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1 Introduction

Let ¢ be a complex number where g := ¢>™* and 7 € §) := {z € C|Imz > 0}. The goal of
this paper is to find new symmetries for string functions for affine Kac—-Moody algebras
and then use the new symmetries to give new proofs of classical string function identities.
We do so by putting the string functions into the setting of Hecke-type double-sums as
studied by the first author and Hickerson [15]. Let us start with a brief reminder of what
a string function is in this case. For details, see [17,18].

For the affine Kac—Moody algebra g = A(ll) the simple roots are ¢ = § —@ and o} = o,
where o is the root of A; Lie subalgebra and § is the imaginary root. Denote by A¢ and
A1 corresponding fundamental weights. Denote by P, the subset of integral dominant
weights in the weight lattice ZAg @ ZA1, Py = {aAo+ bA1,a,b € Z>o}.

Let L(A), A € P, be an irreducible g-module with highest weight A € P, of level N:

A=(N—-0Ay+ LA
Define the character of L(A) as a function
chya)(z q) = Z mults (A)g?z4 75,
reP(A)Ch*
Here a sum is taken over all weights of a module; these are weights that occur in L(), i.e.,
A=A —Aaog — Bay, where A, B € Z>o.
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Itis possible to express the character via the subset of weights of a module called maximal
weights. A weight A € P(A) is called maximal if A + 8 ¢ P(A). We will parametrize
maximal weights of the module as

A= (N —m)Aog+ mA;.
For a maximal weight A € P(A) the string function of X is defined as
Nq) = N @) =P Y multa (. — nd)g" =: C)),(q), (1.1)

n>0
where

1 (e+1)?> w?
Wi=sm EN) = —< 4 ——— —
sa(d) :=s(m ) g + N T2 N

The character of L(A) can be expressed in terms of theta functions and string functions
as (See ([17,18,25] for details and for how to extend it to other Kac—Moody algebras)

chum@d = Y Chi@Omn(zq),

0<m<2N
m+Leven

(1.2)

where ©,,,,(z, q) is a Jacobi theta function of degree m and characteristic #

Onm(z q) = Z qmjzz—mj‘
jeZtn/am

The Cﬁi (q) are level-N A(ll) string functions, see (1.1).
We recall the definition of Dedkind’s eta-function:

1
n(r) :=q2

—12

(1—4").

n=1

The character can be computed as (see [25,26] and references therein)

1 21 . 2
chu(n)(z0) = 33 D (- 1)ig N2 E D/ CN+2)

me2Z+L jeZ ieN

% { q%i(Z(N+2)/'+€+1) _ q—%i(2(N+2)j+K+1) ] Z—%m’

which gives the expression for string functions as

(412 2
q*NFD AN Co1 . .
Cy];\q[’[(q) — ng(r) 2 : 2 :(_l)zqZt(l+m)+}((N+2)/+Z+1)

JEZ ieN

% { q%i(Z(N-i-Z)j-i-l-&-l) _

q—%i(Z(N+2)/+@+1) ] (1.3)

This is our starting point.

2 Main results
To state our main results, we define Hecke-type double-sum as follows. Let x, y € C\{0},
and set

1 ifr >0,

sg(r) .=
-1 ifr <0,
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then
fa,b,c(xl Y, q) = Z Sg(r)(— 1)r+sxrysqﬂ(;)+brs+c(;)' 2.1)
1,SEZ
sg(r)=sg(s)

We also recall notation for infinite products and theta functions. We have

Woo = W Poo = [ [A — g0 and jx;q) = Y (=1)"q0)x" = ()o0(q/%)o0 (@)oo
i=0 n=—00

where in the last line the equivalence of product and sum follows from Jacobi’s triple
product identity. We note that j(¢g”;q) = 0 for n € Z. Let a and m be integers with m
positive. Define

o0
Jam =7@%q™y Tam = j(=q%q"™) Jn = Tmsm =] [@ = q™).
i=1
Before we state our main results, we recall the classic symmetries for string functions.
They are

C (@) =CN,..(),
Cr];\q[,[(q) = Cg\[,m,e(q),
Coo(@) = CN_pun—e(@)-

We also remind the reader of our definition for sa (1) (1.2). Our new symmetries read
Theorem 2.1 We have
5(m,6,2K)
i
£ g2 KO i1 (Eg OO, 13070, ) (2.9)

1 1
C,Z,ﬁ(q) + szfg—m,z@ _ <ﬁ<+1,1<+1,1(iq1+2(K+Z)f q1+2(m+l), )

Corollary 2.2 We have

s(m,K,2K)

T

q K+1
2

1
Conkc (@) = ficr1i411(g< Y, g 20O, ), (2.3)

Corollary 2.3 For K = £ (mod 2), we have

S(K,4,2K)
2K q

Cie(@) = —5—fk+1k+1,1(q

1 _ Ll
]i% 1+2(K+€)’ ql 7 (K i), q). (2.4)

Theorem 2.1 and its two corollaries provide an alternative way for interpreting and
proving the string function expressions for affine Lie algebras of type A(ll) found in Kac
and Peterson [18]. In [18, pp. 219-220], Kac and Peterson give several examples of string
functions for affine Lie algebras of type A(ll) that have beautiful evaluations in terms of
theta functions. See also [19,20]. If we fix a positive integer m, their string functions are
of the form [18, p. 260]:

1 2,2
w0 = oy > sg@g " 2e (5)
(x,y)eR?
—lxl<y<l|x|
(%) or (1/27x,1/2+y)e((NJr1)/2(m+2),n/2m)+Z2
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where N and # are integers with » = N (mod 2). The string functions ci\(r) are closely
related to the real quadratic fields Q(y/m(m + 2)) and to Hecke indefinite modular forms.
We have replaced Kac and Peterson’s notation (1, N, m) with (m, £, N) of [25]. Here our
focus will be on double-sum evaluations. A partial list of string functions from [18, pp.
219-220] reads

Level 1:
clo =) (2.6a)
Level 2:
a1 = (1) n(27), (2.72)
Level 4:
ca9 = n(r)2n(67) " 'n(127)% (2.8a)
ca0 — cgq = n21)7Y, (2.8b)
Level 6:
B = n(r)3n2o)nBr)n6r) 'n(121), (2.9a)
31 + 5t = n(z) n21)n(67)*n(127) 7, (2.9b)
2l — s =n(0) 7 (2.9¢)
Level 8:
cgs = n(r)">n(27)n(107), (2.10a)
g — e =nm) )¢ T a—-4") (2.10b)
n#+l (mod 5)
Level 10:
eg5 = (1) nQ@o)n(57) ! n(107)?, (2.11a)
gy =003 ] a-¢ [] a-4" (2.11b)
n#+1l (mod 5) n#+2 (mod 5)
cor —cis =n(@®) n2og [ a-4"7h (2.110)
n=+1 (mod 5)

In this paper we rewrite the double-sum form of string functions (2.5) using an expression
found in [25], where from [25] and [18, p. 260] we have that

(12 2

_m? 1 1o
f(r)c%jﬁfm = g¥ N TN -ﬁ,1+1\z,1(ql+2(m+€): g " 2m0), q). (2.12)

Kac and Peterson appeal to modularity to prove the string function identities [18, p. 220].
Specifically, they use the transformation law for string functions under the full modular
group, together with the calculation of the first few terms in the Fourier expansions of
the string functions. They also take advantage of the fact that a modular form vanishing
at cusps to sufficiently high order is zero. There are many methods to compute string
functions, see [18, pp. 222—-223] for a brief outline. In our present work, we will take a
different approach.

Once string function identities (2.6a)—(2.11c) have been written in terms of suitable
Hecke-type double-sums, see (2.15)—(2.22c), their modularity can be determined using
results of [15], see in particular the formulas found in Sect. 3.3.
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We recall a simple example of more general results found in [15]. For genericx, z € C\{0}
we define our Appell-Lerch function as

15 (1) q®er

Gy 2) = . 2.13
m(x; q, z) ) 21— g ez (2.13)
One of the simplest results from [15] then reads
, x4 . Y 3
21069 9) =i q)M(y—Z:q ,—1) +j(x; q)M(x—z, q°, 1)
350wt Vi 2o 73
VW3i(—=x/y; )j(q"xy; q°) (2.14)

 Tos/(—ay? /% P)i(—ax? [y q?)

Such formulas were found by using a heuristic that relates Appell-Lerch functions to
divergent partial theta functions, see [15, Section 3] and [23, Section 4].

For an easy demonstration of (2.14), we consider the case level N = 1. It is straightfor-
ward to see from (2.5) that (2.6a) is equivalent to showing:

fi2i1@aq) =Tt (2.15)

One sees from (2.14) that

. . 1 J3T0,1)4,3
fi21(@ 4.@) = @ Dma ¢ D) + j@ )mlq 6% —1) — — - L2V
Jo3 Ja23

=0+0+J% =/},

where we used the fact that j(x;q) = 0 if and only if x is an integral power of g and
elementary product rearrangements. On the other hand, if we make a slight variation in
the inputs, we have

fi21@ —a @) = j(—g; @)m(g, ¢*, —1) + 0+ 0 = 2] 1am(q, 4>, —1) =T 14 - $(q),

where ¢(q) is a sixth-order mock theta function [4].

In general, one needs to be aware of the number of theta quotients that must be dealt
with in simplifying the results. Double-sums of the form f; ,,+11 require computing 7>
theta quotients, see in particular Theorem 3.8. For example, one sees from (2.5) that
(2.11b) is equivalent to showing

fiini(g® ¢ q) = Ja10/315 (2.16)

which requires working with one-hundred theta quotients!

Looking for ways to reduce the number of theta quotients in Theorem 3.8 or for better
ways to write Theorem 3.8 is an important question. Many of Ramanujan’s mock theta
function identities involve a single quotient of theta functions. One wants to somehow
understand how he was led to these single quotient identities. As an example, we can
revisit the four tenth-order mock theta functions [8,24]. Three of them read

(n+1) (n+2) _ 1\ (VH”l)z
. q\ 2 ._ g — %
dr0lq) = Z (4 q%)nt1’ Violg) = Z ey x10(g) Z (—@ Dant1’

n>0 n>0 n>0
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and they can all be expressed in terms of Hecke-type double-sums [6,7,15]. The four
functions also satisfy six single-quotient theta function identities [6—8,24]. For one of
them, we have [8,24]

5 J1,2/(—q% —qlo)‘

2.17
J2,8 @17)

$10(9) — 9 "¥10(—q") + g *x10(q

The six identities were originally found in Ramanjuan’s lost notebook [24]. What led
Ramanujan to these identities is a mystery. In fact, in Andrews and Berndt’s final volume
on Ramanujan’s lost notebook [3, p. 396], they state

“It is inconceivable that an identity such as (2.17) could be stumbled upon by a mindless
search algorithm without any overarching theoretical insight.”
A proof of (2.17) using Theorem 3.8 is involved [22], so one would like to know if there
is a better form of Theorem 3.8 which sheds light on what guided Ramanujan to so many
single-quotient that function identities.

Double-sums of the form fx+1,x+1,1 that appear in Theorem 2.1 only have K + 1 theta
quotients that need to be summed. Using our main theorem and its corollaries, string
function identities (2.7a)—(2.11c) are equivalent to the respective double-sum evaluations:

Level 2:
Fo1(dh g @) = I (2.18a)
Level 4:
a 3105 1, q) = e (2.19a)
f31(=a* a.q) — af331(—4* ¢° @) = i (2.19b)
Level 6:
faa1(qh 4> @) = JJs12, (2.20a)
fa11(q 4% @) + afaai (@ a* @) = JJe 12 (2.20b)
foa1(—a> 4% @) — afsai(—q° q* q) = JE, (2.20¢)
Level 8:
f551° a*% @) = F2Jo, (2.21a)
f51(—=q" a° q) — afs51(=4% a° @) = I,2J320 (2.21b)
Level 10:
a Yfo61(a° 1, q) = JoJ 5,00, (2.22a)
fo61a% a* q) = Ja10/3,15 (2.22b)
JoJ
foor(—a% 4% @) — o1 (—a% 4% q) = 5. (2.22¢)
JiJa,20

In particular our example in (2.16) becomes (2.22b), which only requires working with
six theta quotients, see Theorem 3.10.

In [15] we demonstrated that the double-sum formulas give straightforward proofs of
the classical mock theta function identities, and in particular the formulas give new proofs
of the mock theta conjectures [13,14]. The focus here is to demonstrate the robustness of
our approach in application to string functions. We evaluate eight string functions using
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double-sum formulas. Four double-sum computations are pieced together from previous
results, and four double-sum computations are new.

In Sect. 3, we recall background information on theta functions, Appell-Lerch functions,
and Hecke-type double-sums. In Sect. 4, we discuss classical string function relations in the
environment of Hecke-type double-sums. In Sect. 5, we obtain (2.12), where the corrected
proof comes from a sketch found in [15, Example 1.3]. In Sect.6, we prove our main
result: Theorem 2.1 and its two corollaries, which one could consider to be new string
function relations. In the remaining sections, we use Theorem 2.1 to prove even-level
string function identities.

In Sect. 7, we evaluate the level N = 2 string function CH (2.7a). In Sect. 8, we evaluate
the level N = 4 string function cgg — cgg (2.8b), where the proof is essentially from [23].
In Sect. 9, we evaluate the level N = 6 string functions cg? (2.9a) and cg% + c% (2.9b). In
Sect. 9, we also evaluate the level N = 6 string function c2] — ¢3! (2.9¢), where the proof is
essentially from [23]. In Sect. 10, we evaluate the level N = 8 string function cgg (2.10a),
where the proof is essentially from [15]. In Sect. 11, we evaluate the level N = 10 string
function cgf (2.11Db).

For a brief historical perspective, around same time as [18], Lepowsky and Primc gave g-
hypergeometric expressions for the sl string functions [21]. There have been many types
of proofs of identities (2.18a)—(2.22c) over the years since they were first announced. For
example, in [1,2] Andrews proves many of the identities using the constant term method
and Bailey pair method, respectively. There have been string functions which generalize
Cﬁi /(@) [12,16]. There have also been numerous further developments concerning gener-
alized modularity of string functions such as a recent result by Dong, Kac, Ren [9] using
algebraic methods. Placing string functions into the double-sum setting [15, Example 1.3]
has recently led to Dousse and Osburn’s resolution [10] of a problem of Byrne et al [5].

3 Preliminaries
3.1 Theta functions

We collect some frequently encountered product rearrangements:

- - 27 - J5 -l
=2 = 5 = 5.9 = 7 =
Jo1 =214 A J1,2 72 J1,2 7 J13 e
Wi, ¢ - BRI
ha = J2 s = /2]3’]1’6 A
Following from the definitions are the following general identities:
m—1
jg) = 3 (~Dr g (1 g kg g, (3.22)
k=0
j@"xq) = (~1)'q Dx " q), nez, (3.2b)
joxsq) = j(a/x; q), (32¢)
jq) = Nij(e g™jilgrs g™ - i@ as g™ gl if > 1 (3.2d)
6 —q) = j(x: q*)i(—qx: 4*) /1.4 (3.2¢)
J&"q") = Tajx @)j(Cuxs q) - - jE0 s g™ [T (3.2f)

ifn > 1, ¢, is a primitive n-th root of unity.
A convenient form of the Weierstrass three-term relation for theta functions is,
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Proposition 3.1 For generic a, b, ¢, d € C\{0}
jlac;q)j(a/c; q)j(bd; q)j(b/d; q)
= jlad; q)j(a/d; q)j(bc; q)j(b/c;q) + b/c - jlab; q)j(a/b; q)j(cd; q)j(c/d; q).

We collect several useful results about theta functions in terms of a proposition [13,14]:

Proposition 3.2 For generic x, y, z € C\{0}
(=% 9)i(q) — jo; )i (—y; @) = 2%y 47V (arys 1), (3.3a)
J(—=%9)i ¥ q) + 0 @)j(—y; q) = 2i(xy; 4*)j(gx "y 4P (3.3b)

We finish the subsection by giving a few examples of elementary theta function identities
and product rearrangements in action.

Lemma 3.3 We have

&]3_,6 _9. Jo,607 5,30/ 10,30 JeJeo

< it - J9,30/21,30/15,30/5,30 = 0, (3.4)
Jo,5 73,30 Joslo30/330  Jso
and
Jo6075,30/ 1030 JoJeo
4 . 22 . - J16,30/20,30/26,30/10,30 = J4,10/3,15. (3.5)
Joslo30/330 T

Proof of Lemma 3.3 For the first summand in (3.4), we apply (3.2d) to J3 ¢ to obtain
]§)0]3,6 _ ]:;?0

6
= = - 13,30/9,30/15,30/21,30/27,30 - 75~
Jos/330  Jo5/330 30
_ /330/9,30/15,30/21,30/6
= T2
Jos30

For the second summand, we begin by applying (3.2f) to Js,60 to have

/6 60/5,30/ 10,30 JeJeo

- J9,30/21,30/15,30/5,30
]05]0301330 5o
T 5,30/ 10,30 = Jeo JeJeo
=2 ————=—J330/330 " 73 - =5 /930/21,30/1530/530
Jo,570,30/3,30 J50 T30
] 5,30/ 10,30 Js
——=— - J330 - - J9,30/21,30/15,30/5,305
Jos ]30
where we have used the product rearrangement 70)1 = 2]22 /J1 and simplified.

Applying (3.2f) to the product ]5,3075,30 yields

]6 60/5,30/ 10,30 JeJso
]0 sJ030/330  Jay

- J9,30/21,30/15,30/5,30

2
]10 30 - J3,30 - ] - J9,30/21,30/15,30/10,60 T
]0 5 30 ]60

zkﬁ ]_6 Jo.30/21.30] .]_10]620.]3&.]20]320
Jos T3 RORLI30 T o Jeo TioJeo

_ 330/9,30/15,30/21,30/6
= T o2
Jo5/30
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where for the second equality we used the product rearrangements for J 3 and /1,6, and
for the third equality we simplified.

For second identity (3.5), we use the product rearrangements for /1, /16, and J; 3 and
simplify to have

Jo,6075,30/ 10,30 J6Jo
4.2 - —3— - /16,30/20,30/26,30/10,30
JosJo030/330 3o

Je6,60/5,30/ 1030 J6 Js
=———"" 5 Ji1630)26,30 - —

7 3
J3,30 J350 J60
Joo Jo J10/15
== -J1630/2630 -
J330 T3 Joo

Js
=J330 - 77 - J1630/26,30 - J10/15,
30

where for the last equality we used (3.2f). Identity (3.2d) gives us

Jio 15
Jo,10 = J6,30/16,30)26,30 - 5~ and J3,15 = J3,30/18,30 - 2
30 30

Hence we can rewrite the right-hand side as

J6 JeJ30
J330 - =3 - J16,30/26,30 - J10J15 = J6,10/3,15 - 7———— = Ja10/315
J30 J6,30/18,30
where we have used the product rearrangement J; 5/55 = /1/5 and (3.2c¢). O

3.2 Appell-Lerch functions

The Appell-Lerch function satisfies several functional equations and identities [15,27]:

Proposition 3.4 For generic x,z € C\{0}

m(x, g, z) = m(x, q, qz), (3.6a)
mx, g z) =5 'mxt, g, 27", (3.6b)
m(gqx, q,z) = 1 — xm(x, q, z), (3.6¢)
m(x, q,2) = m(x g x~'z7"), (3.6d)

20/ 3j(z1/20; @)j(x2021; q)

m(x, 4, z1) — m(x, g, z0) = - ‘ ‘ . . (3.6€)
4 B e iter; @) wzos @)z )
Some simple evaluations of the Appell-Lerch function follow.
Corollary 3.5 We have
m(g g% —1) = 1/2, (3.7)
m(—1,4% q) =0, (3.8)

3.3 Hecke-type double-sums
We recall a few basic properties of Hecke-type double-sums. We have a proposition and

a corollary

Proposition 3.6 [15, Proposition 6.3] Forx,y € C\{0} and R, S € Z

R S
fube®2,q) = ()R (—y)Sq QRS HQ)f | (q9RHBS x, gbRYeSy, )

15
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R-1 S—1
+ 30" Djq"y; )+ Y (9" D" x4, (3.9)
m=0 m=0

When b < a we adopt the summation convention that

b

a—1
== cw (3.10)

n=a n=b+1

which has the useful consequence

-1 -1
ch =— ch =0. (3.11)
n=0 n=0

Usually when (3.9) is used in this paper, the two summands of theta functions in the
second row are always equal to zero. In such cases, it is due to the fact that j(x;q) = 0 if
and only if x is an integral power of g. The only exception occurs in the last subsection of
Sect. 9.

Corollary 3.7 [15, Corollary 6.4] We have two simple specializations:

Fube® % @) = — 9@ gy, q) + j(x; 4%, (3.12)
Fube® % @) = — 2fyp.0(a"% 4%y, @) + i3 4°). (3.13)

We also have the property [15, (6.2)]:

a-+b+c _ oeth
S @0 1%, 7T )y, q). (3.14)

q
fﬂ,b,c(xi Y q) = -
Xy

One can determine the theta function expressions of string functions using results of
[15]. However, there are two recurring issues that must be kept in mind. The first issue is
the number of theta quotients that must be computed, and the second issue is potential
singularities.

To state our results, we introduce the useful

, b+1y_ _ 2
€161 % 4 21, 20) = j (95 q)fﬂ(q( 2 ) la(—y) b gP Zl)
b
+ j(x; q)m(q( 31)_1y(—x)_b, qbz_l, zo)' (3.15)
In [15, Theorem 1.3], we specialize n = 1, to have

Theorem 3.8 Let p be a positive integer. For generic x,y € C\{0}

1
,fl,p-i—l,l(x) yl Q) = gl,p-‘rl,l(xJ y; 9, _1; _1) + = : Qp(xl y; 0]);

Jop-+p)
where
p—1p-1 )
Oy q) =y 3 g IFPOCEHED (et
r=0 s=0
. _ 2, ., 2
];2(2+p )](_qp(s Ny, g )j(qtCHPIr+s)+r(+p)gpyp. qp° (2+p))

’ j(gP P PAHR)2(— ) 142 [ (—x); g CAD))j (P CAPISTPAP)2(—x) 14D [ (—y); g 2+P))
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The specialization for p = 1 will be of importance. It is just (2.14):

Corollary 3.9 We have

( Z _ Z )(_1)r+sxrysq(£)+2rs+(§)

ns>0  rs<0
2

350 e Vi A2 amre 13
=j0s q)m(y 43— )+,(x,q)m< xzy s _1> _ V3i(=x/y;q)ji(a”xy; q°)

To3i(—ay*/x —ax2/y; q3)
(3.16)

For another useful result, we specialize [15, Theorem 1.4]toa = b =n,c = 1.

Theorem 3.10 Let n be a positive integer. Then

1
Jan1(6 % q) = hpn1% 9, ¢ —1, —1) — =————— - 0,(%, %, ),
]OVI 1]0;127;4

where

M1 9, @ 21, 20) = = j(x; q”)M< —q" L " Zl)
+ iy q)m(q(g)x(—y)*”, q”z’”, ZO),

and

d+1 , V(0
(% 9, q) _Zq(i’l n(“; ( (n— 1)(d+1)y q )]( _qn(n 1)—(n 1)(d+l)xy qn(n 1))
d=0

ls(nflﬂ(q(;)ﬂn_n(dﬂ)(—y)l’”; ")

. ]( _ q(g)x(_y)—n;qn(nf1))l’(q(l’l*1)(d+1)x*1y; qn(nfl)).

Theorem 3.10 has the following specializations.

Corollary 3.11 We have

fo21® 9, q) = ha21(% 5, ¢ —1,—1)
d
B i q( ;1)]_(q1+dy; q2)]( _ l—dx/y; 2)]31( _ 2+d/y; qZ)

_ . (3.17)
= 4f1,4) 281 ( — ax/9% 4)j (4" +4y/%: 4%)

where

hyo1 (%9, @ —1, —1) = j(x;¢*)m(—qx "y, q —1) + j(y; @)mlgey =% g% —1).  (3.18)

Corollary 3.12 We have

f3,3,1(x1 Y q) = h3,3,1(x) Y9 _11 _1)

d(d+1) j( 2+42d

=Y 7y °)i(— 4" /5 4°) (a5 1y 4°)
= 4J28624/(a 3x/y q°)i(a***%y/%q°)

, (3.19)

15
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where

h331(% 9, g —1, —1) = j(x; ¢ )m(—q*x 1y, ¢ —1) + j(y; @)m(—q>xy~3, 4% —1).
(3.20)

Corollary 3.13 We have

Saa1(xy, q) = h441(x,y, ¢ —1,-1)

d+ . _ .
Z a2 i@y q")(—a*x/y "2 Rj (—4*+ 2 5% 4™2)
Jo3J012/(—q%%/y*% )i (q% 34y /x; q1?)
(3.21)
where
haa1 (6% ¢ =1 —1) = j(x; gYm( — ¢y/x% ¢°, 1) + js @)m(q°x /¥, ¢'% —1).
(3.22)
Corollary 3.14 We have
So,51% 9, q) = hs51(% 9, ¢ —1, —1)
4 . . _
B qu(“l)](q%z;dg,; qf)/( 714y~ q20) )3 (g4 420)
JoaJ 0,20/ (7" 0%y =>; qz")](q‘L+ ddy=1y; q%0)
(3.23)

where
hs51(% 9, g 21, 20) = j; @ )m(—q*x "1y, g% z1) + j (o @m(—q"xy >, 4%, z0). (3.24)
Corollary 3.15 We have
Jo61(% 9, q) = he61(% 9, g, —1, —1)
4555y, g%0)j (= g20+54y~5

5 d+1 .
-y (2 )13 (%55 4°)j( — xy~ gty 5 q
= /o,s]o,aof(—qlsx)’ ;6130)1(615”’+ Sx71y,4%)

30)

(3.25)
where
he61( 9, 4, 21, 20) = j(x: q")m(=q°yx"", 6% 21) + 05 m(q"xy =6, 4%, z0).  (3.26)
We finish with a few example computations that can be found in the literature.

Lemma 3.16 We have

.f5,5,1(q5) q4: 61) =210, (3.273)
foa1(=a° % @) —q Vaar (=% 4 9) = —q T, (3.27b)
B4 ) — a7 31(~a% 4 9) = —q i (3.27¢)

Proof of Lemma 3.16 All three identities have been shown using the appropriate special-
izations of Theorem 3.10. The first can be found in [15, Section 7] and the last two in [23,
Lemma 3.11]. O
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4 Classical string function relations and Hecke-type double-sums
In this section we use the environment of Hecke-type double-sums and their functional
equations such as (3.9) and (3.14) to show that

_l, (e)?
g 8TaNT) 4N

Uiy
satisfies the same classical symmetries for string functions. We recall the classical identities
[25, (3.4), (3.5)]:

1 1
Ly lmt) g 1=3m=0 ), (4.1)

S o(q) = f1,1+8,1(q

Siolq) = SN, (@), (4.2)
Sf\n[,g(Q) = SéVN_m,z(Q): (4.3)
Shee(@) = SN_n—e(@). (4.4)

Proof for Identity (4.2): We have

1 (f+1)2)7m_1\2[
q 8 " 4(N+2) 4 1 1,
Sy (q) = 7 i (g 200, g2t g
1
1, (e+1?*  m?
8TaN+F2) TaN 1, 1,
= q—3 'f1,1+N,1(611_2( " e),q1+2( mH);Q)
Ji
_1, e41)?  (omp?
8T4(N+2)~ 4N 1, 1,
=1 73 Srena(g 20O, gm0 g
1

where symmetry allows us to write

ﬁ,l+M1(x) y) q) z_fl,l-‘rl\[,l (J/; X, q)

Proof for Identity (4.3): Specializing (3.9) with (R, S) = (1, —1) gives

143 0m+0) qk%(mw ~N+1+3(m+0) qN+lf%(m7€) 2

fiiini(g 7) = 4" Nfiiinilg

LoN_m— Lon-
:qm—Nﬁ,l+M1(q1—2(2N m Z),q1+2(2N m+6) )

(N—m+0) ql—%(zN—m—E)’

1
=q"Nfi1eni(g' "2 7).
As a result,

1, (+1?  m?

g 8 ANT2) AN doen Ll

e = —p hal T2, 417300, g
1
1 (41?2 m
“stangz ant -N Lo L
_1 = fl,1+N,1(ql+2(2N m+£))q1 5(@N—m e))q)
1

1, (t+1)?2  (2N-m)?
q_8+4(N+2)_ N

= 3 fLH—N,l(q
Ji
N

— Y2N-m,(* O

1+%(2N7m+€), qlf%(Zmefé), 2)
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Proof for Identity (4.4): Specializing (3.9) with (R, S) = (1, 0) gives

1 L.
fl,l+]\f,1(q1+2(m+e)) 6]1 2(Wl l)) Q)

1 1 D Y
_ _q1+2(m+e) .ﬁ,1+N,1(q2+2(m+e) 2+N -5 (m—t)

)q ’Q)

1+N—%(m+€)) q1+%(m—€), )

1 1
=20 fiiina(g'T HN=meN =0 gt 2 W (N=0)

1 _1-
=q1+2(m+[)_ 1 e',fll-ﬁ—l\[,l(q

,q)

where for the second equality we used (3.14). Hence

_l+(f+1)2) m>
8 T4(N+2) 4N 1 1
Sh = q]—3 Sirni (g, g1ma0m=0 oy
1
1, (41> w? 1
—3tawty an T2 M0 . .
= 1 3 .fl,l_’_le(qlJri(meJerl)’ qlfi(mef(N,g))’ q)
Ji
+M N—m)>
T8TTAN+2) T AN 1 )
=* 3 SFirni(g AW mN=0 Glm g (N=m=(N=0) oy
Ji
N
= SN-mN-t-

5 Deriving the general integral-level N string function

We derive (2.12). We recall the notation from [25] that m, N € N, ¢ € {0,1,2,...,N},
m = £ (mod 2), where N is the level. In [25, p. 236], see also [11, (3.17)], one finds the
Hecke-type form for the general integral-level string function:

Proposition 5.1 We have
Chr o) = SY. (@) (5.1)
where SNZ(q) is given by (4.1).

We begin with an identity from [25]:
s(m ¢,N)

N (q) = {Z Z} 1)k ,q )~Njk+3 k(m— l)+2](m+£)‘ (5.2)
jz1  j=<0
k<0 k>1
where from (1.2):
2 2
s(m, €, N) = —§ + {5 — o (5.3)

We rewrite the above double-sum:
s(m,t,N)

@3

q

S (1) q(k;")—Nijr%k(m—2)+%j(m+e)
j>1
k<0
s(m,¢,N)

(g =

. (k=) o1 1.
_ q Z(_l)k—/q( 21)*]\[1k+§k(m7€)+§](m+€)

j<0
k>1

@3
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N .
gt Z(_l)k+jq(k+§+1)+]\[jk7%k(mfé)Jr%j(erZ)
@3 =
k>0
gt Z(_l)k+jq(k+é“)+zvjk—%k(m_z>+%j<m+e)
3
k<0
s(m,¢,N) k-+j+2 . 1 1.
_ q Z(_l)k+/+1q( NG+ Dk~ 5 k(m—8)+5 (+1)(m+e)
@ =
k>0
s(m,¢,N) . k+j+2 . 1 1,.
_ q_Z(_l)k+;+1q( JP2) 4N 4+ k= 5 Km—0)+ 3 (+1)(m+0)
3
(q)OO j<0
k<0
g "N k41 (D) NG+ Dk— L k(m—0)+ L 1) m+0)
= (q)3 (Z_Z)(_l) q ? 2 2
o0 j>0  j<0
k>0 k<0
(m,t,N)
_ _qs(’") i q1+%(’"+6)f1,N+1,1( q2+N—%(m—Z), q2+%(m+(i), 9
S

where we have used k — —k,j — j + 1. We recall identity (3.12)

Fune® % @) = —¥func(@% 4%y, q) + j(x; 4%,

and the fact that j(z; ¢) = 0 if and only if z = g", n € Z. This gives

N qs(m,l,N) 1—l(m—€) 1+1(m+g) . 1+l(m+i)
Cnelq) = —S(fl,N+1,1(q : 4 ) —jla ;q))
(@3
qs(m,Z,N)
= ]?
qs(m,l,N)

I

= ,1;[,,((61)»

- % (m—i), 1+ % (Wl-‘rf)’ q9)

fieni(g' q

1 1
145 (m+¢ 1—-5(m—¢
30n0) [ 1=5m—)

f1n1(g q q)

for the second equality the condition m = ¢ (mod 2) forces that

o141

jlg't20;q) = 0. (5.4)
For the third equality, the x and y in fi,ny+1,1(% 7, ¢) can be swapped because of symmetry

in the definition of (2.1).

6 Proof of the main theorem and its two corollaries
The driving force of our proof is the following proposition.

Proposition 6.1 We have

1+K+d _1+K+e
’ )

K+d+e
foak+11@ ¢% ) £q ¢ fiaks11(q
K+d+e)/2 qd

q q)

»q)
243K —d—e)/2 qK+27e

= ficr 1 +11 (T4

- q(KH*d*e)/zf

K+1.K+1,1(Fq q). (6.1)

Page 15 of 23

15
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Proof of Proposition 6.1 We have

d K+d+te 1+K+d
frok+11% 959 +q = fiakti(@ ™t g q)
A e
- ol

u,v
u=v mod 2

( > -2 )(—1)’61(’(*1)”2/2+<d+e—1>n/2—1<1’2/2+<d—e>//2

n+j>0  n+j<0
n—j>0 n—j<0

1+K+-e
2

n
2 _ L g2 Y
=§ :q(KJrl)n /2+(d+e—1)n/2 § :(—1)’q Kj*/2+(d—e)j/2

n>0 j=—n
_ Zq(K-H)n /2+(d+e—1)n/2 Z (—1Yq Kj? /24 (d—e)j/2
n<0 n<j<-n

n
2 _ N ) Y
— § :q(K+l)n /2+(d+e—1)n/2 § :(_l)jq Kj* /2+(d—e)j/2

n>0 j=—n
P 2 _ o . _ .2 _ .
‘Z gKADA=12 2+ (d+e=1)(=n=1)/2 Z (—1) g~k /2+d=e)j/2
n>0 —n—1<j<n+1

n
_ Z q<1<+1)n2/2+<d+e—1)n/2 Z (_lyq—lﬁz/zw—e)j/z
n>0 j=—n
n
_ Z q(1(+l)n2 /2+(2K+3—d—e)n/24+(K+2—d—e)/2 Z (_l)j q—1<j2 /24+(d—e)j/2

n>0 j=—n

Z sg(]«)(_l)j q(K+1)n2 /2+(d+e—1)n/2—Kj2 /2+(d—e)j /2

sg(j)=sg(n—j)
(11— q(K+2—d—6)n+(1<+2—d—e)/2)

= ficr1,k4+1,1(—q & T2 47, 4

_ q(1(+2—d—e)/2 24+(3K—d—e)/2 _K+2—e

K+1,K+1,1(—q q q).

For the second identity one replaces (—1)®# /2 with (—1)®#*")/2 This also results in the
(—=1Y becoming (—1)". O

Proof of Theorem 2.1 We prove the identity for the initial plus sign. The proof for the
minus sign is analogous. For (2.2), we have

1+%(m+€)) 1—%(m—[)’ il 1 2K —m+)

_(K=m
q q)+q 2 foi11(gt 2

1 1
= fiak+11(g" 200, g1 2m=0 )

1+3(K+e 1+K+1—L(m—e
2 EFOf opep 1 (g2 00,

1-1@K-m—1)
)

Saxs11(g q q)

1

—-q q1+1<+1+2(m+g), q)
1 1 _

= fiak411(g" 200, g1 0170, g)

1 s L

— g T2 EFOL e 1 (gm0 gIAK AL 5(n=0)

1

1 1
= ficr1x 41,1 (g T2 EHD, glHa0mt0 )

Lk (K- Lm—
F P E O 1 (g PHEHESO QKm0 gy

where the first equality follows (3.9) with (R, §) = (1, 0) and the third from (6.1). O
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Proof of Corollaries 2.2 and 2.3 To prove (2.3), we let £ = K in (2.2). To prove (2.4), we
set m = K in (2.2) to have

g Kb2K)
— <ﬁ<+1,1(+1,1 (q
Ji
Lk Lk Lk
T T o e R S L) q)>
7 K62K)
= —3<f1<+1,1<+1,1(q
Ji
Lo
+ a2 k(g
7 K62K)
= —3<fK+LK+L1(q
Ji
k-
— g k(g

MK 62K
g™ )

L _lx_
=]—3<2f1<+1,1<+1,1(qlJrz(K”),q1 2K=0) q)),
1

1+3K+0) 1+3(K+e)
) )

q)

2C (q) = q

1—0—%(1(—&-[)} ql—%(l(—(i)) )

1+K+1(K—6) 1+K+1(K—¢
K3 (K=0) 14K+ 5( ),q)>

q

I3 (K+0) p1-3(K—0),

q q)

24K+ (K+0) qz—%(K—Z) q))

where the second equality follows from (3.9) with (R, S) = (—1, 1), the third equality
follows from (3.14), and the fourth follows from (3.9) with (R, S) = (0, —1). O

7 Computing-level N = 2 string functions
7.1 The string function c]] (2.7a)
It suffices to show (2.18a):

Fo1(dh a4 @) = I (7.1)

In Corollary 3.11, we find potential singularities, so we consider
lim _f2,2,1 (x2) X ‘I)
xX—>q

We first focus on (3.18) and write

lim /151 (¥% %, q) = lim [/’(x2;q2)M(—qx*1, g —1) +j(x; q)m(q, q° —1)]

= lim [j(x2;q2)m(—qx_1, q —1)]
x—>q

I3~z Y jlgz/x: q) ]
J(=19)j(z q)j(q /% q)j(—qz/x; q)
= lim j(xQ;qz) . Z]isj(_zil;q)j(QZ/Jﬁ Q) ’

x—q j(=1;9)j(z; 9)j(q/x; 9)j(—qz/x; 9)

= lim j(xZ;qz)[m(—qxfl, 4 z)+
x—>q

where we have used (3.6e) in the penultimate equality. Continuing with product rear-
rangements, we have

i(xe )i . 3 =1, \; .
it fiyg 1 (62 5 ) — lim 2 CBDL Pz 5a)iaz/%q)
A a5 q) = oy J? J(=19)j(z q)j(q/x; 9)i(—qz/%; q)
— lim J&@)j(—x;q))> J3j(—z q)j(az/x q)
ey 2 1 il Vil )i — .
x=>q Ji J(=Lq)j(z; @)j(x; q)j (—qz/%; q)
=/

15
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where in the second line we used (3.2b) and (3.2¢). Now we consider

1 g (q1+ dy; qz)i ( —q' % qz)]f/’ ( —q*tx; qz)

lim

R 4?1,472,8]( -4 qz)/<ql+d/x; q2>

S TE R N TE TR )
e 471,472,871,2f(q/x? 612) 471,472,871,2}(‘]2/96; 42)
L (qx; qz)}' ( - &12)]5’] ( — % qz) j (x; qz)}' ( —x; qz)]ﬁ”’j ( — % qz) }

= lim _
o L 4]1,4]2,8) 1,2 (qx; qz) 4]1.4)2,8) 1,2 (x; 612)

o [empon) Asep(-wme)

Y i 4T 14)2871,2 - 4]14]287 1,2

=0,

where in the second equality we used (3.2b) and (3.2¢), and in the third equality we
simplified. Assembling the pieces, we have

iig;fz,z,l 2 % q) = Ji)2. (7.2)

8 Computing-level N = 4 string functions

8.1 The string function ¢3J — ¢33 (2.8b)

It suffices to show (2.19b):

f31(=a% @ 9) — afs31(—q% 4> @) = )12 (8.1)

which is true by Lemma 3.16.

9 Computing-level N = 6 string functions
9.1 The string function ¢33 (2.9a)
It suffices to show (2.20a):

faa1lgt 4% q) = RJz 10 (9.1)
In Corollary 3.13 we immediately see that
haa1(q® 4% q) = 0. (9.2)

Hence, it follows from Corollary 3.13 that

_ﬁl,4,1(q4) q3: 4)
3 d+1y , _ ,
-y 22 )j(g% 4i(=q" 3 4D (> )
i JosJ012/(=a7% q"2)j(q*3%; 4'%)
_ 2J(@% a 21003 _ 7°j(q@% q"712035] 3,12 B a*%(q"% qM3 1127312
Jo,3/2,12/2,12 Jo,3/0,12/2,12)7,12 Jo3/0,12/2,12/1,12
— ! 4l 312 . (71,12 _ 77,12) + JoaJ3
JosJoi2a12 Mz J712 Jo,3/2,12

- ]1,4]13273,12 . (71,12]7,12 —]1,1277,12) + ]2,4]132

Jo3/0,12/2,12 J1,12J7,12 Jo3/2,12
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_ 1 ]1,4/{’273,12 .<20]]6,24]4,24> + ]2,4]132

JosJoi2J212 \ Ju120712 Jo3/,12

= JoJ312

where we have used (3.2b), collected terms, and then used (3.3a).

9.2 The string function 2] + ¢31 (2.9b)
It suffices to show (2.20b):

fu11(@ 4 @) + afuar1(@ gt @) = JJera (9.3)

We use Corollary 3.13. Considering (3.22), we see that two of the four summands vanish

right away giving us

has1(q 4% q) + qhasi(q@® 4 q)

= j(@% q"ym(—q* ¢°, 1) + 4j(@°; a*)m(—q* ¢°, 1)
=j(q* q"m(—q* ¢>, —1) — j(qg; a*)m(—q* q°, —1)
=0,

where we have used (3.2b) and (3.2c). Thus we have

foan(@® 4 @) + afaan (@ 4 @)
3 d+ly . _ )
_ Z qS( ] )](q5+3d; q4)](_q10 Bd;q12)]i°>2](_q3+3d; q12)
= Jo3Jo,12/(—a; 4'2)j(q* 3% 4'%)
3 d+1y , _ L
~ qz qs( : )](6]7+3d;6]4)](—6]10 3d;q12)]13?](_q 3+3d;q12)
Jo,3)0,12/(—q 2 g"2)j(q*+34; q12)

d=0
J? 1 J1al210) 1 haJar) Jaa]
_ o [q 1/14/212/312 +0— g1 ez | s 0,12]
Jo,3J0,12 J112/2,12 J1,12/4,12 Ji12
]132 []1,472,1273,12 _q]2,470,12 +/1,474,1273,12 —|—O]
Joslo12t J512/2,12 J5,12 J5,12J4,12

where we have used (3.2b), (3.2c), and simplified. Regrouping terms, using (3.2c), and

simplifying, we have

.]{4,4,1(q3: qz) q) + flﬁl,4,1(q5: q4x 61)

37 7 7 7 3
1 Tz To12a12 —Ja120212 | JiJea Js12 — @i

Jo3J012/ 1,12 J2,12J8,12 Jo3 J1,12J7,12
152]1,473,12 . To12Ja12 + 4120212
JosJ0,12) 5,12 J2,12)812

1 THha 302 Jo

: (72,12]4,12 —74,12/2,12)

Jo,370,1271,12 . ]2,6]122
VEYSWVERD) Jo _ B
+ 2312 (s +Tasols
Joslo12512 Jo6lt ( 212/412 + /412 212)
]132]2,4 ) ]6
Jos  Juelfy

: (]5,12 - q]11,12>,

15
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where we have used (3.2d). Employing (3.3a), (3.3b), and (3.2a), yields

faa1(@> g q) + afaar(@® g q)

L Tl 3n Js T340 3,12 J6
1 /12143, 2 12/14/3,
21214312 - 2q°Ja4)1804 + - 2J6,24)14,24
Jo3J0,12/1,12 /2,6]122 Jo3/0,12)5,12 ]2,6]122
Joha o .
+E 2 g —q°)
Joz  Jie/1n
_ 2]5’_2/1{;73,12 JeJe2s 4 (qh s 12) n ]13_2/2,4 ~Js @ -
Joslo12 b Th ’ ’ Jos  Jue/b
_ 2]132]1,473,12 JoJepa T g —a®) +]132]2,4 s =)
Jozlor RIS TE Jos Jud/h

where for the second equality we used (3.2f), and for the third equality we used (3.2a).
Applying (3.2¢) gives

a1 @5 @) + afsa1(@® 4% q)

_ 2152]1,473,12 ' J6J6,24 ' J2a ' T1,6/26 ]132]2,4 Je ' T,6]2,6

Jozlorz JJ5 TJ5H T3z Joz el 2
1 1

= 5]2]6,12 + 5]2]6,12

= JoJ6,12,

where the second equality follows from elementary product rearrangements.

9.3 The string function ¢2] — ¢31 (2.9¢)
It suffices to show (2.20c¢):

f;L,4,l(_q3; qZJ Q) - qﬁLA,l(_qs) q4x 61) = ]12' (9'4)

From Lemma 3.16, we have

J} = faar (=4 ¢ q) — afsa1(—q° 4° q)
= —qfsar (4", % ) + (=% 4" + a*faa1(—2°, ¢ @) — @i(—4% 4"
= —qfaa1(—q> ¢4 @) + faa1(—a> 4% q),

where for the second equality we used (3.9) with (R, S) = (0, 1), and for the third we used
(3.2b) and (3.14).

10 Computing-level N = 8 string functions
10.1 The string function cg; (2.10a)
It suffices to show (2.21a):

fs51(q° g% @) = J2ho (10.1)

but this is just the first identity in Lemma 3.16.
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11 Computing-level N = 10 string functions
11.1 The string function ¢3; (2.11b)
It suffices to show (2.22b):

fo61@% g% @) = Ja10/3,15. (11.1)
We use Corollary 3.15. In (3.26), we have

hes1(q® gt —1, —1) = j(q% ¢®)m(—4>, ¢°, —1) + j(g*; @)m(q 3, ¢*°, —1) = 0. (11.2)

Hence
f6,6,1(q6: q4: 6])
_ 2 (,m) ila 5449, 46Vj( — g¥7~54; 4); (- 7% q»)
fosfosod 0 j(—a34q ?’O)J(G'SdJr 5q%0)
_ I3 []3,67 27300030 o ) J2,6 22,30/ 5,30
Jo,570,30/3,30 J3,30 J8,30
_3 J16/17,30/10,30 _3 J1.6/7,30/2030 ) ]2,672,30725,30]
J13,30 J23,30 J28,30

where we have used (3.2b). Using (3.2¢) and regrouping terms yields

6 4
f6,6,1(61 /) Q)
3 - _ _
J30 J3,6/27,30/ 0,30 2 .= J2,30/830 — J8,30/2,30
= ——>= +q 530"
Jo,570,30/3,30 J3,30 J2,30/8,30
_3 - J13,30/7,30 — J7,30/13,30
+q 7 - Ji6/10,30 -
J7,30/13,30
3 - _ _
I30 []3,6] 27,30/ 0,30 J2J530/660/0060 . 4 Jr6/ 10,30]6,60]50,60]
Jo,570,30/3,30 73,30 J2,30/8 30 J7,30/13,30

where we have used (3.3a). We focus on the last two summands:

Page 21 of 23

J26/530/660/2060 4 J1,6/10,30/6,60/50,60
J2,30/830 J7,30/13,30
_ - Jeo [/26/1030 4 J16/530
= J6,60/5,30/10,30 - =5~ -q -
]30 J2,30/8,30 J7,30/13,30

- Jo  Jeo

= J6,60/5,30/ 10,30 * ]T : ]— - | 1a,30720,30/26,30/10,30 — 4 - J1,30/19,30/25,30/5,30
30 730

If we specialize Proposition 3.1 with a = ¢'°, b = ¢'°, ¢ = ¢°, d = ¢°, we have

4
J16,30/20,30/26,30/10,30 + ¢ - J1,30/11,30/25,30/5,30 = J21,30/9,30/15,30/5,30- (11.3)

Using (3.2¢) we can then write

73 J36 Jo607 530 10,30 JeJ6o
f6,6,1(q6;6]4:q) = _ﬁ— 2. . .

T 7T T 4
Jo,5 73,30 JosJ030/330 T

. [2]16,30]20,30]26,30]10,30 —]9,30]21,30]15,30]5,30]'

The result follows from the two identities in Lemma 3.3.

15
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12 Concluding remarks and a question for further research
We have derived the expressions for even-level string functions for an irreducible highest
weight module of Kac—Moody Lie algebra A(ll) in terms of double-sums of the form
fr+1,6+41,1(® 9, ). These double-sums may be expressed in terms of theta functions and
Appell-Lerch functions: the building blocks of Ramanujan’s mock theta functions.
There are also questions for future research. For example, can one use a variation of the
techniques in this paper in order to reduce the number of theta quotients that appear in
the initial expressions for the odd-level A(ll) string functions?
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