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Abstract
This article deals with the constant–stress partially accelerated life test using type I
and type II censored data in the presence of competing failure causes. Suppose that
the occurrence time of the failure cause followsWeibull distribution. Maximum likeli-
hood technique is employed to estimate the population parameters of the distribution.
The performance of the theoretical estimators of the parameters are evaluated and
investigated by using a simulation algorithm.

Keywords Step stress partially accelerated life tests · Weibull distribution · Censored
competing risks data · Maximum likelihood estimation

1 Introduction

In life testing and reliability experiments, time to failure data obtained under normal
operating conditions is used to analyze the products failure time distribution and its
associated parameters. The continuous improvement in manufacturing design creates
a problem in obtaining information about lifetime of some products and materials
with high reliability at the time of testing under normal conditions. Under such condi-
tions the life testing becomes very expensive and time consuming. To obtain failures
quickly, a sample of these materials is tested at more severe operating conditions than
normal ones. These conditions are referred to as stresses, which may be in the form of
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temperature, voltage, force, humidity, pressure, vibrations, etc. This type of testing is
called accelerated life testing (ALT), where products are run at higher than usual stress
conditions, to induce early failures in a short time. The life data collected from such
accelerated tests is then analyzed and extrapolated to estimate the life characteristic
under normal operating conditions by using a proper life stress relationship. There
are situations where a life stress relationship is not known and cannot be assumed,
i.e., the data obtained from ALT cannot be extrapolated to normal conditions. In such
situations, partially accelerated life testing (PALT) is used. In PALT, test units are run
at both normal and accelerated conditions.

1.1 Constant Stress ALT

The stresses can be applied in various ways, namely; constant-stress, step-stress, and
progressive-stress (see Nelson [16]). Under step-stress PALT, a test item is first run
at normal use condition and, if it does not fail for a specified time, then it is run
at accelerated use condition until failure occurs or the observation is censored. On
the other hand a progressive-stress ALT lets the stress level to increase linearly and
continuously on any surviving test units. A constant-stress ALT (CS-PAL) is the most
common type where each test unit is subjected to only one chosen stress level until its
failure or the termination of the test, whichever occurs first.

For an overview of the CS-PALT, there is an amount of literature on designing
CS-PALT for example, Bai and Chung [3], Bai et al. [4], Abdel-Ghani [1], Hassan [9],
Abdel-Hamid [2], Ismail [11], Ismail et al. [12], Wang and Cheng [21], Kamal et al.
[13], Srivastava and Mittal [19, 20], Hassan et al. [10], and Mahmoud et al. [15].

1.2 Competing Risks Schemes

In reliability analysis, the failure of itemsmay be attributable to more than one cause at
the same time. Theses “causes” are competing for the failure of the experimental unit.
This problem is known as the competing risks model in the statistical literature. In the
competing risks data analysis, the data consists of a failure time and the associated
cause of failure. The causes of failuremay be assumed to be independent or dependent.
In this paper, we assume the latent failure time model, as suggested by Cox [5],
where the failure times are independently distributed. For several examples, where
the failure is due to more than cause of failure, see Crowder [6]. Considered a life
time experiment with n ∈ N identical units, where its lifetimes are described as
independent and identically distributed (i.i.d) random variables X1, . . . , Xn . Without
loss of generality; assume that there are only two causes of failure. We have Ti � min
{X1i , X2i } for i � 1, . . . , n, where X1i , X2i denotes the latent failure time of the
ith unit under first and second cause of failure, respectively. We assumed that the
latent failure times X1i and X2i are independent, and the pairs (X1i , X2i ) are i.i.d.
The observed failure time is given by the random variable Ti � min{X1i , X2i }. The
survival function of the random variable T is defined as

T̄ (x) � Pr(T > x)

� Pr(T > x1)Pr(T > x2)
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� F1(x)F2(x),

where F̄(.) � 1 − F(.) is the survival function. On using the relation f (x) � − ∂
∂x F̄

(x), we get the densities

g1(x) � − ∂

∂x1
Ḡ(t) � f1(x)F2(x) g2(x) � − ∂

∂x2
Ḡ(t) � f2(x)F1(x).

Recently, some authors have investigated the competing failure models in ALT, see
for example, Shi et al. [17], Han and Kundu [8], Haghighi and Bae [7], Zhang et al.
[22], Shi et al. [18] and Lone et al. [14].

The Weibull distribution is a very popular model and it has been extensively used
over the past decades for modeling data in reliability, engineering and bio-logical
studies. In this paper, we consider the estimation problem for the CS-PALT competing
failure model from Weibull distribution under type I censoring (TIC) and type II
censoring (TIIC). The rest of this paper is organized as follows. In Sect. 2, under TIC
and TIIC schemes, a CS-PALT competing failure model from Weibull distribution is
described and some basic assumptions are given. In Sect. 3, we obtain the maximum
likelihood (ML) estimators of the acceleration factor and unknown parameters for
CS-PALT competing model under TIC. Section 4 gives the ML estimators of the
acceleration factor and unknown parameters for CS-PALT competing model under
TIIC. The simulation results of all proposed methods for different sample sizes and
for different censoring schemes are presented in Sect. 5.

2 Model Description and Assumptions

This section displays themain assumptions for product life test in CS-PALT competing
failure model. Also, the test procedures in CS-PALT based on TIC and TIIC schemes
when the lifetime of competing failures are assumed to have Weibull distribution are
explained.

2.1 Model Description

The test procedure in CS-PALT is considered as follows:

• Total n items are divided into two groups:

• Group 1 consists of n1 � n(1 − π), (1 − π) is sample proportion items allocated
to normal conditions.

• Group 2 consists of n2 � nπ remaining items are subjected to accelerated con-
ditions.

• Each item in Group 1 and Group 2 is run at constant level of stress until the test
terminates when the censoring time τ in case of TIC or the rth failure in case of
TIIC is reached.

• The lifetimes Ti , i � 1, 2, . . . , n(1 − π), of items allocated at normal conditions
follow Weibull distribution with shape parameter θ, scale parameter λ and have
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the probability density function (pdf) and cumulative distribution function (cdf) as
follows:

f (ti ) � θλtθ−1
i e−λtθi ti ; θ, λ > 0, (1)

and,

F(ti ) � 1 − e−λtθi , (2)

where, the observed ordered failure times are t(1) < · · · < t(nu) < τ under TIC
and nu is the number of failed items at normal conditions. While the observed rth
ordered failure is t(1) < t(2) < t(3) · · · < t(r) under TIIC.

• The lifetimes X j , j � 1, 2, . . . , nπ of items allocated at accelerated conditions
follow a Weibull distribution with shape parameter θ and scale parameter λ and
have the pdf and cdf as follows:

f
(
x j

) � θλβ
(
βx j

)θ−1
e−λ(βx j)

θ

; x j , θ, λ > 0, β > 1, (3)

and,

F
(
x j

) � 1 − e−λ(βx j)
θ

, (4)

where, the observed ordered failure times are x(1) < · · · < x(na) < τ and na is
the number of failed items at accelerated conditions under TIC. While the observed
ordered rth failure is x(1) < x(2) < x(3) · · · < x(r) under TIIC.

2.2 Basic Assumption

• The lifetimes Ti , i � 1, 2, . . . , n(1 − π) of items allocated at normal conditions
are i.i.d random variables

• The lifetimes X j , j � 1, 2, . . . , nπ of items allocated at accelerated conditions
are i.i.d random variables

• The lifetimes Ti and X j are mutually independent.

3 ML Estimators Under TIC Competing Risks Data

Suppose that the observed values of the total lifetime T of size n(1 − π) at normal
condition are t(1), t(2), . . . , t(n(1−π)), and the observed values of the total lifetime X of
size nπ at accelerated condition are x(1), x(2), . . . , x(nπ). Let δui and δai denote the
failure indicators such that

δui �
{
1 ti < τ

0 otherwise
i � 1, 2, . . . , n(1 − π),

and
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δai �
{
1 x j < τ

0 otherwise
i � 1, 2, . . . , nπ.

The likelihood function for TIC competing risks data when the cause of failure is
known at normal conditions is given by

L ∝
nπ̄∏

i�1

[
f1(ti )F̄2(ti )

]I (δi�1)[
f2(ti )F̄1(ti )

]I (δi�2)[
F̄1(τ )F̄2(τ )

]δ̄i
, (5)

where, ti � t(i), and π̄ � 1−π . Substituting (1), (2), (3) and (4) in likelihood function
(5), then:

L1(ui) ∝
nπ̄∏

i�1

[
θ1λ1t

θ1−1
i e

−
(
λ1t

θ1
i +λ2t

θ2
i

)]δ1ui

[
θ2λ2t

θ2−1
i e

−
(
λ2t

θ2
i +λ1t

θ1
i

)]δ2ui [
e−(

λ1τ
θ1+λ2τ

θ2
)]δ̄ui

.

Also, the likelihood function for TIC competing risks data when the cause of failure
is known at accelerated conditions is given by

L1(aj) ∝
nπ∏

j�1

[
θ1λ1β1

(
β1x j

)θ1−1
e
−

[
λ1(β1x j)

θ1+λ2(β2x j)
θ2

]]δ1aj

[
e−[

λ1(β1τ)θ1+λ2(β2τ)θ2
]]δ̄aj

[
θ2λ2β2

(
β2x j

)θ2−1
e
−

[
λ2(β2x j)

θ2+λ1(β1x j)
θ1

]]δ2aj

.

Since the lifetimes of t1, . . . , tnu and x1, . . . , xna are iid then the total likelihood
function for TIC competing risks data when the cause of failure is known at normal
and accelerated conditions (t1; δu1 . . . , tnπ̄ ; δunπ̄ , x1; δa1 . . . , xnπ ; δanπ ) is
given by:

L1i ∝ L1(ui)L1(aj)L1i ∝
nπ̄∏

i�1
[
θ1λ1t

θ1−1
i e

−
(
λ1t

θ1
i +λ2t

θ2
i

)]δ1ui [
θ2λ2t

θ2−1
i e

−
(
λ2t

θ2
i +λ1t

θ1
i

)]δ2ui [
e−(

λ1τ
θ1+λ2τ

θ2
)]δ̄ui

nπ∏

j�1

[
θ1λ1β1

(
β1x j

)θ1−1
e
−

[
λ1(β1x j)

θ1+λ2(β2x j)
θ2

]]δ1aj

[
e−[

λ1(β1τ)θ1+λ2(β2τ)θ2
]]δ̄aj

[
θ2λ2β2

(
β2x j

)θ2−1
e
−

[
λ2(β2x j)

θ2+λ1(β1x j)
θ1

]]δ2aj

,

where, δ̄ui � 1−δui and δ̄aj � 1−δaj . TheML estimators θ̂1, θ̂2, λ̂1, λ̂2, β̂1 and β̂2 of
the parameters and acceleration factors θ1, θ2, λ1, λ2, β1 and β2 are the values which
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maximize the likelihood function. The logarithm of the likelihood function l1 � ln L1i
is given by:

(6)

l1 ∝ n10 ln θ1 + n10 ln λ1 + n20 ln θ2 + n20 ln λ2

+ n1a ln β1 + n2a ln β2 + (θ1 − 1)
nπ̄∑

i�1

δ1ui ln ti

− λ1

[
nπ̄∑

i�1

δ1ui t
θ1
i +

nπ̄∑

i�1

δ2ui t
θ1
i

]

+ (θ2 − 1)
nπ̄∑

i�1

δ2ui ln ti − λ2

[
nπ̄∑

i�1

δ1ui t
θ2
i +

nπ̄∑

i�1

δ2ui t
θ2
i

]

+ (θ1 − 1)
nπ∑

j�1

δ1aj ln
(
β1x j

) − λ1

⎡

⎣
nπ∑

j�1

δ1aj
(
β1x j

)θ1 +
nπ∑

j�1

δ2aj
(
β1x j

)θ1

⎤

⎦

+ (θ2 − 1)
nπ∑

j�1

δ2aj ln
(
β2x j

)

− λ2

⎡

⎣
nπ∑

j�1

δ1aj
(
β2x j

)θ2 +
nπ∑

j�1

δ2aj
(
β2x j

)θ2

⎤

⎦ − (nπ̄ − nu)

[
λ1τ

θ1 + λ2τ
θ2

] − (nπ − na)
[
λ1 (β1τ )

θ1 + λ2 (β2τ )
θ2

]
.

The first derivatives of the logarithm of the likelihood function (6) with respect to
θk, λk and βk are given by:

(7)

∂l1
∂θk

� nk0
θk

+
nπ̄∑

i�1

δkui ln ti − λk

[
nπ̄∑

i�1

δkui t
θk
i ln ti +

nπ̄∑

i�1

δsui t
θk
i ln ti

]

− (nπ̄ − nu) λkτ
θk ln τ

+
nπ∑

j�1

δka j ln
(
βk x j

)

− λkβ
θk
k

⎡

⎣
nπ∑

j�1

δka j

(
xθk
j

)
ln

(
βk x j

)
+

nπ∑

j�1

δsa j

(
xθk
j

)
ln

(
βk x j

)
⎤

⎦

− (nπ − na) λkβ
θk
k τ θk ln (βkτ ) ,

(8)

∂l1
∂λk

� nk0
λk

−
nπ̄∑

i�1

δkui t
θk
i −

nπ̄∑

i�1

δsui t
θk
i − (nπ̄ − nu) τ

θk

− (nπ − na)β
θk
k τ θk − β

θk
k

⎡

⎣
nπ∑

j�1

δka j

(
xθk
j

)
+

nπ∑

j�1

δsa j

(
xθk
j

)
⎤

⎦ ,

123



Annals of Data Science (2020) 7(1):45–62 51

and

(9)

∂l1
∂βk

� nka
βk

+ (θk − 1)
nπ∑

j�1

δka jβ
−1
k − (nπ − na) λkθkτ

θkβ
θk−1
k

− λkθkβ
θk−1
k

⎡

⎣
nπ∑

j�1

δka j

(
xθk
j

)
+

nπ∑

j�1

δsa j

(
xθk
j

)
⎤

⎦ ,

where, nku � ∑nπ̄
i�1 δkui , nka � ∑nπ̄

j�1 δka j , nk0 � nku + nka and k � 1, 2.

Setting Eqs. (7), (8) and (9) by zeros we obtain three nonlinear equations. The
system of these nonlinear equations cannot be solved analytically. So, we can apply
numerical solution via iterative techniques to get the ML estimators.

Additionally, the asymptotic variances and covariance matrix of the ML estimators
of θk, λk and βk can be approximated by numerically inverting the asymptotic Fisher-
information matrix F. It is composed of the negative second and mixed derivatives of
the natural logarithm of the likelihood function evaluated at the ML estimates. So, the
elements of the Fisher information are given by

∂2l1
∂θ2k

� −nk0
θ2k

− λk

[
nπ̄∑

i�1

δkui t
θk
i ln t2i +

nπ̄∑

i�1

δsui t
θk
i ln t2i

]

− (nπ̄ − nu)λkτ
θk ln τ 2

− λkβ
θk
k

⎡

⎣
nπ∑

j�1

δka j

(
xθk
j

)
ln

(
βk x j

)2 +
nπ∑

j�1

δsa j

(
xθk
j

)
ln

(
βk x j

)2
⎤

⎦

− (nπ − na)λkβ
θk
k τ θk ln(βkτ)2,

∂2l1
∂λ2k

� −nk0
λ2k

,

∂2l1
∂β2

k

� −nka
β2
k

− (θk − 1)
nπ∑

j�1

δka jβ
−2
k − (nπ − na)(θk − 1)θkλkτ

θkβ
θk−2
k

− λkθk(θk − 1)βθk−2
k

⎡

⎣
nπ∑

j�1

δka j

(
xθk
j

)
+

nπ∑

j�1

δsa j

(
xθk
j

)
⎤

⎦,

∂2l1
∂θk∂λk

� −
nπ̄∑

i�1

δkui t
θk
i ln ti −

nπ̄∑

i�1

δsui t
θk
i ln ti − (nπ̄ − nu) τ

θk ln τ

− β
θk
k

⎡

⎣
nπ∑

j�1

δka j

(
xθk
j

)
ln

(
βk x j

)
+

nπ∑

j�1

δsa j

(
xθk
j

)
ln

(
βk x j

)
⎤

⎦

− (nπ − na)β
θk
k τ θk ln (βkτ ) ,
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∂2l1
∂θk∂βk

�
nπ∑

j�1

δkajβ
−1
k − (nπ − na)λkβ

θk−1
k τ θk [1 + θk ln(βkτ)]

− λkβ
θk−1
k

⎡

⎣
nπ∑

j�1

δkaj

{
xθk
j + θk

(
xθk
j

)
ln

(
βk x j

)}
+

nπ∑

j�1

δsa j

{
xθk
j + θk

(
xθk
j

)
ln

(
βk x j

)}
⎤

⎦,

∂2l1
∂λk∂βk

� − θkβ
θk−1
k

⎡

⎣
nπ∑

j�1

δka j

(
xθk
j

)
+

nπ∑

j�1

δsa j

(
xθk
j

)
⎤

⎦ − (nπ − na)θkβ
θk−1
k τ θk .

For interval estimation of the parameters, the 3 × 3 observed information matrix
I (Φ) � {

Iu,v

}
for (u, v) � (θ, λ, β). Under the regularity conditions, the known

asymptotic properties of the MLmethod ensure that:
√
n
(
Φ̂ − Φ

)
d→ N3

(
0, I−1(Φ)

)

as n → ∞where
d→means the convergence in distribution, with mean 0 � (0, 0, 0)T

and 3 × 3 covariance matrix I−1(Φ) then, the 100(1 − υ)% confidence intervals for
θ, λ and β are given, respectively, as follows

θ̂k ± Zυ/2

√

var
(
θ̂k

)
, λ̂k ± Zυ/2

√

var
(
λ̂k

)
and β̂k ± Zυ/2

√

var
(
β̂k

)
, (10)

where Zυ/2 is the [100(1 − υ/2)] th standard normal percentile and var(.)’s denote
the diagonal elements of I−1(Φ) corresponding to the model parameters.

4 ML Estimators Under TIIC Competing Risks Data

Suppose that the observed values of the total lifetime T of size n(1 − π) at normal
condition are t(1), t(2), . . . , t(r), and the observed values of the total lifetime X of size
nπ at accelerated condition are x(1), x(2), . . . , x(r). Let δui and δai denote the failure
indicators such that

δui �
{
1 ti ≤ t(r)
0 otherwise

for i � 1, 2, . . . , n(1 − π)

and

δai �
{
1 x j ≤ x(r)

0 otherwise
for j � 1, 2, . . . , nπ.

The total likelihood function for TIIC competing risks datawhen the cause of failure
is known at normal (ti , δui ) and accelerated conditions

(
x j , δaj

)
are respectively given

by:

L2(ui) ∝
nπ̄∏

i�1

[
θ1λ1t

θ1−1
i e

−
(
λ1t

θ1
i +λ2t

θ2
i

)]δ1ui [
θ2λ2t

θ2−1
i e

−
(
λ2t

θ2
i +λ1t

θ1
i

)]δ2ui [
e
−

(
λ1t

θ1
r +λ2t

θ2
r

)]δ̄ui

,
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and,

L2(aj) ∝
nπ∏

j�1

[
θ1λ1β1

(
β1x j

)θ1−1
e
−

[
λ1(β1x j)

θ1+λ2(β2x j)
θ2

]]δ1aj

[
θ2λ2β2

(
β2x j

)θ2−1
e
−

[
λ2(β2x j)

θ2+λ1(β1x j)
θ1

]]δ2aj [
e−[

λ1(β1xr )θ1+λ2(β2xr )θ2
]]δ̄aj

.

Then, the total likelihood function for TIIC competing risks data
when the cause of failure is known at normal and accelerated conditions
(t1; δu1 . . . , tnπ̄ ; δunπ̄ , x1; δa1 . . . , xnπ ; δanπ ) is:

L2i ∝ L2(ui)L2(aj)

L2i ∝
nπ̄∏

i�1

[
θ1λ1t

θ1−1
i e

−
(
λ1t

θ1
i +λ2t

θ2
i

)]δ1ui [
θ2λ2t

θ2−1
i e

−
(
λ2t

θ2
i +λ1t

θ1
i

)]δ2ui [
e
−

(
λ1t

θ1
r +λ2t

θ2
r

)]δ̄ui

nπ∏

j�1

[
θ1λ1β1

(
β1x j

)θ1−1
e
−

[
λ1(β1x j )

θ1 +λ2(β2x j )
θ2

]]δ1aj

[
θ2λ2β2

(
β2x j

)θ2−1
e
−

[
λ2(β2x j )

θ2 +λ1(β1x j )
θ1

]]δ2aj [
e−[

λ1(β1xr )θ1 +λ2(β2xr )θ2
]]δ̄aj

.

The ML estimators θ̂1, θ̂2, λ̂1, λ̂2, β̂1 and β̂2 of the parameters and acceleration
factor θ1, θ2λ1, λ2, β1 and β2 are the values which maximize the likelihood function.
The logarithm of the likelihood function l2 � ln L2i is given by:

(11)

l2 ∝ n10 ln θ1 + n10 ln λ1 + n20 ln θ2 + n20 ln λ2

+ n1a ln β1 + n2a ln β2 + (θ1 − 1)
nπ̄∑

i�1

δ1ui ln ti

− λ1

[
nπ̄∑

i�1

δ1ui t
θ1
i +

nπ̄∑

i�1

δ2ui t
θ1
i

]

+ (θ2 − 1)
nπ̄∑

i�1

δ2ui ln ti

− λ2

[
nπ̄∑

i�1

δ1ui t
θ2
i +

nπ̄∑

i�1

δ2ui t
θ2
i

]

− (nπ̄ − nu)
[
λ1t

θ1
r + λ2t

θ2
r

]
+ (θ1 − 1)

nπ∑

j�1

δ1aj ln
(
β1x j

)

− (nπ − na)
[
λ1 (β1xr )

θ1 + λ2 (β2xr )
θ2

]

− λ1

⎡

⎣
nπ∑

j�1

δ1aj
(
β1x j

)θ1 +
nπ∑

j�1

δ2aj
(
β1x j

)θ1

⎤

⎦ + (θ2 − 1)
nπ∑

j�1

δ2aj ln
(
β2x j

)

− λ2

⎡

⎣
nπ∑

j�1

δ1aj
(
β2x j

)θ2 +
nπ∑

j�1

δ2aj
(
β2x j

)θ2

⎤

⎦ ,
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The first derivatives of the logarithm of the likelihood function (11) with respect to
θk, λk, βk and k � 1, 2 are given by:

(12)

∂l2
∂θk

� nk0
θk

+
nπ̄∑

i�1

δkui ln ti − λk

[
nπ̄∑

i�1

δkui t
θk
i ln ti +

nπ̄∑

i�1

δsui t
θk
i ln ti

]

− (nπ̄ − nu) λk t
θk
r ln tr

+
nπ∑

j�1

δka j ln
(
βk x j

)

− λkβ
θk
k

⎡

⎣
nπ∑

j�1

δka j

(
xθk
j

)
ln

(
βk x j

)
+

nπ∑

j�1

δsa j

(
xθk
j

)
ln

(
βk x j

)
⎤

⎦

− (nπ − na) λkβ
θk
k xθk

r ln (βk xr ) ,

(13)

∂l2
∂λk

� nk0
λk

−
nπ̄∑

i�1

δkui t
θk
i −

nπ̄∑

i�1

δsui t
θk
i − β

θk
k

⎡

⎣
nπ∑

j�1

δka j

(
xθk
j

)
+

nπ∑

j�1

δsa j

(
xθk
j

)
⎤

⎦

− (nπ̄ − nu) t
θk
r − (nπ − na)β

θk
k xθk

r ,

and

(14)

∂l2
∂βk

� nka
βk

+ (θk − 1)
nπ∑

j�1

δka jβ
−1
k − (nπ − na) λkθk x

θk
r β

θk−1
k

− λkθkβ
θk−1
k

⎡

⎣
nπ∑

j�1

δka j

(
xθk
j

)
+

nπ∑

j�1

δsa j

(
xθk
j

)
⎤

⎦ .

Setting Eqs. (12), (13) and (14) by zeros we obtain three nonlinear equations. As
mentioned in the previous section, the system of these nonlinear equations cannot be
solved analytically. So, numerical solution is applied via iterative techniques to obtain
the ML estimators.

The asymptotic variance covariance matrix of θk, λk and βk is obtained by inverting
the Fisher information matrix, so the elements of the Fisher information are obtained
as follows

∂2l2
∂θ2k

� −nk0
θ2k

− λk

[
nπ̄∑

i�1

δkui t
θk
i ln t2i +

nπ̄∑

i�1

δsui t
θk
i ln t2i

]

− (nπ̄ − nu)λk t
θk
r ln t2r

− λkβ
θk
k

⎡

⎣
nπ∑

j�1

δka j

(
xθk
j

)
ln

(
βk x j

)2 +
nπ∑

j�1

δsa j

(
xθk
j

)
ln

(
βk x j

)2
⎤

⎦

− (nπ − na)λkβ
θk
k xθk

r ln(βk xr )
2,
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∂2l2
∂λ2k

� −nk0
λ2k

,

∂2l2
∂β2

k

� −nka
β2
k

− (θk − 1)
nπ∑

j�1

δka jβ
−2
k − (nπ − na)(θk − 1)θkλk x

θk
r β

θk−2
k

− λkθk(θk − 1)βθk−2
k

⎡

⎣
nπ∑

j�1

δka j

(
xθk
j

)
+

nπ∑

j�1

δsa j

(
xθk
j

)
⎤

⎦,

∂2l2
∂θk∂λk

� −
nπ̄∑

i�1

δkui t
θk
i ln ti −

nπ̄∑

i�1

δsui t
θk
i ln ti − (nπ̄ − nu) t

θk
r ln tr

− β
θk
k

⎡

⎣
nπ∑

j�1

δka j

(
xθk
j

)
ln

(
βk x j

)
+

nπ∑

j�1

δsa j

(
xθk
j

)
ln

(
βk x j

)
⎤

⎦

− (nπ − na)β
θk
k xθk

r ln (βk xr ) ,

∂2l2
∂θk∂βk

�
nπ∑

j �1

δkajβ
−1
k − (nπ − na) λkβ

θk−1
k xθk

r [1 + θk ln (βk xr )]

− λkβ
θk−1
k

⎡

⎣
nπ∑

j�1

δkaj

{
xθk
j + θk

(
xθk
j

)
ln

(
βk x j

)}
+

nπ∑

j�1

δsa j

{
xθk
j + θk

(
xθk
j

)
ln

(
βk x j

)}
⎤

⎦ ,

∂2l2
∂λk∂βk

� −θkβ
θk−1
k

⎡

⎣
nπ∑

j�1

δka j

(
xθk
j

)
+

nπ∑

j�1

δsa j

(
xθk
j

)
⎤

⎦ − (nπ − na)θkβ
θk−1
k xθk

r .

By similar way, the approximate confidence intervals of θk, λk and βk under TIIC
competing risk are obtained by using Eq. (10).

5 Simulation Study

In this section, a simulation study is carried out to evaluate the performance of the
estimates. The estimates of the acceleration factor (β1, β2) and population parameters
(θ1, θ2, λ1, λ2) are evaluated in terms of theirmean squared errors (MSEs) and biases.
The numerical procedure is designed as below:

• A random sample of size n1 � n(1 − π), where π � 0.4 is the proportion and n is
the total sample size, is generated under normal conditions. So, we generate samples
from W1 ∼ Weibull(n1, θ1, λ1) and W2 ∼ Weibull(n1, θ2, λ2). In view of two
samples we generate new samples t1 � (

t(1), t(2), t(3), . . . ., t(n1)
)
where T � min

(W1,W2).
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• A random sample of size n2 � nπ is generated under accelerated conditions. So,
we generate samples from W1 ∼ Weibull(n2, θ1, β1, λ1) and W2 ∼ Weibull
(n2, θ2, β2, λ2). Based on this two samples we generate new samples x2 �(
x(1), x(2), x(3), . . . ., x(n2)

)
where X � min(W1,W2).

• In TIC, let τ � 1.5, while, in TIIC, let r � 10 for sample sizes 50, 75 and 100.
• For some choices of unknown parameters and accelerated factor, the above process
is repeated 1000 times

• The average values of biases and MSEs are computed.

Numerical outcomes are listed in Tables 1 and 2. The following observations can
be detected as follows:

• TheMSEs and biases decrease as n increases under TIC and TIIC data (see Tables 1,
2).

• For fixed value of (λ1, θ2, λ2, β1, β2) and as the value of θ1 increases, theMSEs and
biases of estimates of (θ1, λ1, θ2, λ2) are increasing except the MSEs and biases for
estimates of β1 and β2 are decreasing under TIC data (see Table 1).

• For fixed value of (θ2, λ2, β1, β2), as the value of θ1 decreases and λ1 increases,
the MSEs and biases of estimates for (λ1, β1, β2) are increasing but the MSEs and
biases for estimates of (θ1, θ2, λ2) are decreasing under TIC data (see Table 1).

• For fixed value of (θ1, λ2, β1, β2) and as the value of (λ1, θ2) is decreasing, the
MSEs and biases for estimates of (λ2, β1, β2) are increasing but the MSEs and
biases for estimates of (θ1, θ2, λ1) are decreasing under TIC data (see Table 1).

• For fixed value of (θ1, λ1, β1, β2), as the value of λ2. decreases and θ2 increases,
theMSEs and biases of estimates of (λ2, θ2) are increasing but theMSEs and biases
of estimates for (θ1, λ1, β1, β2) are decreasing under TIC data (see Table 1).

• For fixed value of (θ1, λ1, θ2, β2) and as the value of (λ2, β1) increases, the MSEs
and biases of estimates for (θ1, λ1, θ2, β1) are increasing except theMSEs and biases
of estimates for λ2 and β2 are decreasing under TIIC data (see Table 1).

• For fixed value of (θ1, λ1, θ2, λ2) and as the value of (β1, β2) decreases, the MSEs
and biases of estimates of (θ2, λ1, λ2, β1, β2) are increasing but theMSEs and biases
of estimates for θ1 are increasing under TIC data (see Table 1).

• When the value of (λ1, θ2, λ2, β1, β2) is fixed and the parameter value of θ1
increases, theMSEs and biases for estimates of (θ1, λ2, β1, β2) are increasing while
the MSEs and biases for estimates of (λ1, θ2) are decreasing based on TIIC (see
Tables 2).

• For fixed value of (θ2, λ2, β1, β2), as the value of θ1 decreases, and the value of λ1
increases, the MSEs and biases for estimates of (λ1, β1, β2) are increasing but the
MSEs and biases for estimates of (θ1, θ2, λ2) are decreasing under TIIC data (see
Table 2).

• Under TIIC, when the value of (θ1, λ2, β1, β2) is fixed and the value of (θ2, λ1)

are decreasing, the MSEs and biases for estimates of (θ1, θ2, λ1, λ2, β1, β2) are
increasing (see Table 2).

• Under TIIC, when the value of (θ1, λ1, β1, β2) is fixed, the value of λ2 are
decreasing and the value of θ2 are increasing, the MSEs and biases for estimates
(θ1, θ2, λ1, λ2, β1, β2) are decreasing (see Table 2).

123



Annals of Data Science (2020) 7(1):45–62 57

Ta
bl
e
1
B
ia
se
s
an
d
M
SE

s
of

M
L
es
tim

at
es

un
de
r
T
IC

co
m
pe
tin

g
ri
sk
s
da
ta
fo
r
τ

�
1.
5
an
d

π
�

0.
4

n
B
ia
s

M
SE

B
ia
s

M
SE

B
ia
s

M
SE

B
ia
s

M
SE

B
ia
s

M
SE

B
ia
s

M
SE

θ̂ 1
�

1
λ̂
1

�
1

θ̂ 2
�

1.
5

λ̂
2

�
1.
5

β̂
1

�
1

β̂
2

�
1.
5

50
−

0.
23

7
0.
15

1
−

0.
23

6
0.
23

3
0.
14

3
0.
83

8
−

0.
56

3
1.
08

2
−

0.
24

3
0.
64

5
−

0.
91

9
1.
98

3

75
−

0.
19

3
0.
09

9
−

0.
11

7
0.
20

3
0.
13

2
0.
60

8
−

0.
43

3
0.
95

7
−

0.
09

1
0.
42

7
−

0.
71

9
1.
33

2

10
0

−
0.
15

4
0.
09

5
−

0.
13

4
0.
19

1
−

0.
01

3
0.
53

5
−

0.
37

8
0.
94

2
−

0.
03

4
0.
12

1
−

0.
63

4
1.
04

1
θ̂ 1

�
1.
3

λ̂
1

�
1

θ̂ 2
�

1.
5

λ̂
2

�
1.
5

β̂
1

�
1

β̂
2

�
1.
5

50
−

0.
32

8
0.
22

6
0.
06

7
0.
34

6
0.
19

4
0.
88

5
−

0.
55

8
1.
13

1
−

0.
26

3
0.
56

9
−

0.
94

1
1.
09

9

75
−

0.
23

1
0.
22

3
0.
05

2
0.
25

7
0.
14

6
0.
81

9
−

0.
47

8
0.
95

6
−

0.
24

0
0.
34

6
−

0.
87

5
0.
99

5

10
0

−
0.
19

8
0.
19

6
−

0.
08

6
0.
21

9
0.
05

1
0.
74

7
−

0.
46

2
0.
84

8
−

0.
23

6
0.
34

1
−

0.
87

7
0.
94

2
θ̂ 1

�
1

λ̂
1

�
1.
3

θ̂ 2
�

1.
5

λ̂
2

�
1.
5

β̂
1

�
1

β̂
2

�
1.
5

50
−

0.
37

1
0.
19

2
−

0.
69

1
0.
53

6
−

0.
07

2
0.
53

4
−

0.
34

8
0.
62

2
−

0.
48

0
0.
88

7
−

1.
11
3

1.
33
9

75
−

0.
31

5
0.
16

2
−

0.
62

8
0.
51

0
0.
05

5
0.
51

6
−

0.
32

3
0.
61

3
−

0.
43

9
0.
77

0
−

1.
02

9
1.
21

9

10
0

−
0.
19

6
0.
14

3
−

0.
50

2
0.
46

4
0.
00

5
0.
44

6
−

0.
17

3
0.
47

8
−

0.
41

2
0.
63

1
−

1.
02

9
1.
18

6
θ̂ 1

�
1

λ̂
1

�
1

θ̂ 2
�

1.
3

λ̂
2

�
1.
5

β̂
1

�
1

β̂
2

�
1.
5

50
−

0.
38

6
0.
21

4
−

0.
32

7
0.
21

4
0.
08

1
0.
72

9
−

0.
44

1
1.
06

3
−

0.
46

6
1.
31

4
−

1.
00

7
3.
44

6

75
−

0.
24

8
0.
11

9
−

0.
15

5
0.
21

2
0.
03

3
0.
42

9
−

0.
33

7
0.
97

7
−

0.
24

2
1.
16

6
−

0.
94

7
1.
50

2

10
0

−
0.
20

7
0.
11

8
−

0.
14

6
0.
20

9
0.
02

2
0.
28

9
−

0.
08

1
0.
97

7
−

0.
08

7
0.
60

0
−

0.
76

1
1.
16

4
θ̂ 1

�
1

λ̂
1

�
1

θ̂ 2
�

1.
5

λ̂
2

�
1.
3

β̂
1

�
1

β̂
2

�
1.
5

50
−

0.
26

7
0.
13

1
−

0.
25

1
0.
28

1
0.
20

6
0.
50

6
0.
27

2
1.
07

8
−

0.
32

0
1.
27

8
−

0.
97

5
1.
65

0

75
−

0.
21

4
0.
11

7
−

0.
18

4
0.
20

6
0.
16

7
0.
44

9
0.
23

9
1.
08

3
−

0.
06

5
0.
97

6
−

0.
89

1
1.
16

6

10
0

−
0.
17

6
0.
10

2
−

0.
15

6
0.
15

0
0.
14

9
0.
40

0
0.
18

0
0.
68

3
0.
06

6
0.
67

0
−

0.
87

0
1.
05

3
θ̂ 1

�
1

λ̂
1

�
1

θ̂ 2
�

1.
5

λ̂
2

�
1.
5

β̂
1

�
1.
3

β̂
2

�
1.
5

50
−

0.
19

7
0.
14

7
−

0.
14

5
0.
28

8
0.
40

7
1.
00

4
−

0.
66

3
1.
05

4
−

0.
36

9
2.
36

9
−

0.
98

0
1.
46

5

75
−

0.
19

7
0.
14

1
−

0.
14

2
0.
25

7
−

0.
09

5
0.
85

0
−

0.
61

8
0.
91

7
−

0.
22

9
2.
21

1
−

0.
82
3

1.
18
8

10
0

−
0.
15

0
0.
11

9
−

0.
12

1
0.
18

3
−

0.
10

5
0.
60

5
−

0.
40

1
0.
90

6
−

0.
21

9
1.
31

3
−

0.
82

0
0.
90

2

123



58 Annals of Data Science (2020) 7(1):45–62

Ta
bl
e
1
co
nt
in
ue
d

n
B
ia
s

M
SE

B
ia
s

M
SE

B
ia
s

M
SE

B
ia
s

M
SE

B
ia
s

M
SE

B
ia
s

M
SE

θ̂ 1
�

1
λ̂
1

�
1

θ̂ 2
�

1.
5

λ̂
2

�
1.
5

β̂
1

�
1

β̂
2

�
1.
3

50
−

0.
24

9
0.
16

5
−

0.
25

2
0.
24

2
0.
29

3
1.
09

2
−

0.
65

1
1.
15

8
0.
52

7
2.
28

4
−

0.
71

8
0.
77

5

75
−

0.
15

8
0.
15

6
−

0.
18

7
0.
18

1
0.
14

8
0.
79

7
−

0.
57

1
0.
89

3
−

0.
29

7
0.
99

9
−

0.
64

5
0.
70

3

10
0

−
0.
11

0
0.
08

5
−

0.
18

0
0.
15

6
0.
04

7
0.
78

8
−

0.
52

8
0.
80

6
−

0.
13

4
0.
64

3
−

0.
62

4
0.
56

3

123



Annals of Data Science (2020) 7(1):45–62 59

Ta
bl
e
2
B
ia
se
s
an
d
M
SE

s
of

M
L
es
tim

at
es

un
de
r
T
IC

co
m
pe
tin

g
ri
sk
s
da
ta
fo
r
r

�
10

an
d

π
�

0.
4

n
B
ia
s

M
SE

B
ia
s

M
SE

B
ia
s

M
SE

B
ia
s

M
SE

B
ia
s

M
SE

B
ia
s

M
SE

θ̂ 1
�

1
λ̂
1

�
1

θ̂ 2
�

1.
5

λ̂
2

�
1.
5

β̂
1

�
1

β̂
2

�
1.
5

50
0.
13

3
0.
32

6
0.
56

1
2.
44

4
0.
06

1
0.
30

1
−

0.
41

9
1.
39

5
0.
26

0
1.
26

6
−

0.
33
3

1.
48
3

60
−

0.
08

7
0.
10

5
0.
16

6
1.
90

0
0.
26

4
0.
45

4
−

0.
14

5
1.
75

6
−

0.
04

1
0.
48

3
−

0.
66
5

0.
64
7

70
0.
03

7
0.
12

2
0.
52

5
3.
61

6
0.
09

2
0.
27

0
−

0.
23

5
1.
52

2
−

0.
07

3
1.
10

4
−

0.
83
4

0.
80
5

θ̂ 1
�

1.
3

λ̂
1

�
1

θ̂ 2
�

1.
5

λ̂
2

�
1.
5

β̂
1

�
1

β̂
2

�
1.
5

50
−

0.
13

1
0.
37

1
0.
30

5
2.
22

2
0.
17

9
0.
42

2
0.
05

9
2.
11

3
−

0.
21

5
0.
35

1
−

0.
46

1
1.
02

2

60
0.
12

5
0.
31

6
0.
91

5
3.
06

7
0.
02

2
0.
21

1
−

0.
11

6
2.
98

9
−

0.
06

7
0.
36

3
−

0.
45
3

0.
80
2

70
−

0.
15

8
0.
30

6
0.
03

3
0.
75

4
0.
04

9
0.
24

3
0.
12

0
3.
20

7
0.
52

0
5.
25

5
−

0.
34

4
1.
44

0
θ̂ 1

�
1

λ̂
1

�
1.
3

θ̂ 2
�

1.
5

λ̂
2

�
1.
5

β̂
1

�
1

β̂
2

�
1.
5

50
−

0.
04
5

0.
23
8

−
0.
12

9
1.
63

9
−

0.
12

1
0.
23

8
−

0.
61

8
0.
97

9
−

0.
14

9
0.
76

5
−

0.
76
3

0.
97
9

60
0.
23

2
0.
20

0
0.
16

7
1.
11

0
0.
08

5
0.
24

4
−

0.
41

3
1.
52

1
−

0.
16

0
0.
30

9
−

0.
35
2

0.
99
7

70
−

0.
23
8

0.
19
5

−
0.
64

8
0.
78

5
−

0.
07

7
0.
18

2
−

0.
58

9
0.
90

3
−

0.
03

0
1.
31

1
−

0.
78
5

0.
96
8

θ̂ 1
�

1
λ̂
1

�
1

θ̂ 2
�

1.
3

λ̂
2

�
1.
5

β̂
1

�
1

β̂
2

�
1.
5

50
−

0.
32
4

0.
24
8

−
0.
35

8
0.
41

0
0.
00

7
0.
62

6
−

0.
63

0
1.
43

3
0.
82

8
17

.6
55

−
0.
93
9

3.
57
3

60
−

0.
00

7
0.
22

4
0.
47

1
2.
09

9
−

0.
03

4
0.
41

1
−

0.
50

6
2.
04

5
−

0.
25

5
0.
51

8
−

0.
21
8

2.
02
2

70
−

0.
17

0
0.
20

2
0.
11

7
1.
14

8
−

0.
47

2
1.
08

1
−

0.
98

2
1.
41

9
−

0.
08

6
1.
05

4
−

0.
27
9

1.
11
0

θ̂ 1
�

1
λ̂
1

�
1

θ̂ 2
�

1.
5

λ̂
2

�
1.
3

β̂
1

�
1

β̂
2

�
1.
5

50
−

0.
19

6
0.
37

8
0.
61

5
3.
66

5
−

0.
23

7
0.
73

2
−

0.
53

2
2.
32

9
0.
20

9
3.
69

3
−

0.
84
0

2.
16
4

60
0.
08

0
0.
20

4
0.
18

0
2.
25

9
−

0.
33

1
0.
69

2
−

0.
35

5
1.
35

8
−

0.
11

6
0.
52

4
−

0.
61
1

1.
03
9

70
−

0.
05

7
0.
11

0
0.
09

7
0.
71

7
−

0.
04

7
0.
51

7
−

0.
35

4
0.
75

9
0.
03

5
0.
48

4
0.
11

6
0.
92

1
θ̂ 1

�
1

λ̂
1

�
1

θ̂ 2
�

1.
5

λ̂
2

�
1.
5

β̂
1

�
1.
3

β̂
2

�
1.
5

50
−

0.
18
0

0.
24
0

−
0.
15

8
0.
35

9
−

0.
45

9
0.
72

3
−

1.
15

4
1.
43

7
0.
23

8
6.
17

6
−

0.
48
5

2.
44
9

60
0.
00

3
0.
23

4
0.
37

6
1.
71

4
−

0.
50

9
0.
71

0
−

0.
95

0
1.
87

2
−

0.
37

7
1.
54

4
0.
28

1
1.
90

5

70
−

0.
19
3

0.
13
3

−
0.
07

3
0.
43

8
0.
18

7
0.
63

6
0.
12

1
2.
53

8
−

0.
45

8
0.
48

8
−

0.
43

6
1.
10

2

123



60 Annals of Data Science (2020) 7(1):45–62

Ta
bl
e
2
co
nt
in
ue
d

n
B
ia
s

M
SE

B
ia
s

M
SE

B
ia
s

M
SE

B
ia
s

M
SE

B
ia
s

M
SE

B
ia
s

M
SE

θ̂ 1
�

1
λ̂
1

�
1

θ̂ 2
�

1.
5

λ̂
2

�
1.
5

β̂
1

�
1

β̂
2

�
1.
3

50
−

0.
32

0
0.
24

8
0.
28

0
1.
18

7
−

0.
45

6
1.
25

2
−

1.
05

1
1.
70

1
1.
54

7
0.
80

8
−

0.
54
9

2.
50
8

60
−

0.
14
8

0.
24
5

−
0.
23

7
0.
64

0
−

0.
25

6
1.
00

0
−

0.
99

1
1.
44

7
−

0.
34

6
0.
53

4
0.
31

2
1.
86

2

70
−

0.
08
4

0.
13
8

−
0.
03

6
0.
39

9
−

0.
33

8
0.
87

9
−

0.
93

7
1.
34

5
−

0.
10

1
0.
43

0
−

0.
04
5

1.
23
4

123



Annals of Data Science (2020) 7(1):45–62 61

• For fixed value of (θ1, λ1, θ2, β2) and as the value of (λ2, β1) increases, the MSEs
and biases for estimates of (θ1, θ2, λ2, β1, β2) are increasing but the MSEs and
biases for estimates of (λ1) are decreasing under TIIC data (see Table 2).

• When the value of (θ1, θ2, λ1, λ2) is fixed and the value of (β1, β2) decreases, the
MSEs and biases for estimates of (θ1, θ2, β2) are increasing while the MSEs and
biases for estimates of (λ1, λ2, β1) are decreasing based on TIIC (see Table 2).
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