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1 Introduction
The Bessel functions of the first and second kinds of order v are defined by [90, p. 40, 64]

. o0 (_l)m(z/2)2m+v
Ju(z) == mX:;) T £ 1) (zv e, (1.1)
V() o= LR T 6 g, (1.2)
sin v

along with Y, (z) = lim,—_,, Y, (2) for n € Z. Here, I'(s) denotes Euler’'s gamma function.
The modified Bessel functions of the first and second kinds are defined by [90, p. 77, 78]

1 . 1_.
e 2", (e2™'z), if —m <arg(z) < 7,

I,(2) :== (1.3)

3. 3.
ex™'],(e72"'z), if T <arg(z) <,

7 l,(2) —1(2)

K@) = 2 sin v

(1.4)
respectively. When v = n € Z, K,,(z) is interpreted as the limit v — # of the right-hand
side of (1.4).

Several generalizations of the Bessel functions exist in the literature, for example, see
[33,34,53,54,66], to list a few. A new generalization of the modified Bessel function of
the second kind K, (z) was obtained by Koshliakov [60] through an interesting integral
evaluation, and it seems to have gone unnoticed. One of the goals of this paper is to bring
it tolight. It has an application in obtaining an explicit modular-type transformation for an
infinite series involving the generalized divisor function o,(n) := }_,, d”, where a € C.
See Theorems 2.4 and 2.5. This is the main focus of this paper, for, this transformation
gives, as corollaries, not only important results in the theory of modular forms but also
surprising identities that were hitherto unknown.

In [60], Koshliakov studied integrals involving the kernels

cos(v)Ma, (2v/xt) — sin(wv)Ja, (2V/xE), (1.5)
sin(w v)fay (28/x8) — cos(mv)Lay (2v/xt), (1.6)
where
2 2
My(x) = ;Kv(x) — Y, (%), Ly(x):= —;Ku(x) —Y,(x) (1.7)

The special case v = 0 of some of his integrals involving the kernel in (1.5) was previously
obtained by Dixon and Ferrar [39].
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In the same paper [60, Equation (8)], Koshliakov proved a remarkable result that K, ()

is self-reciprocal in the kernel (1.5), that is, for —% <v< %,
oo
/ K, () (cos(n V)Mo, (24/xt) — sin(r v)]zV(Z\/E)) dt = K, (x). (1.8)
0

It is easy to see though that this identity is valid for complex v such that —% < Re(v) < %
Prior to this, the special case v = 0 of (1.8) was stated and proved by Dixon and Ferrar
[39, p. 164, Equation (4.1)] though they surmise in their paper that although Koshliakov
does not give a reference to the formula itself, it is clear that he is familiar with the result.
In [12, p. 897], the kernel in (1.5) is called the first Koshliakov kernel, and the integral

/ e (cos(nv)sz(zdﬁ) _ sin(m)]z,,(z\/ﬁ)) dt
0

the first Koshliakov transform of f(z v). It is important in the context of the Voronoi
summation formula for o,(#), see for example [12]. It must be mentioned here that there
are few functions in the literature whose Koshliakov transforms have closed-form eval-
uations. However, it is always desirable to have such closed form evaluations, whenever
possible, in view of their applications in number theory. Dixon and Ferrar [39, p. 161]
evaluated such integrals for the special case v = 0 of the Koshliakov kernel, and recently
further such evaluations were obtained in [33,34,37] along with their applications given.

In the same paper [60, Equation (15)], Koshliakov gives a more general result! of which
(1.8) is a special case, that is, for> © > —1/2 and v > —% + |ul,

/ OOKM(t)t“"'V <cos(nu)M2U(2JE) - sin(nv)]gv(Z\/E)> dt
0

2 l—11,1—\)

xz)
5 4
’;) } (1.9)

where, forb; ¢ Z~U{0},1 <j<g,and (@), :=ala+1)---(a+n—1) =T(a+n)/T(a),

a, a, ..., ap - o0 (@)n(@)y - - (ﬂp)n i
vFq (bl, by, ..., by Z) = V; ARG (1.10)

is the generalized hypergeometric series. It is well known [3, p. 62, Theorem 2.1.1] that

B 712’““’1{ (f)—v T(u+3) n 3
" sin(vr) ra-— u)l"(% - V)l ?

(x)VF(M-i-v-i-%)F M+V+%
2/ Ta+wrd) C\ L1+

the above series converges absolutely for all z if p < g and for |z| < 1ifp =g+ 1, and it
diverges for all z # 0 if p > g + 1 and the series does not terminate.
Indeed, letting © = —v in (1.9) gives (1.8) as the right-hand side reduces to

T (x/2)7" F — |4? (x/2)Y F — |42
2sin(vr) {l"(l—v)o 1(1—1; Z)_ 1 +v)° 1<1+v Z)}

= K, (x) (using (1.1), (1.3) and (1.4)). (1.11)

Thus, either side of (1.9) can be conceived to be a one-variable generalization of K, (x).

Koshliakov inadvertently missed the factor  in front on the right-hand side.
21t will be shown later that when p # —v, this result actually holds for v € C\ (Z\{0}), Re() > —1/2, Re(v) > —1/2
and Re(u + v) > —1/2; otherwise, it holds for —1/2 < Re(v) < 1/2.
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Equation (1.9) is the identity of Koshliakov [60] whose importance seems to have gone
unnoticed. Koshliakov does not prove the identity but only indicates that it can be obtained

by considering fooo (sin(vm)J, (xu) + cos(vm)Yy, (xu)) (u’fi:r%. He does not even evaluate
the above integral, unlike its special case © = —v, for which he [60, Equation (7)] gives

the evaluation as —K;, (x), again without proof. Since (1.9) has never been proved in the
literature, we do so by deriving it as a special case of a more general result. See Corollary 5.1
of Sect. 5. Its number-theoretic application is given in Sect. 2.

Our generalization of Koshliakov’s result (1.9) naturally leads us to a new two-variable
generalization of the modified Bessel function. The latter allows us to derive a novel
modular-type transformation involving r¢ (1), the number of representations of # as a sum
of k squares, where representations with different orders or signs of the summands are
regarded as distinct, i.e.

re(n) == #{(avaz ..., a) €ZX n=al + i+ +al). (1.12)

See Theorem 2.2.
The two-variable generalization of K, (x) is achieved by first obtaining a common exten-
sion of the first and the second Koshliakov kernels in (1.5) and (1.6), respectively. This
common extension is in terms of the hyper-Bessel functions ¢F3 whose theory, in the
general case, that is for o F;,, was initiated by Delerue in a series of five papers [27-31]. The
hyper-Bessel functions have been found useful in many applications, for example, they
are used to understand the wavefields and the elements of the non-adiabatic transition
matrix and the tunnelling loss matrix [92].
Letx > 0,v € C\ (Z\{0})and w € C. We define the generalization of the two Koshliakov
kernels in (1.5) and (1.6) by
G =T (2)"

sin(vw) \4

X

|G :
4/ TA—-v)F(w+ 3T (w+i-v)
_ 2
OFB(I—V,W—I—%,W—}—%—\) 1_6>
-G) 1
4/ TA+nI (w+ 3T (w+3+v)

ol

The two expressions inside the square brackets in (1.13) are entire functions of> v and w.

X

- _
0 3(1+v,w+%,w+%—|-v
(1.13)

As a function of v, ¢, (x, w) has a simple pole at every nonzero integer and a removable
singularity at 0.
The kernel 4, (x, w) is not new. In fact, it is a special case of the well-known kernel
introduced by Watson in [89], namely,
o0 Ay dt
@ (x9) = A(xy)m/ Jo ()] <Ty> —
0

3One might as well take « in the definition of &, (%, w) to be such that —7 < arg(x) < 7, thereby having analyticity in
x as well. However, in this paper, we will be working with x > 0 only.
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Watson formally studied how this kernel gives rise to a transform. Letting A =y = 1 in
the above kernel, using Hanumanta Rao’s formula [89] with p = 0,a = x,and b = 1 to
express @, ,(x) in the form of two ¢F3s, replacing v by w4+ v — % and then u by w —v — %

in the resulting identity, we see that for |Re(v)| < Re(w) + 1,
G (%, w) = ww—v—%,w—&-v—%(x)' (1.14)

However, note that the definition of the function ¥, (x, w) in (1.13) itself makes sense for
any v € C\ (Z\{0}) and w € C. Henceforth, we call ¢, (x, w) as the Watson kernel only.

Observe that @, , (xy) is the resultant® of the kernels +/¢J,,(¢) and ¢t —3/2J, .(1/t), and that
a simple change of variable shows that

@y, (Ky) = @, (k). (1.15)

The literature on Watson’s kernel is vast. Bhatnagar [17,19] obtained a necessary and
sufficient condition for a function in a certain class A(w, a) considered by Hardy and
Titchmarsh [51] to be self-reciprocal in @, ,(xy). Among other things, he [17, Theorem
8] also obtained a theorem where functions reciprocal in the Hankel transform give rise to
other functions reciprocal in the Watson kernel and vice-versa. See also [19, Theorem 7]. In
the same paper [19], Bhatnagar also obtained the inverse Mellin transform representation
of @, (x) although in Theorem 4.3, we re-derive it with maximum possible domain where
it is valid. Watson’s kernel was further generalized by him in [17,20], and in a different
direction by Olkha and Rathie in [71]. An expansion of the generalized Watson kernel
@D uy,...u, (%) in terms of Jacobi polynomials was obtained by Dahiya [26]. A representation
of @, (x) (more generally for @, .,*)) in terms of the Meijer-G function was given
by Narain [68, Section 4(b)].

That @, (x) = O(x~1/%) as x — 0o was established by Watson [89, p. 308]. Mainra
and Singh [64] derived the differential equation satisfied by @, ,(x) and then used it to
obtain its asymptotic expansion as x — oo. Numerous integrals containing @, , () in its
integrand have been evaluated by Singh in [82,83].

In spite of so much work done on Watson’s kernel, its importance from the point of
view of number theory has not been recognized before. For example, while it is known
[50, p. 5, Example 3] that for x > 0,

G1 (x5 w) = Jaw-1(2v/%), (1.16)

it has not been noticed before that when w = 0 and 1, the kernel wwfvf%ywﬂf%(x),
or equivalently ¥, (x, w), reduces, respectively, to the first and second Koshliakov kernels
defined in (1.5) and (1.6). See Theorem 4.1 of Sect. 4. Earlier, this was known [64, Section
4] only when we additionally consider v = 0. These kernels are useful in number theory.
Our generalization of Koshliakov’'s modified Bessel function is defined for v €

C\ (Z\{0}),and z, u, w € Csuch that u +w # —3, -3, —3,.. , by

22

;)

22
4) } (1.17)

az?2t L[ gy T+ w+3) AW+
}I.I<1)(Z7 W)= ————— (*> f 1F2 1 2
sin(vrr) Frl—-v)fw+35—v) w+5-—v1-v

2

(Z)VF(M+V+W+%) pHv+w+ s
2 l"(l—i—v)I‘(w—f—%)12 w—|—%,1+v

“For the definition of a resultant of two kernels, see [50].
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with ; Ko(z, w) = lim, ¢ K, (z, w). When w = 0, K, (z, w) reduces to Koshliakov’s gen-
eralized modified Bessel function of the second kind whose special case when z is a positive
real number x occurs on the right-hand side of (1.9). Clearly, from (1.11) and (1.17),

LKz w) =2"K,(2). (1.18)

2 Main results
Our first result is a generalization of Koshliakov’s identity (1.9). It gives an integral repre-
sentation for , K, (z, w).

Theorem 2.1 Let x > 0, Re(w) > —1/2 and v € C\ (Z\{0}). Let 4, (x, w) be defined in
(1.13). If w # —v, then for Re(u), Re(v), Re( + v) > —Re(w) — %, we have

/ Ky (Ot G (ot w) dt = K, (x, w), (2.1)
0
otherwise, for —Re(w) — % < Re(v) < Re(w) + %, we have
(o8}
/ YK, ()9, (xt, w) dt = x" K, (x). (2.2)
0

The above integral evaluations are proved using the theory of Mellin transforms, in par-
ticular, Parseval’s formula (3.3). Equations (2.1) and (2.2), and the special case (1.9) due to
Koshliakov, are crucial in obtaining the main theorems of this section.

It must be noted that the second part of Theorem 2.1, that is (2.2), is not new. In fact,
Bhatnagar [20, Section 3, (1) (i)] obtained it as a special case of a more general identity
proved by him in [19], but only for real values of w and v. Varma [87, p. 103, Example 2]
considered the special case w = v of (2.2) whereas Mitra [67, Example 2] did the same for
w = 1/2. However, to the best of our knowledge, (2.1) has not appeared in the literature
before.

We now give a new modular-type transformation between two infinite series involving
r¢(n) as an application of Theorem 2.1.

Theorem 2.2 Let k € N,k > 2 and Re(z) > 0. Let ri(n) be defined in (1.12). Define

R(w, k z) by
0; %fRe(/’L) > _%)
R(w, k z) :== LH%FC—‘) Fu— 1 (2.3)
\/2 2] lu’ - 2°
Then for Re(u) > —% or u = —1/2, the following transformation holds:
0 1 wFr (n+ i +3)
Zrk(n)n”+ K, (nz) — T
n=1 Z;l+§+ r (é)
= ir oty (1 t R, k 2) (2.4)
_ZM+§+%n:1k W % 2 ;4 F(%) W, K, Z). .

There are a number of transformations involving infinite series of r¢(n) and modified
Bessel functions in the literature. See, for example, [89, Equation (4)], [38, Equation



Dixit et al. Res Math Sci (2022) 9:34 Page7of54 34

(3.12)] or its generalization [11, Corollary 4.6]. However, a transformation for the series
Yo r (MK (nz), given in Theorem 2.2, is obtained for the first time.

Theorem 2.2 gives, as a special case, the well-known modular transformation [24, Equa-
tion (64)] recorded below.

Corollary 2.3 Let k be an integer such that k > 2 and let Re(z) > 0. Then,

© k/2
> rime™ = (7) zrk
n=0

Leta e C. Consider the series

Zaa(n)e = Z — (2.5)

n= 1

When a=2m+ 1,m € Nand y = —2niz (so that z € H, the upper half-plane), either
of the above series essentially represents the Eisenstein series of weight 2m + 2 on the

2minz

full modular group SLz (Z). When a = —2m — 1,m € N, the series ) -, o4(n)e
represents the Eichler integral corresponding to the weight 2m + 2 Eisenstein series [14,

2mwinz

Section 5]. Moreover, while Y ,” ; o1(n)e is essentially the quasi-modular form Ey(z),

that is, the Eisenstein series of weight 2, the series Y 2 | o_j(n)e?7"*=

is what appears in
the modular transformation of logarithm of the Dedekind eta function 7(z) [13, Equation
(3.10)].

In all of the above cases, that is, when a is an odd integer, the series fo:l ou(n)e™
satisfies a modular transformation, and hence plays a fundamental role in the theory of
modular forms. However, an explicit transformation for the series ZZO:1 o,(n)e™™ when
a is an even integer is conspicuously absent from the literature except in the special case
a = 0; see, for example, the paper by Kanemitsu, Tanigawa and Tsukada [56, Theorem
2] or [70, p. 33], [93, Equation. 3.7]. Using the concept of transseries [42], Dorigoni and
Kleinschmidt [40] have considered the case when a is negative even integer (see [40,
Equation (2.43)]). However, as special cases of our master identity (see Theorem 2.5 ), we
not only obtain the identity for negative even integer a (see Theorem 2.12) but also when
a is a non-negative even integer.

For Re(a) > 2, Ramanujan [10, p. 416] obtained a transformation for the series in
(2.5) which shows how the modularity is obstructed by means of the appearance of an
extra integral. Later, Guinand [45, Section 7] also studied the series Y .- ; oo (n)e™" for
k € R, such that k + % ¢ 7Z and obtained [45, Theorem 8] similar results for Re(y) > 0.
However, these transformations are not explicit in the sense that apart from the series
getting transformed and the residual terms, certain extra objects appear, for example,
contour integrals or principal value integrals etc.

Berndt [7, Theorem 2.2] derived an important modular-type transformation for a vast
generalization of Eisenstein series. We rewrite one case of this transformation in the

version given by O’Sullivan [73, Equation (1.23)], namely, for z € Hand k € Z,

1+( 1 Zak 1 27Tinz_ Zok 1 271m (=1/2)

— @)t Y B_b:fi'vz1—v _mi—logz if k = 0;
wrelsy &V (X — (=1 —k)  ifk#0,
utv=2—k

(2.6)
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where £ (s) is the Riemann zeta function. When k = 1 — 2m, m € Z, it results in

(_ )Wl+1 (27[) BZm
¢(2m) = 2(2m)!
0, if m <0,

, ifm>0,
(2.7)

thus incorporating Euler’s formula [85, p. 5, Equation (1.14)] whereas on letting k =
—2m, m € 7Z\{0}, it gives Ramanujan’s formula for {(2m + 1) [79, p. 173, Ch. 14, Entry
21(i)], [80, pp. 319-320, formula (28)], [8, pp. 275-276], namely, for> @, 8 > 0 with

aff =n?,

_2m1 —2m1
{ ¢(2m+1)+2 oo }_( ,8)_’”{ ;’(2m+1)+z e

m+1
_ o2m Z (—=1)*BoxBam2-2x ok gk

N(2m + 2 — 2Kk)!

(2.8)

Note, however, that (2.6) does not give any transformation for Y o | 0_o(n)e™"?, m € Z.
Ramanujan’s formula encodes the transformation properties of Eisenstein series on
SLj (Z) as well as their Eichler integrals [14]. Guinand [45, Theorem 9 (iv)] rediscovered
the above formula.
Let y = log(1/q) and let P denote the set of integer partitions. Then for functions
f : P — C, the g-brackets are the power series

Yiepf(W)g™!

(f>q = ZAGP qm

€ Cllq1),

which represent ‘weighted average’ of f. Also let H;(A) be the multiset of partition hook
numbers which are multiples of ¢, where the hook number of a hook in the Ferrers diagram
of a partition is the number of dots in its arm and leg together. Recently, Han [48], Han
and Ji [49] showed that the series ) oo | 01_4(n)e”" are the g-brackets of f; ; (1), where

1
futd = P L
hEHt()L)

Bringmann, Ono and Wagner [22] showed that forevena > 2,theseries Y > | 01_4(n)e™"”

are pieces of weight 2 — a sesquiharmonic and harmonic Maass forms, whereas for odd

a < —1, they are holomorphic quantum modular forms. For more details, see [22, Theo-
rems 1.2, 1.6].

The series Y oo, d(n)e™, or, in general, ZZO=1 o,(n)e”™, where a € C, is also instru-

mental in the study of moments of the Riemann zeta function and have long been employed

for this purpose. See, for example, [86, p. 163, Theorem 7.15] or [61]. Lukkarinen [63]

defined for Re(s) > 1, by

o) 1 )
é‘(§+lx)

SRamanujan’s formula is actually valid for any complex a, 8 such that Re(er) > 0, Re(8) > 0 and aff = 2.

2
x5 dx,
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by using a transformation for Y - ; d(n)e~". Period functions, in general, are real analytic
functions W(x) satisfying the three-term recurrence relations ¥(x) = W(x + 1) + (x +
1)~%y <ﬁ>, where s = 1/2+ it. In an interesting paper, Bettin and Conrey [15] studied
the period function of the series Z;’,ozl 04(n)e*™ "z wherea € C and z € H, showing that
it can be analytically continued to | arg(z)| < 7, and as an application of their result they
gave a simple proof of the Voronoi summation formula as well as an exact asymptotic
expansion for the smoothly weighted second moment of the Riemann zeta function on

the critical line, namely,

[he

as 8§ — 0, in the form of a convergent asymptotic series.

2
e 0 dt,

However, in the above results, either an asymptotic estimate for the series Y - | 04(n)
e¥™"Z s given or a transformation involving a line integral, and hence an explicit trans-
formation is missing. We fill this gap and obtain an explicit transformation for the series
> o2 L 0a(n)e™" first, for any a € C such that Re(a) > —1, and then for Re(a) > —2m — 3,
where m € N U {0}, by analytic continuation. We then obtain, as corollaries, not only
the well-known results in the theory of modular forms but also a transformation between

Y o2 L oam(n)e™ and the series

o] 2 ) ) ,
3 et (22 s (U2 o (42 ) o ()
n=1 y y y y
m 2 _27
r2 - <4ﬂy n) } (2.9)
j=1

where m is any integer and Re(y) > 0. Note, of course, that when m is a non-positive

integer, the finite sum over j in the summand of (2.9) is empty. Here, the functions Shi(z)
and Chi(z) are the hyperbolic sine and cosine integrals defined by [72, p. 150, Equation
(6.2.15), (6.2.16)]

Shi(z) == /O ) Smi‘(t) dt  Chi(z) ==y + log(z) + fo ’ % dt, (2.10)

where y is Euler’s constant. (Observe that Shi’(z) = sinh(z)/z and Chi’(z) = cosh(z)/z.)
We note that Shi(z) is an entire function of z whereas Chi(z) is analytic in C\(—o0, 0]. The
series in (2.9) is a natural analogue of the series

ad . 47%n 47%n ad —an2n/

E o2m+1(n)y sinh — cosh =—E oom+1(n)e 7,
y y

n=1

n=1

which appears in the corresponding modular transformation satisfied by Y.~ | 02,41(n)
e,

Let ®p(z) =Y ooy nkog_k(n)q” be a function considered by Ramanujan [78]. In [16,
Corollary 1], Bhand and Shankhadhar recently showed that for k + £ even and any ¢ € C,
the function ¢ + &y ¢(2) is not a quasimodular form of any weight and depth (and hence,
obviously, not a modular form). Note that when k = 0, this gives Y - ; o¢(n)q" for £ even.
However, as expressed in the concluding remarks of [16], no transformation property for
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the latter series is known. In Theorem 2.11, we obtain the precise transformation that this
series satisfies. It shows explicitly the obstruction to modularity.

When a = 2m, m € 7Z~, or a = 0, we also obtain simplified versions of the transforma-
tions for the series in (2.9). This is achieved using a recent result [32, Theorem 2.2], valid
for Re(u) > 0:

®  tcos(t) 1 u 1 iu iu
Z/ 212l dt = 5 {log (g) -3 (‘ﬁ (g) + <—g>)}, (2.11)

where ¥ (z) := I''(z)/T'(z) is the logarithmic derivative of I'(z). See (2.19) and (2.22) for
the same.

Our transformation for the series Y oo o4(n)e™™ is now given. It is proved using
Guinand’s version of the Voronoi summation formula (see Theorem 8.3).

Theorem 2.4 Let Re(y) > 0. For Re(a) > —1, the following transformation holds:

> 12\ 1
-y Z (22 —g) — (1 —
rgoa(n)e +2<<y ) cosec( 5 )—l—l) (—a) y§(1 a)
i (27m) a E (1 l1—a 1 6.4714”2)
ysm ra-a"? 2 T2 2

- y
a 2
— (2—7[) cosh (47r n) ) (2.12)
y y

Remark 1 With ,K,(z w) defined in (1.17), the right-hand side of the above transforma-
tion is nothing but 2+/27y~172 Y% | 6, (n)n2 %K% (4”;", 0).

Through analytic continuation, the identity in Theorem 2.4 can be extended to the
half-plane Re(a) > —2m — 3, where m is any non-negative integer.

Theorem 2.5 Let m € NU {0} and Re(y) > 0. Then for Re(a) > —2m — 3, we have

s 14a _
Z%(”)fﬂy + % ((%T) cosec (rr ) + 1) t(~a) — 5(1y a)

2\/271 472n
= 1+a ZU“ mn- 2{;1(;( y ,O)

m23ta a2y \ T2 1a 4nn
- | — Apl = = 0;
s1n(7) y 2 2 y

2)-a=3 2%k + 20 (2k +2) [4n?\ X
_yem) L 3l r+(_ka ek )+ ) (L) , (2.13)
sin T k=0 y
where
" “HTWma D k —2k
A v, w2 Z Tt w4+ ) (f) . (214)
‘F( v—u—k)l“(i—v—u—w—k)
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It is the above transformation that we call the master identity, for, it gives numerous
well-known as well as new results as corollaries. Note, of course, that if we let m = 0 in
Theorem 2.5, we get Theorem 2.4.

We now give a special case of the above theorem.

Corollary 2.6 Ramanujan’s formula (2.8) holds for m > 0.

Theorem 2.4 gives below the modular transformation satisfied by the Eisenstein series on
SLj (Z) as a special case.

Corollary 2.7 Let m > 1 be a natural number. If Re(a), Re(8) > 0 and aff = 72,

a™ nz:; oam-1(m)e” " — (=) ; oam-1(m)e” " = (@ — (=B)") %V:, (2.15)

Next, we give a corollary of Theorem 2.5 which is equivalent to the transformation formula
satisfied by the logarithm of the Dedekind eta function [13, Equation (3.10)].

Corollary 2.8 Ifa, B are such that Re(a) > 0, Re(B) > 0 and aff = 12, then

;0_1(71)6_2”0{ _ nz::lo._l(n)e—Znﬁ = '31;20[ + L—ilog (%) s (2.16)

The limiting case @ — 1 of Theorem 2.4 gives an equivalent form of the transformation
satisfied by the weight-2 Eisenstein series Ea(z) on SLy (Z), namely, Ey (%1) = 22Ey(2)+ 2—21..
Corollary 2.9 Let o, B be such that Re(at) > 0, Re(8) > 0 and af = w?. Then,

o] " o] n Ol—f—,B 1
T = - 2.1
“;em—1+ﬂ;e2nﬂ_1 24 4 217)

Note that Corollary 2.9 is also deducible from Ramanujan’s formula (2.8). The transfor-
mation for ) - | d(n)e”"”, where d(n) is the number of positive divisors of 7, also results
as a special case of the master identity.

Corollary 2.10 For Re(y) > 0, we have

= Ly 1 (v —log(y)
E dn)e™™ — - — — 22
n=1

4 y

4 & 472 42 472 472
=—Zd(n){sinh( il ")sm( il ”) —cosh( il ")cm( il ")}
|t y y y y
(2.18)
Equivalently,
i 1 1 (y—log(y)

e -1 4 y

2 2mn 1 2win 2mwin
=52 fe(51) -5 (¢ (557) o« (5 @19
Y= y 2 y y
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The equivalent version of (2.18) given above was first discovered by Wigert [91, p. 203,
Equation (A)], who considered it as ‘la formule importante’ (an important formula).
The modular-type transformation for Y oo | 02,,(n)e™", m > 0, is now given.

Theorem 2.11 Let m € N. Then for Re(y) > 0, we have

io e — 2 o 1) 4 B2
2m 1 y2m T 2my

2m+1 00 2 2
—(-nm2 (2_”) Z@m(n){ sinh (4” ”) Shi (4” ")
7 \y P y y

2 2 m 2.\ "Y
— cosh (4’; ”) Chi (47; ”) +Y 2 -1y (4’; ”) } (2.20)

j=1

Note that the m = 1 case of the series on the left-hand side above is connected with the
generating function for plane partitions considered by MacMahon [2, p. 184] in that, with
o0
1 d
= log(1/q) and F(g) := V[[l ﬁ’ we have ;oz(n)e W= qd— log F(q).
We now state a transformation for > ; 02,,(n)e”™ when m < 0.

Theorem 2.12 Let m € N. Then for Re(y) > 0, the following transformation holds:

Za_ (n)e” ny_,_{ + (= l)my (;;T)zmi1

G (o B G

2 92 m—1 2k
(——; (2m)+y—Z( DY e 2k + 3)¢ (2m — 2k — 2)<y) )

k=

m 2 2
%( ) Zo am(n {sinh <4j;n)8hi<47;n>
2
—cosh (4” ”) Chi (47; ") } (2.21)

Equivalently,

Bk 2k
¢ (2m) +Zeny_1——z(27§(2 m— 2k + 1)y

(=t oy om N o 2min 2min
= <E> [2y§(2m)+;n (1/1( 5 )w(— 5 >)}

(2.22)

The above theorem gives a companion to Ramanujan’s formula (2.8) which is new. The

reason we call this as a companion to (2.8) is because its left-hand side involves even zeta
—2

values ¢ (2m) and the series Y oo | ef_fT:nl, whereas that in (2.8) involves the odd zeta values

—2m—1
((2m+1)and Y ;74 ZZW—A However, we note that while the latter series transforms to
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itself (with o replaced by ), the former transforms into a combination of the higher
Herglotz functions of Vlasenko and Zagier [88] (see also Radchenko and Zagier [77]).

Corollary 2.13 Let m € N. Ifo and B are complex numbers such that Re(a) > 0, Re(8) >
0, and af = 72, then

(o1 [1 o —2m m—122k—1B
" 2){‘4(2’”)+Zez’11—_1}— =K @m — 2%k + D

it o—(m=1) | v I & o inp inp
= gl ){;“2’”)+§Z” 2 (‘” (7)*‘”(‘7))}‘
(2.23)

Character analogues of Ramanujan’s formula for ¢(2m + 1) have been obtained by
Katayama [57] and Berndt [6, Section 5]. Berndt [5, Section 11] and Bradley [21, Theorem
1] gave generalizations and/or analogues of Ramanujan’s formula for ¢ (2m+-1) for periodic
sequences. See also Equation (3.12) of Berndt [7]. In all these results, series similar to the
one on the left-hand side of (2.23) appear. Yet, (2.23) is quite different in nature from
each of these results. This is because, in the series similar to that on the left-hand side of
(2.23) in the aforementioned results of Katayama, Berndt and Bradley, one cannot put the
periodic function (or, the Dirichlet character, in the case of Dirichlet L-functions) to be
identically equal to 1 as their results in this setting hold when the periodic function or the
Dirichlet character is odd.

New results concerning functions self-reciprocal in Watson’s kernel are given in Sect. 6.

3 Nuts and bolts
We will be frequently using the duplication and reflection formulas for I'(s) [85, p. 46]:

1 JT
T(s)F(1—s) = — (s ¢ 7). (3.2)
sin(7rs)

Let §(s) = M[f;s] and &(s) = M|[g; s] denote the Mellin transforms of functions f(x) and
g(x), respectively. Let ¢ = Re(s). If M[f; 1 — ¢ — it] € L(—00, 00) and x°~1g(x) € L[0, o0),
then Parseval’s formula [74, p. 83] is given by
o
](; fx)gx)dx = % g T —5)&(s) ds, (3.3)
Here, the vertical line Re(s) = c lies in the common strip of analyticity of the Mellin
transforms §(1 — s) and &(s).
We need Slater’s theorem [65, p. 56-59] to evaluate inverse Mellin transforms of certain
functions. We give its statement below to make the paper self-contained. We need some

z) be defined in (1.10). Let

a1,a2;..,qp
b1,by,...bg

notations to begin with. Let | arg(z)| < . Let ,F, (

ay,as,...,as| ) _ (@)l (a2)...T (aa)
F[bl, bz,...,bB] = Tl@: O] = 5 F 5y T (o)’
(@) +s=a1+say+s,...,a4+s,

() — b == by — bgs ..., by_1 — by bgs1 — bpo - .., by — by,
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XA: [(a) aj, (b) + a,}
— (c) — aj, (d) + a;

(b) +aj, 1 +a; — () G4 )
Xp+cFat+p-1 (1 4 — (@), (d) + a (=1)~""z],
B
| B) = by, (@) + by
oll/2) = ) = F[ bk,(c)+bk}

=1
(@) + b, 1 + by — (d)
1+ by — (D), (c) + by

(—1)D-B>
Z )

XA+pFBrc—1 (

Theorem 3.1 (Slater’s Theorem) Let

(@) +s,(b) —S}
(C)+S)(d) —S ’

where the vectors (a), (b), (c) and (d) have, respectively, A, B, C and D components a;, by,

J(s) = F|: (3.4)

¢; and dy,. Then, if the following two groups of conditions hold:

—Re(a;) < Re(s) < Re(by) (=12...,4 k=12...,B) (3.5)
A+B>C+D,
A+B=C+D, Re(s(A+D—-B-C))< —Re(n) (3.6)

A=C, B=D, Re(n <0,
where

A B C D
n = Ztll'-i—Zbk—ch— de,
m=1

j=1 k=1 I=1

then for these s we have
o
/ 184 (x)dx, ifA+D>B+C,
0
1 00
H(s) = / xs_lEA(x)dx+/ **12p(1/x)dx, ifA+D=B+C
90 1
/ " 15p(1/x)dx, ifA+D < B+ C,
0
¥4(1)=2p(1)ifA+D=B+CRe(n) +C—-A+1<0,A>C.

Corollary 3.2 [65, p. 58] Under the conditions (3.5) and (3.6), the inverse Mellin transform
of the function in (3.4) is a function H (x) of hypergeometric type given by
Yalx)forx >0, ifA+D>B+C,
Hx) = 1Z4(x) for0 <x <1, or Xp(1/x)forx>1, ifA+D=B+C,
¥p(1/x) forx >0, ifA+D <B+C(,

(1) =24(1)=2p(1)ifA+D=B+C,Re(n)+ C—A+1<0,A>C.
Remark 2 As given in [65, Remark 2], whenever we have |[A +D —B—C| > 1,A+ B =

C + D, the condition Re(s(A + D — B — C)) < —Re(n) can be weakened to Re(s(A + D —
B—C)) <1/2 —Re(n).
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We will also be making use of the following asymptotic formula for it as z — oo [92,
Equation (28)], namely,

z|~ i {exp (4z"*) + 2 cos <4z1/4 + £9>}
2(27)3/? 2 /)

1 _
———————F
F(a)I‘(b)F(c)0 3 (a, bc

(3.7)
where0 =3/2—a—b—c.
The asymptotic formulas for the modified Bessel function K,(z) are required as well
and hence are noted below. As |z| — oo, | arg(z)| < 7, we have [90, p. 202]

K, (z) ~ \/ge_z, (3.8)

whereas as for z — 0, we have [1, p. 375, Equations (9.6.8), (9.6.9)], [41, Equation (2.14)]
Irw ()", if Re(u) > 0,
K,(z) ~ { —logz if u =0, (3.9)
— /m sin (ylog (3) —arg(l'(1 + iy))), if w =iy, y > 0.

We will also frequently make use of the well-known fact that

K% (2) = \/ge_z, (3.10)

4 The Watson kernel 4, (x, w)

As discussed in the introduction, the kernel %, (x, w) defined in (1.13) is a simultaneous
generalization of the Koshliakov kernels and (essentially) the Hankel kernel, all of which
are quite important from the point of view of their applications in number theory. This
section is devoted to obtaining some properties of this kernel.

Theorem 4.1 Let x > 0. Let 4, (x, w) be defined in (1.13), and M, (x) and L,(x) in (1.7).

Then
9, (%, 0) = cos(wv)Ma, (24/x) — sin(v)/2, (24/%), (4.1)
9, (% 1) = sin(rv)J2, (24/x) — cos(v)Lay (2/). (4.2)

Proof We only prove (4.1). Then, (4.2) can be proved similarly. In the second step, use
(3.1) twice and the fact 2%%k!(1/2); = (2k)! to see that

- x? - (1w (3£v) x\2k
OFg(i 11,4 _):Z 1(2 1 <_)
L+ 5 3+v|16)  =ki(3), TLxv+l (3£ +k) \4

2k

> X
- k; (20)1(1 £ 2v)ox

1 — —
— = (oF F
2(0 I(I:I:Zv x)+° 1<1:|:2v

However, from the definitions (1.1) and (1.3),
_x) >

x) (4.4)

—x)) . @3

J+2v (2\/;) =

x:l:v _
Y
T +2v)"! (1 + 20

x:tv _
Liny(2J/x) = ———oF
£20(2V%) r1+2v)° 1(1:&21}
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so that from (1.13), (4.3) and (4.4),

Gy(50) = ——— ((Lp(2) — I (2VD) + (T2 (2V5) — T (2V)))

2 sin(vr)
1

= 2 cosumKan(2V3) + 5 [ 2 (23) ~ T2V}, (45)

in(vrm)

where in the last step we used (1.4). Now the fact that

1
2l {J-202vx) — 120 (24/%)} = — cos(v7) Y2, (2/%) — sin(um))5, (2v/%)  (4.6)
sin(vrr)
can be proved using the definition of Y, (z) in (1.2). Finally, (4.5) and (4.6) together imply
(4.1). O

In [12, p. 842], it was remarked that cos(7w v)Ma, (24/%) — sin(7w v)J2, (24/%), that is, the first
Koshliakov kernel, is an even function of v. While it is not trivial to prove this directly
using properties of Bessel functions, it is so when viewed through the Watson kernel in
(1.13) since, by definition,

g ,(w) =% xw) (weC),

and hence, in particular, this is true for w = 0.

The following big-O result for small positive values of x is used in the sequel. The bound
for the case v = 0 has not appeared in the literature although the bound for the case
v € C\Z has been considered by Dahiya, see [25, Section 1 (iii)] in conjunction with (1.14)
and (1.15). However, we prove both the cases to make the paper self-contained.

Theorem 4.2 Letx > 0andw € C. Asx — 0T,

Oy, (xRe(W)(l + |logx|)> , ifv=0,

9, (x, w) =
' Ov,w (xRe(w)—lRe(u)|> , ifve C\Z

Proof By the definition of a ¢F3, asx — 0,

2

X
1_6> = OU,W(I)l

1 _
F.
F(liv)l”(w+%)[‘(w+%:|:v)0 3(1:|:V,W+%,W+%:|:U
we see that 4, (x, w) = O, (xRe(W)’me(”)') when v € C\Z.
However, for v = 0, observe that ¢, (x, w) admits g form. So we, of course, mean
D(x, w) = lim0 G, (x, w).
V—>

For brevity, let f (v) be defined by

xX\w—v 1
f(v)':n<1) Fra-vrw+3)rw+i-v)

x2
16 /)"

XoF: N
0 3<l—v,w+%,w+%—v
Then,

Dol w) = lim T =SV _AO)

v—>0 sin(vw) 0w
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Clearly, the ¢F3 converges uniformly in a neighbourhood of v = 0. Hence by [81, p. 152,
7.17],

T (/9" log (3)
f(v)_n< ) { F(L—v)(w+3)T (w+5—v)

4
x2
)
B\ d (x> /16)¢
+<4> Z:%dv(k!r(l—v+k)r(w+%+k)r(w+§—u+k))}
__(x\) (x/4)_"log(2—c)
_n<> { Q- (w+HTrw+i-v)
_ X2
XOFS(I—V,W—I-Z,w—i-——v 16)

+<x>—vi @2/16) (Y(w+ 3 —v+ k) + (1 — v +k))
KD (w5 +k)TA—v+ MW+ 5 —v+k) [

x oF3

1—v,w+2,w+——v

(4.7)

where ¥ (x) = I''(x)/T (x). Now let v — 0 on both sides and use [81, p. 149, 7.11] so that

22
16

! _ X\ log(ﬁ) -
f(O)_jT(E> {_—FZ( +%)0F3<1W+%,W+l

>, (x2/16) +i+h+yQ+k
. Z J16)% (v (w )+ ¥ (1+k) } 48)
= k2 (w+ 2 +k)F(1+k)
From (4.7) and (4.8), we conclude that asx — 0,
Gy, w) =0 (xRe(W)(l + |logx|)>, O

Remark 3 Theorem 4.2 with w = 0 gives a well-known result [36, Equation (2.11)] for
v € C\ (Z\{0}).

The Mellin transform of %, (x, w) was first given by Bhatnagar in [18, p. 23]° However,
he did not give a proof of it. We prove it here using Theorem 3.1 of Slater. Here, and

throughout the sequel, we use f( to denote the line integral [~ ctioo,

Theorem 4.3 For —Re(w) &= Re(v) < Re(s) < ,

F(=5) 0 (5™)

r (1—s—2v+w) r (l—s—;v—b—w)'

(4.9)

o0
/ £71G, (xt, w) de = 25 1x7S
0

Proof We prove the equivalent statement, namely, for —Re(w) = Re(v) < ¢ = Re(s) < %,

1 r (#) r (H—U%) 2s—1 -5
% ©T (1—s—2v+w) r (1—5—;v+w) 2 (xt) ™ ds = G, (xt, w).

The condition for the validity of the Mellin transform given in this paper, namely —Re(w) £ Re(v) < Re(s) < é, is too
restrictive. Here, we extend the region of validity.

Page17of 54 34



34 Pagel18of54 Dixit et al. Res Math Sci (2022) 9:34

This is obtained by first employing the change of variable s = 2s; in the integral on the
left-hand side of the above equation. Then, use Theorem 3.1 with A = 2,B = 0,C =
0D = 2a = sw—v),a = sw+v),d = L1 —v+w,d = 30 +v+w),
and z = (xt)?/16. This establishes (4.9) for —Re(w) £ Re(v) < Re(s) < % However,
observe that the Remark 2 applies here and thus we can extend the region of validity to
—Re(w) &= Re(v) < Re(s) < %. O

When w = 0 and 1, the above result, respectively, gives Lemmas 5.1 and 5.2 from [35] as
special cases as can be seen from Theorem 4.1 and the standard properties of I'(s).

5 Proofs of Theorem 2.1 and its corollaries
In this section, we prove Theorem 2.1 and Corollaries 5.1, 5.2 and 5.3.

Proof of Theorem 2.1 First, let u # —v. We prove (2.1). We begin by showing that the
integral on the left-hand side of (2.1) converges for the said values of the variables p, v
and w. That the convergence at the upper limit of integration is secured can be clearly
seen from (3.7) and (3.8). To show that it is also secured at 0, we consider two cases - first,
v € C\Z and the second, v = 0.

Casel:v € C\Z

(i) LetRe(u) > 0and Re(v) > 0.From (3.9) and Theorem 4.2, we see that the integrand

I(M(t)t“+”+wgv(xt, w) = O (t—Re(M)+Re(M+v+W)+Re(w)—\Re(v)\)

— OM s (tZRe(w)) ,
as t — 0, so that Re(w) > —% is needed.
(ii) Let Re() < 0 and Re(v) > 0. Then we replace u by —pu in (3.9) and then use the
fact K_, (t) = K, (t) so thatast — O,

[(M(t)tﬂ+v+wgv(xt’ w) = OM o (tRe(u)+Re(H+v+w)+Re(w)—IRe(v)l)

= OM VWX (tZRe(M—i_w)) )

so that we need Re(it) > —Re(w) — %

(iii) When Re(1) > 0 and Re(v) < 0, one can similarly see that we require Re(v) >
—Re(w) — %

(iv) Now let Re(it) < 0 and Re(v) < 0. Ast — 0,

I(M(t)ty,+u+wgu(xt) w) = Oll« N (tRe(/L)+Re(/L+v+W)+Re(w)+Re(v))

<t2Re(u+v+w)) ,

= Opvmx

so that Re(u + v) > —Re(w) — % is required.

Similarly in the remaining five cases Re(u) = 0, Re(£v) > OorRe(+u) > 0, Re(v) = Oor
Re(u) = Re(v) = 0, we see that we require Re(w) > —1/2, Re(n) > —Re(w) — %, Re(v) >
—Re(w) — % and Re(u + v) > —Re(w) — %

Case2:v =0
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(i) LetRe(u) > 0. Using Theorem 4.2 and (3.9), it is clear that as ¢ — 0,
KOG, (xt, w) = O (#2414 [1og ).

Hence as long as Re(w) > —1/2, the convergence is secured.
(i) Similarly when Re(u) < 0, it can be seen that we need Re(u + w) > —1/2.

Thus, we conclude that the integral on the left-hand side of (2.1) converges when
Re(w) > —1/2 and Re(u), Re(v), Re(u + v) > —Re(w) — 1/2.
We now prove (2.1). Apart from the conditions

Re(w) > —1/2, and Re(u), Re(v), Re(u + v) > —Re(w) — 1/2, (5.1)

we initially require one more condition

Re(v) < Re(w) + % (5.2)

This additional restriction is removed later.
Letl = I(u, v, x, w) denote the integral on the left-hand side of (2.1). For Re(s) > +Re(u)
and a > 0, we have [69, p. 115, Equation (11.1)],
/ " B (at) db = 2-2aT <S_—“> r (s e ) (5.3)
0 2 2
From Theorem 4.3, (5.3), and an application of Parseval’s formula (3.3), we see that for
¢ =Re(s) < min (Re(1 + v + w), Re(1 + 21 + v + w)) and Re(—w=v) < ¢ = Re(s) < 3/4,

_ L /- r (sfv2+w) r (s+v2+W) r (lfngerw + M) vt w2 s o
27i S [ (=)

Now employ the change of variable s = 2£ +v so that for max (—Re (%), —Re (¥ +v)) <

¢1 = Re(§) < min (Re (HTW), Re (u + WTH), g — %Re(v)), we have

+v+w—1 v 2\ ¢ w+l _ w w
Ty (o) g,
T 2 (e \ 4 L ("t —v—§)
(5.4)

It is important to note here that (5.1) and (5.2) imply that the strip in the £-complex plane
in the sentence above (5.4) is of nonzero width.

Now we evaluate the inverse Mellin transform in (5.4) using Slater’s theorem, that is,
Theorem3.1,withA =2,B=1,C=0,D = 1,a; = w/2,ay = v+w/2, by = u+(w+1)/2
and d; = —v + (w + 1)/2. Note that (5.1) and (5.2) imply that the conditions (3.5) in the
hypotheses of Slater’s theorem are satisfied.

This indeed gives (2.1) upon simplification when the conditions in (5.1) and (5.2) are
satisfied.

However, using (3.9), Theorem 4.2 and [85, p. 30, Theorem 2.3], we see that the left-
hand side of (2.1) is analytic in v as long as v € C\ (Z\{0}) and the conditions in (5.1) are
met. Since the right-hand side of (2.1) too is analytic in v when these conditions hold, by
the principle of analytic continuation, (2.1) holds when v € C\ (Z\{0}), Re(w) > —1/2
and Re(u), Re(v), Re(u + v) > —Re(w) — 1/2.

Equation (2.2) can be derived by simply letting 4 = —v in (2.1) and then using (1.18).

O
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Koshliakov’s (1.8) and (1.9) can now be derived simply as special cases of Theorem 2.1.

Corollary 5.1 Letx > 0. For jt # —v, Eq. (1.9) holds for Re(u) > —1/2, Re(v) > —1/2,
v ¢ 7T, and Re(u + v) > —1/2, otherwise, Eq. (1.8) holds for —% < Re(v) < %

Proof Let w = 0 in Theorem 2.1 and make use of the first identity in Theorem 4.1,
namely, Eq. (4.1). O

A companion to (1.9) can also be derived from Theorem 2.1.
Corollary 5.2 Letx > 0. For u # —v, if Re(n) > —3/2, Re(v) > —3/2,v ¢ Z*T U {1},
and Re(u + v) > —3/2, we have

foo K, (¢t (sin(n V)ay (2/xt) — Cos(nv)Lg,,(Z«/E)) dt
0

Ta2h -1 { (9_6)*” I(p + %) w+ %
sin(vrr) ru_wng_m123

2 s—v1—v

)

/OO tK, (¢) (sin(wr)]z],(Z«/E) — cos(wr)LZU(Z«/x_t)> dt = xK, (x),
0

%2
4

(x)vl"(;H—V—Ir%)F ,u+\)+%
2) Ta+vr@) 2\ L1+4v

otherwise, for —3/2 < Re(v) < 3/2, we have’

Proof Letw = 1in Theorem 2.1 use the second identity in Theorem 4.1, that is, Eq. (4.2).
O

Yet another corollary of Theorem 2.1 gives explicit evaluations of the Hankel transforms
of well-known functions.

Corollary 5.3 Letx > 0. If u # —1/2, then for Re(w) > —1/2, Re(u) > —Re(w) — 1/2,
x

4

%2

4) ]; (5'5)

* T(n+w+s +w+ 3
| e Ko oD de = 2 { %15 (M L
0 w

C(w+w+1) w+w+1
—xil 1F2 3 1
C'w+3) W+ 3

else, for Re(w) > 0,

o
/ e_ttw_%hw_l(2x/xt) dt = e *x""3,
0

Proof Letv = 1/2in Theorem 2.1 and use (1.16) to obtain (5.5). In the second half of the
theorem, use (1.18) and (3.10). O

6 Self-reciprocal functions in the Watson kernel and a modular relation

In (2.2), we found an example of a function which is self-reciprocal in the Watson kernel
4, (xt, w). Letting v = z/2 in (2.2) and replacing x and ¢ by 27 x and 27¢, respectively, we
have an equivalent form

o0
27 f YKz (2nt)Y: (47 %xt, w) dt = XKz (2mx), (6.1)
0

This integral evaluation was obtained by Koshliakov [60, Equation (13)].
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valid for x > 0 and Re(w) > max (—%, %(|Re(z)| - 1)).

Several criteria have been derived for a function to be self-reciprocal in the Watson
kernel, for example, see [17,19]. Here, in the case of a non-negative integer w, we obtain a
new criterion that seems to have been missed. This result is given in the following theorem.

Theorem 6.1 Let w be a non-negative integer and z € C such that |Re(z)| < 2w + 1.
Suppose there exist functions f (t, z, w) and F (s, z, w) with the following three properties:

(i) F(s,zw)=F(1 — s,z w);
(ii) For —w & Re (%) < Re(s) <1+ w=ERe (%), the Mellin transform of f (t, z, w) is

[, e tmma = pozm (1= D) (1-5+5) (5-5), G+ 5),

(6.2)
if wis even, and
oo F(s,z,w) z z
s—1 2, w)dt = 1—s—— 1-— -
/0 £ fbaw)di 2(cos(%)+cos(ns))g( s 2>§( S+2)
s z 1 s  z 1
X(a‘zﬁ)@(i*l*i)@’ e

if wis odd;
(i) The Mellin transform of f (t, z, w), namely M|[f; c + it] and given by the right-hand
sides of (6.2) and (6.3), satisfies M[f;1 — ¢ — it] € L(—o0, 00).

Then f is self-reciprocal (up to the constant 21 ) in the Watson kernel, that is,
o0
fxzw)=2m / ftz w)%% (47 2xt, w) dt.
0

When w = 0 and w = 1, Theorem 6.1 reduces to Theorems 5.3 and 5.5 from [35],
respectively.

Proof of Theorem 6.1 We prove only the case when w is even. The case when w is odd
can be similarly proved. Replacing v by z/2, x by 2w x and ¢ by 27 ¢ in (4.9), we see that if
—w £ Re (%) < Re(s) < %, then

00 1 C(&E — 2\ (st 4 2
/ £ (4 xt, w) dt = ST 1ES+2W — 2) = (135+w 4)£ . (6.4)
0 ( 2 4) ( 7 T 4)

Observe that the hypothesis |Re(z)| < 2w + 1 ensures that —w & Re (%) < % < % and
hence we can use (6.4).
From (6.2), hypothesis (iii), (6.4) and Parseval’s formula (3.3), for —w & Re (%) <c=

Re(s) < min (%, 1+w=ERe (%)), we have

o
27 / [ 2wz (4rxt, w) dt
0

1 z z 1—s z 1—-s z
:?/(‘C)F(l—s,z,w)g“(s—E);(s—ki)( 5 —Z>¥< 5 +Z>¥
L TR

2(7r2x)5 r (17s2+w _ AZI) T (17s2+w + ‘%)
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=%Lﬁ@%M46—9¢G+§>G—Z&(E+

1 r-HrGes
e e

where in the last step we used F(s, z, w) = F(1 — 5,2, w).

Dixit et al. Res Math Sci (2022) 9:34

(6.5)

Next, use the asymmetric form of the functional equation of the Riemann zeta function

[4, p. 259, Theorem 12.7]
_ol—s__—s E
t1—s)=2"°m F(s);(s)cos( 5 )

(6.6)

twice, once with s replaced by s 4- , and then by s — £ resulting in

(=3)erg) === e s ()

ol PnE - )n(Z6+3)

Now substitute (6.7) in (6.5) and use both (3.1

o
21 / ftz w)g% (47 %xt, w) dt
0

1 s z z
- e
7] (C)x (s, zw)¢ s 5 e s+2
=f(x zw),

where the last step follows from (6.2).

(6.7)

) and (3.2) twice thereby deducing

Remark 4 In the case when w is a non-negative integer, (6.1) can also be derived as a

corollary of Theorem 6.1. To see this, take f(t, z, w)

oW—=2p—S i,é 4z
u (52){41 g 4), if w is even,
Eszw) = oW 171’31"6% 4+ % % 4+ )(cos(%)—b—cos(ns))
¢(1—s—3%)c(1—s+3

="K z (2mt) and

(6.8)
if w is odd,

and show that the hypotheses of the theorem are satisfied if |Re(z)| < 2w + 1 and —w £
Re (%) < Re(s) < 1+w=+Re (%). Thus, we note that the function F(s, z, w) may have two

different expressions depending on the parity of w.

Remark 5 Note that (6.1) is valid for any w such that Re(w) > max (— %, %(lRe(z)| — 1)),
whereas Theorem 6.1 gives (6.1) only for a natural number w because of its hypotheses.

Our last result of this section is the following modular relation between two integrals.

Theorem 6.2 Let w be a non-negative integer and z € C such that |Re(z)| < 2w + 1. Let

f(t z, w) be as in the previous theorem. Then for o, B > 0 such that a = 1, we have

o0 o
Q"3 / xWK% 2rax)f (%, z w)dx = ﬁw+% / xWK% (27 Bx)f (%, 2, W) dx.
0 0

When w = 0 and w = 1, the above theorem reduces to Corollaries 5.4 and 5.6 in [35].

An example of a function self-reciprocal in the first Koshliakov kernel, other than K z (%),

has been considered in [12, Theorem 15.6], which leads to the above modular relation in

the special case w = 0.
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Proof of Theorem 6.2 Weare givenw € NU{0}, o, B > Osuch thata = 1. Replace x and
¢t in (6.1) by ax and By, respectively, so that for |Re(z)| < 2w + 1,

o0
awxWK% Qrax) = 2npvT! / yWK% (Znﬂy)%% (472xy, w) dt,
0

Multiply both sides of the above equation by /af (x, z, w), integrate both sides with respect
to x and use the fact «f = 1 so0 as to get

aw+%/ xWK% 2rax)f (%, 2z, w) dx
0 1 o0 o0
=2 p*t2 / / WK H 27 BY)f (%, 2, w)%% (47r2xy, w) dy dx
1 oo0 0 .
= p"¥t2 / yWK% (27 By) (275/ Sz w)G: (47 %xy, w) dx) dy
0 0
1 o0
=g""2 f wa% Qray)f(y, z w) dy,
0

where in the last step, we used Theorem 6.1. The interchange of the order of integration
in the second step is justified because of (3.8), (1.13) and (3.7). O

7 A transformation involving series of the sums-of-squares function ry(n)

In this section, we prove Theorem 2.2. We begin with a lemma which gives an asymptotic
estimate for , K, (z, w) as z — oo. This will be crucially required in the results established
in both this and the next sections.

Lemma 7.1 Let|arg(—z)| < m and m € NU {0}. Asz — oo,

7-[23M+2V+2W

WKy (zw) = {Am(u, v, w; 2) — By, (1, v, w; 2)

sin(mwv)zw+2utv+l

+O0puw (12172772)},
where Ay (14, v, w; 2) is defined in (2.14) and

" | i(_1)—u—v—W—%F(M+v+w+%+k) (Z)*2k (7.1)
(L Vv, W3 2) 1= 2 ’ ’
v, Wiz KT (—p—v—k)T (5 —p—w—k) \2

Proof From [72, p. 412, Formula 16.11.8], for | arg(—z)| < 7, as z — oo,

I'(a1) » »
TG (by) 1F2 (a1; b1, ba; z) ~ Hia(—2) + E12 (—Ze ) +Ein <—ze ), (7.2)
where
o0
(-1f I'(a1 + k) ek
2 = “, 7.3
126 ,{2_(:) k! T(by —a; —k)T(by — a1 _k)z (7.3)

A:al—bl—bg—{—%,and

9—A—1/2 2% ™ 0 N\ —k
Eip(2) = T3 e”?* (2z2) ch <2z?) , (7.4)



34 Page24of54 Dixit et al. Res Math Sci (2022) 9:34

with ¢g = 1, b3 = 1 and

1
Ck = _E rg)cmeka
3 .
(a1 — b))
ehm =3 (1= & — 2y + M) (7.5)
= e =By
(=1
122

Leta; = u+w+ %, b =w+ % —v, bpy=1—v andreplacezby‘TZ2 in (7.3) and (7.4)
to get

H1)2< 22) i (_l)k F(M+W+%+k) (_22/4)—“,_,4,_%_](

4 o k! ]"(—v—u—k)l"(%—v—pc—w—k)
+ Opuy (2] 72720 2m73), (7.6)
Taking e ™ = —1, we see that
2 —pu—2v o
z ; 27K 1
Ey (——e’”) =2 gt chsz, (7.7)
4 V2 k=0
where ¢g = 1 and
o LG, Gty
S R Ty
1 1
+}m—§—MH%MW+W+v—ﬂ
1

(w—3)v
(m—%—u—%)mm(ﬁw—%)}
(w=v—13) (=) '

+

From (7.2), (7.6) and (7.7), as z — o0,

F(u+w+3 1 1 z2
(1 3) 1F2<M+W+—;W+——v,l—11;—>
F(w+3—-v)T(1—-v) 2 2 4

2 2 2
z z : ze .
:H _— E ——e E - 4 > 79
1,2< 4>+ 1,2( 46 )+ 1,2( —4e ) (7.9)

where
2 —pn—2 _1
Ey, (__e_m> _ 2K Ve Vy— (\/m)lﬂrh 3 < e * )
V27T x%*ﬂ
2 1
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Similarly, lettinga; = u +v+w+ %, by =w+ %, by =1+ v, replacing z by % in (7.2)
and simplifying, we see that as z — oo,

F(pw+v+w+i)
F(w+%)F(1+v)

Bo(ptvtwt swd 514 z
2 YT 4

2 2 2
= H;, <—ZZ> +Ef, (—%e"”) +Ef, (—Zze’”) (7.10)
Here,
. ( 22) P N (T S 2 i
P\ e =k F(—u—v—KT (& —pn—w—k)
+ Ou,v,w (|Z|_2M_2U_2W_2m_3) ,
and

E* ( 22 ni) 27 M—% z - —k
——" ) = ! 2e E az ",
1,2 7 o P k
with ¢, defined in (7.5) and ey, resulting from (7.8). Also,

2 - —z
z : 27H 1 e
E* —_e_].” = e_z —Z H—3 + ol —).
L2 ( 4 ) V2 (=2) <z;_“_2v>

From the definition of , K, (z, w) in (1.17), (7.9), (7.10) and the observation that the terms
containing e* completely cancel out each other, we deduce that

&Ko (zw) =

mzWantv=l { “ ()" (et w + 3 k)

sin(rv) k:Ok!F(—v—M—k)F(%—v—u—w—k)

2
B i (1) H VT IT (w4 v+ w4 3 4 k) (E>—2u—v—2w—2k—1
k!F(—u—v—k)F(%—,u—w—k) 2

z\ —2u—v—2w—2k—1
“(3)

k=0
1
22w (—Dt2magmay _1
+OMUW(|Z| 2u—2v—2w—2m 3)+ e ZZ,LL-H) 3
T N2
(—1phony
— e

Upon using the definitions of (2.14) and (7.1), we see that the proof of Lemma 7.1 is
complete. |

Lemma 7.2 Let® k € N. Then,

00 k 0, if Re(n) > —3,
/ X (nzx, —) dx = k1 (k)
o 4

8This lemma is valid even if k is complex such that Re(k) > 0.

IS

1
—2,K

1
2
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Proof First let Re(u) > —%. The idea is to introduce the exponential dampening factor
e, y > 0, in the integrand, evaluate the resulting integral explicitly, then let y — 0
and finally invoke Lebesgue’s dominated convergence theorem.

From [44, p. 814, Formula 7.522.5], for p < q and Re(s) > 0, we have

[e.¢]
/ e L F a1, ..., apby, ..., by 8x) dx = T(s)pr1Fy(s ar, ... ap; b1, ..., by d).
0

(7.11)

First replace x by 72yx? and then let § = 72/4y, p = 1, ¢ = 2 in the above equation so
that

oo 4,2 2
7225 B (s by T ) de = SO0 Ey (5 ans by by
/0 € X 12 (alﬂ 1, U2, 4 X T 25 2L2 1S a1; 01, 025 4'_’)/ .

(7.12)

Letting s = 145 anda; = u + 145 + %, by = 145 and by = % in the above equation, we get

o0 1 k1 %2
EEETEIN == d
/Oe x 12<M+4+2424>x
k
F(z e (s +1.1.7r2 713)
= Znéy 1r1 | 1 4 2’2’4)/ . .

Againuse(7.12)withs=/i—i—%andal =,u—|—§+1, by =§+%andb2=%toget

00 4.2
—n2x2y§F k 1/ l§nx 4
/0 e x21F /L—l— + +2 2 2 x
F(’S+1) 2
47 2) _k_1 k 3
=— 15 )" 21 <M+Z+1;§;4_y)' (7.14)
22

Therefore from (7.13), (7.14) and the definition of K, (z, w) in (1.17), we have
o
/ x
0
Fe+d+3 k
= w2y {gfz (M + -+
T

11
2’2
P+ S a1)yhhr +
M4 Yy i1\ Kn 24y

Now express the right-hand side of the above equation in terms of the Tricomi confluent

u>\>-

k
%e_” #%y wK1 (n X, 4) dx

2
4y

hypergeometric function U (a; ¢; z) defined by [85, p. 176, Equation (7.14)]

I'l1-— I'c—1
Ula;c;z) == ﬁﬂi(ﬂ; ¢z)+ %zl_cllﬁ(a —c+1;2—¢z) (7.15)
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so as to get
o0
x%,%e,nzxz%]{l %, K dx
0 2 4
y‘g k kK 11 n?
=——7F 0| 2n+-+1)U u—i———l———— . (7.16)
Skttt 2 22 4y

Let y — 0 on both sides of (7.16). Using Lemma 7.1 with v = 1/2,w = k/4 and z
replaced by 2x and then invoking Lebesgue’s dominated convergence theorem in order
to interchange the order of limit and summation, we have

® k.1 k
f %172, K (7% = ) dx
0 2 4

k

F<2M+§<+1> ) Lk k 11 2

= —————lm U (et 5 . (7.17)
ﬁzu+§+l y—0 2°2

&[4

From [85, p. 174, Equation (7.13)], as z — oo,

(@n(a+c—1),

Ula:c; ~ (=) .

(@c2) ~ 2z Z - (—2)". (7.18)
n=0
Leta:u+§+2,c—%andz:4 (7.18); thenasy — 0
kK 11 72 4y \ Mt

U —+ )~ 2 . 7.19

<u+4+2 : 4y) (nz) 7.19)

Therefore from (7.17) and (7.19), for Re(u) > —%, we arrive at

o0 k
/ xg_%uKl (nzx, ) dx = 0.
0 2 4

It remains to prove the result for © = —1/2. From (1.18), we have
k k 1 & k
1[(1 (]T x, ) = (n%x) 1K1 (72%x) = —yﬂ_%xz_%e_”zx,
4 2 V2

where we used (3.10). Hence,

o0 k 1 k
/ x _%_;K; 2% - ) dx = —n kZIF -,
0 2 2 4 ﬁ 2

using the well-known integral representation for Gamma function. This proves Lemma 7.2.
O

SIS

In order to prove Theorem 2.2, we now employ the following transformation of Guinand
[47, p. 264, Equation (10.7)] (also known to Popov [75, Equation (3)]) in a rigorous formu-
lation given in [11, Theorem 1.5]. The phrase ‘f(x) is an integral’ means f is an integral of
some function, that is, f can be written in the form f(x) = f; h(t) dt for some function 4
and —o0 < a < x.
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Theorem 7.3 Let k be a positive integer greater than 3 and let m = |3k | — 1. Let

F(x), F'(x), F"(x), ..., F?"=V(x) be integrals, and F(x), xF'(x), x2F"(x), ..., x> F2"(x)
belong to L*(0, o0). Moreover, as x — 00, let

Fx) = Oy (x757577), (7.20)
for some fixed T > 0. Let the function G be defined by

Gy =m /0 h F()_,2n\/yt)dt, (7.21)
and assume that it satisfies

G) = Ok (y757277), (7.22)

fort > 0,asy — oo. Then

ad 1_k ng X k1
> re(mnz =5 F(n) — —k/ x172F(x) dx
n=1 F(f) 0

= X_;rk(n)n%—ic;(n) — % /0 X1~ G(x) dx. (7.23)

For k = 2 and 3, (7.23) holds if F is continuous on [0, o), F(x), xF'(x) € L*(0, o0), and F
satisfies (7.20), and if G is defined in (7.21) and satisfies (7.22).

Proof of Theorem 2.2 We first prove the result for z > 0 and then extend it to Re(z) > 0
by analytic continuation. The idea is to invoke Theorem 7.3 with

Fx) = 2" K, (x2). (7.24)

To that end, we need to show that all of the hypotheses of Theorem 7.3 are satisfied.
Since F is infinitely differentiable on (0, co), all of its derivatives, in particular, F (x), F'(x),
oo, FCm=1(x) are integrals. We next show that F(x), xF'(x), x2F"(x), .. ., K2 F2m) ()

. k 1
belong to L2(0, o) provided Re(u) > -3~ 3

2
First, (3.8) clearly implies that the convergence of the integral of ‘x”F 1) (x) ‘ at the upper
limit of integration is always secured. Next, from (3.9) and [23, p. 36, Formula 1.14.1.1]

n

d -z\" ¢
— K,(xz) = <TZ> Z <Z>Kui2k;n(xz):

k=0

for any n € NU {0}, as x — 0, we have
*"EW (x) = Oy kon <x2“+§+%) + Opkcn <x§+%)
This implies F(x), xF’ (x), x2F" (x), . . ., x2"F2")(x) belong to L2(0, 00), provided Re(u1) >

—%( - % Further, (1.1), (1.3) and (1.4) imply that F is continuous on [0, 00).
Replace x by 72x/z in Theorem 2.1 and ¢ by ¢z, then let v = % andw = /45 in the resulting

equation, and use (1.16), so that for Re(u) > —141 - %,
o k wx k
/ AT, ()| (2 Vat) dt = ———— LK) <— —). (7.25)
0 2 ZI/H‘E"FQ 2 z 4
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From (7.21), (7.24) and (7.25),

z

Equation (3.8) clearly shows that the bound in (7.20) holds for our choice of F in (7.24).

Also, Lemma 7.1 with m = 0 implies that as x — oo, G(x) = O, (x*§*2’“2> =
1

O,k (x_g_f_’> for T > 0, provided Re(u) > —1/2. But when ¢ = —1/2, along

2

k/4
with our assumption v = 1/2 and (1.18), we see that G(x) = (%) K (”Zi) =
2

Ok, (x 4732 T) for 7 > 0, as can be clearly seen from (3.8). Hence, (7.22) is also satisfied
when Re(u) > —1/2 or p = —1/2.

From the above analysis, we conclude that the hypotheses of Theorem 7.3 are satisfied
for anyinteger k > 2 whenever Re(t) > —1/2 or u = —1/2. Therefore invoking Theorem
7.3, Lemma 7.2 and (5.3), we find that

k

- i k+2 1k
E rk(n)n“HKM(nz) — n—2“+§*lz*“*§*11“ (L) r (,U« + -+ _)
— r (’1) 4 2 4
n=1 2

k

00 2y k 2
= —fk B e < (2 —) - n—k%(u’ b2
ZHTaty = r <§>

where R(u, & z) is defined in (2.3). The transformation in (2.4) now follows for z > 0
upon using (3.1) in the second expression on the left-hand side of the above equation.

To see that the result is valid for Re(z) > 0, note first that the series on the left-hand side
of (2.4) is analytic for Re(z) > 0 as can be seen from (3.8). Also, Lemma 7.1 with m = 0
and the bound ri(n) = Oy (ng_““) for any integer k > 2 and € > 0, see for example,
[11, Equation (2.9)], imply that

34 kY o (o
ri(mn MI(% Z ‘4] = wkz n2Re(u)+2—€ |’

which clearly shows that as long as Re(u) > —1/2 + §, for any § > 0, the series

00 2

1k n°n k
X;’"k(”)”lz 4MK% <—Z ’Z)
n=

converges uniformly in Re(z) > 0. Since the summand of this series is clearly analytic
in Re(z) > 0, the series itself represents an analytic function in Re(z) > 0 as long as
Re(u) > —1/2. Moreover, (1.18) implies that the same is true for © = —1/2. Since all
other functions in (2.4) are clearly analytic for Re(z) > 0, by analytic continuation, (2.4)
holds for Re(z) > 0. O

Proof of Corollary 2.3 Let p = —1/2 in Theorem 2.2, use (1.18) and simplify. ]

8 A transformation formula associated with the generalized divisor function
oa(n)

This section is devoted to proving Theorem 2.4 and several corollaries resulting from it.
We first obtain some lemmas which are interesting in their own right.
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Lemma 8.1 Lety > 0. For Re(a) > —1, we have

27 foo a xZ(Zn)“F<11—a1 a442)
— x — _, —_——
ysin (%) Jo ri-a 2\ 2 2

y?
4y 5 47x Q"2-ap—a T
_( 52 ) COSh( y >}dx: T(-a) (7> 3D

Proof Note that one cannot separately integrate each of the two expressions in the inte-

grand as both diverge. Asin Lemma 7.2, the idea is to introduce the exponential dampening

2
factor e™**

,u > 0, and evaluate the new integral. Then at the end, we let # — 0 and
appeal to Lebesgue’s dominated convergence theorem.

Letp=1g9g=2, ul =1,b = l(l—a) by = 1——a1n(711) replace x by x%u, and

1 4
thenlets = 5, § = 75, u > 0, in the resulting equation to arrive at
y
L2 1—a a 4mtx 1 /n 1 1-a a 4t
e 1F 1;—)1——;— dx=c | —h|oL—1-5i— ).
0 2 27 2 2V u 2 2 2" uy
(8.2)
For Re(s) > 0 and Re(c) > 0, we have [69, p. 47, Equation (5.30)]
o 1 s 2 1-s 1 b?
/ x5~ Lo cos(bx) dx = —c™ 2T (i) e_lchlFl —S; —— . (8.3)
0 2 2 2 2 4c
Lets =a+1 ¢ =uand b = % in (8.3) and apply Kummer’s transformation

1F1(o; a0;2) = €#1F1 (o — a1; o2 —2) so as to get, for Re(a) > —1,

o 4m? 1 1 1 14
/ x%e™"" cosh T dx = —u~373T at 1F1 ta T[ , (8.4)
0 y 2 2 2 2 uy?

From (8.2) and (8.4),
/Oox%e*”xz x"2(2m)" (1 1-— a’ 1 f; 4 x?
0 r1l—a) 2 27 2

4 2 % 4 2
—( n2x> cosh< i x) dx
y y

1 _a a+1 14+a 1 47
—u_f_%l" + 1F1 + = —= ). (8.5)
2 2 2 72 wy?

Foroa # Z U {0} and — JT < arg(z) < 7, Kim [58] has obtained the following asymptotic

1

expansmn asz — o<

(K22(2) + Laa(—2)), (8.6)

2F2(1, &5 p1, p2;2) ~ W

where, withv =1+ o — p1 — po,

1
Ko (z) = 2"e*2Fp <p1 —a,p2— 0 —; Z)’
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IMNa—1) 1
Ly(z) =z 1 3F) (1, 2—p12—p32—o; —)
(o1 — DI (p2 — 1) z

o)l (1 — )
(o1 —a)'(p2 — @)

1
+z7¢ 2Fo<1+0l—p1,1+01—,02;—;;)‘

Hence letting @ = %, p1=3% p=1—-Fandz = % in (8.6), we find that as u — O,

1 1—a a 4m?
2h\L o —— 15—

"2 2 2" uy
r(ize\r(1-¢ 4N\ 4 4 _ 2
_ (7%) 1( 5) <4L> exp<4i)2F0<—Z,1 a;_;£>
r(3) uy? uy? 2" 2 47t
2 4N 3
wy*Jm 9 ( 47 ) 2 7 32
+0 +(-— +0
ey T e ) Ty T
(8.7)
From [85, p. 189, Exercise (7.7)], for —%n <arg(z) < 3,asz — 09,
2P0 (c) o= (c — b)u(1 = b), _,
1F1(b; ¢;2) ~ D) Z o z
n=0
e Tzt (c) o (B)(1 +b —¢)n Y
—z) " 8.8
I'(c —b) r;) n! (=2) (88)

4
Letb = HT“, c = % and z = % in (8.8) and observe that the infinite series in the first

expression on the right-hand side is nothing but 2 Fy (— %’, 1%“ 5 —; %), so that,asu — 0,
4t a
v <1+a'1.4n4> B ﬁexp(%yz) <4-n4>2 - ( al-a .4714)
—mi(a+1) —a=1
exp () ey 1
VT T (—) + Ogy (w4). 89)
2 y

Using (8.7) and (8.9) and observing that the expressions involving o Fy completely cancel

out, we deduce that

. 2r)™% 1 |n 1 1-a a 4m*
lim{—" — [Zh (-1, —5 12,
u—0 |1 —a)2V u 2 2 2" uy?

4x®\* 1 a1 fa+1 1+a 1 4r*
—\—7 ) Fu 2?20 1h1 o ey
y 2 2 2 72 uy?

—mi(a+1)
ey e (T g
e R TE R )
y27473 1 ez
= r a+1 -+ 2 a
(—a)m i cos (7)
y2 43 (7‘[61)
= —t — ), 8.10
[(—a)mat! ) (8.10)
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where in the penultimate step, we used (3.1) as well as the well-known variant of the
reflection formula in (3.2), namely, I’ (#) r (kTa) = COS?@
Finally, let # — 0 in (8.5), invoke (8.10) and use dominated convergence theorem of

Lebesgue to arrive at

o —% 27) "% 1— 4 4,2 4 2 % 4 2
f x2 x—( ) 1Bl 1 —a, 1-— 6—1; TN _ (X cosh T dx
0 r(1—a) 2 27 2 5 y

y27473 ¢ (nu)
=————tan(—).
[(—a)matl als

[N

Now multiply both sides of the above equation by ysjﬁ to obtain (8.1). O
2

Lemma 8.2 Lety > 0. Then, for —1 < Re(a) < 1, we have

© x’%(er)’“ l—a a 4mtx? 472y ? 472y
x —— 1|, —1— = —— ) - cosh dx =0.
0 r(1-a 2 2"y 2 y

(8.11)

[SIEN

Proof Letp=1,g=2,a1=1,b; = %(1 —a),by=1-— %a in (7.11), replace x by x%u,

4
and then in the resulting equation let s = I_T“, 8= % so that for Re(a) < 1,

0 1_ 442 (= 4t
e‘”xzx_“1Fz 1 —a,l—z; TX ) ax = (5 )1F1 1;1—E?L .
0 2 :

Lets=1, c=uand b = 4”Tziin(S.B) to get

00 4 2 1 4t
/ e Cosh< il x) dx = —\/Ee w? (8.13)
0 y 2 u
From (8.12) and (8.13), for Re(a) < 1, we find that
/mx*%e*”xz x"2(2m)"¢ B (1 1-— a} 1 o_z; 4rty?
0 r1l—a) 2 27 2
4 2 % 4 2
—( nzx) cosh( il x> dx
Y Y

(2m)~4 l—a a At 1 [7 [(27\* %=
— T F(51-520) -2 2 () e
21 —a)u 2 2 2 uy 2Yu\y

(8.14)

Letb=1,c¢c=1— % andz = % in (8.8). Observe that only the constant term of the first
infinite series on the right-hand of (8.8) survives, so that as u — 0,

a 4m* 4t ay oy T (1-9) 2
1F1<1,1—§,u—‘yz)_<u—))2) F<1—§>63’ +m€ T_%)+Oa,y(u).

(8.15)
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Using (8.15), we see that for —1 < Re(a) < 1,
. (2m)~ l1—a a 4m* 1 [z (2m\* %=
lim el 1A (Ll-s— )= /= — ) e¥
u=0\2r'(1 —a)u z 2 2" uy 2Vul\y
2
— im [ — %Y gl l(a+3)>
=1 2 o) ( 2
A ((2n)“+4f‘(1 —* "+ Oa
=0. (8.16)

Now let # — 0 in (8.14), invoke Lebesgue’s dominated convergence theorem and then
employ (8.16) to complete the proof of (8.11). O

We are now ready to prove our new transformation involving infinite series of the gener-
alized divisor function o,(n). We do this by employing the following analogue of Voronoi
summation formula for o,(n) due to Guinand [46, Equation (1)].

Theorem 8.3 Let —% < Re(a) < % Let M, (x) be defined in (1.7). If f (x) and f'(x) are
integrals, f tends to zero as x — 0o, f(x), xf'(x) and x*f" (x) belong to L*(0, 00), and

g(x) = 27 /0 "o (cos (%) Ma(4m/xt) — sin (?) Jq(zmdﬁ)) dt, (8.17)

then the following transformation holds:

o0

S o-amniftn —c+a) [ if@ds—ci-a) [ 2 i wds
n=1 0

0

= Za_a(n)nfg(n) -1+ a)/(; x2g(x)dx — ¢ (1 — a)/o x~2g(x) dx.

n=1

(8.18)

Proof of Theorem 2.4 We first prove the result for 0 < a < % and y > 0, and then extend

it to Re(a) > —1 and Re(y) > 0 by analytic continuation.
Letw =0, u = %, v = ‘5’ and replace x by 47r2% in Theorem 2.1 (or, equivalently,

w= %, v = 7 and replace x by 47 2x in (1.9)) and then use (3.10) and (4.1) in the resulting

equation to obtain

e e con () e < sin (7 o

1—a a
1F (1 J1— —dxtx?),
2 2

X n%_
sin (%) | T (1-4)T (59)

— (471296)% cosh(472x) }

a

(SIS

where we used the fact that oF1(—; 1/2;x%) = cosh(2x).

Page 33 of 54
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Replace t by yt and replace x by § in the above equation to get

/Ooo —3 (cos( )M (47 +/xt) — sin (n;)]a(ém\/a;)) dt

1 x"2(27m) 7" l1—a a 4mtx?
= —0 1F2 | 1; 1= —
ysin(Z2) | T(1-a) 2 2"y

_ (27“/9_6)“ cosh (47T2x) } (8.19)
Y y

We would like to now put f(x) := ex7 in Theorem 8.3. To that end, observe that fx)
and f’(x) are integrals. Also, it is easy to see that f(x) — 0 asx — 00, and that f (x), xf’(x)
and x%f”(x) belong to L%(0, 00).

From (8.17) and (8.19), we have

(x) = 2 X2 (27)"¢ E (1. l1—a 1 a'47t4x2>
£ _ysin(%) ri—a -2\7 ’ ’

_ <2nﬁ)acosh (4”2"> } (8.20)
y y

Our next task is to evaluate the four integrals in (8.18) for 0 < a < 1/2. To that end, note

that
o0 a o0 a 1
/ x2f(x)dx =y T(a+1), f xT2f (%) dx = —. (8.21)
0 0 J
Further, from (8.20), Lemmas 8.1 and 8.2,
© 272 a4 gec (”—2“) R
/ x2g(x) dx = , / x"2g(x) dx = 0. (8.22)
0 ['(—a) 0

Thus, from (8.18), (8.21) and (8.22) and the elementary fact o_,(n)n* = o,(n), for 0 <
a<jy Landy > 0,

— Ly (A4+al(l+a) ¢(1-a) 272 =4 sec (Z2)
Zoa(n)e Y — ST - +el+a) o s

i (271n)“F l'l_dl a‘47r n?
- a)IZ ’ 9 ) 27 )

y

ysm
2m \* 4

—(—n) cosh( d n) .
y y

Now use the functional equation (6.6) with s = —a twice to write ¢(1 + a) in the above

equation in terms of {(—a) thereby obtaining (2.12) after simplification. This proves
Theorem 2.4 for0 <a < 1/2andy > 0.

Next, we show the validity of the transformation for Re(a) > —1. From Remark 1, the
series on the right-hand side of (2.12) is Y o cra(n)n_% %I(% (4”;”, 0), Now Lemma 7.1

gives 1Ke (4”;”,0> = Oy <n’%Re(ﬂ)*2) as n — oo. Along with the elementary
2
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bound O’a(l’l)ﬂ_% = O(n%‘Re(")He) which is valid for every ¢ > 0, we see that

Yoo Ga(n)n_% %K% (47;2”, 0) converges uniformly as long as Re(a) > —1. Since the sum-
mand of the series is also analytic for Re(az) > —1, by Weierstrass’ theorem on analytic
functions, we see that it represents an analytic function of 2 when Re(a) > —1.

Since the left-hand side of (2.12) is analytic for Re(a) > —1, by the principle of analytic
continuation, we see that (2.12) holds for Re(a) > —1 and y > 0. Using similar method as
above, both sides of (2.12) are seen to be analytic, as a function of y, in Re(y) > 0. Therefore
by the principle of analytic continuation, (2.12) holds for Re(az) > —1 and Re(y) > 0.

O

Theorem 2.4, which we just proved, can be analytically continued to Re(a) > —2m — 3,
where m is any non-negative integer. This is done in Theorem 2.5 and is crucial in deriving
Corollary 2.8 and Theorem 2.12.

Proof of Theorem 2.5 From Theorem 2.4 and Remark 1, we have Re(a) > —1,

o
_ 1 2 14+a 1
Zoa(n)e 4= (—”) cosec (M) +1)¢(=a)—-¢t(1—a)
2 Y 2 y
n=1
o0
= 22 N el g (4”2”,0).
ye n=1 2

We rewrite the above identity as

e 1+a _
Zoa(n)e_"y + L (2—7[) cosec (H> +1)¢(—a) — (a-a
n=1 2 Y 2 y
(471211 ) 23+ (471271)_;
0 ) == Ta
y sin (%) y

1 a 47%n ym —4>/2 . 04(n) 1 a 47%n
A O O) A - 0,_ . 8.23
X m(z 2y >}+2sin(%);na+2 m(z 27y ) (8.23)

-2
K

2271 & »
= g 2 oaln :
yo2 n=1

D=
NI

Using the definition of A,, in (2.14) and employing (3.1), we see that

2sin (&) “~ nat? 2727y

2/ n=1
_ em) T L 1 (@)_Zk o oa(n)
" sin (%) kz=(:) M(—a—1-2k) \ y HZ:; pa+2k+2
27)743 I cla+ 2k + 2)¢ 2k +2) [4m2\ X
= _y(.jT)rra > C(ar 1)4(2k ) (L) , (8.24)
sin (%) = T(-a—1-2k) y

where in the last step we used formula [86, p. 8, Equation (1.3.1)] Y - | o) _ (s)¢(s—2),

P =

valid for Re(s) > max{1, 1 + Re(z)}. Hence from (8.23) and (8.24), for Re(a) > —1,
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n=1
W2 . 472 238 472y 272
= Z,TZUﬂ(n)n_i 11(”( r ) a 27m ( i n>
I AN sin (%) \
1 472
(L0
22 y
y(2n)*“*3Zmzf(a+2k+2);(2k+2) am2\ 525
sin (%) = T(-a—1-2k) y '

4m“n
Jy

Invoking Lemma 7.1 and the fact B, (%, 50; ) = 0, we see that for any € > 0,

—2_9

4 47y 723t (4m2p\ T2 1a 4n%n
Ua(l’l)}’l 2 lI(Z ) 0)— - Am S ] 0; -
22\ y sin (%) \ 22 y

an (n—Zm—4— %Re(u)—t—% \Re(a)l—i—e) )

This implies that the series
_a_o

i (n) -4 [ (47‘[271 0) 7772%+a <4'7T271) 2 A (1 a 0 4-7'[2;1)}
Oq\n)n ) - . m\ = YU
n=1 y sin (%) Y 22 Yy

is uniformly convergent in Re(a) > —2m — 3 + € for any € > 0. Since the summand of

K

[
(S

the above series is analytic in Re(a) > —2m — 3, we see by Weierstrass’ theorem that this
series represents an analytic function of a for Re(a) > —2m — 3.

Since the left-hand side of (8.25) as well as the finite sum on its right-hand side are also
analytic in Re(a) > —2m — 3, by the principle of analytic continuation, we see that (8.25)
holds for Re(a) > —2m — 3 for any m > 0. This completes the proof of Theorem 2.5. O

9 Transformation formulas for Y .. ; 64(n)e™" for a even
Here, we derive some lemmas crucial in obtaining the transformations for Y .- ; o4 (n)e™"

for a = 2m as well as —2m.

Lemma 9.1 Let Re(w) > 0. Let Shi(z) and Chi(z) be defined in (2.10). Then

¢ tdt
/ Leostat _ sinh(w)Shi(w) — cosh(w)Chi(w). (9.1)
0 t2 + W2
Proof First, let w > 0. From [76, p. 395, Formula 2.5.9.12],
® tcostdt 1 . W
./0 Zawr T 2 (e"Ei(—w) + e VEi(w)), (9.2)

X

toe/tdt
or, as can be equivalently seen from [52, p. 1], by Ei(—x) := — fxoo et /tdt. Also, from [44,
p- 884, 8.214.1, 8.214.2],

where Ei(x) is the exponential integral given [76, p. 788] for x > 0 by Ei(x) := [

00k X Lk
. X . X
Ei(x) = y + log(—x) + kgil W (x <0), Eilx)=y+logx+ kgl o (x > 0).

(9.3)
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Hence from (9.2) and (9.3), for w > 0,
/ ® tcostdt
0 t2 + W2

1 o (—w)k wk
=-51¢ (y+logw+kz_; PE >+ <y+logw+zkk‘>

k=1

k
eW 00 2/(71 o0 W2k
= — e — l
2 {Z 2% — 1)(2k — 1) 2. (2K)(2K)! 8w
k=1 k=1

eV W2k—1 S W2k

oy 0N _T
T { kX_; 2k — 1)(2k —1)! k; Q0ek)! ng}

= sinh(w)Shi(w) — cosh(w)Chi(w),

where in the last step, we used the series representations of Shi(x) and Chi(x), namely,
2k—1 o2k

. - x oo

which can be easily derived from their definitions in (2.10). Thus, (9.1) is established for
w > 0. Using (9.4), we see that both sides of (9.1) are analytic for Re(w) > 0 Hence by
analytic continuation, (9.1) holds for Re(w) > 0. O

Lemma 9.2 Let m € N U {0}. Then for’ Re(z) > 0,

Z Z(i’ 1+ ZZI 1)) = ”(22’2”) D] inh(22)Shi(22) ~ cosh(22)Chi(22)
2);
m 1
r2m + V(2m — 1) 2
+ log(22) cosh(zz)} ,; o 2] - 1)(2 2)7 Y. (9.5)

Proof Note that

oo .
27 =TCQm+ 1)2%
par; I'@2j+2m+1)

2 Y2 +2m+1)
)

2
(m+1); (m + %)/ (22)".

j=0

Changing the index of summation from j to k with k = j + m on the right-hand side of
the above equation, we see that

o Yj+2m+1) , TRm+1) o 1//(2k+1)2 "
;(m+1)j(m+§)jz o (22)¥m ;F(2k+1)(z)
_T@m+1) i v(2k +1)

(zz)zm (2 ) 2/

% F@m+1) "< ¥v@m—2j—1)
T 2k + )2 (22)? ; r@m—2—1)

(9.6)

9This result is actually true for all z € C. Note that at any non-positive real number z, the right-hand side has a
removable singularity.
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However, from [32, Lemma 3.2] and Lemma 9.1, for Re(z) > 0,

Y2k + 1)
Z—

2k __ o . _ .
2 T2k ) (22)*" = sinh(22z)Shi(2z) — cosh(2z)Chi(2z) + log(2z) cosh(2z). (9.7)

Now substitute (9.7) in (9.6) to arrive at (9.5). O

9.1 A transformation for Z;’,; oam(n)e™, me N
Lemma 9.3 Letn e N me NU{0}andy € C. Then

d 1 (1.1 a 1—a.4n4n2
da \T(1—a)' ?\7" 22 2 "y .
am2n\ " 472 472 472 472
=<7tn) sinh(ﬂn)Shi<nn)—cosh<nn)Chi(nn)
y Yy y Jy y
472 4> m 472 -2
—Hog(nn)cosh<nn>+2(2j—1)!<nn) .
y y ; y

j=1

Proof Using the series definition of 1 F; and (3.1) in the first step, we see that

d 1 (1.1 a 1—a.4n4n2
da\T1—a)?\"" "2 27

d [ 22k An? k

= da X_:F(l—a+2k)( y2 >

Z V(1 —a+2k) (167%n> k
(1 —a+2k) y2 '

We evaluate the derivative in the above equation at a = 2m to get

d 1 £ (11 a l—a'47r4n2
da\T1—a)'?\"" "2 2 y2
m—

Z V(1 42k —a) (167*n> Z V(14 2k — 2m) [ 167*n? k
a—>2m —~ I'(1+2k —a) 52 (1 + 2k — 2m) y2

16n4m2\" [ & A +2m—2j —a) (167*n® I
> :
= im
2 i a—2m F(1+2m—2j—a) 2

a=2m

Y Y
i V(1 +2)) [ 16m*n? J
1+ 2) 2

—o Y

4 2 2m m 4 2 -2 4 2 4 2
=<””> Z(Zj—l)!<””> +sinh(”">$hi<””>
y i1 y y y
472 472 472 472
—cosh( i n)Chi( id n)—l—log( id n)cosh( id n) ,
y y y y

vl +2m —2j — a)

I'(1+42m—2j—a)
well as Lemma 9.2 with m = 0 and z = 272n/y. O

where in the last step, we used the fact that lim,_, o, =(2j—1)!as
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We are now ready to prove Theorem 2.11.

Proof of Theorem 2.11 First, using the series definition of 1 F, we have

a l—a 47'*n? 472n 2 47?p
(L1, ; = cosh . (9.8)
2

22 y y y

i
a—lglm F(l - (l)
Using the above identity, we see that right-hand side of(2.12) has g form. Also due to the
term {(-a ( )) the left-hand side of (2.12) has form. Therefore in order to let a — 2m
sin
2

in Theorem 2.4, we use L’Hopital’s rule. First note that

d ((2nn)™ 1—a a 4m*n? 2\ “ 472p
- KL 1= = — | — ) cosh
da 2 27 42 y y

'l —a) ! y
(27rn)~*log(2mn) l1—a a 4n*n?
——— 1|, ——1- 7
I'(l-a) 2 20 y?
d _a 47%n
e (F(l— ( » ))
2 2
— <7n) log ( ;) cosh ( T; ) (9.9)
Let a — 2m in (9.9), then invoke Lemma 9.3 with z = 2”72” and then use (9.8) so as to
arrive at
d ((271;4)_” F (1 1—a L 4n4n2) (2n>” b (471211))
— [ =— ; ,1——; —| — ) cos
da\T1—a)"? 2 27 42 y y o
2 2m 4772 472 42 4772
=<—n) sinh(nn)Shi<nn)—cosh<nn>Chi(nn)
y Y y y y
m 2.\ Y
4
+3 @ - 1 ( il ") } (9.10)
j=1

We wish to take limita — 2m on both sides of (2.12). First, the right-hand side is evaluated

using L’'Hopital’s rule and (9.10).

oo
(27m) 4 1- 4 *n?
lim Jm ZG“ nn) ——1b (1; a; 1- E; n2n >
a—2m | ysin (52) ot —a) 2 2y

(5) (5 ">>}

2m+1 00 2 2
= (—1)’”7% (2_7T> Zogm(n): sinh (47; n) Shi (47; n)
2 )

y n=1

2 m

47°n —Y
—cosh( >C ( >+sz—1)l< ) } (9.11)
y =
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We now evaluate the left-hand side of (2.12) as a — 2m. Using ¢{(—2m) = 0, we have

14+a
ﬂl_l)l’glm {Za (n)e™ + = ((2;1) cosec (7‘[2 ) + 1) (—a) — C(ly— a) }

_ay (D" ( )MH p ¢(1—2m)
— ” y o) —
E oym(n)e ) '(—2m) 5

Y
—ny (2Wl) Bom
= ZGQ (me™ — orr £ @m+ 1)+ 0, (9.12)

where in the last step we used [55, Equation (1)]

(2m)!

) = ()" g

¢(2m+1) (9.13)

as well as [4, p. 264, Equation (17)]

B
¢(1—2m) = — 22, (9.14)
2m
Hence from (9.11) and (9.12), we obtain (2.20). O

9.2 Atransformation for Y o, o_am(n)e™™, m e N
Lemma 9.4 Letm € NU{0}. Let Shi(z) and Chi(z) be defined in (2.10). Then for Re(z) > 0,

d F ll—al a o
— ;i ——1— =5z
da"? 2 2

= % {sinh(22)Shi(2z) — cosh(2z)Chi(2z) + log(2z) cosh(2z)}
TQ2m 4 1) s y(2m —2j — 1)
(222 ; r@2m—2j— 1)

a=—2m

. 1
(22)7% — v (2m + 1)1 F, (1; m+1,m+ §;z2> .

(9.15)

Proof Using the series definition of 1 F2, we have

da 2 2’
ad z¥ d( 1
- _ — —— log(—) +log(1— = )
2y a5 ) tre(3)
1 2 H( 1 1 )
=5 —a a —a +
22 0, (-3, 5\ G T gk

=§f y¥Z+1-a)—y(1-a)

P (1 - 5),(59)
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d F ll—al a ,
— ; 11— =z
da"? 2 2

a=—2m

< oy Y(2j+2m+1)
=27 (m + Dy + 1,

1 2
—YQ2m+ 115, 1;m+1,m+§;z .

Using Lemma 9.2 in the above equation, we arrive at (9.15). O
Lemma 9.5 Letm € NU {0}, n € Candy € C\{0},
1 o LmaLm+ 1 4nw
e ym T =5
rem+1)" > 2 2
<4n2n)2m <4n2n)
= cosh
Y Y
2 m—1 2 —2k
1 4
SE—_— =) . (9.16)
16m4n? = r@2m —2k —1) y
Proof Using the series definition of 1 F», it is easy to see that
(9.17)

b
1Bh@a+Lb+1,c+ L;x) = _x (1F3 (a; b, c;x) — 1F3 (a + 1; b, ¢; x)) .
x

Use (9.17) witha =0, b = m, ¢ = m — 1/2 and x = 4m*n?/y? to see that

F ]. ”1+1 ”1+—
H ) 3

1 4\ 1 47n?
=-m|m— — — 1—16|Lmm— —; 5 .
2y

2 y

Again invoke (9.17) witha = 0, b = m — 1, ¢ = m — 3/2 and x = 47*n?/y? on the

right-hand side of the above equation to get

1 4mnin?
B Lm+1lm+ 55—
2y

(e () e e ()

2 y
3 dxtpy?
5 32

(1_15( =)

m—
— (m+ T 1 (471 )
" '(m)l (m é) y2

-1

_F(m—l)l“(m—%)( 52 )

N 1 <4n4n2)‘2 - (1 X 3 4n4n2)
sm—1m——;—— ) ¢.
D — 1)L (m—2) \ 52 2 2 5
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Iterating this process using (9.17) and employing the elementary fact 1 F» (1 1, %, 4’ ke ) =

y
2
cosh <4’3, "), we deduce that

2

1 m—1 (47 1’12/_)/2) (k+1)
—T(m+1)T <m+ 5) (1(2:(:) Fon — 0 (= 1)

1 (4;14;42)"” N (47r2n>
i —_— COS. .
T\ y? y

Using (3.1) twice and then dividing both sides by I'(2m + 1), we arrive at (9.16). O

1 47n?
1Pl Lm+1,m+ 5T
Y

We are now ready to prove Theorem 2.12.
Proof of Theorem 2.12 Using (1.17) and (2.14), we rewrite (2.13) as

o0

_ 14a
> ot + Loy - LD 4 I)E(z—”) (-

— y sin (%2 y

m—1 —2k
g Cla+ 2k +2)¢(2k +2) [ 4x?
+J’(2n) BZ F(—ﬂ—l—zk) (7) }

. 1 > 2mn)~ l1—a a.4n4n2
—smw)Z"“‘”){ (a5t 55

—a—2 m—1 2 —2k
+ 2y (2?_"/” k)}. (9.18)

We wish to take a — —2m1 in (9.18). We show that we have g form on both sides of (9.18)
at a = —2m. By invoking Lemma 9.5, we observe that

2 [ (2wn)™4 l1—a a 4n*n? 21 \“ 4m%n

— 1B L 1= — — | — ) cosh

y \I'l —a) 2 2y y Y
_g—2 m—1

yn (ann/y)‘zk
at3 a a =0.
ogats T (=5 -5 -k (=5-k) | _

(9.19)

L {1t s ta 2k ek + ) (an?\
5 (5) cw e T e ()

1-2m 1-2m
_ % (2_”) ¢ @m) + (2—”> £(0)¢ (2m)
y y

2 (-~ 2m+2k+2);(2k+2)< >
y(27) Z T2m —1— 2k) y

a=—2m

—2k
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(2 + 3) Ty

= y(2m)?" 3 mX_:Z (=2 —2)¢(2m—2j —4) <4n2>2j2m+4
j=0 y

=0, (9.20)

where, in the first step we separated out the term k = m — 1 from the summation to cancel
out the first term of the right-hand side, in the penultimate step we let k = m — 2 —j, and
in the last step we used the fact that ¢ (s) has zeros at negative even integers.

By using (9.19), (9.20) and the fact that sin(mm) = 0, we see that we have g form on
both sides of (9.18). Therefore, we use L’'Hopital’s rule after letting 2 — —2m on both

sides of (9.18). To that end,
d 27\ 1 s fat 2k + 22k +2) (42
d—( (5) scaen D iy ) ()

14a 1+a
=3 (27”) log (27”) {(—a)— (%”) ¢'(—a) — y(27)*3 log(2)

| sar2miem (@)*”Z Zz C(a+ 2k +2)c(2k +2) (4L2>‘2k
N—a+1-2m) \ y I'(—a—1-2k) y

N =

k=0
—a-3 am>\* 7" ¢'(a+ 2m)
+y() {;(m) () (et

L(a+2m)y(—a+1— Zm))
IN(—a+1-2m)

m—2 2N\ —2k /
47 ¢'(a+ 2k +2)
+§§(2k+2) (T) (F(—a— 1-26)

+§(a+2k+2)¢f(—a —1-—2k)
I'(—a—1-2k) )}

where we separate the k = m — 1 term in each of the two sums. Thus,

d 1+a
» (% (Z) " ccatyen

m—1

¢(a+ 2k +2)¢(2k +2) <4n2)_2k
x Z -
o ['(—a—1-—2k) y o

1—2m 1-2m 1-2m
-1 (2—”) log (2—”) cm) — L (2—”) c'em)+ L (2—”) ¢ (2m)
2\y y 2\y 2\y

m—2

am—3 s~ &/(=2m + 2k + 2)¢ (2k + 2) (ﬁ)‘zk
e k;, r2m—1— 2k) y

2\ 72" /1 2 1, 4
= (7) (E log (7) ¢(2m) — EC (2m) + Ef(zm))

g M2 2k
41 (1)2 ’ D (=D 2k + 3)¢(2m — 2k — 2) (%’T) ) (9.21)
k=0




34 Page44of54 Dixit et al. Res Math Sci (2022) 9:34

where we employed (9.13) in the last step. Next, invoking Lemma 9.4 with z = % and
Lemma 9.5, we see upon simplification that

d|2m ((2mn)~" 1-—a a 4ntn? 2 \* 47%n
- i h(;—1—-—="——) (= cosh
da ra-a 2 27 2 y y

y(2n)‘3(2nn)_“ el 1 4m2n\ X
+ n? I;F(—a—ﬂ(—l)( )

y a=—2m
2m—1 472 4772 472 472
_ (l) " {sinh( il ”)sm( id ") —cosh( il ”) Chi( il ”)} (9.22)
27 y y y y

Now leta — —2m in (9.18), interchange the order of limit and summation on both sides,

which is permissible because of uniform convergence, and then use (9.21) and (9.22) so as
to obtain

Zcr_zm n)e”" + §(2M) - —§(2m +1)

n=1
m 1-2m
L 25D {(2_”) <llog(2 ) ctm)— J¢'om) + é(2m>>
i y J

1/ y \2m- 3 M il 95
+§(2n) Z( 1)FF (2/<+3)c(2m—2k—2)<y) }

2

= —2(;1) (237)-[)2’% ' Za om(n) {smh( ) Shi ( T; n>
— cosh <4n2n) Chi <47T n) }
y Y

Finally, to get to (2.21) from the above identity, note that —%{(2;71 + 1) can be inducted
into the finite sum thereby resulting in its upper index of summation being m — 1.

We now simplify (2.21) further and represent it in the equivalent form given in (2.22).
Note that the right-hand side of (2.21) can be written using (9.1) in the form

m m—1 2
A ﬂl) (2 )2 Za_2m(n){s1nh< )sm(‘”y")

n=1

2 2
— cosh (471 n) Chi <4ﬂ n)}
y y

_ 2(—711 ( )Zm 120 . n)/ tco:n n)z it
y

2( nl ( >2m 1261_2"12/000 tcos(t)2 gt

2 47%d 2
t +<—y ) k

S ()30 () 0 ()

(9.23)
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in the last step. Using the fact that ¢'(s) =
— >, log n/n* whenever Re(s) > 1, we see that

where we used (2.11) with u = %

1 2
Z o log <%> = (2m) log< p ) —7'(2m). (9.24)

Finally, substitute (9.23) and (9.24) in (2.21), replace k by m — 1 — k in the finite sum
of the resulting identity and then use Euler’s formula in (2.7) to arrive at (2.22) upon
simplification. O

We now use (2.22) to obtain a nice companion to Ramanujan’s formula (2.8). See also
(11.1).

—(m-1
Proof of Corollary 2.13 Lety = 2a, @8 = 72 in (2.22) and multiply both sides by & (m 2)
to arrive at (2.23) after simplification. ]

As special cases of (2.22), we obtain two following corollaries involving ¢(3) and ¢ (5).

Corollary 9.6 For Re(y) > 0, we have

> n? n?—yy 1 y = 1 2win 2min
- -{(3) =" — - .
D e S TR L 4712;,12(1”( y )“”( y >)

n=

(9.25)
Proof Letm = 11in (2.22). O
Corollary 9.7 LetRe(y) > 0. Then
o0 —4 4
n vy
- L) S 25— =3
Zeny—1+<+4n4>180 £(5) 4“()
n=1
_ 2min oy 2min
N 167r4 n4 y '
Proof Letm = 2in (2.22). O

Remark 6 Corollaries 9.6 and 9.7 together give the following representation for ¢ (5):

3 3 3
Yy \w y Y (2 — yy) y 1
5=1(1 i - - -7
¢6) ( +4n4> 180 144 +Z<n4 12n2> e —1

167r2 Z <3n2 2n4) (w (2]7”) t¥ (_27;’")),

which is valid for Re(y) > 0.
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9.3 A transformation for Zf,°=1 d(n)e™"
Proof of Corollary 2.10 Let a — 0 in Theorem 2.4. This gives

o] 14a
Zd(n)e—”y + &lig}) (% (%T) cosec (%) ¢(—a) — ;;(1 — a)) + %C(O)

1 2mwn)~4 1- 474n?
S d(n) lim @rm° (1; -5 T )
a—0sin (Z2)\T(1 - a) 2 27y

— (2—71) cosh (471 n> ) (9.26)
Y Y

We first evaluate the limit on the right-hand side. Note that since 1 Fy ( i3 L 4’; " ) =

2
cosh <4”T"), we have g form. Hence, we need to use L’'Hopital’s rule. To that end, use
Lemma 9.3 with m = 0 so as to obtain

) 1 (27n)—@ l1—a a 4mn? 2m \* 47%n
lim — 1Foll; — 1 — = — | — ) cosh
a—0sin (Z2) \T'(1 —a) 2 27 2 y y
4m? 47 4m? 47?
=z sinh( i n)Shi( d n)—cosh( il n)Chi( id n>
T y y y y
4m? 4m?
—|—log< il n)cosh( 7 n)
y y
4r? 2 472
—log(2nn)cosh< 7 n) —log (_71) cosh( T n)
y y y
2 4m? 4m? 4m? 472
_— (mh( T ") sm( T ”) —cosh( T ”) Chi< T ”)) 9.27)
4 y y y y

We next evaluate the limit on the left-hand side of (9.26). Using the well-known power-
series expansions of ¢(—a), ¢ (1 — a), (27)1%%, y~(1+9) and csc (%2

)asa—>0weﬁnd

2
that
127\t 1 —y +1
lim (— (_71) cosec (H) L(—a) — —¢(1— a)) = M. (9.28)
a=>0\2 \ y 2 y y

Finally, from (9.26), (9.27) and (9.28) and the fact that £ (0) = —1/2, we arrive at the first
identity in (2.18).

To obtain (2.19), we invoke Lemma 9.1 with w = 472n/y in the first step below and
then use (2.11) with # = 47%n/y in the second step so that

S 2 2 2 2
Zd(n) {sinh (4” ”) Shi (4” ”) — cosh (4” ”) Chi (4” ”)}
y y y y

_ Z /‘ t cos(t) _ teos(®)

k=1 =1 4nnk>

=33 (2”")—%(w(z’Z"”)W(—ZT”))}'

This completes the proof of (2.19). ]
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As an equivalent form of Corollary 2.10, we obtain a result of Wigert and Bellman given
in [56, Theorem 2]1°.

Corollary 9.8 Let U(a; c; z) be defined in (7.15). For Re(y) > 0,

> 1 (v —log(y)
;d(n)e - —

2 & 472n 47%n
== dm{u (11 +U(LL- ,
y y y

n=1

Proof Inview of (2.18), it suffices to show that for Re(x) > 0,

U (1;1;x) + U (1;1; —x) = 2 (sinh(x)Shi(x) — cosh(x)Chi(x)). (9.29)
First let x > 0. From [56, p. 612], U(1;1;x) = €*T'(0, x). Also, from [44, p. 902, Equation
8.359.1], I'(0, x) = —Ei(—x). Hence,

U(1;15x)+U(1;1;—x) =e*T(0,x) + e *T(0, —x)

= — (¢*Ei(—x) + e *Ei(v)). (9.30)

The equality in (9.29) now follows for x > 0 from (9.30) and by equating the right-hand
sides of (9.1) and (9.2). By analytic continuation, it holds for Re(x) > 0. O

10 Transformation formulas for ) ;. , ca(n)e™" for a odd
As discussed in Sect. 2, we get some results in modular forms as corollaries of our master
identity, that is, Theorem 2.5. These results are derived in this section.

10.1 Modular transformation for Eisenstein series on SL,(Z)
Proof of Corollary 2.7 Leta = 2m — 1, m > 1, in Theorem 2.4. Using (9.14), the fact that
¢(—2m) = 0, m € N, and noting that

) 1 a l—a 47*n? 42\ 2! ) 47?p
lim ——1Fh(1;1-—, y— = sinh ,
a—2m—1 F(l — a) 2 2 y y y

(10.1)

we see that
iffszl(n)e‘”y - % ((—1)erl <27n)2m + 1) I;Ln’q”
n=1
- # i o2m-1(n) { (277[)%_1 cosh (47;2”)
_ (2_”>2y:j sinh <4”2”> }
y y

2T 2m 0 74712;1
=(—1>’"(—) > oam-i(me T
Y n=1

1071 the statement of their theorem, the 1/72 appearing in front of the summation on the right-hand side should be
1/m.
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This gives

e8] 2m

1 2 B
> oo alme™ = = { (17" (—”) +1)=2
ot 2 y 2m

27\ " & _4a%n
0" (Z) T ot (102)
y n=1
To prove (2.15), let y = 2« with @8 = 2 in (10.2) and simplify. o

10.2 Transformation formula for weight-2 Eisenstein series on SL;(Z)
Proof of Corollary 2.9 Let a = 1 in Theorem 2.4. Using the well-known special values
¢(—1) = —1/12, ¢(0) = —1/2 and invoking (10.1), we see that

2
n=1 Y 2)’

42 & 472 472

= _iz o(n) (cosh (ﬂ) — sinh( il n))
NV a——t Y Y
4 2 X 4n?n

= _iz Z o(me 7
y n=1

Letting y = 2« with o8 = 2 then leads to (2.17). O

10.3 Ramanujan’s famous formula for £(2m + 1)
We begin with a lemma which evaluates 1 K ~am1 (2, 0) in terms of elementary functions.

Lemma 10.1 Letz € Cand m € NU {0}. Then

1
2

(=" | _mnr _ =3 %
K-om-1(z0) = —— z —_— . 10.3
221(2 ) 7 :z e 4z 2 ](Z_(:)F(Zm—zk) (10.3)

Proof Using the definition of , K\, (z, w) from (1.17), we see that

—1)m+1 2m+l 3 2 h
Koz (5 0) = = { F(Z : )1F2 (1:m +Lmt ) S

z
V2 2m + 2 4 2

(10.4)

1
2

Now it can be proved along the similar lines as in the proof of Lemma 9.5 that

1 3 22 1l g% 1
Ellm+lim+=—)=—= sinh(z).
r@m+2)" 2( thmts 4) 22]§F(2m—2k)+z2m+1 @)

(10.5)

Substitute (10.5) in (10.4) to arrive at (10.3). O
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Proof of Corollary 2.6 Leta = —2m — 1 in Theorem 2.5 to get
1 (27" 2 + 2
S 0 a1 (e + ((—”) (-1 4 1) cm 1) - L2t
Y y

221 & - 47’n
= il Z:O‘,Q,,l,1(1’1)112 7 1K —2m-1 -1 ,0
1, — 3 y

2m—3
2 2
(C1yrtigghoom (471 n) 2 A, <1’ —2m — 1’0; 47 n) ]
y 22 y

_(_qymHl 2n—2 m 2k —2m 4+ 1)¢(2k + 2) <ﬁ>2k
(=1)" " y(2m) Z R =50 . '

(10.6)

By using (10.3) with z = 472n/y and the definition of A,, in (2.14), we see that

2m—3
472 472 z 1 —2m—1 _ 4x?
1K —2m-1 ( id n,O) — (—1)m+171’2%_2m (ﬂ> Ay (—, " , 05 il n)
2 y y 22 ¥
(1" /7 <2n>—2m-1 ( 471271)
=— | — exp| — . (10.7)
V2(ny)m: \ Y y

From (10.6) and (10.7),

ZU am—1(me”"™ + = 5 ((2;) (_1)m+1+1> c@m +1) §(2W;+ 2)

n=1
—2m o) 2
- (27”) (—1)" ;o_m_l(n) exp (—47; ”)

m — 2k —2m + 1)t (2k + 2)
— (1) *Hy(2r)> 22 R =20 ( ; )

_ (27”) (1) ;o_m_l(m exp (—4”;”)

PN (1) BomgaaBu (27 \* (10.8)
2 A (2m+2 - 2k)1(2K)! ’ .

—2k

where in the last step, we replaced k by m — k in the finite sum and then used (2.7) and
(9.14). Now use (2.7) on the left-hand side of (10.8) to obtain

(—1)mH (l

2m
2 271) ¢@m+1)

1
> o ama(me ™ + F@mE1)+
n=1

(—1)" 127 )2+ 2By, 4
2y(2m + 2)!

—2m 0 2
= <277r) (1" o am-1(n) exp (—47; n)

PN (D) Bymia—aiBak 27\
2 pard (2m + 2 — 2k)!(2k)!
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Now multiply both sides of the above expression by (%)ﬂﬂ and simplify to see that

(%)—m {%((ZM +1)+ fo—zm—1(n)e_”3’}

n=1

- (%) {%c(Zm +1)+ ZG—ZWI—I(”)B_W}

n=1

1
= iyt ri (—1)*Boymt2—24Box 27 2%
2 (m +2 - 201200\ y

Finally let y = 2« and @8 = 72 and simplify to get (2.8). ]

10.4 Transformation formula for the logarithm of the Dedekind eta function
Proof of Corollary 2.8 Let m = 0 in Theorem 2.5 and then let a — —1 so that

ad 7n ) 2\ Ta 1
;o,l(n)e Y+ al—l>n—11 { ((7) cosec (?) + 1) ((—a)} — ;E(Z)

v . 2 3/2
= 22N K (4” ”,O> R B (LAY
Vy n=1 2 2 y V7 \24y2m a>-1T (—12—a)

2 1
Using the limit evaluations lim {(a——ll—) = ——and
a——-1T (—T—“) 2

. 27\ 1T na 2
agrgl { ((7) cosec (7> + 1) g“(—a)} = log (7)

in the above identity, invoking (1.18) with v = —1/2 and using ¢ (2) = 72/6, we are led to

472n

o 1 2 72y >
— - —I —_— ) - — — = _ Ty .
;O’ 1(n)e +2 0g< p ) 6 + 7 HX:;U 1(n)e

upon simplification. To obtain (2.16), simply let y = 2« and use the fact that o = 72 in
the above identity. |

11 Concluding remarks and future directions
Koshliakov [60] studied an integral transform with respect to the w = 0 case of Watson’s
kernel ¥, (x, w), that is, the first Koshliakov kernel (1.5), which motivated us to obtain an
explicit transformation formula for ) >, 04(n)e™" for any a € C and Re(y) > 0 that
was missing in the literature. The wealth of information that this transformation contains
is evident from the numerous corollaries derived from it in Sect. 2. These include the
modular properties of Eisenstein series on SL; (Z) as well as explicit transformations for
the series ) - | oom(n)e™™, m € Z. They include a novel companion of Ramanujan’s
famous formula for £ (2m + 1) given in Corollary 2.13.

Are there any applications of results such as (2.19) or (9.25) from the point of view of tran-
scendental number theory? Note that Erdés [43] has shown that the series > °2 ; d(n)g™"

n=1
is irrational for any integer g with |g| > 2. Now observe that, if we let y = log(2) in (2.19),
the left-hand side becomes Y .- | m = > 72, d(n)27" so that, Erdds result implies

that it is an irrational number and hence (2.19), in turn, implies that
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(v —log(log(2)))

2 o {10 <2nn )_l(w(Znin)_'_l//(_ 2ﬂi71>)}
gy \iog@) 2" log) log(2)

+
n=

is irrational.

The two-variable extension of the modified Bessel function, namely, , K, (z, w), is instru-
mental in generalizing the well-known modular transformations (as well as modular-type)
appearing in the results of Sect. 2, and hence deserves further study. In this paper, we have
restricted ourselves to obtaining only those properties of , K, (z, w) relevant to deriving
various transformations.

Ramanujan conceived an overarching generalization of his formula (2.8). See [9, pp. 429—
432] for its rigorous formulation and a proof. In the same spirit, it may be interesting to
look at the corresponding generalization of (2.13).

Our companion to Ramanujan’s formula for £ (2m + 1), namely Eq. (2.23), contains the
higher Herglotz function of Vlasenko and Zagier. We note that the Herglotz as well as the
higher Herglotz functions are useful in algebraic as well as analytic number theory. Thus,
it would be of merit to study (2.23) from this viewpoint.

Letting « = B = =& in Corollary 2.13 implies that the hyperbolic cotangent Dirichlet
seriesand > - | (¥ (in) + ¥ (—in)) n~2" are intimately connected at even positive integers
s = 2m, that is,

>, coth(rn) w2V 2 ml 22k=1p. r(2m — 2k + 1)m 2k
; = VTS dm o k;) 24
_1 m-+1 o0 . + i
4 7)1 3 v (in) nZZ( in) (11.1)

n=1

Equation (11.1) is an analogue of Lerch’s formula [62], namely, when m € N is odd,

00 m+1

Z coth(mn) _ o2m 2+l Z(_l)k+1 Bok  Bamta-2k
k=0

T (2k)! (2m + 2 — 2k)!

n=1
This suggests further work, in the setting of (11.1), along the lines in [59,84].
Finally, it may be worthwhile extending our Theorem 2.1 wherein the kernel ¢, (x, w),
or equivalently @, (x), is replaced by its generalizations, for example, those studied in
[17,20,71].
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