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Abstract

String functions are important building blocks of characters of integrable highest
modules over affine Kac–Moody algebras. Kac and Peterson computed string functions
for affine Lie algebras of type A(1)1 in terms of Dedekind eta functions. We obtain new
symmetries for string functions by exploiting their natural setting of Hecke-type
double-sums, where special double-sums are expressed in terms of Appell–Lerch
functions and theta functions, where we point out that Appell–Lerch functions are the
building blocks of Ramanujan’s classical mock theta functions. We then demonstrate
the utility of the new symmetries by giving new proofs of classical string function
identities.
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1 Introduction
Let q be a complex number where q := e2π iτ and τ ∈ H := {z ∈ C|Imz > 0}. The goal of
this paper is to find new symmetries for string functions for affine Kac–Moody algebras
and then use the new symmetries to give new proofs of classical string function identities.
We do so by putting the string functions into the setting of Hecke-type double-sums as
studied by the first author and Hickerson [15]. Let us start with a brief reminder of what
a string function is in this case. For details, see [17,18].
For the affine Kac–Moody algebra g = A(1)

1 the simple roots are α0 = δ −α and α1 = α,
where α is the root of A1 Lie subalgebra and δ is the imaginary root. Denote by �0 and
�1 corresponding fundamental weights. Denote by P+ the subset of integral dominant
weights in the weight lattice Z�0

⊕
Z�1, P+ = {a�0 + b�1, a, b ∈ Z≥0}.

Let L(�),� ∈ P+ be an irreducible g-module with highest weight � ∈ P+ of level N :
� = (N − �)�0 + ��1.

Define the character of L(�) as a function
chL(�)(z, q) =

∑

λ∈P(�)⊂h∗
mult�(λ)qAzA−B,

Here a sum is taken over all weights of a module; these are weights that occur in L(λ), i.e.,
λ = � − Aα0 − Bα1, where A, B ∈ Z≥0.
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It is possible to express the character via the subset ofweights of amodule calledmaximal
weights. A weight λ ∈ P(�) is called maximal if λ + δ /∈ P(�). We will parametrize
maximal weights of the module as

λ = (N − m)�0 + m�1.

For a maximal weight λ ∈ P(�) the string function of λ is defined as

c�λ (q) = cN−�,�
N−m,m(q) := qs�(λ)

∑

n≥0
mult�(λ − nδ)qn =: CN

m,�(q), (1.1)

where

s�(λ) := s(m, �, N ) = −1
8

+ (� + 1)2

4(N + 2)
− m2

4N
. (1.2)

The character of L(�) can be expressed in terms of theta functions and string functions
as (See ([17,18,25] for details and for how to extend it to other Kac–Moody algebras)

chL(�)(z, q) =
∑

0≤m<2N
m+�even

CN
m,�(q)	m,N (z, q),

where 	n,m(z, q) is a Jacobi theta function of degreem and characteristic n

	n,m(z, q) =
∑

j∈Z+n/2m
qmj2z−mj.

The CN
m,�(q) are level-N A(1)

1 string functions, see (1.1).
We recall the definition of Dedkind’s eta-function:

η(τ ) := q
1
24

∞∏

n=1
(1 − qn).

The character can be computed as (see [25,26] and references therein)

chL(�)(z, q) = 1
η3(τ )

∑

m∈2Z+�

∑

j∈Z

∑

i∈N
(−1)iq

1
2 i(i+m)+(N+2)(j+(�+1)/(2(N+2)))2

×
{
q

1
2 i(2(N+2)j+�+1) − q− 1

2 i(2(N+2)j+�+1)
}
z− 1

2m,

which gives the expression for string functions as

CN
m,�(q) = q

(�+1)2
4(N+2)−m2

4N

η3(τ )
∑

j∈Z

∑

i∈N
(−1)iq

1
2 i(i+m)+j((N+2)j+�+1)

×
{
q

1
2 i(2(N+2)j+�+1) − q− 1

2 i(2(N+2)j+�+1)
}
. (1.3)

This is our starting point.

2 Main results
To state our main results, we define Hecke-type double-sum as follows. Let x, y ∈ C\{0},
and set

sg(r) :=
⎧
⎨

⎩

1 if r ≥ 0,

−1 if r < 0,
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then

fa,b,c(x, y, q) :=
∑

r,s∈Z
sg(r)=sg(s)

sg(r)(−1)r+sxrysqa(
r
2)+brs+c(s2). (2.1)

We also recall notation for infinite products and theta functions. We have

(x)∞ = (x; q)∞ :=
∞∏

i=0
(1 − qix) and j(x; q) :=

∞∑

n=−∞
(−1)nq(

n
2)xn = (x)∞(q/x)∞(q)∞,

where in the last line the equivalence of product and sum follows from Jacobi’s triple
product identity. We note that j(qn; q) = 0 for n ∈ Z. Let a and m be integers with m
positive. Define

Ja,m := j(qa; qm), J a,m := j(−qa; qm), Jm := Jm,3m =
∞∏

i=1
(1 − qmi).

Before we state our main results, we recall the classic symmetries for string functions.
They are

CN
m,�(q) = CN−m,�(q),

CN
m,�(q) = CN

2N−m,�(q),

CN
m,�(q) = CN

N−m,N−�(q).

We also remind the reader of our definition for s�(λ) (1.2). Our new symmetries read

Theorem 2.1 We have

C2K
m,�(q) ± C2K

2K−m,�(q) = qs(m,�,2K )

J31

(
fK+1,K+1,1(±q1+

1
2 (K+�), q1+

1
2 (m+�), q)

± q
1
2 (K−�)fK+1,K+1,1(±q1+

1
2 (3K−�), q1+K+ 1

2 (m−�), q)
)
. (2.2)

Corollary 2.2 We have

C2K
m,K (q) = qs(m,K,2K )

J31
fK+1,K+1,1(qK+1, q1+

1
2 (m+K ), q). (2.3)

Corollary 2.3 For K ≡ � (mod 2), we have

C2K
K,�(q) = qs(K,�,2K )

J31
fK+1,K+1,1(q1+

1
2 (K+�), q1−

1
2 (K−�), q). (2.4)

Theorem 2.1 and its two corollaries provide an alternative way for interpreting and
proving the string function expressions for affine Lie algebras of type A(1)

1 found in Kac
and Peterson [18]. In [18, pp. 219–220], Kac and Peterson give several examples of string
functions for affine Lie algebras of type A(1)

1 that have beautiful evaluations in terms of
theta functions. See also [19,20]. If we fix a positive integer m, their string functions are
of the form [18, p. 260]:

c�λ (τ ) = 1
η(τ )3

·
∑

(x,y)∈R2

−|x|<y≤|x|
(x,y) or (1/2−x,1/2+y)∈((N+1)/2(m+2),n/2m)+Z

2

sg(x)q(m+2)x2−my2 , (2.5)
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where N and n are integers with n ≡ N (mod 2). The string functions c�λ (τ ) are closely
related to the real quadratic fieldsQ(

√
m(m + 2)) and to Hecke indefinite modular forms.

We have replaced Kac and Peterson’s notation (n,N,m) with (m, �, N ) of [25]. Here our
focus will be on double-sum evaluations. A partial list of string functions from [18, pp.
219–220] reads
Level 1:

c1010 = η(τ )−1, (2.6a)

Level 2:

c1111 = η(τ )−2η(2τ ), (2.7a)

Level 4:

c4022 = η(τ )−2η(6τ )−1η(12τ )2, (2.8a)

c4040 − c4004 = η(2τ )−1, (2.8b)

Level 6:

c3351 = η(τ )−3η(2τ )η(3τ )η(6τ )−1η(12τ ), (2.9a)

c5151 + c5115 = η(τ )−3η(2τ )η(6τ )2η(12τ )−1, (2.9b)

c5151 − c5115 = η(τ )−1, (2.9c)

Level 8:

c4462 = η(τ )−3η(2τ )η(10τ ), (2.10a)

c6262 − c6226 = η(τ )−1η(2τ )−1q1/10
∏

n 	≡±1 (mod 5)
(1 − q4n), (2.10b)

Level 10:

c7355 = η(τ )−3η(2τ )η(5τ )−1η(10τ )2, (2.11a)

c5591 = η(τ )−3q29/40
∏

n 	≡±1 (mod 5)
(1 − q2n)

∏

n 	≡±2 (mod 5)
(1 − q3n), (2.11b)

c9191 − c9119 = η(τ )−2η(2τ )q−1/15
∏

n≡±1 (mod 5)
(1 − q4n)−1. (2.11c)

In this paper we rewrite the double-sum form of string functions (2.5) using an expression
found in [25], where from [25] and [18, p. 260] we have that

η3(τ )cN−�,�
N−m,m = q

(�+1)2
4(N+2)−m2

4N · f1,1+N,1

(

q1+
1
2 (m+�), q1−

1
2 (m−�), q

)

. (2.12)

Kac andPeterson appeal tomodularity to prove the string function identities [18, p. 220].
Specifically, they use the transformation law for string functions under the full modular
group, together with the calculation of the first few terms in the Fourier expansions of
the string functions. They also take advantage of the fact that a modular form vanishing
at cusps to sufficiently high order is zero. There are many methods to compute string
functions, see [18, pp. 222–223] for a brief outline. In our present work, we will take a
different approach.
Once string function identities (2.6a)–(2.11c) have been written in terms of suitable

Hecke-type double-sums, see (2.15)–(2.22c), their modularity can be determined using
results of [15], see in particular the formulas found in Sect. 3.3.
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Werecall a simple exampleofmore general results found in [15]. For genericx, z ∈ C\{0}
we define our Appell–Lerch function as

m(x, q, z) := 1
j(z; q)

∑

r

(−1)rq(
r
2)zr

1 − qr−1xz
. (2.13)

One of the simplest results from [15] then reads

f1,2,1(x, y, q) = j(y; q)m
(q2x
y2

, q3,−1
) + j(x; q)m

(q2y
x2

, q3,−1
)

− yJ33 j(−x/y; q)j(q2xy; q3)
J0,3j(−qy2/x; q3)j(−qx2/y; q3)

. (2.14)

Such formulas were found by using a heuristic that relates Appell–Lerch functions to
divergent partial theta functions, see [15, Section 3] and [23, Section 4].
For an easy demonstration of (2.14), we consider the case level N = 1. It is straightfor-

ward to see from (2.5) that (2.6a) is equivalent to showing:

f1,2,1(q, q, q) = J21 . (2.15)

One sees from (2.14) that

f1,2,1(q, q, q) = j(q; q)m(q, q3,−1) + j(q; q)m(q, q3,−1) − 1
J0,3

· qJ
3
3 J0,1J4,3
J22,3

= 0 + 0 + J21 = J21 ,

where we used the fact that j(x; q) = 0 if and only if x is an integral power of q and
elementary product rearrangements. On the other hand, if we make a slight variation in
the inputs, we have

f1,2,1(q,−q, q) = j(−q; q)m(q, q3,−1) + 0 + 0 = 2J1,4m(q, q3,−1) = J1,4 · φ(q),

where φ(q) is a sixth-order mock theta function [4].
In general, one needs to be aware of the number of theta quotients that must be dealt

with in simplifying the results. Double-sums of the form f1,n+1,1 require computing n2

theta quotients, see in particular Theorem 3.8. For example, one sees from (2.5) that
(2.11b) is equivalent to showing

f1,11,1(q4 , q3, q) = J4,10J3,15, (2.16)

which requires working with one-hundred theta quotients!
Looking for ways to reduce the number of theta quotients in Theorem 3.8 or for better

ways to write Theorem 3.8 is an important question. Many of Ramanujan’s mock theta
function identities involve a single quotient of theta functions. One wants to somehow
understand how he was led to these single quotient identities. As an example, we can
revisit the four tenth-order mock theta functions [8,24]. Three of them read

φ10(q) :=
∑

n≥0

q(
n+1
2 )

(q; q2)n+1
, ψ10(q) :=

∑

n≥0

q(
n+2
2 )

(q; q2)n+1
, χ10(q) :=

∑

n≥0

(−1)nq(n+1)2

(−q; q)2n+1
,
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and they can all be expressed in terms of Hecke-type double-sums [6,7,15]. The four
functions also satisfy six single-quotient theta function identities [6–8,24]. For one of
them, we have [8,24]

φ10(q) − q−1ψ10(−q4) + q−2χ10(q8) = J1,2j(−q2;−q10)
J2,8

. (2.17)

The six identities were originally found in Ramanjuan’s lost notebook [24]. What led
Ramanujan to these identities is a mystery. In fact, in Andrews and Berndt’s final volume
on Ramanujan’s lost notebook [3, p. 396], they state
“It is inconceivable that an identity such as (2.17) could be stumbled upon by a mindless

search algorithm without any overarching theoretical insight.”
A proof of (2.17) using Theorem 3.8 is involved [22], so one would like to know if there
is a better form of Theorem 3.8 which sheds light on what guided Ramanujan to so many
single-quotient that function identities.
Double-sums of the form fK+1,K+1,1 that appear in Theorem 2.1 only have K + 1 theta

quotients that need to be summed. Using our main theorem and its corollaries, string
function identities (2.7a)–(2.11c) are equivalent to the respective double-sum evaluations:
Level 2:

f2,2,1(q2, q, q) = J1J2, (2.18a)

Level 4:

q−1f3,3,1(q2, 1, q) = J1J6,24 , (2.19a)

f3,3,1(−q2, q, q) − qf3,3,1(−q4 , q3, q) = J1J1,2, (2.19b)

Level 6:

f4,4,1(q4 , q3, q) = J2J3,12, (2.20a)

f4,4,1(q3, q2, q) + qf4,4,1(q5, q4 , q) = J2J6,12, (2.20b)

f4,4,1(−q3, q2, q) − qf4,4,1(−q5, q4 , q) = J21 , (2.20c)

Level 8:

f5,5,1(q5, q4 , q) = J2J10, (2.21a)

f5,5,1(−q4 , q3, q) − qf5,5,1(−q6, q5, q) = J1,2J8,20, (2.21b)

Level 10:

q−1f6,6,1(q5, 1, q) = J2J5,20, (2.22a)

f6,6,1(q6, q4 , q) = J4,10J3,15, (2.22b)

f6,6,1(−q4 , q2, q) − q2f6,6,1(−q8, q6, q) = J2J20
J21 J4,20

. (2.22c)

In particular our example in (2.16) becomes (2.22b), which only requires working with
six theta quotients, see Theorem 3.10.
In [15] we demonstrated that the double-sum formulas give straightforward proofs of

the classical mock theta function identities, and in particular the formulas give new proofs
of the mock theta conjectures [13,14]. The focus here is to demonstrate the robustness of
our approach in application to string functions. We evaluate eight string functions using
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double-sum formulas. Four double-sum computations are pieced together from previous
results, and four double-sum computations are new.
In Sect. 3,we recall background informationon theta functions,Appell–Lerch functions,

andHecke-typedouble-sums. In Sect. 4,wediscuss classical string function relations in the
environment of Hecke-type double-sums. In Sect. 5, we obtain (2.12), where the corrected
proof comes from a sketch found in [15, Example 1.3]. In Sect. 6, we prove our main
result: Theorem 2.1 and its two corollaries, which one could consider to be new string
function relations. In the remaining sections, we use Theorem 2.1 to prove even-level
string function identities.
In Sect. 7, we evaluate the level N = 2 string function c1111 (2.7a). In Sect. 8, we evaluate

the level N = 4 string function c4040 − c4004 (2.8b), where the proof is essentially from [23].
In Sect. 9, we evaluate the level N = 6 string functions c3351 (2.9a) and c5151 + c5115 (2.9b). In
Sect. 9, we also evaluate the levelN = 6 string function c5151 − c5115 (2.9c), where the proof is
essentially from [23]. In Sect. 10, we evaluate the level N = 8 string function c4462 (2.10a),
where the proof is essentially from [15]. In Sect. 11, we evaluate the level N = 10 string
function c5591 (2.11b).
For a brief historical perspective, around same time as [18], Lepowsky and Primc gave q-

hypergeometric expressions for the sl2 string functions [21]. There have been many types
of proofs of identities (2.18a)–(2.22c) over the years since they were first announced. For
example, in [1,2] Andrews proves many of the identities using the constant term method
and Bailey pair method, respectively. There have been string functions which generalize
CN
m,�(q) [12,16]. There have also been numerous further developments concerning gener-

alized modularity of string functions such as a recent result by Dong, Kac, Ren [9] using
algebraic methods. Placing string functions into the double-sum setting [15, Example 1.3]
has recently led to Dousse and Osburn’s resolution [10] of a problem of Byrne et al [5].

3 Preliminaries
3.1 Theta functions

We collect some frequently encountered product rearrangements:

J0,1 = 2J1,4 = 2J22
J1

, J1,2 = J52
J21 J

2
4
, J1,2 = J21

J2
, J1,3 = J2J23

J1J6
,

J1,4 = J1J4
J2

, J1,6 = J1J26
J2J3

, J1,6 = J22 J3J12
J1J4J6

.

Following from the definitions are the following general identities:

j(z; q) =
m−1∑

k=0
(−1)kq(

k
2)zk j

(
(−1)m+1q(

m
2 )+mkzm; qm

2)
, (3.2a)

j(qnx; q) = (−1)nq−(n2)x−nj(x; q), n ∈ Z, (3.2b)

j(x; q) = j(q/x; q), (3.2c)

j(x; q) = J1j(x; qn)j(qx; qn) · · · j(qn−1x; qn)/J nn if n ≥ 1, (3.2d)

j(x;−q) = j(x; q2)j(−qx; q2)/J1,4 , (3.2e)

j(xn; qn) = Jnj(x; q)j(ζnx; q) · · · j(ζ n−1
n x; qn)/J n1 , (3.2f )

if n ≥ 1, ζn is a primitive n-th root of unity.
A convenient form of the Weierstrass three-term relation for theta functions is,
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Proposition 3.1 For generic a, b, c, d ∈ C\{0}

j(ac; q)j(a/c; q)j(bd; q)j(b/d; q)

= j(ad; q)j(a/d; q)j(bc; q)j(b/c; q) + b/c · j(ab; q)j(a/b; q)j(cd; q)j(c/d; q).

We collect several useful results about theta functions in terms of a proposition [13,14]:

Proposition 3.2 For generic x, y, z ∈ C\{0}
j(−x; q)j(y; q) − j(x; q)j(−y; q) = 2xj(x−1y; q2)j(qxy; q2), (3.3a)

j(−x; q)j(y; q) + j(x; q)j(−y; q) = 2j(xy; q2)j(qx−1y; q2). (3.3b)

Wefinish the subsection by giving a few examples of elementary theta function identities
and product rearrangements in action.

Lemma 3.3 We have
J330
J0,5

J3,6
J3,30

− 2 · J6,60J5,30J10,30
J0,5J0,30J3,30

· J6J60
J430

· J9,30J21,30J15,30J5,30 = 0, (3.4)

and

4 · J6,60J5,30J10,30
J0,5J0,30J3,30

· J6J60
J430

· J16,30J20,30J26,30J10,30 = J4,10J3,15. (3.5)

Proof of Lemma 3.3 For the first summand in (3.4), we apply (3.2d) to J3,6 to obtain

J330J3,6
J0,5J3,30

= J330
J0,5J3,30

· J3,30J9,30J15,30J21,30J27,30 · J6
J530

= J3,30J9,30J15,30J21,30J6
J0,5J230

.

For the second summand, we begin by applying (3.2f) to J6,60 to have

2· J6,60J5,30J10,30
J0,5J0,30J3,30

· J6J60
J430

· J9,30J21,30J15,30J5,30

= 2 · J5,30J10,30
J0,5J0,30J3,30

· J3,30J3,30 · J60
J230

· J6J60
J430

· J9,30J21,30J15,30J5,30

= J5,30J10,30
J0,5

· J3,30 · J6
J530

· J9,30J21,30J15,30J5,30,

where we have used the product rearrangement J0,1 = 2J22 /J1 and simplified.
Applying (3.2f) to the product J5,30J5,30 yields

2· J6,60J5,30J10,30
J0,5J0,30J3,30

· J6J60
J430

· J9,30J21,30J15,30J5,30

= J10,30
J0,5

· J3,30 · J6
J530

· J9,30J21,30J15,30J10,60 · J
2
30
J60

= J3,30
J0,5

· J6
J530

· J9,30J21,30J15,30 · J10J
2
60

J20J30
· J

2
30
J60

· J20J
2
30

J10J60

= J3,30J9,30J15,30J21,30J6
J0,5J230

,
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where for the second equality we used the product rearrangements for J1,3 and J1,6, and
for the third equality we simplified.
For second identity (3.5), we use the product rearrangements for J0,1, J1,6, and J1,3 and

simplify to have

4· J6,60J5,30J10,30
J0,5J0,30J3,30

· J6J60
J430

· J16,30J20,30J26,30J10,30

= J6,60J5,30J10,30
J3,30

· J6
J330

· J16,30J26,30 · J5
J60

= J6,60
J3,30

· J6
J230

· J16,30J26,30 · J10J15
J60

= J3,30 · J6
J430

· J16,30J26,30 · J10J15,

where for the last equality we used (3.2f). Identity (3.2d) gives us

J6,10 = J6,30J16,30J26,30 · J10
J330

and J3,15 = J3,30J18,30 · J15
J230

.

Hence we can rewrite the right-hand side as

J3,30 · J6
J430

· J16,30J26,30 · J10J15 = J6,10J3,15 · J6J30
J6,30J18,30

= J4,10J3,15,

where we have used the product rearrangement J1,5J2,5 = J1J5 and (3.2c). 
�

3.2 Appell–Lerch functions

The Appell–Lerch function satisfies several functional equations and identities [15,27]:

Proposition 3.4 For generic x, z ∈ C\{0}
m(x, q, z) = m(x, q, qz), (3.6a)

m(x, q, z) = x−1m(x−1, q, z−1), (3.6b)

m(qx, q, z) = 1 − xm(x, q, z), (3.6c)

m(x, q, z) = m(x, q, x−1z−1), (3.6d)

m(x, q, z1) − m(x, q, z0) = z0J31 j(z1/z0; q)j(xz0z1; q)
j(z0; q)j(z1; q)j(xz0; q)j(xz1; q)

. (3.6e)

Some simple evaluations of the Appell–Lerch function follow.

Corollary 3.5 We have

m(q, q2,−1) = 1/2, (3.7)

m(−1, q2, q) = 0. (3.8)

3.3 Hecke-type double-sums

We recall a few basic properties of Hecke-type double-sums. We have a proposition and
a corollary

Proposition 3.6 [15, Proposition 6.3] For x, y ∈ C\{0} and R, S ∈ Z

fa,b,c(x, y, q) = (−x)R(−y)Sqa(
R
2)+bRS+c(S2)fa,b,c(qaR+bSx, qbR+cSy, q)
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+
R−1∑

m=0
(−x)mqa(

m
2 )j(qmby; qc) +

S−1∑

m=0
(−y)mqc(

m
2 )j(qmbx; qa). (3.9)

When b < a we adopt the summation convention that
b∑

n=a
cn := −

a−1∑

n=b+1
cn, (3.10)

which has the useful consequence
−1∑

n=0
cn = −

−1∑

n=0
cn = 0. (3.11)

Usually when (3.9) is used in this paper, the two summands of theta functions in the
second row are always equal to zero. In such cases, it is due to the fact that j(x; q) = 0 if
and only if x is an integral power of q. The only exception occurs in the last subsection of
Sect. 9.

Corollary 3.7 [15, Corollary 6.4] We have two simple specializations:

fa,b,c(x, y, q) = − yfa,b,c(qbx, qcy, q) + j(x; qa), (3.12)

fa,b,c(x, y, q) = − xfa,b,c(qax, qby, q) + j(y; qc). (3.13)

We also have the property [15, (6.2)]:

fa,b,c(x, y, q) = −qa+b+c

xy
fa,b,c(q2a+b/x, q2c+b/y, q). (3.14)

One can determine the theta function expressions of string functions using results of
[15]. However, there are two recurring issues that must be kept in mind. The first issue is
the number of theta quotients that must be computed, and the second issue is potential
singularities.
To state our results, we introduce the useful

g1,b,1(x, y, q, z1, z0) := j(y; q)m
(
q(

b+1
2 )−1x(−y)−b, qb

2−1, z1
)

+ j(x; q)m
(
q(

b+1
2 )−1y(−x)−b, qb

2−1, z0
)
. (3.15)

In [15, Theorem 1.3], we specialize n = 1, to have

Theorem 3.8 Let p be a positive integer. For generic x, y ∈ C\{0}

f1,p+1,1(x, y, q) = g1,p+1,1(x, y, q,−1,−1) + 1
J0,p(2+p)

· θp(x, y, q),

where

θp(x, y, q) :=
p−1∑

r=0

p−1∑

s=0
q(

r
2)+(1+p)(r)(s+1)+(s+1

2 )(−x)r (−y)s+1

·
J3p2(2+p)j(−qp(s−r)x/y; qp2 )j(qp(2+p)(r+s)+p(1+p)xpyp; qp2(2+p))

j(qp(2+p)r+p(1+p)/2(−y)1+p/(−x); qp2(2+p))j(qp(2+p)s+p(1+p)/2(−x)1+p/(−y); qp2(2+p))
.
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The specialization for p = 1 will be of importance. It is just (2.14):

Corollary 3.9 We have

( ∑

r,s≥0
−

∑

r,s<0

)
(−1)r+sxrysq(

r
2)+2rs+(s2)

= j(y; q)m
(q2x
y2

, q3,−1
)

+ j(x; q)m
(q2y
x2

, q3,−1
)

− yJ33 j(−x/y; q)j(q2xy; q3)
J0,3j(−qy2/x,−qx2/y; q3)

.

(3.16)

For another useful result, we specialize [15, Theorem 1.4] to a = b = n, c = 1.

Theorem 3.10 Let n be a positive integer. Then

fn,n,1(x, y, q) = hn,n,1(x, y, q,−1,−1) − 1
J0,n−1J0,n2−n

· θn(x, y, q),

where

hn,n,1(x, y, q, z1, z0) : = j(x; qn)m
(

− qn−1yx−1, qn−1, z1
)

+ j(y; q)m
(
q(

n
2)x(−y)−n, qn

2−n, z0
)
,

and

θn(x, y, q) :=
n−1∑

d=0
q(n−1)(d+1

2 )j
(
q(n−1)(d+1)y; qn

)
j
( − qn(n−1)−(n−1)(d+1)xy−1; qn(n−1))

· J3n(n−1)j
(
q(

n
2)+(n−1)(d+1)(−y)1−n; qn(n−1))

j
( − q(

n
2)x(−y)−n; qn(n−1))j(q(n−1)(d+1)x−1y; qn(n−1))

.

Theorem 3.10 has the following specializations.

Corollary 3.11 We have

f2,2,1(x, y, q) = h2,2,1(x, y, q,−1,−1)

−
1∑

d=0

q(
d+1
2 )j

(
q1+dy; q2

)
j
( − q1−dx/y; q2

)
J32 j

( − q2+d/y; q2
)

4J1,4J2,8j
( − qx/y2; q2

)
j
(
q1+dy/x; q2

) , (3.17)

where

h2,2,1(x, y, q,−1,−1) = j(x; q2)m(−qx−1y, q,−1) + j(y; q)m(qxy−2, q2,−1). (3.18)

Corollary 3.12 We have

f3,3,1(x, y, q) = h3,3,1(x, y, q,−1,−1)

−
2∑

d=0

qd(d+1)j
(
q2+2dy; q3

)
j
( − q4−2dx/y; q6

)
J36 j

(
q5+2d/y2; q6

)

4J2,8J6,24j
(
q3x/y3; q6

)
j
(
q2+2dy/x; q6

) , (3.19)
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where

h3,3,1(x, y, q,−1,−1) = j(x; q3)m(−q2x−1y, q2,−1) + j(y; q)m(−q3xy−3, q6,−1).
(3.20)

Corollary 3.13 We have

f4,4,1(x, y, q) = h4,4,1(x, y, q,−1,−1)

−
3∑

d=0

q3(
d+1
2 )j(q3+3dy; q4)j(−q9−3dx/y; q12)J312j(−q9+3d/y3; q12)

J0,3J0,12j(−q6x/y4; q12)j(q3+3dy/x; q12)
,

(3.21)

where

h4,4,1(x, y, q,−1,−1) = j(x; q4)m
( − q3y/x, q3,−1

) + j(y; q)m
(
q6x/y4, q12,−1

)
.

(3.22)

Corollary 3.14 We have

f5,5,1(x, y, q) = h5,5,1(x, y, q,−1,−1)

−
4∑

d=0
q2d(d+1) j

(
q4+4dy; q5

)
j
( − q16−4dxy−1; q20

)
J320j

(
q14+4dy−4; q20

)

J0,4J0,20j
(
q10xy−5; q20)j(q4+4dx−1y; q20

) ,

(3.23)

where

h5,5,1(x, y, q, z1, z0) = j(x; q5)m(−q4x−1y, q4 , z1) + j(y; q)m(−q10xy−5, q20, z0). (3.24)

Corollary 3.15 We have

f6,6,1(x, y, q) = h6,6,1(x, y, q,−1,−1)

−
5∑

d=0

q5(
d+1
2 )J330j

(
q5d+5y; q6

)
j
( − q25−5dxy−1; q30

)
j
( − q20+5dy−5; q30

)

J0,5J0,30j
( − q15xy−6; q30)j(q5d+5x−1y; q30

) ,

(3.25)

where

h6,6,1(x, y, q, z1, z0) := j(x; q6)m(−q5yx−1, q5, z1) + j(y; q)m(q15xy−6, q30, z0). (3.26)

We finish with a few example computations that can be found in the literature.

Lemma 3.16 We have

f5,5,1(q5, q4 , q) = J2J10, (3.27a)

f4,4,1(−q5, q3, q) − q−1f4,4,1(−q3, q, q) = −q−1J21 , (3.27b)

f3,3,1(−q4 , q3, q) − q−1f3,3,1(−q2, q, q) = −q−1J1J1,2. (3.27c)

Proof of Lemma 3.16 All three identities have been shown using the appropriate special-
izations of Theorem 3.10. The first can be found in [15, Section 7] and the last two in [23,
Lemma 3.11]. 
�
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4 Classical string function relations and Hecke-type double-sums
In this section we use the environment of Hecke-type double-sums and their functional
equations such as (3.9) and (3.14) to show that

SNm,�(q) :=
q− 1

8+ (�+1)2
4(N+2)−

m2

4N

J31
f1,1+N,1(q1+

1
2 (m+�), q1−

1
2 (m−�), q). (4.1)

satisfies the sameclassical symmetries for string functions.We recall the classical identities
[25, (3.4), (3.5)]:

SNm,�(q) = SN−m,�(q), (4.2)

SNm,�(q) = SN2N−m,�(q), (4.3)

SNm,�(q) = SNN−m,N−�(q). (4.4)

Proof for Identity (4.2): We have

SNm,�(q) = q− 1
8+ (�+1)2

4(N+2)−
m2

4N

J31
· f1,1+N,1(q1+

1
2 (m+�), q1−

1
2 (m−�), q)

= q− 1
8+ (�+1)2

4(N+2)−
m2

4N

J31
· f1,1+N,1(q1−

1
2 (−m−�), q1+

1
2 (−m+�), q)

= q− 1
8+ (�+1)2

4(N+2)−
(−m)2
4N

J31
· f1,1+N,1(q1+

1
2 (−m+�), q1−

1
2 (−m−�), q)

= SN−m,�(q),

where symmetry allows us to write

f1,1+N,1(x, y, q) = f1,1+N,1(y, x, q).


�
Proof for Identity (4.3): Specializing (3.9) with (R, S) = (1,−1) gives

f1,1+N,1(q1+
1
2 (m+�), q1−

1
2 (m−�), q) = qm−N f1,1+N,1(q−N+1+ 1

2 (m+�), qN+1− 1
2 (m−�), q)

= qm−N f1,1+N,1(q1−
1
2 (2N−m−�), q1+

1
2 (2N−m+�), q)

= qm−N f1,1+N,1(q1+
1
2 (2N−m+�), q1−

1
2 (2N−m−�), q).

As a result,

SNm,� = q− 1
8+ (�+1)2

4(N+2)−
m2

4N

J31
f1,1+N,1(q1+

1
2 (m+�), q1−

1
2 (m−�), q)

= q− 1
8+ (�+1)2

4(N+2)−
m2

4N +m−N

J31
f1,1+N,1(q1+

1
2 (2N−m+�), q1−

1
2 (2N−m−�), q)

= q− 1
8+ (�+1)2

4(N+2)−
(2N−m)2

4N

J31
f1,1+N,1(q1+

1
2 (2N−m+�), q1−

1
2 (2N−m−�), q)

= SN2N−m,�. 
�
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Proof for Identity (4.4): Specializing (3.9) with (R, S) = (1, 0) gives

f1,1+N,1(q1+
1
2 (m+�), q1−

1
2 (m−�), q)

= −q1+
1
2 (m+�) · f1,1+N,1(q2+

1
2 (m+�), q2+N− 1

2 (m−�), q)

= q1+
1
2 (m+�) · q−1−� · f1,1+N,1(q1+N− 1

2 (m+�), q1+
1
2 (m−�), q)

= q
1
2 (m−�) · f1,1+N,1(q1+

1
2 (N−m+N−�), q1−

1
2 (N−m−(N−�)), q),

where for the second equality we used (3.14). Hence

SNm,� = q− 1
8+ (�+1)2

4(N+2)−
m2

4N

J31
· f1,1+N,1(q1+

1
2 (m+�), q1−

1
2 (m−�), q)

= q− 1
8+ (�+1)2

4(N+2)−
m2

4N + 1
2 (m−�)

J31
· f1,1+N,1(q1+

1
2 (N−m+N−�), q1−

1
2 (N−m−(N−�)), q)

= q− 1
8+ (N−�+1)2

4(N+2) − (N−m)2
4N

J31
· f1,1+N,1(q1+

1
2 (N−m+N−�), q1−

1
2 (N−m−(N−�)), q)

= SNN−m,N−�.


�

5 Deriving the general integral-level N string function
We derive (2.12). We recall the notation from [25] that m, N ∈ N, � ∈ {0, 1, 2, . . . , N },
m ≡ � (mod 2), where N is the level. In [25, p. 236], see also [11, (3.17)], one finds the
Hecke-type form for the general integral-level string function:

Proposition 5.1 We have

CN
m,�(q) = SNm,�(q), (5.1)

where SNm,�(q) is given by (4.1).

We begin with an identity from [25]:

CN
m,�(q) = qs(m,�,N )

(q)3∞

{ ∑

j≥1
k≤0

−
∑

j≤0
k≥1

}
(−1)k−jq(

k−j
2 )−Njk+ 1

2 k(m−�)+ 1
2 j(m+�). (5.2)

where from (1.2):

s(m, �, N ) := − 1
8 + (�+1)2

4(N+2) − m2

4N . (5.3)

We rewrite the above double-sum:

CN
m,�(q) = qs(m,�,N )

(q)3∞

∑

j≥1
k≤0

(−1)k−jq(
k−j
2 )−Njk+ 1

2 k(m−�)+ 1
2 j(m+�)

− qs(m,�,N )

(q)3∞

∑

j≤0
k≥1

(−1)k−jq(
k−j
2 )−Njk+ 1

2 k(m−�)+ 1
2 j(m+�)
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= qs(m,�,N )

(q)3∞

∑

j≥1
k≥0

(−1)k+jq(
k+j+1

2 )+Njk− 1
2 k(m−�)+ 1

2 j(m+�)

− qs(m,�,N )

(q)3∞

∑

j≤0
k<0

(−1)k+jq(
k+j+1

2 )+Njk− 1
2 k(m−�)+ 1

2 j(m+�)

= qs(m,�,N )

(q)3∞

∑

j≥0
k≥0

(−1)k+j+1q(
k+j+2

2 )+N (j+1)k− 1
2 k(m−�)+ 1

2 (j+1)(m+�)

− qs(m,�,N )

(q)3∞

∑

j<0
k<0

(−1)k+j+1q(
k+j+2

2 )+N (j+1)k− 1
2 k(m−�)+ 1

2 (j+1)(m+�)

= qs(m,�,N )

(q)3∞

( ∑

j≥0
k≥0

−
∑

j<0
k<0

)
(−1)k+j+1q(

k+j+2
2 )+N (j+1)k− 1

2 k(m−�)+ 1
2 (j+1)(m+�)

= −qs(m,�,N )

(q)3∞
q1+

1
2 (m+�)f1,N+1,1(q2+N− 1

2 (m−�), q2+
1
2 (m+�), q),

where we have used k → −k , j → j + 1. We recall identity (3.12)

fa,b,c(x, y, q) = −yfa,b,c(qbx, qcy, q) + j(x; qa),

and the fact that j(z; q) = 0 if and only if z = qn, n ∈ Z. This gives

CN
m,�(q) = qs(m,�,N )

(q)3∞

(
f1,N+1,1(q1−

1
2 (m−�), q1+

1
2 (m+�), q) − j(q1+

1
2 (m+�); q)

)

= qs(m,�,N )

J31
· f1,1+N,1(q1−

1
2 (m−�), q1+

1
2 (m+�), q)

= qs(m,�,N )

J31
· f1,1+N,1(q1+

1
2 (m+�), q1−

1
2 (m−�), q)

= SNm,�(q),

for the second equality the conditionm ≡ � (mod 2) forces that

j(q1+
1
2 (m+�); q) = 0. (5.4)

For the third equality, the x and y in f1,N+1,1(x, y, q) can be swapped because of symmetry
in the definition of (2.1).

6 Proof of themain theorem and its two corollaries
The driving force of our proof is the following proposition.

Proposition 6.1 We have

f1,2K+1,1(qd, qe, q) ± q
K+d+e

2 f1,2K+1,1(q1+K+d, q1+K+e, q)

= fK+1,K+1,1(∓q(K+d+e)/2, qd, q)

∓ q(K+2−d−e)/2fK+1,K+1,1(∓q2+(3K−d−e)/2, qK+2−e, q). (6.1)
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Proof of Proposition 6.1 We have

f1,2K+1,1(qd, qe, q) + q
K+d+e

2 f1,2K+1,1(q1+K+d, q1+K+e, q)

=
∑

u,v
u≡v mod 2

sg(u, v)(−1)
u−v
2 q

1
8u

2+ 2K+1
4 uv+ 1

8 v
2+ 2d−1

4 u+ 2e−1
4 v

=
( ∑

n+j≥0
n−j≥0

−
∑

n+j<0
n−j<0

)
(−1)jq(K+1)n2/2+(d+e−1)n/2−Kj2/2+(d−e)j/2

=
∑

n≥0
q(K+1)n2/2+(d+e−1)n/2

n∑

j=−n
(−1)jq−Kj2/2+(d−e)j/2

−
∑

n<0
q(K+1)n2/2+(d+e−1)n/2

∑

n<j<−n
(−1)jq−Kj2/2+(d−e)j/2

=
∑

n≥0
q(K+1)n2/2+(d+e−1)n/2

n∑

j=−n
(−1)jq−Kj2/2+(d−e)j/2

−
∑

n≥0
q(K+1)(−n−1)2/2+(d+e−1)(−n−1)/2

∑

−n−1<j<n+1
(−1)jq−Kj2/2+(d−e)j/2

=
∑

n≥0
q(K+1)n2/2+(d+e−1)n/2

n∑

j=−n
(−1)jq−Kj2/2+(d−e)j/2

−
∑

n≥0
q(K+1)n2/2+(2K+3−d−e)n/2+(K+2−d−e)/2

n∑

j=−n
(−1)jq−Kj2/2+(d−e)j/2

=
∑

sg(j)=sg(n−j)
sg(j)(−1)jq(K+1)n2/2+(d+e−1)n/2−Kj2/2+(d−e)j/2

· (1 − q(K+2−d−e)n+(K+2−d−e)/2)

= fK+1,K+1,1(−q(K+d+e)/2, qd , q)

− q(K+2−d−e)/2fK+1,K+1,1(−q2+(3K−d−e)/2, qK+2−e, q).

For the second identity one replaces (−1)(u−v)/2 with (−1)(u+v)/2. This also results in the
(−1)j becoming (−1)n. 
�

Proof of Theorem 2.1 We prove the identity for the initial plus sign. The proof for the
minus sign is analogous. For (2.2), we have

f1,2K+1,1(q1+
1
2 (m+�), q1−

1
2 (m−�), q) + q−( K−m

2 )f1,2K+1,1(q1+
1
2 (2K−m+�), q1−

1
2 (2K−m−�), q)

= f1,2K+1,1(q1+
1
2 (m+�), q1−

1
2 (m−�), q)

− q1+
1
2 (K+�)f1,2K+1,1(q1+K+1− 1

2 (m−�), q1+K+1+ 1
2 (m+�), q)

= f1,2K+1,1(q1+
1
2 (m+�), q1−

1
2 (m−�), q)

− q1+
1
2 (K+�)f1,2K+1,1(q1+K+1+ 1

2 (m+�), q1+K+1− 1
2 (m−�), q)

= fK+1,K+1,1(q1+
1
2 (K+�), q1+

1
2 (m+�), q)

+ q
1
2 (K−�)fK+1,K+1,1(q1+K+ 1

2 (K−�), q1+K+ 1
2 (m−�), q),

where the first equality follows (3.9) with (R, S) = (1, 0) and the third from (6.1). 
�
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Proof of Corollaries 2.2 and 2.3 To prove (2.3), we let � = K in (2.2). To prove (2.4), we
setm = K in (2.2) to have

2C2K
K,�(q) = qλ(K,�,2K )

J31

(
fK+1,K+1,1(q1+

1
2 (K+�), q1+

1
2 (K+�), q)

+ q
1
2 (K−�)fK+1,K+1,1(q1+K+ 1

2 (K−�), q1+K+ 1
2 (K−�), q)

)

= qλ(K,�,2K )

J31

(
fK+1,K+1,1(q1+

1
2 (K+�), q1−

1
2 (K−�), q)

+ q
1
2 (K−�)fK+1,K+1,1(q1+K+ 1

2 (K−�), q1+K+ 1
2 (K−�), q)

)

= qλ(K,�,2K )

J31

(
fK+1,K+1,1(q1+

1
2 (K+�), q1−

1
2 (K−�), q)

− q1−
1
2 (K−�)fK+1,K+1,1(q2+K+ 1

2 (K+�), q2−
1
2 (K−�), q)

)

= qλ(K,�,2K )

J31

(
2fK+1,K+1,1(q1+

1
2 (K+�), q1−

1
2 (K−�), q)

)
,

where the second equality follows from (3.9) with (R, S) = (−1, 1), the third equality
follows from (3.14), and the fourth follows from (3.9) with (R, S) = (0,−1). 
�

7 Computing-level N = 2 string functions
7.1 The string function c1111 (2.7a)

It suffices to show (2.18a):

f2,2,1(q2, q, q) = J1J2. (7.1)

In Corollary 3.11, we find potential singularities, so we consider

lim
x→q

f2,2,1(x2, x, q).

We first focus on (3.18) and write

lim
x→q

h2,2,1(x2, x, q) = lim
x→q

[
j(x2; q2)m(−qx−1, q,−1) + j(x; q)m(q, q2,−1)

]

= lim
x→q

[
j(x2; q2)m(−qx−1, q,−1)

]

= lim
x→q

j(x2; q2)
[
m(−qx−1, q, z) + zJ31 j(−z−1; q)j(qz/x; q)

j(−1; q)j(z; q)j(q/x; q)j(−qz/x; q)

]

= lim
x→q

j(x2; q2) · zJ31 j(−z−1; q)j(qz/x; q)
j(−1; q)j(z; q)j(q/x; q)j(−qz/x; q)

,

where we have used (3.6e) in the penultimate equality. Continuing with product rear-
rangements, we have

lim
x→q

h2,2,1(x2, x, q) = lim
x→q

j(x; q)j(−x; q)J2
J21

· zJ31 j(−z−1; q)j(qz/x; q)
j(−1; q)j(z; q)j(q/x; q)j(−qz/x; q)

= lim
x→q

j(x; q)j(−x; q)J2
J21

· J31 j(−z; q)j(qz/x; q)
j(−1; q)j(z; q)j(x; q)j(−qz/x; q)

= J1J2,
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where in the second line we used (3.2b) and (3.2c). Now we consider

lim
x→q

1∑

d=0

q(
d+1
2 )j

(
q1+dx; q2

)
j
(

− q1−dx; q2
)
J32 j

(
− q2+d/x; q2

)

4J1,4J2,8j
(

− q; q2
)
j
(
q1+d/x; q2

)

= lim
x→q

⎡

⎣
j
(
qx; q2

)
j
(

− qx; q2
)
J32 j

(
− q2/x; q2

)

4J1,4J2,8J1,2j
(
q/x; q2

) +
qj

(
q2x; q2

)
j
(

− x; q2
)
J32 j

(
− q3/x; q2

)

4J1,4J2,8J1,2j
(
q2/x; q2

)

⎤

⎦

= lim
x→q

⎡

⎣
j
(
qx; q2

)
j
(

− qx; q2
)
J32 j

(
− x; q2

)

4J1,4J2,8J1,2j
(
qx; q2

) −
j
(
x; q2

)
j
(

− x; q2
)
J32 j

(
− qx; q2

)

4J1,4J2,8J1,2j
(
x; q2

)

⎤

⎦

= lim
x→q

⎡

⎣
j
(

− qx; q2
)
J32 j

(
− x; q2

)

4J1,4J2,8J1,2
−

j
(

− x; q2
)
J32 j

(
− qx; q2

)

4J1,4J2,8J1,2

⎤

⎦

= 0,

where in the second equality we used (3.2b) and (3.2c), and in the third equality we
simplified. Assembling the pieces, we have

lim
x→q

f2,2,1(x2, x, q) = J1J2. (7.2)

8 Computing-level N = 4 string functions
8.1 The string function c4040 − c4004 (2.8b)

It suffices to show (2.19b):

f3,3,1(−q2, q, q) − qf3,3,1(−q4 , q3, q) = J1J1,2, (8.1)

which is true by Lemma 3.16.

9 Computing-level N = 6 string functions
9.1 The string function c3351 (2.9a)

It suffices to show (2.20a):

f4,4,1(q4 , q3, q) = J2J3,12. (9.1)

In Corollary 3.13 we immediately see that

h4,4,1(q4 , q3, q) = 0. (9.2)

Hence, it follows from Corollary 3.13 that

f4,4,1(q4 , q3, q)

= −
3∑

d=0

q3(
d+1
2 )j(q6+3d ; q4)j(−q10−3d ; q12)J312j(−q3d ; q12)

J0,3J0,12j(−q−2; q12)j(q2+3d ; q12)

= −q2
j(q6; q4)J2,12J312
J0,3J2,12J2,12

− q5j(q9; q4)J7,12J312J3,12
J0,3J0,12J2,12J7,12

− q20j(q15; q4)J312J1,12J3,12
J0,3J0,12J2,12J1,12

= q−1 J1,4J312J3,12
J0,3J0,12J2,12

·
( J1,12
J1,12

− J7,12
J7,12

)
+ J2,4J312

J0,3J2,12

= q−1 J1,4J312J3,12
J0,3J0,12J2,12

·
( J1,12J7,12 − J1,12J7,12

J1,12J7,12

)
+ J2,4J312

J0,3J2,12
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= q−1 J1,4J312J3,12
J0,3J0,12J2,12

·
(2qJ6,24J4,24

J1,12J7,12

)
+ J2,4J312

J0,3J2,12
= J2J3,12,

where we have used (3.2b), collected terms, and then used (3.3a).

9.2 The string function c5151 + c5115 (2.9b)

It suffices to show (2.20b):

f4,4,1(q3, q2, q) + qf4,4,1(q5, q4 , q) = J2J6,12. (9.3)

We use Corollary 3.13. Considering (3.22), we see that two of the four summands vanish
right away giving us

h4,4,1(q3, q2, q) + qh4,4,1(q5, q4 , q)

= j(q3; q4)m(−q4 , q5,−1) + qj(q5; q4)m(−q4 , q5,−1)

= j(q3; q4)m(−q4 , q5,−1) − j(q; q4)m(−q4 , q5,−1)

= 0,

where we have used (3.2b) and (3.2c). Thus we have

f4,4,1(q3, q2, q) + qf4,4,1(q5, q4 , q)

= −
3∑

d=0

q3(
d+1
2 )j(q5+3d ; q4)j(−q10−3d ; q12)J312j(−q3+3d ; q12)

J0,3J0,12j(−q; q12)j(q2+3d ; q12)

− q
3∑

d=0

q3(
d+1
2 )j(q7+3d ; q4)j(−q10−3d ; q12)J312j(−q−3+3d ; q12)

J0,3J0,12j(−q−5; q12)j(q2+3d ; q12)

= J312
J0,3J0,12

[
q−1 J1,4J2,12J3,12

J1,12J2,12
+ 0 − q−1 J1,4J4,12J3,12

J1,12J4,12
+ J2,4J0,12

J1,12

]

+ J312
J0,3J0,12

[ J1,4J2,12J3,12
J5,12J2,12

− q
J2,4J0,12
J5,12

+ J1,4J4,12J3,12
J5,12J4,12

+ 0
]
,

where we have used (3.2b), (3.2c), and simplified. Regrouping terms, using (3.2c), and
simplifying, we have

f4,4,1(q3, q2, q) + qf4,4,1(q5, q4 , q)

= q−1 J312J1,4J3,12
J0,3J0,12J1,12

· J2,12J4,12 − J4,12J2,12
J2,12J8,12

+ J312J2,4
J0,3

· J5,12 − qJ11,12
J1,12J7,12

+ J312J1,4J3,12
J0,3J0,12J5,12

· J2,12J4,12 + J4,12J2,12
J2,12J8,12

= q−1 J312J1,4J3,12
J0,3J0,12J1,12

· J6
J2,6J212

·
(
J2,12J4,12 − J4,12J2,12

)

+ J312J1,4J3,12
J0,3J0,12J5,12

· J6
J2,6J212

·
(
J2,12J4,12 + J4,12J2,12

)

+ J312J2,4
J0,3

· J6
J1,6J212

·
(
J5,12 − qJ11,12

)
,
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where we have used (3.2d). Employing (3.3a), (3.3b), and (3.2a), yields

f4,4,1(q3, q2, q) + qf4,4,1(q5, q4 , q)

= q−1 J312J1,4J3,12
J0,3J0,12J1,12

· J6
J2,6J212

· 2q2J2,24J18,24 + J312J1,4J3,12
J0,3J0,12J5,12

· J6
J2,6J212

· 2J6,24J14,24

+ J312J2,4
J0,3

· J6
J1,6J212

· j(q;−q3)

= 2
J312J1,4J3,12
J0,3J0,12

· J6J6,24
J2J212

· J24
J212

·
(
qJ1,12 + J5,12

)
+ J312J2,4

J0,3
· J6
J1,6J212

· j(q;−q3)

= 2
J312J1,4J3,12
J0,3J0,12

· J6J6,24
J2J212

· J24
J212

· j(−q;−q3) + J312J2,4
J0,3

· J6
J1,6J212

· j(q;−q3),

where for the second equality we used (3.2f), and for the third equality we used (3.2a).
Applying (3.2e) gives

f4,4,1(q3, q2, q) + qf4,4,1(q5, q4 , q)

= 2
J312J1,4J3,12
J0,3J0,12

· J6J6,24
J2J212

· J24
J212

· J1,6J2,6
J3,12

+ J312J2,4
J0,3

· J6
J1,6J212

· J1,6J2,6
J3,12

= 1
2
J2J6,12 + 1

2
J2J6,12

= J2J6,12,

where the second equality follows from elementary product rearrangements.

9.3 The string function c5151 − c5115 (2.9c)

It suffices to show (2.20c):

f4,4,1(−q3, q2, q) − qf4,4,1(−q5, q4 , q) = J21 . (9.4)

From Lemma 3.16, we have

J21 = f4,4,1(−q3, q, q) − qf4,4,1(−q5, q3, q)

= −qf4,4,1(−q7, q2, q) + j(−q3; q4) + q4f4,4,1(−q9, q4 , q) − qj(−q5; q4)

= −qf4,4,1(−q5, q4 , q) + f4,4,1(−q3, q2, q),

where for the second equality we used (3.9) with (R, S) = (0, 1), and for the third we used
(3.2b) and (3.14).

10 Computing-level N = 8 string functions
10.1 The string function c4462 (2.10a)

It suffices to show (2.21a):

f5,5,1(q5, q4 , q) = J2J10, (10.1)

but this is just the first identity in Lemma 3.16.
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11 Computing-level N = 10 string functions
11.1 The string function c5591 (2.11b)

It suffices to show (2.22b):

f6,6,1(q6, q4 , q) = J4,10J3,15. (11.1)

We use Corollary 3.15. In (3.26), we have

h6,6,1(q6, q4 ,−1,−1) = j(q6; q6)m(−q3, q5,−1) + j(q4; q)m(q−3, q30,−1) = 0. (11.2)

Hence

f6,6,1(q6, q4 , q)

= − J330
J0,5J0,30

5∑

d=0
q5(

d+1
2 ) · j

(
q5d+9; q6

)
j
( − q27−5d ; q30

)
j
( − q5d ; q30

)

j
( − q−3; q30)j(q5d+3; q30

)

= J330
J0,5J0,30J3,30

[ J3,6J27,30J0,30
J3,30

− q−2 · J2,6J22,30J5,30
J8,30

+ q−3 · J1,6J17,30J10,30
J13,30

− q−3 · J1,6J7,30J20,30
J23,30

+ q−2 · J2,6J2,30J25,30
J28,30

]
,

where we have used (3.2b). Using (3.2c) and regrouping terms yields

f6,6,1(q6, q4 , q)

= J330
J0,5J0,30J3,30

[ J3,6J27,30J0,30
J3,30

+ q−2 · J2J5,30 · J2,30J8,30 − J8,30J2,30
J2,30J8,30

+ q−3 · J1,6J10,30 · J13,30J7,30 − J7,30J13,30
J7,30J13,30

]

= J330
J0,5J0,30J3,30

[ J3,6J27,30J0,30
J3,30

+ 2 · J2J5,30J6,60J40,60
J2,30J8,30

− 2q4 · J1,6J10,30J6,60J50,60
J7,30J13,30

]
,

where we have used (3.3a). We focus on the last two summands:

J2,6J5,30J6,60J40,60
J2,30J8,30

− q4 · J1,6J10,30J6,60J50,60
J7,30J13,30

= J6,60J5,30J10,30 · J60
J230

·
[ J2,6J10,30
J2,30J8,30

− q4 · J1,6J5,30
J7,30J13,30

]

= J6,60J5,30J10,30 · J6
J530

· J60
J230

·
[
J14,30J20,30J26,30J10,30 − q4 · J1,30J19,30J25,30J5,30

]
.

If we specialize Proposition 3.1 with a = q15, b = q10, c = q6, d = q5, we have

J16,30J20,30J26,30J10,30 + q4 · J1,30J11,30J25,30J5,30 = J21,30J9,30J15,30J5,30. (11.3)

Using (3.2c) we can then write

f6,6,1(q6, q4 , q) = J330
J0,5

J3,6
J3,30

+ 2 · J6,60J5,30J10,30
J0,5J0,30J3,30

· J6J60
J430

·

·
[
2J16,30J20,30J26,30J10,30 − J9,30J21,30J15,30J5,30

]
.

The result follows from the two identities in Lemma 3.3.
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12 Concluding remarks and a question for further research
We have derived the expressions for even-level string functions for an irreducible highest
weight module of Kac–Moody Lie algebra A(1)

1 in terms of double-sums of the form
fK+1,K+1,1(x, y, q). These double-sums may be expressed in terms of theta functions and
Appell–Lerch functions: the building blocks of Ramanujan’s mock theta functions.
There are also questions for future research. For example, can one use a variation of the

techniques in this paper in order to reduce the number of theta quotients that appear in
the initial expressions for the odd-level A(1)

1 string functions?
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