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Abstract

In this study, a one-parameter discrete probability distribution is proposed and studied.
The understudy distribution is named “Poisson Moment Exponential distribution”.
Mathematical properties of proposed distribution are derived and discussed. For
parameter estimation purposes seven different methods maximum likelihood, maxi-
mum product spacing, Anderson-Darling, Cramer von-Misses, least-squares, weighted
least-squares and right tailed Anderson-Darling are used. The behavior of these esti-
mators is assessed using a Monte Carlo simulation study. Four real datasets from
different fields (i.e. failure times, slow-pace students’ marks, epileptic seizure counts,
and European corn borer) are used to show the flexibility of the proposed distribution.
It is evident that the proposed discrete distribution efficiently analyzed these datasets.

Keywords Moment exponential distribution - Risk measures - Estimation - Lifetime -
Biological - Analysis

1 Introduction

For modeling of count observations, several one-parameter discrete distributions have
been proposed by combining the Poisson distribution and one-parameter lifetime dis-
tributions. Compounding a discrete with a continuous probability distribution is a
useful technique for developing flexible distributions to aid in the analysis of count
data. The count models are important in a variety of applied and theoretical appli-
cations, including health, transportation, insurance, engineering, etc. Data science
approaches have been used to describe pandemonium behavior, crop harvesting,
corporate data mining, e-commerce fraud, and other challenges [1-4]. Some dis-
crete probability distributions are; discrete Weibull [5], discrete Lindley [6], discrete
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Burr-Hatke [7], discrete Rayleigh [8], Poisson Ailamujia [9], Poisson xgamma [10],
exponentiated discrete Lindley [11], discrete inverted Topp-Leone distribution [12],
discrete Ramous-Louzada distribution [13] discrete type-II half-logistic exponential
distribution [14] and discrete power-Ailamujia distribution [15].

The moment exponential (ME) distribution was proposed by [16] by weighting the
exponential distribution in accordance with Fisher’s (1934) theory. The probability
density function is given by

X _x
—e P, x>0,>0

fx:B) =

=

where P is the scale parameter. The ME model attained great attention due to its
flexibility so various authors studied and further generalized it for more complex
datasets. For example, generalized exponentiated moment exponential [17], Marshall-
Olkin length biased exponential distribution [18], Kumaraswamy moment exponential
distribution [19], and Weibull-Moment Exponential distribution [20] and references
therein.

In this study, a new discrete probability distribution is proposed by combing Poisson
and moment exponential distributions, as there is a need for a more flexible distri-
bution for statistical data analysis. The proposed distribution has an over-dispersed
nature, so this model will be more suited for analyzing over-dispersed count data sets.
After little parameterization, the PMEx distribution is similar to the Poisson Ailamu-
jia distribution proposed by [9]. We further investigate new results containing mode,
moment generating function, and associated measures. We calculate its reliability char-
acteristics including survival function, hazard function (failure rate), reversed hazard
function, second failure rate, and mean residual life function. The actuarial measures
are also derived. Seven different estimation methods are used to estimate the model
parameter. In the end, four different datasets are used to show the flexibility of the
PMEXx distribution.

The rest of the study is organized as follows. The derivation of the Poisson-Moment
Exponential distribution (PMExD) and the shape of its probability mass function (pmf)
is presented in Sect. 2. Section 3 deals with the derivation of statistical properties. The
estimation of the PMExD parameter has been discussed using the methods of maxi-
mum likelihood, maximum product spacing, Anderson darling, Cramer von-Misses,
least-squares, and weighted least-squares estimation in Sect. 4. A comprehensive sim-
ulation study is also discussed in this section. In Sect. 5, the suitability of PMExD
along with some competitive models has been discussed. Finally, Sect. 6 deals with
the concluding remarks of the study.

2 PMEXx Distribution

Definition 1 If Y|A ~ P (1), where A is a random variable with a parameter that fol-
lows a moment exponential distribution with parameter (8), the distribution that arises
from marginalizing over A is known as a compound of the Poisson and the moment
exponential distribution. The resultant distribution is known as PMExD(Y; ). It
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should be emphasized that because the parent distribution is discrete, the proposed
distribution will be discrete.

Theorem 1 The probability mass function (pmf) of Poisson Moment Exponential dis-
tribution, i.e. PM ExD(x;n) is given by

D

P(X =x) (1 +ﬂ)x+2’

x=0,1,2,....,;8>0 (1

Proof: The pmf of a PMEXD can be obtained using definition (1) as follows:

e

x!

fx|a) = , x=0,1,2,...,&x1>0.

The parameter A follows moment exponential distribution with the probability
density function (pdf)

mQ; B) = %e_%, 2=0&8 > 0.
We have
P(X =) = ] fAmG: frd
P(X=x)= Ogo #Ee_ﬁd)»
P(X=x) = flxilTJ;:?Z; —0,1,2,...&8 > 0.
which is the pmf of PMExD. (|

Note that for @ = %, we obtain Poisson Ailmujia distribution.

Remark 1: The first derivative of p(x) is

dp(x) _ BT+ (1 +x)log(B) — (1+x)log(l +p))

dx (1 _+_/3)2+x
gives:
|- log(l + /lg)
=
log(l + %)
For:

1—10g(1+i>

log<l+%)

1. 8> L% X = is a critical point which p(%; 8) is maximum.

@ Springer



140 Annals of Data Science (2024) 11(1):137-158

2. 0<pB < e%, the pmf is decreasing function of x.

and the second derivative is

d2p(x) B* log(%) (2 +(1+x) log(%»
dx?2 = (1+,3)2+x

Therefore the mode of PMEXD is given by:

l—log<1+%> for B> L

mode(X) = 10g<1 + %) e—1

0 otherwise

Figure 1 shows the plots of the PMEX distribution pmf for different § values. It is
found that the probabilities can be decreasing or unimodal shaped.
The corresponding cumulative distribution function (cdf) is

1
B (B+2+x)
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Fig. 1 probability mass function plots for PMExD
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3 Mathematical Properties
3.1 Survival (Reliability) Function

The reliability function is defined as the probability of a system surveying for a certain
time. The survival function of PMEXD is as follows:

Sx;B)=PX>x)=1—-P(X<x—1)
B A+x+p) 3)
- (1+13)x+1

3.2 Hazard Function (Failure Rate)
The hazard function of PMEXD is given by

o 1+x)
P = T parat ) )

Proposition 1: The hazard function of PMEXD is an increasing function of x.

Proof: Using the idea of Glaser (1980) and from the pmf of PMExD.

P (x) B _1 + (1 +x)log(%>

=0 T (1+)
It follows that
, 1
p(x) = m >0
As p’(x) > 0 the hazard function of PMEXD is increasing. O

Figure 2 displays the failure rate curves of the PMEX distribution for some choices
of parameter f.

3.3 Reversed Hazard and Second Failure Rate

The reversed hazard rate and second failure rate of PMEx distribution are given by,
respectively

_ P B*(1+x)
CF@) (148 — Q24 x +h)

r(x) &)
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Fig. 2 Failure rate curves for PMExD

and
1+ +x+p)
(3 p) =1 6

rr(x; B) 0g< BQ+x+tp) (6)
3.4 Mean Residual Life (MRL)
For a discrete random variable, the MRL function is defined as

1 w

MRL =¢(i)=EX —i|lX 2i) = T—FG—1.p) Z [1-F(—1,8)1i €Ny,

j=i+l

where Ng = {0, 1, 2,..., w}and 0 < w < oo. Let X1 be the PMEXD random
variable, then the MRL is defined as
1 i+1 w j .
P [ﬁ <1+J_+ﬂ>]
Brl+i+p) L L (1+p)"

uRL — _A+B) {

Bi(l+i+B)

ﬂi+1. .\ iﬂi+1-+ IBi+l. }
1+~ (a+p)"  A+p)!
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BQR+2B+1)
(1+i+p)

MRL = @)

3.5 Moments and Associated Measures

3.5.1 Moment Generating Function

The moment generating function of the PMEXx distribution can be obtained as

- o o BT+ )
Mx Y=E tx — fo — tx
( ) (6 ) ;)e (x) xgoe (1 +‘3)x+2

it t

M (1) = 1 (l+ﬂ eﬂ)+§ﬂ
1+B)| (1+p—ep)
_r
(1+B —e'p)?

The first four moments are about the origin of the PMExD.

M. (1) = (8)
my =28
o =2B(1+3p)
1y = 2/3(1 198+ 12/32)

Wy = 2,6(1 +218+728% + 60,33>

The moments about mean can be obtained using the following relation pu; =
A\
E (Y — '““1) . The first four moments about the mean for the PMEXD are given by;

n=2pB
2 =2p(1+p)
3 = 2/3(1 +38 +2,32)
s = 2,3(1 + 138 +248% + 12/33)

The dispersion index (DI) is

Var(y)

DI = ———
Mean(y)

=(1+p8) > 1.
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Table 1 Moments and DI of the PXL distribution

B Mean Variance DI cvV CcS CK

0.1 0.2000 0.2200 1.1000 2.3452 2.5584 10.546
0.2 0.4000 0.4800 1.2000 1.7321 2.0207 8.0833
0.5 1.0000 1.5000 1.5000 1.2247 1.6330 6.6667
1.0 2.0000 4.0000 2.0000 1.0000 1.5000 6.2500
1.5 3.0000 7.5000 2.5000 0.9129 1.4606 6.1333
2.0 4.0000 12.000 3.0000 0.8660 1.4434 6.0833
2.5 5.0000 17.500 3.5000 0.8367 1.4343 6.0571
3.0 6.0000 24.000 4.0000 0.8165 1.4289 6.0417
3.5 7.0000 31.500 4.5000 0.8018 1.4254 6.0317
4.0 8.0000 40.000 5.0000 0.7906 1.4230 6.0250
45 9.0000 49.500 5.5000 0.7817 1.4213 6.0202
5.0 10.000 60.000 6.0000 0.7746 1.4201 6.0167
7.0 14.000 112.00 8.0000 0.7559 1.4174 6.0089
10 20.000 220.00 11.000 0.7416 1.4158 6.0045

We noted that the PMEXD is overdispersed.
The coefficient of variation (CV), coefficients of skewness (CS), and coefficients
of kurtosis (CK) for the PMEXD are given by

CV — SD(y) _ 1+8
Mean(y) 28

BB +3B+1)

S V2B+ )2

1+ 138 +24p8% + 1283
T 281487

CK

Some moments, variance, CV, DI in terms of p are presented in Table 1.

3.6 Actuarial Measures

In this section, two risk measure value at risk (VaR) and tail value at risk (T'VaR) of the
PMEXD. The VaR measure is frequently used by practitioners in the field of actuarial
sciences and standard financial market risk. The VaR is always supplied with a level
of confidence, say p, and represents the percentage loss in portfolio value that will
be equaled or exceeded only X percent of the time. Let X represents the loss random
variable. The VaR of PMExD is derived as

P (X > ‘L'p) =1-p,andthent, = F~!(p),where p is the solution of the equation

BX(B+2+x) = (1+p)2(1 — p).
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Table 2 The risk measures (VaR
and TVaR) for the PMEx Significance level VaRp TVaRp
distribution
0.50 0.70 0.81874 3.44210
0.75 1.04464 3.96138
0.80 1.31455 4.60642
0.85 1.65401 5.44806
0.90 2.11982 6.64524
0.95 2.89133 8.70422
0.99 4.60790 13.4844
1.0 0.70 2.08251 5.73905
0.75 2.44491 6.35908
0.80 2.87701 7.11526
0.85 3.41941 8.08504
0.90 4.16236 9.44167
0.95 5.39072 11.7349
0.99 8.11878 16.9571
2.0 0.70 4.55333 9.73296
0.75 5.17641 10.5723
0.80 5.91856 11.5877
0.85 6.84927 12.8800
0.90 8.12306 14.6744
0.95 10.2273 17.6844
0.99 14.8967 24.4801
5.0 0.70 11.8956 21.1069
0.75 13.2846 22.6346
0.80 14.9384 24.4764
0.85 17.0116 26.8131
0.90 19.8478 30.0476
0.95 24.5316 35.4557
0.99 34.9212 47.6214

The TVaR is also known as “conditional tail expectation” or “tail conditional expec-
tation”. It is a useful metric for calculating the expected value of a loss when an event
occurs outside of a particular probability level. If X belongs to the PMEXD, then the

TVaR of X is

1 o0
TVaR, = E(X|X > 7,) = TFE) > ap(x).
P) x=t,

B (1+ )=~ (r,, +(rp)7 +2B7, +2B(1 + ,8))

TVaR, =

1= F(tp)

&)
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Some values of VaR, and TVaR, measures for PMEXD are listed in Table 2.

4 Parameter Estimation

In this section, seven different estimation methods are used to estimate the parameter of
PMEXxD including maximum likelihood (MLE), maximum product spacing (MPSE),
Anderson-Darling (ADE), Cramer-von misses (CVME), least-squares (OLSE),
weighted least-squares (WLSE) and right tailed Anderson-Darling (RADE) method.

Let X1, X2, ..., X, be a random sample from the PMExD and X () < Xo) <

. < X() denote the corresponding order statistics. Moreover, x(; refers to the
observed values of X ;). In this regard, the log-likelihood function of the PMEXx dis-
tribution is

€= "xilog(B)+ Y log(l+x;)— Y (2+x;)log(l+p) (10)

i=1 i=1 i=1

Then, the MLE of parameter S is given as follows

Bue = argm;"(ﬂ) (11)

Let us define five functions that are used to obtain the minimum distance-based
estimates:

Quap (B)

= —n

L B (B +2+ Xiun) Bt (B 42+ xim)\ ]
_”;;Q"_DP%<I_ (1+ IR )]

(1+ pytin*?

n 5 Bt (B 42+ Xim)
QRADw)—E—z;[l— }

(1 + pysin*2

Iy prin*t (B +2+x,-:n)]
S 2; — Dlog| 1 — ,
" g( Y Og[ (1+pysiat?

n

N BYnt (B 42+ %) 20 — 17
Qcvu(B) = E‘FZ[I - (1 + p)¥im+2 T Ton :| ’

i=1

n

Xi:n+1 2 in : 2
QOLSOB):Z[l—ﬂ Pa2tXin) }

I+ ne2
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Table 3 The AVEs, ABSs, MREs, and MSEs for the parameter (8 = 0.25)
n MLE MPSE ADE CVME OLSE WLSE RADE
10 AVEs 0.2486 0.3766 0.6224 0.6336 0.6322 0.6818 0.5806
ABSs 0.0014 0.1266 0.3724 0.3836 0.3822 0.4318 0.3306
MREs 0.0057 0.5064 1.4895 1.5344 1.5289 1.7273 1.3226
MSEs 0.0153 0.0376 0.1523 0.1605 0.1595 0.2000 0.1211
25 AVEs 0.2499 0.3155 0.6162 0.6305 0.6313 0.7216 0.5691
ABSs 0.0001 0.0655 0.3662 0.3805 0.3813 0.4716 0.3191
MREs 0.0004 0.2620 1.4648 1.5222 1.5251 1.8863 1.2765
MSEs 0.0063 0.0119 0.1395 0.1500 0.1506 0.2282 0.1062
50 AVEs 0.2504 0.2872 0.6128 0.6283 0.6296 0.7549 0.5643
ABSs 0.0004 0.0372 0.3628 0.3783 0.3796 0.5049 0.3143
MREs 0.0016 0.1488 1.4511 1.5132 1.5183 2.0195 1.2572
MSEs 0.0031 0.0049 0.1342 0.1456 0.1465 0.2580 0.1009
100 AVEs 0.2501 0.2707 0.6116 0.6277 0.6276 0.7877 0.5637
ABSs 0.0001 0.0207 0.3616 0.3777 0.3776 0.5377 0.3137
MREs 0.0005 0.0829 1.4465 1.5109 1.5103 2.1509 1.2548
MSEs 0.0015 0.0021 0.1321 0.1439 0.1438 0.2908 0.0994
200 AVEs 0.2502 0.2616 0.6126 0.6290 0.6275 0.5635 0.5635
ABSs 0.0002 0.0116 0.3626 0.3790 0.3775 0.3135 0.3135
MREs 0.0008 0.0462 1.4505 1.5160 1.5100 1.2539 1.2539
MSEs 0.0008 0.0009 0.1321 0.1443 0.1431 0.0988 0.0988
and
"+ D2+ Bt Ba24xm) 0]
QuisB) =2 in—i+1) [1_ _n+1]'

i=1

(1+ pyrin*2

The ADEs, RADEs, CVMEs, OLSEs and WLSEs of the parameter 8 are given,

respectively, by

A

BADE =
BRADE =
BcvmE =

BoLsE =

argmin{Q, p ()}
argmin{Qgp(B)}
argmin{Qcy » (B)}

argmin{Qo1s(B)}

B

B

B

B

12)

(13)

(14)

(14)
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Table 4 The AVEs, ABSs, MREs, and MSEs for the parameter (8 = 0.50)

n MLE MPSE ADE CVME OLSE WLSE RADE

10 AVEs 0.5016 0.6679 0.8641 0.8693 0.8712 0.9082 0.8077
ABSs 0.0016 0.1679 0.3641 0.3693 0.3712 0.4082 0.3077
MREs 0.0032 0.3358 0.7283 0.7385 0.7425 0.8163 0.6153
MSEs 0.0377 0.0783 0.1683 0.1716 0.1775 0.1979 0.1295
25 AVEs 0.4982 0.5906 0.8468 0.8549 0.8568 0.9437 0.7933
ABSs 0.0018 0.0906 0.3468 0.3549 0.3568 0.4437 0.2933
MREs 0.0036 0.1812 0.6937 0.7097 0.7137 0.8874 0.5867
MSEs 0.0150 0.0260 0.1351 0.1405 0.1418 0.2089 0.1001
50 AVEs 0.5036 0.5511 0.8455 0.8547 0.8537 0.9774 0.7844
ABSs 0.0036 0.0511 0.3455 0.3547 0.3537 0.4774 0.2844
MREs 0.0073 0.1021 0.6910 0.7093 0.7075 0.9549 0.5689
MSEs 0.0076 0.0112 0.1264 0.1327 0.1322 0.2339 0.0876
100 AVEs 0.5009 0.5297 0.8411 0.8510 0.8532 1.0101 0.7833
ABSs 0.0009 0.0297 0.3411 0.3510 0.3532 0.5101 0.2833
MREs 0.0018 0.0595 0.6822 0.7021 0.7065 1.0202 0.5666
MSEs 0.0037 0.0049 0.1199 0.1266 0.1283 0.2632 0.0836
200 AVEs 0.5007 0.5166 0.8408 0.8510 0.8519 1.0459 0.7814
ABSs 0.0007 0.0166 0.3408 0.3510 0.3519 0.5459 0.2814
MREs 0.0014 0.0332 0.6816 0.7019 0.7039 1.0919 0.5628
MSEs 0.0019 0.0022 0.1179 0.1249 0.1256 0.2996 0.0808

argmin{Qy.5(B)}

15
8 15)

BwLsE =

The estimators presented in Eqs. (12, 13, 14, 15, 16) can be obtained by using the
optim () function in R.

The maximum product spacing is obtained using the following approach. For
m = 1,2,3,...,h+1,assume Dy (B) = F(x(m)|B) — F(xm—-1)|B). be the uni-
form spacings of a random sample from the PMEx model, where F(x()|8) = 0,
F(x@+1)|B) = 1 and Z D, (B) = 1. The MPSE of the parameter j, say B, can be

estimated by max1mlzmg the geometric mean of the spacings

1
h+1 T
MPSE(B) = | [] Dm(®) (17)
m=1

with respect to the parameter f.
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Table 5 The AVEs, ABSs, MREs, and MSEs for the parameter (8 = 0.25)
n MLE MPSE ADE CVME OLSE WLSE RADE
10 AVEs 1.0075 1.2490 1.3607 1.3570 1.3626 1.3816 1.3084
ABSs 0.0075 0.2490 0.3607 0.3570 0.3626 0.3816 0.3084
MREs 0.0075 0.2490 0.3607 0.3570 0.3626 0.3816 0.3084
MSEs 0.1009 0.1875 0.2431 0.2441 0.2443 0.2500 0.2034
25 AVEs 0.9996 1.1251 1.3358 1.3364 1.3392 1.3974 1.2780
ABSs 0.0004 0.1251 0.3358 0.3364 0.3392 0.3974 0.2780
MREs 0.0004 0.1251 0.3358 0.3364 0.3392 0.3974 0.2780
MSEs 0.0392 0.0629 0.1561 0.1583 0.1603 0.1950 0.1193
50 AVEs 0.9970 1.0757 1.3339 1.3357 1.3360 1.4182 1.2664
ABSs 0.0030 0.0757 0.3339 0.3357 0.3360 0.4182 0.2664
MREs 0.0030 0.0757 0.3339 0.3357 0.3360 0.4182 0.2664
MSEs 0.0200 0.0270 0.1322 0.1344 0.1344 0.1911 0.0913
100 AVEs 1.0019 1.0450 1.3274 1.3303 1.3300 1.4461 1.2636
ABSs 0.0019 0.0450 0.3274 0.3303 0.3300 0.4461 0.2636
MREs 0.0019 0.0450 0.3274 0.3303 0.3300 0.4461 0.2636
MSEs 0.0101 0.0126 0.1182 0.1206 0.1196 0.2072 0.0795
200 AVEs 1.0002 1.0230 1.3250 1.3282 1.3270 1.4767 1.2595
ABSs 0.0002 0.0230 0.3250 0.3282 0.3270 0.4767 0.2595
MREs 0.0002 0.0230 0.3250 0.3282 0.3270 0.4767 0.2595
MSEs 0.0048 0.0060 0.1109 0.1132 0.1123 0.2310 0.0724

4.1 Simulation Study

This section is based on a comprehensive simulation study to compare the esti-
mation performance of the derived estimator in the previous section. The samples
are generated from PMExD with sizes n = 10, 25, 50, 100, 200, and four settings
(B =0.25, 0.5, 1.0, 2.0, 5.0) are considered. The simulation procedure is based on
10,000 repetitions. The ABSs, MREs and MSEs are given by

ABSs = iﬁ:)ﬁ —ﬂ),

N i=1

1 N

MRE = —

N

i=1

¢
B
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Table 6 The AVEs, ABSs, MREs, and MSEs for the parameter (8 = 2.0)

n MLE MPSE ADE CVME OLSE WLSE RADE

10 AVEs 1.9968 2.3388 2.3670 2.3531 2.3637 2.3922 2.3200
ABSs 0.0032 0.3388 0.3670 0.3531 0.3637 0.3922 0.3200
MREs 0.0016 0.1694 0.1835 0.1765 0.1819 0.1961 0.1600
MSEs 0.2979 0.4746 0.4679 0.4803 0.4950 0.5086 0.4272
25 AVEs 1.9977 2.1914 2.3379 2.3332 2.3493 2.3678 2.2707
ABSs 0.0023 0.1914 0.3379 0.3332 0.3493 0.3678 0.2707
MREs 0.0012 0.0957 0.1689 0.1666 0.1747 0.1839 0.1353
MSEs 0.1211 0.1662 0.2458 0.2517 0.2669 0.2692 0.2006
50 AVEs 2.0040 2.1195 2.3259 2.3238 2.3227 2.3596 2.2625
ABSs 0.0040 0.1195 0.3259 0.3238 0.3227 0.3596 0.2625
MREs 0.0020 0.0597 0.1629 0.1619 0.1614 0.1798 0.1313
MSEs 0.0599 0.0795 0.1737 0.1769 0.1738 0.1887 0.1317
100 AVEs 1.9998 2.0697 2.3159 2.3156 2.3169 2.3677 2.2501
ABSs 0.0002 0.0697 0.3159 0.3156 0.3169 0.3677 0.2501
MREs 0.0001 0.0349 0.1580 0.1578 0.1585 0.1839 0.1251
MSEs 0.0297 0.0374 0.1327 0.1346 0.1367 0.1646 0.0936
200 AVEs 2.0005 2.0416 2.3159 2.3164 2.3156 2.3873 2.2510
ABSs 0.0005 0.0416 0.3159 0.3164 0.3156 0.3873 0.2510
MREs 0.0002 0.0208 0.1579 0.1582 0.1578 0.1936 0.1255
MSEs 0.0148 0.0174 0.1159 0.1173 0.1168 0.1641 0.0785

and

N

use =3 32(5-5)

i=1

The average estimates (AVEs), average biases (ABSs), mean relative errors (MREs),
and mean square errors (MSEs) are presented in Tables 3, 4, 5, 6 and 7.

Itis found that the average estimates moved closer to the true parameter values as the
sample increases. Further, the ABSs and MSEs for all estimators are decreasing with
an increase in sample size. Hence, the MLE demonstrates the consistency property. As
aresult, we conclude that the MLE performs well in predicting the DRL distribution’s
parameter.

5 Application

In this section, four datasets from different fields are used for application purposes.
The fit of the PMExD is compared with some competitive one-parameter distributions
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Table 7 The AVEs, ABSs, MREs, and MSE:s for the parameter (8 = 5.0)

n MLE MPSE ADE CVME OLSE WLSE RADE

10 AVEs 5.0090 5.5722 5.4377 5.4043 5.4540 5.4794 5.4206
ABSs 0.0090 0.5722 0.4377 0.4043 0.4540 0.4794 0.4206
MREs 0.0018 0.1144 0.0875 0.0809 0.0908 0.0959 0.0841
MSEs 1.5008 2.0438 1.8547 1.9861 2.0815 2.0737 1.7969
25 AVEs 5.0117 5.3537 5.3678 5.3622 5.3724 5.3697 5.3062
ABSs 0.0117 0.3537 0.3678 0.3622 0.3724 0.3697 0.3062
MREs 0.0023 0.0707 0.0736 0.0724 0.0745 0.0739 0.0612
MSEs 0.6126 0.7932 0.8143 0.8457 0.8448 0.8455 0.7225
50 AVEs 4.9910 5.2190 5.3269 5.3372 5.3461 5.3376 5.2700
ABSs 0.0090 0.2190 0.3269 0.3372 0.3461 0.3376 0.2700
MREs 0.0018 0.0438 0.0654 0.0674 0.0692 0.0675 0.0540
MSEs 0.2987 0.3677 0.4405 0.4591 0.4817 0.4414 0.3925
100 AVEs 4.9976 5.1432 5.3150 5.3176 5.3137 5.3320 5.2589
ABSs 0.0024 0.1432 0.3150 0.3176 0.3137 0.3320 0.2589
MREs 0.0005 0.0286 0.0630 0.0635 0.0627 0.0664 0.0518
MSEs 0.1457 0.1783 0.2669 0.2769 0.2766 0.2762 0.2307
200 AVEs 4.9969 5.0791 5.3254 5.3133 5.3175 5.3278 5.2437
ABSs 0.0031 0.0791 0.3254 0.3133 0.3175 0.3278 0.2437
MREs 0.0006 0.0158 0.0651 0.0627 0.0635 0.0656 0.0487
MSEs 0.0732 0.0838 0.1895 0.1869 0.1882 0.1868 0.1369

such as discrete Rayleigh (DR), discrete Burr-Hatke (DBH), discrete Pareto (DPr),
discrete inverted Topp-Leone (DITL), and Poisson. The fitted probability distributions
are compared using maximized log-likelihood (/), Akaike information criterion (AIC),
Bayesian information criterion (BIC), Kolmogorov—Smirnov (KS), and the Chi-square
test with its corresponding P-values.

Data set I: The first data were reported in [21] and represents the failure times for
a sample of 15 electronic components in an acceleration life test. The number are as
follows; 1, 5,6, 11, 12, 19, 20, 22, 23, 31, 37, 46, 54, 60 and 66. The measures, mean,
variance dispersion index, skewness, and kurtosis for this data are 27.533, 431.98,
15.689, 0.5532, and 2.0616, respectively. These measures portray that the data set is
over-dispersed, positive skewness, and leptokurtic behavior. The MLEs and goodness-
of-fit for this dataset are listed in Table 8. The P-P plots for all fitted models are given
in Fig. 3.

From Table 8, it is obvious that the PMEx distribution gives a higher value of
log-likelihood and Kolmogorov—Smirnov test. Furthermore, the proposed distribution
yields a minimum value of AIC and BIC criteria. Figure 3, supports the results listed
in Table 8.
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Table 8 The MLEs and goodness-of-fit measures of all fitted models for the first data set

Statistic |, Model — PMExD DR DBH DPr Poisson DITL
B 13.767 24.382 0.9992 0.3284 27.533 0.4178
—1 64.621 66.394 91.368 77.402 151.21 74.491
AIC 131.24 134.79 184.74 156.80 304.41 150.98
BIC 131.95 135.50 185.44 157.51 305.12 151.69
K-S 0.1120 0.216 0.7910 0.4060 0.3810 0.3590
P-value 0.9800 0.4300 <0.001 0.0097 0.0180 0.0310
PMExD DR DBH
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Fig. 3 P-P plots of all fitted models for the first dataset

Data set II: The second dataset consists of the 2003 final examination marks of
48 slow-pace students in mathematics at the Indian Institute of Technology at Kanpur
(Bakouch et al. 2014). The observations are; 29, 25, 50, 15, 13,27, 15, 18,7,7, 8, 19,
12, 18,5, 21, 15, 86, 21, 15, 14, 39, 15, 14, 70, 44, 6, 23, 58, 19, 50, 23, 11, 6, 34, 18,
28,34,12,37,4, 60,20, 23,40, 65, 19 and 31. The mean, variance, skewness, kurtosis,
and dispersion index of this data set are 25.895, 346.14, 1.3317, 4.3233, and 13.367
respectively. The parameter estimates along with model selection measures are given
in Table 9. Figure 4 shows the P-P plots of all fitted models for the second data set.
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Table 9 The MLEs and goodness-of-fit measures of all fitted models for the second data set

Statistic | Models — PMExD DR DBH DPr Poisson DITL
B 12.948 22.755 0.9990 0.3225 25.896 0.4105
-1 197.95 201.89 297.68 251.18 396.59 241.03
AIC 397.90 405.79 597.35 504.36 795.18 484.05
BIC 399.77 407.66 599.22 506.23 797.05 485.92
K-S 0.0988 0.1980 0.8370 0.4470 0.4000 0.4070
P-value 0.7400 0.0460 < 0.001 < 0.001 < 0.001 < 0.001
PMExD DR DBH
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Fig. 4 P-P plots of all fitted models for the second dataset

The estimates of B and goodness-of-fit measures for the PMExD and other models
are reported in Table 9. It is observed that the PMEx distribution is more adequate
for these data than the DR, DBH, DPr, Poisson, and DITL distributions. Figure 4 also
concludes these results.

Data set II1: The third data set represents epileptic seizure counts reported in [22].
The parameter estimates and goodness-of-fit measures for all fitted distributions for
the third data set are listed in Table 10. It is evident from the below table, the proposed
distribution fits this data set quite well. Figure 5 also supports these results.

Data set IV: The fourth data set is the biological experiment data listed in Table
11 obtained from [23] on the European corn borer. It was an experiment conducted
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Fig. 5 The estimated pmfs of the third data set

randomly on 8 hills in 15 replications, and the experimenter counts the number of
borers per hill of corn. The MLEs for all fitted models are presented in Table 11. The
fitted pmfs are given in Fig. 6. It is found that the PMEx distribution provides more
efficient fits than competitive distributions.

6 Conclusion

A new one-parameter discrete distribution is proposed. The new distribution is called
the Poisson moment exponential distribution (PMExD) and it is suitable for modeling
over-dispersed datasets. We derived its mathematical properties, including its moments
and associated measures, reliability properties, and two risk or actuarial measures. The
distribution parameter is estimated using seven different estimation methods. A Monte
Carlo simulation study was used to investigate the efficiency of derived estimators. The
PMEXD distribution was applied on four datasets from different fields and compared
with DR, DBH, DPr, Poisson, and DITL distributions. The findings show that the
PMEXx distribution outperforms competitive distributions. Further, the Neutrosophic
form of the proposed distribution for modeling of datasets with indeterminacy is under
investigation.
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Fig. 6 The estimated pmfs of the fourth data set
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