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Abstract
Reports show that only 40% of 4th-grade students are proficient in math and American students are failing to demonstrate
proficiency in key areas of mathematics (National Center for Educational Statistics 2011). Improving students’ fluency of basic
math multiplication facts has been recommended as a way to increase math proficiency (Psychology in the Schools, 47:342–353,
2010). Incremental rehearsal is one promising strategy for improving multiplication skills. In this study, three 5th-grade students
with disabilities who had Individual Education Plan math goals received one-to-one multiplication instruction using an incre-
mental rehearsal strategy twice per week for 7 weeks. Data indicated immediate and large effects with intervention and growth
rates for each student that exceeded expectations. Implications are discussed including the importance of considering both
statistically significant and instructionally meaningful results in interpretation.
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Students require basic math skills to experience academic
success in formal schooling and success later in life.
Proficiency in mathematics has been linked to admission
and graduation from college, successful employment, and
higher income upon employment (Adelman 2006;
Ketterlin-Geller et al. 2008; National Math Advisory
Panel 2008; U.S. Department of Education 1997). For
instance, individuals who successfully complete Algebra
II in high school are twice as likely to graduate from
college as individuals who fail to complete Algebra II

(National Mathematics Advisory Panel 2008). There is
also concern that American students fail to demonstrate
proficiency in a variety of key mathematics skills when
compared to students from other industrialized countries
(National Mathematics Advisory Panel 2008). This senti-
ment continues to be reflected in annual standardized test
scores, as evidenced in 2011 when only 40% of 4th-grade
students scored at or above proficient on the National
Assessment of Educational Progress in mathematics
(National Center for Educational Statistics 2011).

To improve students’ proficiency in mathematics, a variety
of areas (e.g., curriculum, instruction, assessment) need to be
addressed, including students’ ability to recall math facts
quickly, effortlessly, and accurately (Poncy et al. 2010).
Developing automaticity with basic math facts may improve
students’ ability to learn more advanced mathematics con-
cepts (Shapiro 2011). Without automaticity, students use ex-
cessive cognitive resources (e.g., memory, processing,
encoded content and context, retrieval) to solve basic math
facts, and thus do not have enough cognitive mechanisms
available to learn and apply skills associated with math rea-
soning and problem solving (Poncy et al. 2010; Varma and
Schleisman 2014). Moreover, the inability to recall basic math
facts quickly is a characteristic often associated with mathe-
matics disabilities, which tend to persist into adulthood with-
out direct intervention (Burns 2005).
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Incremental Rehearsal

It has been hypothesized that U.S. students have difficulty
solving single-digit calculations as quickly and accurately as
students from other countries because they do not have as
many opportunities to practice basic math facts (Codding
et al. 2010). One simple way to increase the number of oppor-
tunities to practice basic math facts is to increase a student’s
number of opportunities to respond (OTR). The automaticity
of math facts is linked to the number of opportunities to re-
spond to each math fact (Skinner et al. 1997, 2005). Although
a variety of drill and practice interventions have been shown to
increase a student’s OTR, research suggests the most robust
intervention is incremental rehearsal (Burns 2005; Burns et al.
2004; MacQuarrie et al. 2002).

Incremental rehearsal (IR) is an explicit strategy for learn-
ing new information presented in isolated units. IR is a
flashcard intervention approach shown to have robust empir-
ical support for children with and without disabilities who
have severe difficulties mastering basic skills in letter sounds,
words, math facts, and vocabulary words (Burns et al. 2012).
Although IR can be applied across a range of discrete academ-
ic skills, the basic premise regardless of content is presenting
to the student a high percentage of known items (e.g., usually
eight or nine) to only one unknown item using a systematic
method (see Fig. 1). The goal is to maintain an overall ratio of
90% known to 10% unknown items. The frequent repetition
of the unknown item(s) increases a student’s OTR and oppor-
tunities to receive corrective feedback, with the high success
rates on known items supporting a student’s persistence to
learn (Figs. 1, 2, 3, 4, 5, and 6). For students with disabilities,
IR has been effective in academic pre-teaching interventions
(Burns et al. 2004) and considerably more effective than tra-
ditional drill and practice interventions for learning discrete

academic facts (Burns 2004; Burns and Boice 2009;
MacQuarrie et al. 2002).

Research on Incremental Rehearsal
with Multiplication

Burns (2005) examined the use of IR with multiplication facts
in 3rd-grade students who were identified with a learning dis-
ability in mathematics. During each week of the study, each
student completed a unique, 2-min multiplication probe with
35 single-digit facts written vertically. Facts were scored as
digits correct per minute (dc/m) and used to monitor progress.
Researchers delivered IR interventions to participating stu-
dents individually twice per week for 8 weeks. A student with
accurate completion of 20.0 dc/m on the multiplication probe
was defined as operating at Bmastery level.^ BInstructional
level^ was defined as a rate of 10.0 to 19.0 dc/m, and
Bfrustration level^ was defined as a rate of ≤ 9.0 dc/m. These
criteria were suggested initially by Deno and Mirkin (1977),

Administration Template for Incremental Rehearsal
First sequence

K1
K1 K2

K1 K2 K3
K1 K2 K3 K4

K1 K2 K3 K4 K5
K1 K2 K3 K4 K5 K6

K1 K2 K3 K4 K5 K6 K7
K1 K2 K3 K4 K5 K6 K7 K8

U1 K1 U1 K2 U1 K3 U1 K4 U1 K5 U1 K6 U1 K7 U1 K8 U1 K9

Next sequence

K1
K1 K2

K1 K2 K3
K1 K2 K3 K4

K1 K2 K3 K4 K5
K1 K2 K3 K4 K5 K6

K1 K2 K3 K4 K5 K6 K7
K1 K2 K3 K4 K5 K6 K7 K8

U2 K1 U2 K2 U2 K3 U2 K4 U2 K5 U2 K6 U2 K7 U2 K8 U2 K9

The unknown fact is 
treated as the first known 
fact in next sequence

The last presented
known fact is removed 
from the next sequence. 
The other 8 remain in 
the next sequence with 
the new known fact 
(previously the 
unknown fact, U1).

Fig. 1 Administration template
for incremental rehearsal
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Much of the research on IR has examined the acquisition
and retention of word reading (Burns 2007; Burns and Boice
2009; Joseph 2006; Joseph et al. 2012; Kupzyk et al. 2011;
Nist and Joseph 2008; Szadokierski and Burns 2008), vocab-
ulary (Burns et al. 2004, 2011; Petersen-Brown and Burns
2011), letter sounds (DuBois et al. 2014; Rahn et al. 2015;
Volpe et al. 2011), and spelling (Garcia, Joseph,
Alber-Morgan, & Conrad, Garcia et al. 2014). Compared to
the broad academic area of reading, considerably less research
has been conducted on IR in the area of mathematics.
Pertinent to the current study, three published peer-reviewed
studies have used IR to improve multiplication fact fluency of
students diagnosed with and without mathematical learning
disabilities (Burns 2005; Codding et al. 2010; Zaslofsky
et al. 2016).



and were used given the lack of other mathematics fluency
criteria (Burns 2005).

During baseline of the multiple baseline design, the median
dc/m score for each of the three students was 3.0, 8.0, and
11.0, respectively (Burns 2005). Two of these scores were at

frustration level and one score was at instructional level. After
8 weeks of IR intervention, median dc/m scores were 15.0,
25.0, and 27.0 dc/m, respectively (Burns 2005). At the con-
clusion of IR intervention, one student was demonstrating dc/
m at instructional level and two students were at mastery level.

Incremental Rehearsal Treatment Integrity Checklist

Observer:______________________________________     Date:___________________   

Step

Y N Each item is presented on an index card

Y N There are a total of 10 items (9 known, 1 unknown)

Y N The first item is presented to the student and the interventionist provides the 
answer verbally

Y N The student restates the answer

Y N The known items are rehearsed in the sequence on the next page

Y N After completing the rehearsal, the first unknown item becomes the first item in 
the known stack and the last known item is removed

Y N The steps are repeated with the new set of items (add new known to front; 
remove card from back)

_____ of _____ steps completed = ____%

Fig. 2 Incremental rehearsal
treatment integrity checklist
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Fig. 3 Number of digits correct per minute on multiplication fact fluency probes for David
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Number of Digits Correct per Minute on Multiplication Fact Fluency Probes for Courtney
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Fig. 4 Number of digits correct per minute on multiplication fact fluency probes for Courtney

Number of Digits Correct per Minute on Multiplication Fact Fluency Probes for Gabby
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Fig. 5 Number of digits correct per minute on multiplication fact fluency probes for Gabby
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showed that the performance level reached by the end of the
IR intervention was maintained and the facts learned during
intervention generalized to other conditions requiring multi-
plication skills, including fractions and word problems
(Codding et al. 2010).

Most recently, Zaslofsky et al. (2016) examined difficult
two-digit-by-two-digit multiplication combinations in four
modified IR conditions administered to students in 4th and
5th grade. Conditions were developed specifically to manipu-
late both high and low levels of opportunities to respond and
response generation demands and evaluated using a two-way
ANOVA. Across conditions traditional IR procedures were
modified by varying the number of rehearsals and sometimes
displaying the answer on the flashcard. Because of these
methodological details, this IR study was least informative
to the design of the current study.

The Current Study

Both Burns (2005) and Codding et al. (2010) demonstrated
IR can improve fluency in multiplication facts. Although
Burns (2005) investigated score changes with a focus on
fluency with 3rd-grade students with math learning
disabilities and Codding et al. (2010) investigated general-
ization of multiplication skills with one 7th-grade student
experiencing math difficulties, neither researcher explicitly
considered growth rate by examining slope, although
Burns (2005) did report effect sizes. Examining growth
rate allows us to determine if the intervention enabled stu-
dents to make gains at a rate quicker than expected (Hosp
et al. 2016). Moreover, with such a limited literature base
on the effects of using IR to improve multiplication fluen-
cy, expansion of the literature base is warranted.

Intervention Acceptability Rating Form

Directions: Each of the statements below refers to the incremental rehearsal intervention for multiplication that was implemented this 
fall. Please circle the number that best describes your feelings about each statement.
1=Strongly Disagree 2=Disagree 3=Somewhat Disagree 4=Somewhat Agree 5=Agree 6=Strongly Agree

Statement

1. This was an acceptable intervention for the students’ difficulties with multiplication. 1 2 3 4 5 6

2. Most teachers would find this intervention appropriate for addressing other types of math difficulties.   1 2 3 4 5 6

3. This intervention proved effective in addressing the students’ difficulties with multiplication. 1 2 3 4 5 6

4. I would suggest the use of this intervention to other teachers.  1 2 3 4 5 6

5. This intervention would be appropriate for a variety of students.  1 2 3 4 5 6

6. This intervention was a fair way to address the students’ difficulties with multiplication. 1 2 3 4 5 6

7. This intervention was reasonable. 1 2 3 4 5 6

8. I liked the procedures used in this intervention. 1 2 3 4 5 6

9. The intervention was a good way to handle the students’ difficulties with multiplication. 1 2 3 4 5 6

10. Overall the intervention was beneficial for the child. 1 2 3 4 5 6

Fig. 6 Intervention acceptability
rating form
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Based on the change in scores and the criteria provided, the IR
intervention was considered effective during this study. In
addition, effect sizes, reported using Cohen’s d, were very
large: 17.0 for student 1, 3.4 for student 2, and 4.8 for student
3 (Burns 2005). The researcher noted limitations included the
time intensiveness of the IR intervention delivery and the
one-to-one format.

In 2010, Codding, Archer, and Connell extended Burns’
2005 study by investigating whether multiplication facts
learned using IR could be maintained and generalized to sim-
ilar stimulus conditions (e.g., fractions, word problems) in a
multiple probe across problem sets design (Barlow and
Hersen 1984). One 7th-grade student experiencing difficulty
learning multiplication facts participated with three sets of
problems (A, B, C) twice per week for 12 weeks. A student
with accurate completion of 50.0 dc/m in single-digit multi-
plication problems was defined as operating at Bmastery
level^ (Burns et al. 2006). BInstructional level^ was defined
at a rate of 24.0 to 49.0 dc/m, and Bfrustration level^ was
defined at a rate of 23.0 or fewer dc/m (Burns et al. 2006).
Unlike Deno and Mirkin’s (1977) criteria, which were used in
the Burns (2005) study, these criteria were derived empirically
in a study by Burns et al. (2006).

The student’s median baseline dc/m for problem sets A, B,
and C were 3.8, 21.1, and 22.8, respectively (Codding et al.
2010). All of these scores were at frustration level. At the end
of the IR intervention for each problem set, the student’s dc/m
were 50.0, 75.0, and 53.0, respectively, and all at mastery level
(Codding et al. 2010). Based on the change in scores and the
criteria for learning level (i.e., frustration, instructional, mas-
tery), the treatment was considered effective during this study.
Maintenance and generalization probes administered over a
3-week period after the conclusion of the IR intervention



The purpose of the current study was to contribute to the
research literature on using IR to improve the rate of multipli-
cation fact fluency, with a specific focus on growth rate, for
students with learning disabilities in mathematics. It was hy-
pothesized that using IR to teach single-digit multiplication
facts would produce growth rates significantly greater as com-
pared to pre-intervention scores.

Method

Participants and Setting
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This study took place in an elementary school in a suburban
district in aMidwest state that uses a non-categorical model for
special education eligibility and service delivery. That is, stu-
dents are identified as eligible individuals (EI) rather than by a
specific disability category. The school served 354 students
who were predominantly white and Hispanic. Students in this
district were identified for special education services using a
response-to-intervention (RTI) process. Three 5th-grade stu-
dents from one special education math class participated in this
study. Each of these students qualified for special education
and had an active Individual Education Plan (IEP) with math
goals. Students were selected for participation in the study
based on teacher nomination. For the duration of the study
all three students continued to receive core math instruction
in general education, which was Everyday Math
(McGraw-Hill Education 2007), but they did not participate
in any additional math intervention. Specifically, the teacher,
who was female and had 30 years of experience as a special
educator, selected students who could benefit from additional
instruction on multiplication facts. For this report, student
names have been replaced with pseudonyms.

David David became eligible for special education services
when he was in preschool. His first IEP included only a goal
for speech, but he demonstrated difficulties with math early
on. By the end of kindergarten, David was expected to be able
to count to 100, name all numbers 0 through 20, and write all
numbers 0 through 20; in reality, David was able to count to
only 39 (although he regularly skipped 14), name the numbers
1 through 11, 14, and 18, and write the numbers 1 through 7.
In the spring of 1st grade, David answered 40% of problems
correctly on the single-digit subtraction fact benchmark as-
sessment. David’s 2nd-grade report card indicated he needed
improvement in the areas of solving subtraction facts up to 18,
adding and subtracting with regrouping, and solving
multi-step problems. In 3rd grade, David struggled with mul-
tiplication facts despite receiving small group and one-to-one
support for math. At this time, a math goal was added to
David’s IEP. In the spring of 4th grade, David earned a score
of 187 on his Measures of Academic Progress (MAP;

Northwest Evaluation Association 2014) math assessment,
which was 36 points below the expected proficient score
(40th percentile), and a score of 181 (18th percentile) on his
IowaAssessments (Iowa Testing Programs 2012) math, which
was 8 points lower than the expected proficient score (40th
percentile).

At the time of the study, David’s math goal was Bwhen
given a 5th-grade math concepts and application probe and
no time limit (his only accommodation), David will score 14
digits correct per minute (dc/m).^ This goal represents a mod-
ification for David given that a score of 30 dc/m is considered
to be grade level for David. At the same time, according to
teacher-collected data used tomonitor progress toward his IEP
goal, David had four consecutive data points above the aim
line, which showed progress toward his goal. Despite this
progress, the teacher felt David needed additional math in-
struction onmultiplication facts based on (a) data from assign-
ments and math unit tests, and (b) the need to support David’s
progress toward the grade-level expectation.

Courtney Courtney first became eligible for special education
services in 1st grade in the areas of reading and math, but she
demonstrated weaknesses in math from the beginning of for-
mal schooling. By the end of kindergarten, Courtney could not
write or recognize any numbers, but she could count to 100.
Through 1st and 2nd grade, Courtney had IEP goals related to
reading and writing numbers, solving addition and subtraction
up to 18, understanding digits and place value, and adding and
subtracting with regrouping. In 3rd grade, Courtney earned a
grade equivalency on the Star Math (Renaissance Learning
2014) assessment of 1.6. In the spring of 4th grade,
Courtney earned a score of 190 on the MAP math assessment
(23 points lower than expected proficiency for her grade), and
a score of 177 on the Iowa Assessments math (14th percentile;
22 points below the expected proficiency score).

At the time of the study, Courtney was earning a B in
5th-grade math with a modified curriculum including accom-
modations specified in her IEP: cues (i.e., rulers, number line),
a calculator to help with calculations, and visual models of
problems when working on a worksheet. Courtney’s goal at
that time was Bwhen given a 5th-grade math concepts and
application probe with no time limit, having the probe read
to her, and access to amultiplication chart, Courtney will score
12 dc/m.^ This goal shows a modification for Courtney given
that a score of 30 dc/m is considered to be grade level for her.
According to teacher-collected progress monitoring data,
Courtney was making some progress toward her IEP goal,
but she had not yet met it; she had demonstrated two consec-
utive points on or above the aim line.

Gabby Gabby qualified for special education services in 1st
grade in the areas of reading, writing and math, and she re-
ceived English Learning (EL) services since kindergarten with



Spanish as her primary language. Gabby was behind her peers
in reaching mathematical milestones. By the end of kindergar-
ten, she needed improvement with writing and naming num-
bers 0 through 20. In 1st through 3rd grade, her math IEP goal
focused on number concepts and operations. In 4th grade, her
IEP goal focused on math concepts and applications, with
specific attention to place value, time, and money. In the
spring of 4th grade, Gabby’s MAP math score was 197 (26
points below expected proficiency) and her Iowa Assessments
math score was 162 (2nd percentile) which was 27 points
lower than expected proficiency.

At the time of the study, Gabby received several accommo-
dations in math, including use of a calculator, math assign-
ments half the length of the students without an IEP, and one
extra day to complete math assignments. Gabby’s goal was
Bwhen given a 5th-grademath concepts and application probe,
with no time limit and other accommodations, Gabby will
score 13 dc/m.^ This goal reflects a modification for Gabby
given that a score of 30 dc/m is considered to be grade level
for her. At the time of the study, the teacher reported all of
Gabby’s data points had been below the aim line indicating
she was not making adequate progress toward her IEP goal.

Measures

CBM-Math Multiplication Twenty-one different CBM-Math
(CBM-M) probes of single-digit multiplication problems (in-
cluding all combinations 0 through 9) were used in this study.
Each probe included 35 problems organized in 7 rows of 5
problems. The probes were obtained from the Intervention
Central website (http://www.interventioncentral.org). The
school psychologist at the participating students’ school
administered probes on three consecutive days prior to the
implementation of the intervention to establish pre-
intervention performance levels. During intervention, probes
were administered by the first author or the school psychologist
immediately following every intervention session. A pencil and
a stopwatch were used to administer the probes. Each student
was given 2 min to complete each probe. When scoring the
probe, the number of digits correct were counted and then con-
verted to digit correct per minute (dc/m) by dividing the score
by 2. According to district guidelines for 5th graders, partici-
pating students were expected to earn a score of 30 digits cor-
rect per minute (dc/m) on the multiplication fact fluency probes
in order to be considered at grade-level instructionally. More
specifically, a 5th-grade student earning a score of fewer than
24 dc/m on the fluency probe was at the frustration level; a
student earning a score of 24 to 49 dc/m was at the instructional
level; and a student with a score higher than 49 dc/m was at the
mastery level. Two scorers independently scored each probe.
Interscorer agreement was calculated using the point-by-point
agreement ratio (Kazdin 2011). Then, an average across all
probes was calculated, which was 100%.

Treatment IntegrityA treatment integrity checklist was devel-
oped for this study (see Fig. 2). The checklist consisted of the
seven steps required to complete IR. Next to each written step
was a BY^ to indicate Byes, this step was completed^ and an
BN^ for Bno, this step was not completed.^ During training,
the author used the checklist to ensure the school psychologist
and a trained research assistant (RA) implemented each step
of the intervention (see BTraining Details and Data^ section).
The checklist also was used every 3 weeks during the inter-
vention to evaluate implementation integrity. Responses were
given values of Yes (Y) = 1 and No (N) = 0. Treatment integ-
rity was calculated by dividing the total BY^ score by the total
possible scored and multiplying by 100 yielding the percent-
age of steps successfully completed.

Assessment Rating Profile-Revised (ARP-R; Eckert et al.
1999). The ARP-R is a 12-item rating scale used to
Bmeasure the acceptability of assessment measures^
(Eckert et al. 1999, p. 32). Internal consistency ratings
for the ARP-R have been reported between 0.94 and
0.99 (Eckert et al. 1999). Test–retest reliability coeffi-
cients obtained at 1-, 3-, 6-, and 12-month intervals
ranged from 0.82 to 0.85 (Eckert et al. 1999).

To create the IARF, the ARP-R was modified in two ways.
First, the wording of each item was changed to reflect the
acceptability of the intervention, instead of an assessment.
This was accomplished by replacing the word Bassessment^
with Bintervention,^ replacing the word Bchild^ with
Bstudent,^ and replacing the word Bproblems^ with
Bdifficulties with multiplication.^ Second, items 5 and 12
were removed because they were not relevant to this study.
The IARF was scored by finding the sum of all the responses,
with higher scores indicating higher favorability.

Materials

One single-digit multiplication fact was hand-written horizon-
tally on 100 3″ × 5″ index cards. The answer to the problem
was not written anywhere on the card. All facts from 0 × 0 to
9 × 9 were included once (Burns 2005).

Procedures

Training Details and Data All student data were collected by
the first author, the RA, and the school psychologist. Before any
data were collected, the first author trained the RA and the
school psychologist at the participating students’ school.

226 Contemp School Psychol (2018) 22:220–232

Social Validity To measure social validity of intervention
goals, procedures, and outcomes, the Intervention
Acceptability Rating Form (IARF) was administered to
the school psychologist (see Fig. 6). The IARF is a
10-item rating scale with a 6-point Likert-type scale (1
= strongly disagree to 6 = strongly agree) adapted from the

http://www.interventioncentral.org


Although the school psychologist did not implement the inter-
vention, she received the training so she could collect data on
implementation integrity. The training lasted approximately
30 min. The first author taught the school psychologist and
RA the IR intervention strategy by explaining and then demon-
strating each step on the treatment integrity checklist. The
school psychologist and the RAwere then given time to prac-
tice implementing the intervention and ask questions. Finally,
the school psychologist and the RA each implemented the in-
tervention while being assessed using the treatment integrity
checklist. Both the school psychologist and the RA implement-
ed 100% of the steps during training.

Intervention Implementation

The special education team determined that 8 weeks would be
allocated for intervention implementation prior to examining
data critically. Thus, data were collected for a total of 8 weeks,
including 1 week to collect pre-intervention data and 7 weeks
of intervention. The intervention was implemented one-to-one
at a table in an unoccupied classroom next to the student’s
assigned classroom. Intervention sessions were scheduled on
Tuesday and Thursday during student’s math class and each
session lasted about 15 min. The first author and RA admin-
istered the IR intervention, with each adult working 1 day per
week. Due to a scheduling conflict, the students received the
intervention only once per week for the final 2 weeks of the
intervention.

Implementation Integrity Implementation was evaluated
using a treatment integrity checklist (see Fig. 2) developed
for this study. The school psychologist evaluated the first au-
thor’s and the RA’s implementation; this was done because all
three people were rarely at the school site on the same day.
Implementation integrity was evaluated with direct observa-
tion during weeks 1, 4, and 7 of intervention. Both the RA and
the first author implemented 100% of the steps during sessions
in which they were observed.

Intervention

In order to compare growth rates, three data points were col-
lected prior to intervention by administering a 2-min CBM-M
multiplication probe once a day until three scores were obtain-
ed for each student. Each student’s digits correct per minute
was calculated, recorded, and graphed. All three students be-
gan the intervention during the same week. IR was imple-
mented twice per week for 5 weeks and once per week for
2 weeks. Each session lasted about 15 min. Students contin-
ued to receive all regular math instruction with the exception
of the 15 min they were pulled out for intervention. Before
beginning each intervention session, the first author deter-
mined which facts were known and unknown by presenting

every flash card to each student. Facts the student answered
correctly within 2 s were considered known. Facts the student
answered incorrectly or not at all after 2 s were considered
unknown. These procedures followed those of Burns (2005)
and Codding et al. (2010).

For intervention, nine known fact cards were selected ran-
domly and placed in a pile. The first unknown multiplication
fact was presented to the student and the adult provided the
answer orally (see Fig. 1). The student was asked to restate the
unknown fact aloud and provide the correct answer. Then, the
first known fact was presented to the student and s/he was
asked to provide the answer orally. Next, the first unknown
fact was presented to the student again who answered orally.
This was followed by the first and second known facts being
presented to the student. After the student answered these
correctly, the first unknown fact was presented to the student
again who answered orally. Then, first, second, and third
known facts were presented to the student who answered oral-
ly. This sequence continued until all nine known facts were
presented after the first unknown math fact (see also Burns
2005; Codding et al. 2010).

Once the fact had been rehearsed, or demonstrated as
known, the unknown fact was treated as the first known fact
and the ninth known fact (the last one presented) was re-
moved. The process was repeated with the next unknown
multiplication fact. The session ended when the student made
three errors while rehearsing one unknown fact (Burns 2005).

Study Design and Data Analysis

Because the dependent variable was not a reversible behavior
(but rather, an academic skill), withdrawing intervention was
not appropriate, and the purpose of the study was to compare
growth rates from baseline to intervention, a simple AB (A =
baseline, B = intervention) design was used to determine the
effects of intervention on students’ math performance
(Kennedy 2005). Although a multiple baseline design would
have allowed the opportunity to demonstrate experimental
control, we made a decision to start IR at the same time for
all students based on teachers indicating there was an imme-
diate need for intervention. Thus, withholding intervention for
students for an extended period of time (which may occur in
multiple baseline designs) was not a tenable option (Kennedy
2005). In this case, baseline represented students’ perfor-
mance level during core instruction (i.e., EverydayMath) only
and intervention consisted of IR during core instruction.
Consistent with typical analysis of academic progress, growth
rates were used to determine the effects of intervention on
students’ math performance. According to Shapiro (2011),
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5th-grade students are expected to gain 25 dc/m in a
40-week school year. By dividing 25 dc/m by 40 weeks, we
can expect students to gain approximately 0.625 dc/m per
week. Similarly, by dividing 0.625 dc/m per week by 5, we



intervention the expected slope was 0.125. Secondary to ex-
amining growth rates, we also calculated the Percentage of
Data Points Exceeding the Median (PEM;Ma 2006). We used
PEM because it accounts for cases in which there is an unsta-
ble baseline or outliers in baseline (Ma 2006) as may have
been the case for David. PEM scores of 0.9 to 1 indicate a
highly effective treatment, 0.7 to 0.9 indicates moderate ef-
fects, and less than 0.7 indicates an ineffective treatment.
Consistent with previous research (e.g., Burns 2005), effect
size was also calculated for each student. Using Cohen’s d, a
small effect size was ≤ 0.2, a medium effect size was 0.5, and a
large effect size was ≥ 0.8 (Burns 2005; Cohen 1988).

Results

David

David was expected to gain 0.1 dc/m per day during inter-
vention, and his actual slope was 0.2 dc/m per day. David
demonstrated a growth rate considerably faster than expected.
The mean of the scores prior to intervention was 13.0 dc/m
(SD = 4.0 dc/m). The mean of the scores during the interven-
tion phase was 18.5 dc/m (SD = 4.1 dc/m). The effect size was
d = 1.4. PEM was 1.0.

Courtney

Prior to intervention, Courtney’s median score across three
CBM-M multiplication probes was 0 dc/m, or 30 less than
the expected score and at frustration level for 5th grade
(Fig. 4; Shapiro 2011). Like David, Courtney was expected
to gain 4.4 dc/m in 7 weeks, or a final score of at least 4.4 dc/m

on her CBM-M probes. During intervention, Courtney’s
scores ranged from 5.0 to 15.0 dc/m (see Fig. 4). The median
point of her last three CBM scores was 13.0 dc/m, which was
an increase of 13.0 dc/m and was 8.6 dc/m greater than her
expected growth. Despite this growth, a score of 13.0 dc/m
indicated Courtney was still at frustration level for 5th-grade
instruction.

Courtney’s intervention trend line was expected to have a
slope of 0.1. The slope of Courtney’s actual trend line was 0.2,
which was higher than expected, representing an average daily
gain of 0.2 dc/m. Based on pre-intervention (M = 0.3 dc/m;
SD = 0.6 dc/m) and intervention (M = 10.2 dc/m; SD = 2.9 dc/
m) data, the intervention effect size was d = 4.7. PEMwas 1.0.

Gabby

Gabby’s median score across three CBM-M multiplication
probes was 4.0 dc/m, which was 26.0 points below expected
and indicative of an instructional frustration level (Fig. 5;
Shapiro 2011). Gabby was expected to gain 4.4 dc/m in
7 weeks with an end-of-intervention score of at least 8.4 dc/
m on her CBM-M probes. During intervention, Gabby’s
scores ranged from 4.5 to 12.0 dc/m (see Fig. 5). The median
point of her last three CBM scores was 10 dc/m, which was an
increase of 6.0 and 1.6 dc/m greater than expected. A score of
10 dc/mwas 20.0 dc/m below the expected score for 5th grade
and indicative of an instructional frustration level. Gabby was
expected to produce CBM-M scores during intervention with
a slope of 0.1. Gabby’s actual growth was 0.1 dc/m, which
was consistent with her expected rate of growth.

Gabby’s mean score prior to intervention was 3.3 dc/m
(SD = 1.15 dc/m). The mean during the intervention phase
was 9.2 dc/m (SD = 2.4 dc/m). Thus, the effect size was d =
3.0. PEM was 1.0.

Social Validity

The school psychologist completed the IARF as a measure of
the acceptability of the intervention. The authors were inter-
ested in the school psychologist’s perception of the interven-
tion because she regularly worked with teachers to develop
interventions for students who were struggling. Her total raw
score across 10 items was 57 out of 60 possible points
(range = 5–6 across items), indicating strong agreement with
statements about intervention acceptability.

Discussion

Research has shown that one simple way to improve basic
math fact fluency and accuracy is to increase a student’s num-
ber of opportunities to respond (OTR; Skinner et al. 2005). In
the area of multiplication fact fluency and generalization,
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Prior to intervention, across three CBM-M multiplication
probes, David’s median score was 11.5 dc/m, or 18.5 less than
the expected score and at frustration level in terms of
5th-grade instruction (Fig. 3; Shapiro 2011). David’s last
pre-intervention score of 17.5 dc/m was much higher than
his first two pre-intervention scores of 10 dc/m and 11.5 dc/
m. Although David’s pre-intervention scores exhibited high
variability and an upward trend, his performance was still far
below the grade level target. Intervention began so that nec-
essary targeted instruction was not delayed. Based on the ex-
pected level of growth from David’s pre-intervention median
of 11.5 dc/m on CBM-M, David was expected to gain 4.4 dc/
m in 7 weeks or a score of at least 15.9 dc/m. During inter-
vention, David’s CBM-M scores ranged from 14.0 to 25.0 dc/
m (see Fig. 3). The median point of his last three CBM-M
scores was 24.5 dc/m, which represents an increase of 13.0 dc/
m compared to pre-intervention scores and growth 8.6 dc/m
greater than expected. Additionally, his score of 24.5 dc/m
was indicative of 5th-grade instructional level.

can expect students to gain 0.125 dc/m per day. Thus, without
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increasing OTRs may be done through IR. Researchers have
demonstrated the effectiveness of IR with 3rd-grade students
with math learning disabilities (Burns 2005) and with one
7th-grade student experiencing difficulty with generalization
of multiplication facts to applied contexts (Codding et al.
2010). Moreover, manipulating OTRs in order to learn com-
plex multiplication problems has been shown to influence
information retention in 5th graders, with increased OTRs
resulting in increased learning (Zaslofsky et al. 2016). The
purpose of the current study was to extend the research on
IR for teaching multiplication facts to 5th-grade students with
IEP math goals and to evaluate participants’ growth rates.

Intervention Effects and Implications

In the current study, each of the 5th-grade student participants
who was receiving special education services for math dem-
onstrated a history of struggling with multiplication facts.
Pre-intervention data confirmed that all three students were
discrepant from their peers in the area of multiplication fact
fluency. Moreover, prior to intervention, students were func-
tioning at a level indicative of frustration with math learning in
their classrooms (Shapiro 2011), bringing into question the
effectiveness of general math instruction and learning overall.
In short, participating students were in need of targeted sup-
port for multiplication fact learning.

The IR multiplication intervention was shown to be effec-
tive for all three students. In comparison to pre-intervention
scores, intervention effects were immediate and students
gained skills at rates that far exceeded expectations based on
guidelines from Shapiro (2011). Using expected versus actual
growth rates, calculated effect sizes ranged from d = 1.4 to 4.2,
which are considered to be quite large (Cohen 1988). Findings
for two out of three participants were comparable to Burns
(2005) in terms of effect size. Additionally, PEM was 1.0 for
all participants, thus indicating an effective treatment (Ma
2006). However, interpretation of PEM should be viewedwith
caution and supplementary to growth rates, as it is limited due
to the failure to account for slope in baseline and variability or
trend during treatment. Statistically, the results are impressive
based on score and rate changes from pre-intervention to in-
tervention; however, the end-of-intervention scores for two of
the participating students (Courtney and Gabby) were still at
frustration level. It is plausible Courtney and Gabby, who both
started with a substantially lower dc/m rate at baseline than
David, needed more exposure to the intervention as they had
a greater initial gap between the frustration and instructional
level. This realistic understanding tempers enthusiastic interpre-
tations of large effect sizes. David’s end-of-intervention perfor-
mance of 24.5 dc/m reflected accelerated growth andmoved his
performance just into the instructional level. David’s
pre-intervention scores also showed an accelerating trend
mixed with variable performance, which was reported as a

pattern by David’s teacher and contributed to her concern about
his multiplication skill and performance. Given that district
guidelines define grade-level performance as 30 dc/m and
instructional-level as 24 to 49 dc/m, David’s strong progress
warrants further monitoring given his long history of math dif-
ficulty and need for support. In short, more work needs to be
done to bring the performance of these students to grade level,
so that theymight independently and confidently access general
multiplication curriculum. It would be inappropriate to simply
herald the demonstrated effect sizes without considering the
actual learning contexts and experiences of the students.

Results showed that data collectors were trained to 100%
fidelity and then they implemented intervention with 100%
integrity. Moreover, a quick measure of social validity sug-
gested a high-level of acceptability of the intervention by the
school psychologist. In short, IR appears to be a straightfor-
ward intervention to learn and deliver with integrity; further,
educators report that it is a practical, feasible, and effective
intervention. Perhaps one of the reasons IR was well received
is because it is aligned closely with classroom instructional
strategies. Educators may be likely to interpret the
drill-based foundation of IR as appropriate given the close link
to many instructional and curriculum components. Moreover,
research supports the use of intervention approaches that align
closely with instructional approaches (Hosp and Ardoin 2008;
Shapiro 2011).

Limitations and Future Research

Although findings are promising, limitations of the current
study and related recommendations for future research should
be considered. First, IR is time-intensive. Burns (2005) made
a similar observation. The effectiveness of IR is gaining em-
pirical support, but delivery is one-to-one, which requires time
away from general instruction and can be expensive if deliv-
ered by salaried educators. For these logistical reasons, in this
study the special education team requested intervention deliv-
ery during core math instruction. Although we understand
best practices dictate supplementary instruction outside of
core instruction time (McDougal et al. 2010), the constraints
of authentic educational settings do not always allow for such
delivery. Data also suggest that several sessions are required to
meet levels indicative of mastery, which should be the expec-
tation given the basic skill nature of the intervention content.
Basic skills must be mastered in order to support accuracy and
fluency with trained items, and with generalization (Poncy
et al. 2010; Shapiro 2011). This presents two problems to be
addressed in future research—students need access to IR fre-
quently in order to master facts (increasing OTR) and to in-
crease accessibility to general curriculum content, and inter-
vention resources need to be minimized to reduce overall cost.
One potential solution is a computer-adaptive program that



embeds IR strategies and allows students to practice indepen-
dently (e.g., FASTT Math™; Tom Snyder Productions 2011).
Moreover, a computer-based program could be used at home
to increase OTR. Or, parents, caregivers, or siblings could be
trained to deliver intervention at home; similarly, a peer may
be able to deliver intervention at school (Burns 2005).

A second limitation to the study is related to lack of experi-
mental control given the use of concurrent AB designs rather
than a multiple baseline design. This study demonstrates the
difficulty of balancing the need for methodological rigor with
the constraints of working in applied settings in which the im-
mediate needs of students and teachers may supersede the exper-
imental design. That is, due to deficits in multiplication fact flu-
ency exhibited by all three students, the school team felt it was
important to start the intervention as soon as possible. Further,
against best practice recommendations in which the length of
time in intervention is dictated by data, in this case it was based
on alignment with the school calendar and other curricular obli-
gations as designated by the teachers, thus forcing an immediate
start to intervention (versus waiting for stable baselines as is
typical in single-case design). To allow for an opportunity to
demonstrate experimental control, and thus state with certainty
an intervention’s effectiveness, future research should allow for
adequate time to conduct multiple baseline designs.

A third limitation to the study is lack of maintenance data,
which would have strengthened findings (Kratochwill 1992).
Data from the current study represent a few months of time
from the fall of student’s 5th-grade year. Each participating
student demonstrated a long history of difficulty with math
multiplication, and results from the IR intervention suggested
these students improved significantly. However, long-term
performance data were not collected. If research on IR for
multiplication is to progress, especially given the positive
short-term effects, maintenance data will be necessary to in-
form expectations and to plan for any ongoing intervention
supports. These data also can help solidify IR as an effective
intervention approach.

Conclusion

Students are identified for academic intervention because they
struggle with core instruction in general education; while

students gain basic skills during intervention, general instruc-
tion moves forward. This is a timeless conundrum for meeting
student needs. Yet, we must become more sensitive and adept
at ensuring that all students are accessing grade-level curricu-
lum even if they are also working on remediation. Given that
IR is a time- and labor-intensive intervention and has been
critiqued accordingly (Burns 2005), it is important to consider
(a) the resources necessary to plan and deliver intervention
sessions, and (b) the relation between student skill level and
general classroom core mathematics instruction. Results from
this study showed large intervention effects for all three par-
ticipants who all exceeded expected growth rates, and yet, two
students were still at a frustration level of instruction. Further
work is needed to determine how to scale IR in such a way to
bring students to an instructional and then mastery level.
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