP); Vp?, pf €

|

: VeV
and we write I'y CT'y .

(i1) F}(/ anNd F)‘,/ are said I to be equal, denoted by F)‘(/ = F)‘//
if TyCr'y and Ty CTy.

(iii) The complement of F;, denoted by [F;]C, is the
VFPESS, defined by

o uix(P® = 1 — ux(p® and yg(p®) = 1 — yx(p®);
Vp*e P,
o wx(p) =1—px(p)andyy(p) =1-yx(p);Vp € P,
o nH(p®) = 1 — pux(p®) and yy (p*) = 1 = yx(p%);
— J— c c
Vp® € P. Clearly, [[F;]C] = F)‘g, [Fg] = ywv and
[ry] =rk

(iv) The union of F}g and F;, denoted by F;OF},/, is the
VFPFESS, defined by the membership and approximate
functions

o uxuy(p?) = max {ug (p%Y), Mz(Pé)} and yxuy (p%) =

yx(p9 v vy () ¥p2, pP pte P,
o uxur(p) = max{ux(p),uy(p)} and yxur(p) =
vx(p) Vyy(p);Vp € P,

o fouy(lﬂg) = max {uy(pa), M?(Pﬁ)} and 7xoy (p°) =
yx(p*) Vv V_Y(PE); vp?, pE, pg € P, respectively.

(v) The intersection of F}g and F}g, denoted by F}éﬁr‘v, is
the VFPESS, defined by the membership and approxi-
mate functions

e uxny(p®) = min {/@(pg), Mz(pé)} and yxny (p)

yx (09 A yr (pP); vp2, pP. pd e P,
o uxny(p) = min{ux(p), uy(p)} and yxny(p) =
vx(p) Ayy(p);Vp € P,

o ixAp(p®) = min {My(P&), MV(PE)} and yxnr (%)

7x(p%) Ay (pP); Vo, pP, p € P, respectively.

Proposition 2.6 [11] Let Ty, I'y,I'Y € VFPFSS(R, P).
Then,

(() ryOry =rg, ry0ry =ry.

(i) TYArg =Ty, TyAry =1y

i) [ryOry]" = Y A[rYT [rYAry] = (Y]
Oy T

(iv) F)V(u(riY’Drg = (ry0ry)0ry, ryn(rynry)

(ryory)n(rydry), ryn
( Y Z) = (F;(/HFI‘//)U(F)‘;QF‘Z/)-

Some properties of VFPFSSs and VFP-fuzzy
soft mappings

In this section, first, the concepts of union and intersection
of more than two VFPFSSs, which are required in the con-
struction of VFP-fuzzy soft topological spaces, are defined.
Then, some concepts such as VFP-fuzzy soft point, VFP-
fuzzy soft quasi-coincident and VFP-fuzzy soft mapping set
are analyzed and some related properties are given.

Definition 3.1 Let / be an arbitrary index set and I'y €
VEPFSS(R, P): Vi € I. Then,

(1) The union of F;’_ € VFPFSS(R, P)’s, denoted by

Uies T, is the VEPFSS, defined by

® Ly x; (P%) = sup;¢; [Mﬁ (pﬂ)] and yy,, x; (p%)
Vier vx: (p%0); Vp*, p* € P,

® iy x;(p) = supig; {MX,-(P)} and y, x; (p)
Vier vx:(p);Vp € P,

o 1gx (PY) = supie {MXT.(POT")} and Y0, x; (p%)
Vier 7%, (p%): Vp®, p% € P.

(i1) The intersection of F}gi € VFPESS(R, P)’s, denoted by

Mie/TY, . is the VFPFSS, defined by
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° MLIX,-(PQ) = infj¢g {Mﬁ(pi')} and M(pg) —
Nier Yx: (p™); Yp&, p* € P,

® Unigx;(p) = infies {pLXl.(p)} and ynx,(p) =
Nier vx;(p);Vp € P,

° Mm([ﬁ) = inf;¢; {“XT(POT")} and 75 (p%) =
Nier V%, (p%); Vp*, p% € P.

Proposition 3.2 Let I be an arbitrary index set and F)‘gi S
VFPFSS(R, P); Vi € I. Then,

(i) [Oielr‘;(/i:lc = ﬁie] [F;(/i]c-

(i) [ﬁie,%]c = Uies [F¥i]c~

~ c ~ c
proof () LetT} = U, T, | anary =gy 14|
Then Vp%, p% e P,Vp € P,Vp®, p% € P;

py(P9) =1 = pue x,(P%) =1 — sup;¢; luﬁ(pﬂ)}
= infjes {1 - M&(Pﬂ)}
= infies {1, (P}
= nz(p®),

wy(p) =1 = U x;(p) =1 = sup;e; {1x; (p)}
= infies {1 — ux, (p))

= inf;e; {ui(,- (p)} = puz(p),
ny(p™) =1 = ug % (P%) =1 = sup;e; {Mr,(pa)}
= inf;c; {1 _ fo’_(paﬁ)}
= infies {M}j(pyi)}
= uz(p)

and

v (p®) =1 —yu,x (P9
=\ 7x (0™)

iel
A\ T—&(pﬂ))
iel
= N\ 7z, 0™

iel

ey

= yrgielxi (pﬂ)
= yz(p9),
wp) =1—yuux(p)=1- \/ vx;(P)

iel
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= /\ a — VX (P))
iel

=\ 7% =¥5 % () = vz(p),
iel

W) =1-7ox ") =1-\/vx (")

iel
=A (T - V_m(pa))

iel
=\ s 0™
iel
= yrgielxi *)
= 7z(p%).
Therefore, the proof is completed.
(i1) It can be proved similar way (i).
Definition3.3 Let I'y € VFPESS(R, P). T'y. is called
VFP-fuzzy soft point if X, X, X are fuzzy points in P,

P, P, respectively, and vx (PY), yx(p), yx(p%) are fuzzy
points in R for p%, p, p* € suppX.If X = {p%}, X = {p},

X = (07}, ux(p®) = 0, ux(p) = 0", ux(p*) =0 and
P () () = 62, fyy () (1) = 62, fiz i () = B, then we
denote this VFP-fuzzy soft point by p:;" for = (Q Lot 51>
and § = (QZ, 02, 52).

Here, iyy (p2) Iyx (p)» Hyx(pe) are the membership func-
tions of yx, yx, Vx, respectively.

Definition 3.4 Let pg‘;, F}? € VFPFSS(R, P). We say that
p;"’EF}? read as p;‘; belongs to F)‘g if and ' < nx(p%),
0! < ux(p). 8 < pxg(p®) and 0> < pyy (e (r), 6> <
My (1) 8 < g ().

Proposition 3.5 Every non-empty VFPFSS F)‘; can be exp-

resssed as the union of all the VFP-fuzzy soft points which
belong to T’ )‘; .

Proof Straighforward.

Definition3.6 Let 'y, '} € VFPFSS(R, P). I'} is said
to be VFP-fuzzy soft quasi-coincident with 'Y, denoted by
Y g TY, if there exists p®, pP € P such that ju(p%) +
py(p?) > 1 or there exists r € R such that g oy (1) +
Mooy (1) > LIET y is not VFP-fuzzy soft quasi-coincident
with F)‘,/, then we write F)‘g q I‘)‘,/.

Definition 3.7 Let I'Y, pgf'*' € VFPFSS(R, P). pg"' is said
to be VFP-fuzzy soft quasi-coincident with I'Y, denoted by
p;éi gV, ifg" + p(p%) > 1or 7+ oy (r) > 1. If
pg‘j is not VEP-fuzzy soft quasi-coincident with 'Y, then we

write pgé q F}?.
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Proposition 3.8 Let 'y, Iy € VFPFSS(R, P). Then,

() rycry = ryg[ry].
(Gi) Tyg [Tx]"

(i) T qFV & there exists an pe eFvsuch thatp0 q F .
@iv) 1“;9“}’ lfpé q FX, then pé q Fy, Vpg- €

VFPFSS(R, P).

(V) Tyqly = TgAly #I0

(vi) pgﬂz Y] < pg’ gy, vpg’ € VFPESS(R, P).
Proof (i)

rycry

SN—"

and Yy ( pa)

= Uy (pa) <y <p’3
3 Vp eP

Cw p")

= uy (pa) < uy (pﬁ) and i) (1)

|

o

» P

<u (o )(r) vp¥, pP e P.reR

= uy pa) -y (pg) < 0and pg () (1)
_MyT(pE) (r)y<0; ‘v’p‘Y, pE e P,reR
= Uy (pa> +1—uy <p§) < 1and uy—x(pa)(r)

- _ VpT P e P
+1 Mw(p,g)(r)il,\fp PP eP.rer
c
= rigz[ry] .

(ii) Let ['yq [I'y] . Then there exists p% pP € P and
r € Rsuchthat ug(p®)+1—uy(p?) > 1or po o)+
— - 5 > 1,1i.e., the contradiction is obtained.
7y (PP) T
@iii) If FVqFV, then there exist an p%, p € P and r €
R such that ,uX(p"‘) + uy(pﬂ) > 101 py(pm (r) +
W(pﬁ)(r) > 1. Let ;LX(p“) =6 and My (p) (F) = 6.
Thus we have Pg eF}é and pe- q F}/.

\/reg*l(m) 'U“E(r)’

Now, let pr;é"éFV and pgé g Ty.Then 6 < pux(p%)

and § < cv)(r). Also, since p? q FI‘,/, then 6 +

= Hyx(p®
/,LY(pﬁ) > 1 or éuw(pg)(r) > 1. Thus the proof is
complete. )

(iv) Let p;(’, rg € VFPFSS(R, P). Since pge g T'Y, then
0+ ux(p*) > lorf + Mg (pey (r) > 1. Also, since
F,‘gél")‘//,then9'+uy(pﬁ) > 10r0+uf(pﬁ)(r) > 1.
Thus, we have p;" qTy.

(v) Since F)‘éqFV, then there exists an p“, pE € P and
re Rsuchthatuy(pa)—l—u?(pﬂ) > 1 or fyrpo)(r)+

Mﬁ(pa)(r) > 1. If

o ux(p%) —i—uy(pﬁ) > 1,then X A Y #0,
o Ly (i) (1) + ey (1) > 1, then Y (p®) A VX (p™) #
0.Hence 'Yy #T).

(vi) Itis obvious from (i).

Proposition 3.9 Let {r;i ie 1} be a family of VFPFSSs
in VFPFSS(R, P) where I is an index set. Then, pg" ais

quasi-coincident with | J F;gl_ if and only if there exists

iel

some F;gi € {F;(/i 1€ I} such that pgj q F;(/’_.
Proof Straighforward.

Definition 3.10 Let VFPFSS(R, P) and VFPFSS(M, N) be
families of all VFPFSSs over R and M, respectively. Let
p:P—>N,p:P—>N,p:P— Nandpo: R - M.
Then, a VEFP-fuzzy soft mapping y, , : VFPFSS(R, P) —
VFPFSS(M, N) is defined as:

(i) forT'y € VFPFSS(R, P), then the image of T'y, under
the y,,, is the VFPFSS Ag over M defined by; vnb e
N,Vne N,vnf €N,

ifo~!(m) # Wand

ifo~'(m) # @ and

ifo~'(m) # ¥ and

Hysmby (m) = 3 p* e B_l(né) n limsuppZ £,
N 0, otherwise.
\/reg L(m) M (1),
Hag(n)(m) = 3 1(n) N hmsupryX(p) £ 0,
0, otherwise.
\/reg—l(m) s (r),
Hisp) ) = p% € 51 (nP) N limsuppX # 0,

0, otherwise.
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we Y

prep! n®)NlimsuppX

vV

pep—1(n)NlimsuppX

we

p@ep ! (nP)NlimsuppX

yx (P9,

vx(p),

x(p%)

and p(X) = S, p(X) = 5, p(X) = Sare FSsin N, N,
N;; respectively.

(ii) for Ag € VFPFSS(M, N), the pre-image of Ag under
the y,, , is the VFPFSS F; over R definedby; Vp% € P,
Vp e P,Vp* e P,

Hyx (po)(r) = uﬂ(ﬂp%) (o(r)),

Pyx(p) (1) = Mas(p(py (@ (r)),
Mz (o) (1) = K5 (5(p7)) (@)

where X = p~'(8), X = p7'(8), X = 7p(S) are
FSsin P, P P, respectively.

Here, if p, p, p and o are injective (surjective, constant),
then the VFP-fuzzy soft mapping y, , is injective (surjective,
constant).

Theorem 3.11 Let r}(’,r;’i € VFPFSS(R, P), AV,Agi €
VFPESS(M, N); Vi € [ where I is an index set. Let
Yo.p . VFPESS(R, P) — VFPFESS(M, N) be a VFP-fuzzy
soft mapping. Then,

(i) Yo, is injective= T'y Sy, L (0.0 (TY)).
(ii) Vo.p is surjective=> v, } (¥, o (AY))SAY.
(iii) yo,p is injective=> y, , (ﬂielf‘}?i) iﬂidyg’p(ng).
(iv) Vo,p 18 surjective= y, » (F%) EA%
) AL CAY =y ) Syl aY)
S1=""5 Yoo\ A5 :stP S/
(vi) Tx,CTx, = Y0,0(Cx )Cv0,0(Ty,)-
T 1AV — =L (] 1%
(vii) Uie[yg,p(AS,-) =7Yo.p (UieIAS,->'
(viii) ey L (AY) = v} (ﬂie,Ag).
(ix) Uie Ve,p(F;(/,-) = Yo.p (Uielr)‘(/i)’
-1 v]© —1AVy]¢
(%) Yo ([AS,-] ) = [Va,p(AS )] -
P AT [y (P
(xi) T% = yg! (Aﬁ>.
RV 1 (AV
(xii) F@V = Yop (Ae)
(xiii) Ay = Vo.p (F@ )
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Proof We only prove (i), (vii), (x), (xi) and (xii). The remain-
ing items can be proved similarly.

(i) Let A{ = y,(T'y) and T} = y, }(AY). Since
X< (p0) =p ' ® =¥. X S p 7 (p(X) =
p i) =Yad X C o' (pX0)) =p (S =7,
then it is sufficient to show yx (p%) < yr (pﬁ>,
yx(p) < vr(p). 7x (p%) < W(pg); vpe pl e P,
Vp e P,Vpa,pﬁeﬁr € R,

Ry (p2) (1) = Hag(p(pe) (@(r)
reo=!(o(r))
Py () (1) = Mas(p(p) (@ (1))

-V

Mg(r) = Myl(pﬁ)(r)»

Hq(r) = Myx(p)(r),

reo~(e(r)
and
Ky () (1) = Mgy (@)
= Vg0 = (e ),
reo~!(e(r)
where

q= V :

peep™! (g(pﬁ))ﬂlimsux)pX

\V4 ,

pep~L(p(p))NlimsupplX

7= V

pTep! (B(p™)NlimsuppX

Q
Il

Thus, the proof is complete.

(vii) If TY. = y,,(Ag) and Ty = v, <OielA_\g/i>’
then X = p~'(vS) = vp !(§;) = vX;, X =
Pl vS) = vpTi(S) = vXi, X = p N(vS) =
vp (S = vX;;Vp% e P,Vp € P,Vp¥ € P and
r € R,

Hyx (pa) (r) = \/ Mﬁ(g(p&))(@(r)) = \/M&(p&)(r),

iel iel

k(0 () =\ 1, 0 @) = \/ 1y, () (),
iel iel

Haz o 1) =\t m) @) = \/ g ()
iel iel

Thus, the proof is complete.
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x) Ify,, A = FVandyQp ([As]¢) =TV, thenVp< e
P,Vpe P,Vp* € Pandr € R,

Py (py (r) = Myﬁfl@c)(p%)(r) = Hy 105, (P (r)
= Myxe(p®) (r),
Py (0 (1) = By, e, () (1)

= 5y () (1) = e () (1)

o (o) ) Thy o) (o) ()

= My, 0 )
= Hyge(p) (1)

where p=1(8), p71(8), 57 (S) and p~1(5%), p~1(5°),
ﬁ_l(gc) are FSsin P, P, P: respectively, i.e., [F;]C
and I’ ;,/ are equal. Thus, the proof is complete.

(xi) I T} = y,7} (A}%) then Vp¥ € P and r € R,

Mz (1) = Mgy @) = Lie. T =Ty,
(xii) Here, since p~'(N) is empty FS, then the proofis clear.

VFP-fuzzy soft topological spaces

In this section, an introduction to topological spaces has
been made using the concepts given in the previous section.
Some concepts of VFP-fuzzy soft topological spaces such
as VFP-fuzzy soft open, VFP-fuzzy soft closed, VFP-fuzzy
soft closure, VFP-fuzzy soft Q-neighborhood, VFP-fuzzy
soft interior, base, VFP-fuzzy soft continuous, cover and
VFP-fuzzy soft compact have been given and some related
properties have been analyzed. In addition, some examples
are given to better understand the defined concepts.

Definition 4.1 A VFP-fuzzy soft topological space is a pair
(R, t) where R is a nonempty set and 7 is a family of VFPF-
SSs over R satisfying the following properties:

i ry, rg €.
(i) FTY, Ty e 7, then TNy € 7.
(iii) IFTY € 7;Vi € I, then J;, Ty, € 7.

Then, t is called a VFP-fuzzy soft topology on R. Every
member of T is called VFP-fuzzy soft open in (R, 7). Fy is
called VFP-fuzzy soft closed in (R, 1) 1f[ Y] € T.

Example 4.2 The families Tingiscree = {T') » Fg} and Tgiscrete
= VFPFSS(R, P) are VFP-fuzzy soft topology on R.

Example 4.3 Let R = {r{,rp,r3,rs} and P = {py, pa}. If
0.2/p1,{0.67/rp,0.6/r3, O55/r4,05/r5})
0.5/p>,{0.4/r1,0.6/r3, O6/r4,075/r7})
0.45/p1, {0. 4/r2,04/r3,03/r4,03/r5})
0.45/p2, {0. 2/r1,02/r3,03/r4,04/r7}) ’
0.6/p1, {025/1’2,02/;’3,015/;’4})

0.9/p», {0. 1/r1,025/r4,02/r7})

0.3/p1,{0.67/r2,0.7/r3, 06/r4,05/r5})
0.5/pa, {0. 5/r1,06/rg,06/r4,075/r7}),
0.45/p1, {0. 6/r2,04/r3,05/r4,03/r5}),
0.6/p2,{0.3/r1, 02/r3,05/r4,04/r7}) ’
0.7/p1, {O4/r2,()2/r3,03/r4})

0.9/ p2, {0. 1/r1,03/r4,02/r7})

0.2/p1, {0. 7/r2,06/r3,055/r4,058/r5}),
0.6/ pa, {0. 4/r1,07/rz,08/r4,095/r7})
0.5/p1, O4/r2,05/r3,03/r4,05/r5})
0.45/p2,{0.2/r1, 05/r3,03/r4,05/r7}), ’
0.6/p1,{0.25/r2,0.4/r3,0. 15/r4})

0.95/ p», {0. 1/r1,025/r4,03/r7})

0.3/p1, {0. 7/r2,07/rg,06/r4,058/r5}),
0.6/ p2, {0. 5/r1,07/r3,08/r4,095/r7}),
0.5/p1, {0. 6/r2,05/r3,05/r4,05/r5})
0.6/ p2, {0. 3/r1,05/r3,05/r4,05/r7})
0.7/ p1, {0. 4/r2,04/r3,03/r4})

0.95/ p2, {0. 1/r1,03/r4,03/r7})

X

X3

(
(
(
(
(
(
(
(
(
(
(
(
(
(
(
(
(
(
(
(
(
(
(
(

then T = {I‘(X F;] , I“)‘(/2, F;}, F)‘(/4, F};«} is a VFP-fuzzy
soft topology on R.

Theorem 4.4 Let (R, t) be a VFP-fuzzy soft topological
space and T be family of all VFP-fuzzy soft closed sets. Then,

(i) TV, rg eT.
(ii) IfTY, T} €% thenT}UI'}) € 7.
(iii) IfTY, € T; Vi € I, then (), Ty, € T.

Proof Straighforward.

Definition 4.5 Let (R, t) be a VFP-fuzzy soft topological
spaceandI" )‘g € VFPESS(R, P).The VFP-fuzzy soft closure
of T'y in (R, 1), denoted by cls [Ty ], is the intersection of
all VFP-fuzzy soft closed supersets of 'y, i.e., cls[T'y]| =
N {F}‘,/ : F}‘,/ €T, F;;F}/ } Clearly, cls [F)‘(/] is the smallest
VFP-fuzzy soft closed set over R which contains F)‘g.

Theorem 4.6 Let (R, t) be a VFP-fuzzy soft topological
space and Ty, T'y € VFPFSS(R, P). Then,

(i) F)‘? is a VFP-fuzzy soft closed set < 1"¥ =cls [F;]
(i) cls[TyOry] = cls [Ty ]Ucls [T} ]

V] _ 1V v] _ v
(iii) cls [F@] =Ty andcls [Fﬁ] = Fﬁ.

Dieliase cllodi ay .
bes Shens ) Springer
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(iv) T} C cls [Ty ].
(v) cls Lcls [F)‘(/]] =cls [F;(/]
(vi) F;gF}/ =cls [F}‘g] Ccls [I‘I‘,/]

Proof The items (iii), (iv), (v) and (vi) are obvious from
the Definition 4.5.

(i) LetTy bea VFP-fuzzy softclosed set. Sincecls [T'y | is
the smallest VFP-fuzzy soft closed set which contains
I'y, then cls [Ty ] EI'). The opposite is clear. Thus,
F; =cls F}‘g]

(i) Since 'y CTyUr'y and I'y CryUryY by (vi), then

cls [FV] c cls [FVUFV , cls [I‘V C cls [F;GF}‘,/],
ie., cls[F ]Ucls[l" ]CCIS[F ur ]
Conversely, since Fx =cls [ }é] and 'y = cls [F)‘,/],
then cls [I'}] U cls [Fl‘,i] is a VFP-fuzzy soft closed
set. Also, sincel'y UT'y C cls [Ty] Ucls [Ty ] by (i),
then

cls [Y Oy | Eets[r¥ | Tets [1Y].

Definition 4.7 Let (R, t) be a VFP-fuzzy soft topological
space. A F)‘(/ in VFPESS(R, P) is called VFP-fuzzy soft Q-
neighborhood of a VFPFSS F)‘,/ if there exists a VFP-fuzzy
soft open set FZ in T such that F)‘,/qr’g and ng[‘}(/.

Theorem 4.8 Let pg" ,TYy € VFPFSS(R, P). Then, pg"
Scls [F }é] ifand only ifeach VF P-fuzzy soft Q-neighborhood
of p:f is VFP-fuzzy soft quasi-coincident with F;;.

Proof (=) Assume that I', is VFP-fuzzy soft Q-neighbor-
hood of p;g and FzﬁF;(/. Then, there exists a VFP-fuzzy
soft open set I'y such that pg‘; q 'y CTr%. Since IV gT'Y by
Proposition 3.8 (i), then F)‘?é [Fg]c § [1")‘,/]6. Also, since
p(rf g Ty, then pgég [T} ], thatis, contradiction is obtained.

(<) Assume that pgj ¢cls [T} ] Then there exists a VFP-
fuzzy soft closed set 1";,/ which is containing F)‘? such that
pgégr‘}/. By Proposition 3.8 (i) and (vi), we have pgg q [Ty
and [y ] is a VFP-fuzzy soft Q-neighborhood of pgj, thus

F;(/ q [F}‘,/ ]c. That is, contradiction is obtained.

Definition 4.9 Let (R, 1) be a VFP-fuzzy soft topologi-
cal space and F; € VFPFSS(R, P). The VFP-fuzzy
soft interior of F;, denoted by int [F;] is the union of
all VFP-fuzzy soft open subsets of 'V, ie., int [F}é] =
U {ry:Ty er, F,‘,/EF}‘?} Clearly, int [T'} ] is the largest
VFP-fuzzy soft open set contained in 1";(/.

Theorem 4.10 Let (R, t) be a VFP-fuzzy soft topological
space and Ty, Ty € VFPFSS(R, P). Then,

(i) l"}; is a VFP-fuzzy soft open set < I'Y, = int [F;]

Lisllase cllad .
bes Shenas Q) Springer

(i) int [TYOTY ] =int [T} ] N int [T} ].
(iii) int [T ] =TV and int [Fﬁ] —r¥.
(iv) int [Ty ] CTY.

(v) int [int [Ty ]] = int [Tx].

(vi) TYETY = int [TY] S int [T} ]

Proof 1t can be proved similar to Theorem 4.6.

Theorem 4.11 Let (R, ©) be a VFP-fuzzy soft topological
space and Ty € VFPFSS(R, P). Then,

(i) [int [T ]]" = cls [[FX]C}
(ii) [els[TY]]" = int [[FX]C]
Proof (i)

i [4]]

V. c
[ ry 1y enryery]

{
[FY} ;1Y enry2ry}

0] [] em ] g ]
Nt

(i1) It is obvious from (i).

Il
N
(e,

Il
Q

Definition 4.12 Let (R, t) be a VFP-fuzzy soft topological
space. A subcollection % of 7 is called a base for 7 if every
member of T can be expressed as a union of members of A.

Example 4.13 Consider Example 4.3. Then, the family % =
{Fg, F}él, F}gz, F}é, Fl‘é] is a basis for .

Proposition 4.14 Let (R, t) be a VFP-fuzzy soft topological
space and A is subfamily of t. A is a base for T if and
only if for each VFP-fuzzy soft open Q- neighborhood FV
of pe , there exists a F)‘,/ € A such that pe q FVCFV

p;’ € VFPFSS(R, P).

Proof (=) There exists~a subfarpily B of B sugh that
ry = U{ry:ry e 8} 1t p/gry; vry e £, then
'+ uy(pP) < 1and 8 + pu_, 5 () < LV € Z.
That is, contradiction with

Vv (pf)

ux(p®) = sup{uy(pP) : T} € )

and

My (p) (r) = sup {“W(pﬁ)(r) : F¥ € %’7}

is obtained. ~

(<) If £ is not a base for 7, then 'z = J
{ry € #: F}’ir‘}g} # T'y; ATy € 1. Here, since ', #
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Y, then "z (p?) < ux(p9), nz(p) < px(p), uz(p°) <
nx(p®)” ot "y, (o (r) < Hyx oy (r), Myz(p)(”) <

Myx(p)(r) 'uj/z([?é)(r) < :u*yX(p”)(r) 317 p € P ap €
P, 3p%, p € P and 3r € R. In this case, smce@ =
1; uf(p ) or 9 rT 1 — (pa)(r) then pg q F and
p; q Uy Thus, p/ g Ty; VF)‘// € % which contained in
r )‘é, that is, contradiction is obtained.

Definition 4.15 Let (R, 71) and (M, 12) be two VFP-fuzzy
soft topological spaces. A VFP-fuzzy soft mapping y, , :
(R, 71) = (M, 12) is called VFP-fuzzy soft continuous if

Vop(A§) € T3 VAL € 1o

Example 4.16 Let R = {r1,r,r3, r4}, M = {m1, my, ms,
ma}, P—{pl,pz} P = {p1, pz} ={p1,p2},
{n 1 ,n2 2} and
= {AQ‘)/, Ag, AI‘\%} be VFP-fuzzy
soft topologies on R and M respectively, where

0.18/p1,{0.72/r1,0.65/r3, 0.75/r4}),
0.34/p>,{0.42/r>,0.5/r3, 0.6/}”4}),
0.5/p1,{0.4/r1,0.5/r3, 0.43/}’4}),
0.57/p2,{0.2/r2,0.4/r3, O.3/r4}),
0.7/p1,{0.25/r1,0.3/r3, 0.2/1’4}),
0.85/p2,{0.1/r2,0.25/r3, 0.15/r4})

(
(
Ty = E
(
(

and

0.25/n1, {0.8/m1, 0.6/ms3, 0.7/my4}),
0.4/n2,{0.67/m3, 0.55/m3, 0.45/ma}),
0.55/n1, {0.65/m1,0.5/m3,0.6/ma}),
0.7/n2,{0.5/m2, 0.35/m3, 0.2/my4}),
0.8/n1,{0.4/m1,0.45/m3, 0.2/m4}),
0.9/n2,{0.3/m2, 0.15/m3, 0.1/ma))

(
(
AY = E
(
(

P—> N,p: P — Nando :

B
R — M asp (pr = nj,g(pg*z) = nTI, p(p1) = na,

p(p2) = n1, 5 (p{7) = nb2 5 (pF) = nf' and 0ry) =
ma, 0(r2) = m3, 0(r3) = my, 0(r4) = mj. Then the VFP-
fuzzy soft mapping y, , : (R, 1) — (M, 12) is VFP-fuzzy

soft continuous.

Note that the VFP-fuzzy soft constant mapping ¥, ,
(R, 1) = (M, 1) is not VFP-fuzzy soft continuous in gen-
eral.

Example 4.17 Let R = {r1,r, r3, ra}, M = {ml,mz,I’I’l3,
ms}, P = {pi-.pyh P = {p1.pa}. P {pl,pz},
N = {nlli,nzf}, N = {n1,n3}, N {n1 ,n2 2} and
= {ry.r%} = = {a). AL, A} be VEP-fuzzy soft

topologies on R and M respectively, where

0.25/n1, {0.8/m1,0.6/m3, O.7/m4}),
0.4/n3,{0.67/m,, 0.55/ms, O.45/m4}),
0.55/n1,{0.65/m1, 0.5/ms, O.6/m4}),
0.7/n3,{0.5/m>,0.35/m3, ().2/m4}),
0.8/n1,{0.4/m,0.45/mj3, O.2/m4}),
0.9/n3,{0.3/m>,0.15/m3, 0.1/m4})

(
(
Ay = E
(
(

Define p : P — N, p : P — N and

N. P —> N,p:
B

0o: R — Masg(p%l) = Q(p%) = nTl, p(p1) =

p(p2) = ni, ﬁ(p?) = 5(1737) = nf" and o(r1) =

o(r) = o(r3) = o(r4) = my. Then, the VFP-fuzzy soft

mapping ¥, : (R, 11) = (M, 12) is a VFP-fuzzy soft con-

stant mapping and is not VFP-fuzzy soft continuous.

Note that, a constant FS on P taking value 6 € [0, 1] will be
denoted by 6p.

Definition4.18 Let I'y, € VFPFSS(R, P). I'y is called
6,6 — X—universal VEPESS if ux(p%) = 6, ux(p) =
= —1
0!, ux(P®) = 6 and juyy(pey(r) = 6%, pyy(p) (r) = 62,
,uy—x(pa)(r) = 52; Vp% e P,Vp € P,Vp¥ ¢ Pand § =
1 g1 31\ 45— (p2 92 32). 1%

(Q 01,0 ),9_ (Q 62,0 ),denotedby [N

Definition 4.19 A VFP-fuzzy soft topology is called enriched
14 .ol pl gl 2 52 72 )

if [FX]'Q.—B./E 7;0,0°,0 ,0°,0°,0° € (0,11 and 6 =

<Q1,91,§1), G <Q2,92,§2>,

Theorem 4.20 If (M, 1) be a VFP-fuzzy soft topological
space, (R, 11) be a enriched VFP-fuzzy soft topological space
and y, , : VFPFSS(R, P) — VFPFSS(M, N) be a con-
stant VEP-fuzzy soft mapping, then vy, , is VFP-fuzzy soft
continuous.

Proof Letp : P - N,p: P — N,p: P — N and
0 : R — M be constant mapping defined as p(p%) = ng,

p(p) = no, 5(p%) = nfj and A} € w, y; }(AY) = T}.

Then, X = p~'($) = 91, X =p18) =0, X =
s = B where us(nf) = 01, jus(n) = 01, jug(nf) =

9 and Hyl(p&)(r) = MQ(B(PE))(Q( r)) = A As(l ﬁ (mg) =

0%, Lyx( (1) = Maso(pn(@(r) = st(no)(mo) = 62,
=2

Pz (1) = Kisqpry @) = #oz 5 (mo) = 07

Vnﬁ, p* e P,Vp € P, Vng, p“7 € P. Thus, since 1"}? =
1% . :

[FP]'G.\EG 71, then ¥, , : (R, P) — (M, N) is VFP-fuzzy

soft continuous.

Theorem 4.21 Let (R, t1) and (M, t3) be two VFP-fuzzy soft

topological spaces and v, , : (R, P) — (M, N) be a VFP-
fuzzy soft mapping. Then, the following are equivalent:

Lisllase cllal .
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(i) Yoo (Is[TY]) € cls[yo, (TY)]; YIY € VFPF  Example4.25 Let P = {pi*.p5~. ..}, P = {p1.p2...}
SS(R, P), P={p", p, . .yand R = {r1,ry, ..}. I
((1/4)/17%1, {}x/n}), ((1/8)/19;*2, {1/r1, (1/2)/r2}),
(/4K pit A1 /1, (12 [ra, o (1K) 1)),
pv L2/ /2 /) (/4 p2 A2/, (/). s
X S ((A26) ) pres A(1/2) fr1, (1/4) [r2, ..., (1/2k) /7)), ' .
(1/p7" A /4 /r)), ((1/2)/ 32 A /4 [r1, (1/8)/2)),
(/R Pt A4 1, (1/8) [ra, .., (1/4K) [11})
(i) cls [yop (O5) | Evah (s [aY]): vAY e VF thent = {1}, -k =12, ..} ury.r%} a VFP-fuzay
PFSS(M, N), soft topology on R and (R, ) is VFP-fuzzy soft compact.
(i) v (int [AY]) E it [y} (AD)]; vAY e VFP
FSS(M, N), Definition 4.26 A family . of VFPFSSs has the finite inter-

(iv) Yo,p is VFP-fuzzy soft continuous,
(v) ygf; (Ag) is VEP-fuzzy soft closed; VAg € 1.

Proof (i) = (i) If Ty = y,)(AY), then yg o
(cls [yé;; (Ag)]) C cls [yg,p (yg_‘; (A}/))] C cs|

: Lavyle -1
Thus by Theorem 3.11 (i), cls [yg 0 (AS)] S Yop
(e (cts [7ap (AD)])) € vk (@15 [AY]):

(i1) < (iii) It is obvious from Theorem 3.11 (x) and The-
orem 4.11.

(i) = (iv) Since AY € 1, then y, J(A{)y,,
(int [AL]) Sy A Y. ie., vy M(AY) is a VEP-fuzzy soft
open and so ¥, , is VFP- fuzzy soft continuous.

(iv) = (v) It is obvious from Theorem 3.11 (x).

(v) = () Since TYCy, 1 (vo.,(Ty)), ie, Fggygj;
(cls [¥0.0(T}Y)]) € 71, then

cls [FZ] éygf; (cls [yg,p(FX)]) .
By Theorem 3.11 (ii), we have y,, (cls [

(vas (cts[rop@D])) E cls [rap ]

Theorem4.22 Let y, , : (R, P) — (M, N) be a VFP-fuzzy
soft mapping and 8 be a base for t2. Then y, , is VFP-fuzzy
soft continuous < v, , l(AV) €11, VAV € A.

rx]) Sve.

Proof Straightforward.

Definition 4.23 A family . of VFPFSSs is a cover of a
VEPFSSTY it T EJ{rY, : T}, € 7.1 e 1] Itisa VEP-
fuzzy soft open cover if each member of . is a VFP-fuzzy

soft open set. A subcover of . is a subfamily of . which
is also a cover.

Definition 4.24 A VFP-fuzzy soft topological space (R, T)
is VFP-fuzzy soft compact if each VFP-fuzzy soft open cover
of '} has a finite subcover.

Lisllase cllad .
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section property if the intersection of the members of each
finite subfamily of .# is not empty VFPFSS.

Theorem 4.27 A VFP-fuzzy soft topological space is VFP-
fuzzy soft compact if and only if each family of VFP-fuzzy
soft closed sets with the finite intersection property has a
non-empty VFP-fuzzy soft intersection.

Proof If .7 is a family of VFPFSSs in a VFP-fuzzy soft
topological space (R, 7), then . is a cover of I‘% if and
only if one of the following conditions holds:

M Ofry :ry esier}=r}
(ii) [O {r;f T eSie 1}]C - [Fg]c =T,
Gii) () {[r;f]c TY eSie 1} =)

Hence, this shows that VFP-fuzzy soft topological space is
VFP-fuzzy soft compact.

Theorem 4.28 Let (R, 1)) and (M, 12) be VFP-fuzzy soft
topological spaces and y, , : VFPFSS(R, P) — VFP-
FSS(M,N) be a VFP-fuzzy soft mapping. If (R, t1) is
VEP-fuzzy soft compact and y, , is VFP-fuzzy soft continu-
ous surjection, then (M, 12) is VFP-fuzzy soft compact.

Proof If.s = {A_‘q/[ : A_‘{_ ET,ic€ I}isacoverofA]%,then
{yg o (AV) : Ag,- € 5’} isacover of Fl‘é by VFP-fuzzy soft
continuous y, ,. Since (R, 71) is VFP-fuzzy soft compact,
then {yg 0 (AV) 11 € Ipp covers Fg«; 31y € I. Moreover,
we have y, , (U {VQ_,; (A‘S/,) ‘i€ Io}> = Yo (F}‘é) and
SO O {Agl 1l e Io} = A]%. Hence, (M, 13) is VFP-fuzzy
soft compact.
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Conclusion

To express many relationships on mathematical models, var-
ious topological structures have been built on many different
set types that have been introduced to the literature. In gen-
eral, more general topological structures can be obtained
thanks to the generalization of set types, and thus the rela-
tionships on mathematical models are expressed better. The
virtual fuzzy parametrized fuzzy soft set theory, which is
one of the most important hybrid set types put forward in
recent years, enables a decision maker to express member-
ship degrees more accurately, and thanks to this feature, it
has managed to attract the attention of many researchers.
Therefore, the purpose of this paper is to generalize the con-
cept of topology in expressing the relationships in a better
way by establishing a topological structure on virtual fuzzy
parametrized fuzzy soft sets. For this, first, some concepts
such as point, quasi-coincident and mapping were defined for
the virtual fuzzy parametrized fuzzy soft set. Then, with the
help of these auxiliary concepts, virtual fuzzy parametrized
fuzzy soft topological spaces are defined and analyzed in
detail. Moreover, for virtual fuzzy parametrized fuzzy soft
topological spaces, concepts such as open, closed, closure,
Q-neighborhood, interior, base, continuous, cover and com-
pact are defined and some related properties are given. In
addition, many examples have been added to make the con-
cepts given throughout the paper easier to understand.

In an environment of uncertainty, it is very important for
the decision maker to be able to express the membership
degrees in the most accurate way. The topological structure
built on virtual fuzzy parametrized fuzzy soft sets, which
is one of the mathematical approaches put forward for this,
can also be re-evaluated for mathematical models such as
virtual fuzzy parametrized soft set [14], virtual neutrosophic
parametrized soft set [15]. We hope that the many concepts
and many characteristic properties given in this paper will
be useful for researchers to further advance and promote in
virtual fuzzy parametrized fuzzy soft set theory.
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