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1 Introduction
Throughout this text, n > 3 is a fixed integer. If 0 < 8 < 1, we denote by Co’ﬂ(R”) the
vector space of bounded continuous functions f on R” satisfying

[flg :sup{w; xy€R", x;éy} < 00.
e — y1P

CO#(R") is then a Banach space when it is endowed with its natural norm
I llcos@ny = If llLoony + [F1p-

Define C#(R") as the vector space of functions f from C%#(R") so that o;f € COB(RM),
1 <j < n. The vector space C"#(R") equipped with the norm

n
W llcran = If llcosny + D 19 Il cosn)
j=1
is a Banach space.
The data in this paper consist in £1, £& € R”, Q € R" \ {&1, &} a C*! bounded domain

with boundary I’ 0 < @ < 1,0 < 0 < o, A > 1 and « > 1. For notational convenience,
the set of data will denoted by ®. That is

D=mé&,8,Q2a6,A«k)

Denote by D(A, k) the set of couples (a, b) € CP1(R") x CO1(R") satisfying
A2 l<a and lallcrigny < A (1.1)
k1 <b and ||bllcorpn < k. (1.2)
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Define further the elliptic operator L, acting as follows
L, pu(x) = —div(a(x) Vu(x)) + bx)u(x). (1.3)

We show in Sect. 2 that if (4, b) € D(A, «), then the operator L, ; admits a unique funda-
mental solution G, satisfying, where & € R”,

Gup(-) € CLERM\ (), LapGap(-£) = 0in R"\ (£},
and, for any f € C§°(R"),

= *y d
u= [ Gusle ey (e)as

belongs to H2(R") and it is the unique solution of L, ,u = f.

We deal in the present work with the problem of reconstructing (4, b) € D(%, k) from
energies generated by two point sources located at &1 and &. Precisely, if uj(a, b) =
Gup(- &), j = 1,2, we want to determine (g, b) from the internal measurements

vi(a, b) = buj(a,b) inQ, j=1,2
/( i ]

This inverse problem is related to photoacoustic tomography (PAT) where optical
energy absorption causes thermoelastic expansion of the tissue, which in turn gener-
ates a pressure wave [25]. This acoustic signal is measured by transducers distributed on
the boundary of the sample, and it is used for imaging optical properties of the sample.
The internal data v1 (4, b) and v»(4, b) are obtained by performing a first step consisting in
a linear initial to boundary inverse problem for the acoustic wave equation. Therefore, the
inverse problem that arises from this first inversion is to determine the diffusion coeffi-
cient a and the absorption coefficient b from the internal data v;(a, b) and v, (a, b) that are
proportional to the local absorbed optical energy inside the sample. This inverse problem
is known in the literature as quantitative photoacoustic tomography [1-4,7,8,11,21].

Photoacoustic imaging provides in theory images of optical contrasts and ultrasound
resolution [25]. Indeed, the resolution is mainly due to the small wavelength of acous-
tic waves, while the contrast is somehow related to the sensitivity of optical waves to
absorption and scattering properties of the medium in the diffusive regime. However,
in practice, it has been observed in various experiments that the imaging depth, i.e., the
maximal depth of the medium at which structures can be resolved at expected resolution,
of (PAT) is still fairly limited, usually on the order of millimeters. This is mainly due to
the fact that optical waves are significantly attenuated by absorption and scattering. In
fact the generated optical signal decays very fast in the depth direction. This is indeed a
well-known faced issue in optical tomography [24]. In most physicists works dealing with
quantitative (PAT), the absorption b > 0 is assumed to be constant and the optical wave
is simplified to Ce?7, as a function of the depth z, which is known as the Beer—Lambert—
Bouguer law [12]. Recently in [22], assuming that medium is layered, the authors derived
a stability estimate that shows that the reconstruction of the optical coefficients is stable
in the region close to the optical illumination source and deteriorates exponentially far
away.

Stability inequalities for this inverse problem were first obtained in [7,8] under a strong
non-degeneracy assumption. Later in [1], the authors improved these results by removing
the non-degeneracy assumption for well-chosen boundary conditions (Definition 2.3).

Assuming that the optical waves are generated by two point sources 8¢, i = 1, 2, we aim
to derive a stability estimate for the recovery of the optical coefficients from internal data.
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We point out that taking the optical wave generated by a point source outside the sample
seems to be more realistic than assuming a boundary condition.
In the statement of Theorem 1, C = C(®) > 0and 0 < y = (D) < 1 are constants.

Theorem 1 For any (a, b), (4, b) € DO\, k) satisfying (a, b) = (4, b) on T, we have
. %
la = &l o + 16 = Bllcoay = € (In1 = Ml + 12 = 2llo)

The rest of this text is organized as follows. In Sect. 2, we construct a fundamental
solution and give its regularity induced by that of the coefficients of the operator under
consideration. We derive pointwise lower and upper bounds for the fundamental solution
that are of interest themselves. These bounds show how the optical signal decays fast in
the depth direction. We also establish in this section a lower bound of the local L?-norm
of the gradient of the quotient of two fundamental solutions near one of the point sources.
This is the key point for establishing our stability inequality. This last result is then used in
Sect. 3 to obtain a uniform polynomial lower bound of the local L2-norm of the gradient
in a given region. This polynomial lower bound is obtained in two steps. In the first step,
we derive, via a three-ball inequality for the gradient, a uniform lower bound of negative
exponential type. We use then in the second step an argument based on the so-called
frequency function in order to improve this lower bound. In the last section, we prove our
main theorem following the known method consisting in reducing the original problem
to the stability of an inverse conductivity problem.

2 Fundamental solutions

2.1 Constructing fundamental solutions

In this subsection, we construct a fundamental solution of divergence form elliptic oper-
ators. Since our construction relies on heat kernel estimates, we first recall some known
results.

Consider the parabolic operator P, acting as follows:
P pu(x, t) = —Lgpulx, t) — d:u(x, t)
and set
Q={xt&ET) eR"xRxR'"xR; © < t).

Recall that a fundamental solution of the operator P, j, is a function E,,, € C>1(Q) verifying
P,,E = 0in Q and, for every f € Cg°(R"),

liin E.px 8 & T)f()dE =f(x), x€R"

tit JRrn
The classical results in the monographs by A. Friedman [14], O. A. Ladyzenskaja, V. A.
Solonnikov and N.N Ural’ceva [20] show that P,;, admits a nonnegative fundamental
solution when (a, b) € D(, k).

It is worth mentioning that if a = ¢, for some constant ¢ > 0, and b = 0, then the

fundamental solution E, is explicitly given by

x—&]2

0, (6 4§,1) € Q

[me(t — 012"
Examining carefully the proof of the two-sided Gaussian bounds in [13], we see that these

Ec,O(x) t, E: 7-') =

bounds remain valid whenever a € CV1(R”) satisfies

12 l<a and lallcrigny < A (2.1)
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More precisely, we have the following theorem in which

¢ _k?

5C(x,t)zme a, xeR" t>0 ¢>0.

Theorem 2 There exists a constant ¢ = c(n, A) > 1so that, for any a € C*1(R") satisfying
(2.1), we have

55*1 (x - %-7 t— T) < Eﬂ,()(xl t; ‘i:’ T) =< gc(x - ‘EJ t— t)’ (22)

forall (x,t,&, 1) € Q.

The relationship between & and E, is given by the formula

n/2+1
Ew—tt—1)= T9

Ecjaox 661), (€ 1)€Q (2.3)
The following comparison principle will be useful in the sequel.
Lemma 1 Let (a, b1), (a, by) € D(X, k) so that by < by. Then, E,p, < E,p,.
Proof Pick 0 < f € C§°(R"). Let u be the solution of the initial value problem
Popuxt)=0 eR" x{t >1}, uxt)=f
We have
u(x, t) = ./IR” Eq b, (% E T)f(E)dE = 0. (2.4)
On the other hand, as P, 5, u(x, £) = 0 can be rewritten as
P pyu(x, 1) = [b1(x) — ba(x)]ul, £),

We obtain

ulx t) = /R” Eqp, (% 6, T)f (£)dé

t
- / jR Eupy 5 58 )D1(8) — ba(©)ule, )t ds (2.5)

Combining (2.4) and (2.5), we get

[ Bt oy @ds < [ Eantsnsnirens

which yields in a straightforward manner the expected inequality. ]

Consider, for (a4, b) € D(A, «), the unbounded operator A, : L>(R") — L%(R") defined
Aa,h = _La,b’ D(Aa,b) = H2(RH)'

It is well known that A, generates an analytic semigroup e“d«>. Therefore in light of [6,
Theorem 4 on p. 30, Theorem 18 on p. 44 and the proof in the beginning of Sect. 1.4.2 on
page 35] k, ,(t, x; £), the Schwarz kernel of efab is Holder continuous with respect to x
and & and satisfies

kbt %, &) < e Ec(x — £, 1) (2.6)
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and, for || < vt + |x — &,

n

a6+ 1 €) — K63, 6)] < ¢ (#i_gl) £l — 1) 27)
n

k(% € + ) — ka6, )] < € (#}L_a) Eulx— & 1), 2.8)

where ¢ = ¢(n, 1, k) > 0and § = 8(n, A, k) > 0 and n > 0 are constants.
From the uniqueness of solutions of the Cauchy problem

u'(t) =Agpu(t), t >0, u(0)=f e CR"), (2.9)

we deduce in a straightforward manner that k, (¢, x;£) = E, (%, £; €, 0).

Prior to giving the construction of the fundamental solution for the variable coefficients
operators, we state a result for operators with constant coefficients. This result is proved
in “Appendix A” section.

Lemma 2 Let i > 0andv > 0 be two constants. Then, the fundamental solution for the
operator —uA + v is given by G,,, (%, &) = G o(x — £), %, & € R", with

G @) = Q) ™2 (Sor/ 1) Ky o1 (V%1 /S R), % € R™

Here, Ky,/2—1 is the usual modified Bessel function of second kind. Moreover, the following
two-sided inequality holds

e YI/VE e—VIl/2yD)

< Guv(¥) =C Pl R", (2.10)

|x|”—2
for some constant C = C(n, 1, v) > 1.

The main result of this section is the following theorem.

Theorem 3 Let (a,b) € D(A k). Then, there exists a unique function G,y satisfying
Gap(§) € CR"\ {§}), § € R, Gup(, -) € C(R™\ {x}), x € R”, and

(i) La,bGa,b(': S) =0in 9/(Rn \ {S}): ‘i: e RY,
(it) Foranyf € CJ°(R"),

) = [ Gusts )7 (e1de

belongs to H*(R") and it is the unique solution of L, yu = f,
(iii) There exist two constants ¢ = c(n, \) > 1 and C = C(n, A, k) > 1 so that

2wl v
1 <Gt <C———— 2.11
|x _ §'|”72 — a,b(x S) — |x _ g|n72 ( )

Proof Picks > 1arbitrary and let f € CS°(R"). Applying Hélder’s inequality, we find

/]R" ka,b(tl X, %-)If(%-ﬂd‘i: =< ”ka,b(t’ X, ')”LS(R”) ”f”Ls/(R”)’

where s’ is the conjugate exponent of s.
But, according to (2.6),

s C \* _sle—t?
lIka,b(5 ')”Ls(Rn) = (m) /]Rn e a d&.

24
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Next, making the change of variable & = ({/ct/s)n + x, we get

¢ \s [ct n/2 o
1Kt 2 izsny = (W) <?) fne "

Hence,
kg bt % )l sy < £"V/S~V/2¢,

with

=) (e

We get, by choosing1 <5 < %5 <33,

+0o0
/ / kap(6 %, &)|f (§)|dE dt
0 R~
1 +00
=/ / kap(t % §)If (§)|dE dt+/ / kap(t % £)|f(£)|dE dt
0 R” 1 R”
1 oo
< CS|V||L5/(R”)[) tg(l/s_l)dt—FCg”f”Lgr(Rn)/; t%(l/g_l)dt,

In light of Fubini’s theorem, we obtain

+o00 +oo
[ rasteneveded= [ ([ ks rar) erae .12

Define G, ;, as follows
+00
Ga,b(x) E) = fO ka,h(t’ X E)dt
Then, (2.12) takes the form

+00
/ f ks (63 £)f (6)dE dt = / G E)f (€)dE. (2.13)
0 R» R~

Noting that A, is invertible, we obtain

oy ([T
—A_f(x) = (/0 e ‘”’fdt) (x)
- / +°O / kup 6 E) (E)dE b, x € R,
0 R”

This and (2.13) entail

AN = [ Guln £ @, xR
In other words, « defined by

ue) = [ Gusl €(@e, xR

belongs to H*(R") and satisfies L, yu = f.
Since, for x # &,

R SR a1 [T s 1
/ ——e a dt=(c"* / 22 dr | ————,
0 /2 0 lx — €|n—2
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we get in light of (2.7)

1Gap(x + 1) — Gaplx §)| < P ", x#§, |hl < |x—&|,

— & |n—2+n

where C = C(n, A, k) is a constant. In particular, G, (-, &) € C(R" \ {£}). Similarly, using
(2.8) instead of (2.7), we obtain G, (%, -) € C(R” \ {x}). More specifically, we have

C
1Gap (X & 4+ h) — Gap(x §)| < . ", x#& |hl < |x—§|. (2.14)

§|n—2+n

Let £ € R” and w € R”\ {£}, and pick g € C§°(w). Then, set

Wab(y) = / Gun( g%y € BE, dist(&, 2)/2)

It follows from (2.14) that, for y € B(§, dist(§, w)) and |k| < dist(y, @), we have

C

- n
= T,z

|Wa,b(y +h) — Wa,b()’)

Therefore, w,, € C(B(§, dist(§, w)/2).

Let M(RR") be the space of bounded measures on R”. Pick a sequence (f;) of a positive
functions of Cj°(R") converging in M(R”) to §¢ and let u; = —A;}fk. In that case,
according to Fubini’s theorem, we have

/ uy (x)g(x)dx = / /1% ) G (% y)g(X)fi ()dy dx
= /R” Wa s O Wdy — wap(€) = / G, &)g(x)d,

where we used that suppfi C B(§, dist(£, w)/2), provided that k is sufficiently large. That
is we proved that u; converges to G, (-, ) weakly in leo R\ {£}) (think to the fact that
C5°(w) is dense in L% ().
Now, as L, puy = fi, we find L, , G, (-, §) = 0in R” \ {£} in the distributional sense.
The uniqueness of G, ;, follows from that of # and, as k1 < b < k, we deduce from
Lemma 1 that

Eae(66,0) < Egp(%1,§,0) <E, —1(% 5§, 0).
But a simple change of variable shows that

Epe1 (66 £,0) = e “Eqgox £,£,0) (2.15)
and

Eai(%,8,€,0) = e "E 0% 4, €, 0). (2.16)

Therefore, from Theorem 2 and identity (2.3), there exists a constant ¢ = ¢(n, 1) > 1 s0
that
—1)n/2+1
Ec—1/4,0(xx L£0) < Ea,b(x7 £0)

L (rey/2
< e ¥ 1t%EC/4,0(x, t, é; 0),

TC
e—/{t (

24



24 Page8of30 E. Bonnetier et al. Res Math Sci (2022) 9:24

which, combined with identities (2.15) and (2.16), gives

(nc—l)n/2+1
Ec—1/4,;< (%1 £,0) < Ea,h(x: ££,0)

(nc)n/2+1
S E g1 (6 5,£,0).

From the uniqueness of G,;, we obtain by integrating over (0, +-00), with respect to ,
each member of the above inequalities

(nc—l)n/2+1 (JTC)"/2+1
T Ga(58) < Gap( ) < G ().

These two-sided inequalities together with (2.10) yield in a straightforward manner (2.11).
O

The function G, , given by the previous theorem is usually called a fundamental solution
of the operator L, .

2.2 Regularity of fundamental solutions

Leté € R”and O € O’ € R"\ {£} with O of class CYL. As G, (-, &) € C(30'), we get
from [17, Theorem 6.18, page 106] (interior Holder regularity) that G, (-, £) belongs to
Cc>¥(0).

Proposition 1 There exist C = C(n, A, k, @) and v = v() > 2 so that, for any § € R"
and O € R"\ {€}, we have

1Gas)llcaeqoy < CAM@+ )" max (g~*+, 1) o=+ 2.17)
Here, o = dist (S, 5), d = diam(O) and
A =[1+2h+ 21> + KA, h>o.

The proof of this proposition is based the following lemma consisting in an adaptation of
the usual interior Schauder estimates. The proof of this technical lemma will be given in
“Appendix A” section.

Lemma 3 There exist two constants C = C(n, ) and v = v(a) > 1 with the property
that, for any bounded subset Q of R", § > 0 so that Qs = {x € Q; dist(x,0Q) > §} # 0,
weC>(Q)NnC (@) satisfying L,yw = 0in Q and Q' C Qjs, we have

wll ) = Cmax (3*@*“), 1) A Wl (g (2.18)

C2a (a
where A is as in Proposition 1 and d = diam(Q).

Proof of Proposition 1 We get, by applying Lemma 3 with @' = O, § = ¢/2 and Q =
{x e R”; dist (x, @) < Q/Z},

1Gan(s Oz < CAM+ )" max (57, 1) [Gan( O)lc(ay
This and (2.11) yield

1Gas(s )l cauo) = CAW +0)" max (5734, 1) 7260/ Ve, (2.19)
with C = C(n, A, k, ) and ¢ = ¢(n, A). It is then clear that (2.19) implies (2.17). O
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The preceding proposition together with Lemma 15 enables us to state the following
corollary.

Corollary 1 Thereexist C = C(n, A, k, @, 0) and v = v(«) > 1so that, forany & € R" and
O € R"\ {&}, we have

1Gas( &)l 20 (2.20)
< CA(d + Q)v max (dn/2, dn/2+a7(9) max (0*(24*0!)) 1) an+2’

where o = dist (g, 6), d = diam(O).
Corollary 2 There exist C = C(n, A, k, @) and ¢ = c(n, A, k, &) so that, for any &, &, € R”
and O € R"\ {&), &}, we have

H Ga,b(') 52)
Ga,b(': El) C22(0)

where o— = min (dist (&1, O), dist (&2, O)) and o4+ = max (dist (&1, O), dist (&2, O)).

4
< Cetld+ey) (1 1 max (Q:(2+a>, 1) Q:m) , (2.21)

Proof In this proof C = C(n, A, k,a), ¢ = c¢(n, A k,a) and v = v(a) > 2 are generic
constants.

From Proposition 1, we have
-2 - .
1Gan(s§)lcra) < CAEA+04)" max (0Z**, 1) 0", j=12  (222)
Let Cp > 1 end ¢y > 1 be the constants in (2.11) and fix 0 < 8§y < 1. Then, the first
inequality in (2.11) gives

1
<Co(d+o )n—2 eZN/CTK(d-i-QH.
Gap(-81) = 0T

This inequality together with Lemma 14 in “Appendix A” yields

3
< Ce4te) (141G &)l c2eo)) (2.23)

o
Ga,b(': El)
Then in light of (2.22) and (2.23), we get in a straightforward manner

G,p(- _ _
a,b( 52) < Cec(d+g+) <1 + (1 + d)v max (Q,(ZJFO[); 1) Q,n+2>

Ga,b(‘: &1) Cc2e(0)

Cc2(0)

4
)

and hence

G g =G (1 max (o7, 1) 07)'
Ga,b('; 51) C2e(0)

This is the expected inequality. O

This corollary combined with Lemma 15 yields the following result.
Corollary 3 There exist C = C(n, A, &, a, 0) and ¢ = c(n, A, k, o, 0) so that, for any &1, & €
R" and O € R"\ {&1, &}, we have
H Gﬂ,b(') 52)

Ga,b(': gl)

Here, o4 is the same as in Corollary 2.

4
< Cefldter) (1 + max (Q:(2+a), 1) Q:”+2) . (2.24)

H2+0 ((’))
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2.3 Gradient estimate of the quotient of two fundamental solutions
The following result uses the singularity of the Green function near the location of the

point source.

Lemma 4 There exist x* € B(&, &1 — &1/2) \ (&}, C = (n A« &1 — &) > 0 and
p = p(m Ak, &1 — &) > 0so that B(x*, p) C By, |61 — £21/2) \ {£2} and

C< HV (Ga,b(': 52))
Ga,b(" 51)

L2(B(x*,p))

Proof We set for notational convenience w = G, (-, £&2)/G, (-, &1). Inlight of Theorem 3,
we obtain by straightforward computations the following two-sided inequality

-1

x € B(&, 161 — &21/2) \ {&2). (2.25)

s W) = ———,
| — &2 o — &2

Here and until the end of this proof C = C(n, A, k, |§1 — &2|) is a generic constant.
Set £ = |1 — &;|/4 and define

ot 0) = w(E +t0), (60) € (0,7 x S" L.

According to Corollary 2, ¢ € Clzo’f((O, £] x S"1) and hence

13
@t 0) —p(t0) = / Vw(&y + s6) - 0ds,
t

which in turn gives

t
10, 0) — 0t O)2 < (E — 1) / IVles + 0) | ds
t

t
< Z/ |Vw(& +S9)|2ds
t

t n—1
< Z/ in—l }VW(EZ +s9)|2ds, (£0) € (0,7] x S* L.
t

Whence, where ¢t € (0, £],
" / lp(E, 0) — p(t0)1°do < i / V()| dx. (2.26)
§n—1 €t
Here,
t ={xeR% t <|x—&| <i}.

On the other hand, inequalities (2.25) imply, where (¢ 6) € (0, £] x S"71,

-1

tn—Z = gﬂ(t, 9) = tn—2'

Let us then choose ty < f sufficiently small in such a way that

ct C

=2 =2

>0, te(0t]

Therefore, for (¢, 6) € (0, o] x S*~1, we have
2

c! c :
(t,,—_2 - i"—2> < lp(t 0) — ot 0)% (2.27)
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We then obtain by combining inequalities (2.26) and (2.27)

cloc\ . )
-1
S (t"—z - i”—2> <t ; |Vw(x)|"dx, ¢t € (0, ).
Ot
We have in particular

CE/ |Vw(x)|2dx.
66/[0

Let p = to/4. Then, it is straightforward to check that, for any x € €,

B(x, p) C {y € R"; 3t0/4 < |y — & < 5£/4} C B(52, &1 — £21/2) \ (&2)-

Since %, is compact, we find a positive integer N = N(}, &, |&] — &) and X € Cor
j=1---,N,so that

N
% C | B p).
j=1

Hence,
C 5/ |Vw(x)|2dx,
U]'\LIB(xjrp)

Pick then x* € {xj, 1 <j < N} in such a way that

/ ’Vw(x)‘2 dx = max / |Vw(x)|2dx.
B(x*,p) 1<j<N B(x;,p)

Therefore,
C< / !Vw(x)‘2dx.
B(x*,p)

This finishes the proof. o

3 Uniform lower bound for the gradient
Let O be a Lipschitz bounded domain of R” and o € C®1(0O) satisfying

x ! <o and ||G||C0,1(6) = x, (3.1)

for some fixed constant » > 1.
We prove in this section a polynomial lower bound of the local L2-norm of the gradient
of solutions of

Lou =divicVu) =0 in O.

In a first step, we establish, via a three-ball inequality for the gradient, a uniform lower
bound of negative exponential type. We use then in a second step an argument based on
the so-called frequency function in order to improve this lower bound.

3.1 Preliminary lower bound
We need hereafter the following three-ball inequality for the gradient.

Theorem 4 Let0 < k < £ < m be real. There exist two constants C = C(n, x, k, £, m) > 0
and0 <y = y(n x, k £, m) < 1so that, for any v € H'(O) satisfying Lo,v =0,y € O and
0 < r < dist(y, 00)/m, we have

Y 1-y
Lz(B(y,kr))”VV”

ClIVVl2@aey < IIVVI L2(B(y,mr))’

24
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A proof of this theorem can be found in [9] or [10].
Define the geometric distance ng on the bounded domain D of R” by

ng(x, y) = inf {Z(w); ¥ : [0, 1] — D Lipschitz path joining x to y} ,

where
1
W) = fo 1 (0)lde
is the length of .

Note that according to Rademacher’s theorem any Lipschitz continuous function ¢ :
[0,1] — D is almost everywhere differentiable with |y(¢)| < k a.e. t € [0, 1], where k is
the Lipschitz constant of .

Lemma 5 Let D be a bounded Lipschitz domain of R”. Then, df € L*°(D x D) and there
exists a constant cp > 0 so that

lx —yl <dP(xy) <cplx—y, xyeD. (3.2)

We refer to [23, Lemma A3] for a proof.
In this subsection, we use the following notations

O = {x € O; dist(x, 00) > §)
and

x(0) = sup{s > 0; O £ @)
Define

F(O,x0,M,1,8) = {u e H'(O); Leu=0in O, (3.3)
IVull20) < M, IVl 2(80x sy = 11}

with 8 € (0, x(0)/3), 20 € O3, p > 0and M > 1 satisfying n < M.

Lemma 6 There exist two constants c = c(n, %) > Land 0 < y = y(n, x) < 1 so that, for
any u € .7 (O, x0, M, 1, 8) and x € O, we have

¢~ lIn(eM/m)fylelritnvich=solid g, L2(B(x3)) (34)

where ¢ = ¢ is as in Lemma 5.

Proof Pick u € .#(0,x0,M,1,8). Let x € O3 and ¢ : [0,1] — O be a Lipschitz path
joining x = ¥(0) to xp = V¥ (1), so that £(y) < 2d,(xo, x). Here and henceforth, for
simplicity convenience, we use d, (xo, x) instead of dg (%0, %).

Let to = 0 and ;1 = inf{t € [, 1]; ¥ () ¢ B(Y(tx), 8)}, k = 0. We claim that
there exists an integer N > 1 verifying ¥ (1) € B(¥(tn), §). If not, we would have (1) ¢
B(y (), 8) for any k > 0. As the sequence (f) is non-decreasing and bounded from
above by 1, it converges to £ < 1. In particular, there exists an integer ko > 1 so that
Y(t) € B (w(i), 8/2), k > ko. But this contradicts the fact that |1ﬁ(tk+1) - w(tk)| > 4,
k> 0.

Let us check that N < Ny, where Ny = Ny(n, [x — xp|, ¢, §). Pick 1 < j < n so that

>

max [Vi(te1) — Yilte)| = |¥j(tes1) — ()
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where ; is the ith component of . Then,

Ikt1 b1
<o) — el =n| [ e <n [ 10
tr tx

Consequently, where ty11 = 1,

(N+1)5 < nZ/ (O)ldt = nb(y) < 2ndy(xo, x) < 2mclx — xo.
Therefore,

2nclx — x|
N<No=|=——5—|.

Letyo =xand yx = ¥ (&), 1 <k < N.If |z — yry1| < §, then |z — yi| < |z — yr1| +
[¥k+1 — Y| < 28. In other words, B(yx+1, 8) C B(yx, 258). We get from Theorem 4

Vil L2((y,28)) = ClIVul, 0<j=N (3.5)

Lz(B(y 38 ”VMHLZ(B()/ 8))’

for some constants C = C(n, %) > 0and 0 < y = y(n, x) < 1.
Set [; = ||Vu||L2(B(yj,6))’ 0 <j < N and In+1 = [IVull2(pxy,s))- Since B(yj+1,8) C
B(yj, 26),1 <j < N — 1, estimate (3.5) implies

Ly <CM''IY, 0<j<N. (3.6)
Let C; = C1+7+-+r"™" and B = yN+1, Then, by a simple induction argument, estimate
(3.6) yields

Ing < OMPIE, (3.7)

Without loss of generality, we assume in the sequel that C > 11in (3.6). Using that N < Nj,

we have

B> o =yt

C1 < CT,

B Bo
L\" _ (D™
M - \M

These estimates in (3.7) give

I I N0+1
N+1 < C 20 ,
M — M

from which we deduce that

L Notl No
IVull 2o,y < CT7 MY IVUll 2 g )y

But M > 1. Whence

1< IVul sy < CTFMIVE0

The expected inequality follows readily from this last estimate. ]

Page 13 of 30
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3.2 An estimate for the frequency function

Some tools in the present section are borrowed from [15,16,19]. Let u € H(©) and
o € CoY0) satisfying the bounds (3.1). We recall that the usual frequency function,
relative to the operator L, associated with u is defined by

rD(u)(x0, 1)

N(u)(xo, 1) = m,

provided that B(xp, r) € O, with

D()(xo, ) = fB IRCIZCRE

H(w)(xo, r) = / o ()2 (2)dS ().

9dB(x,r)

Define also

K (W) (xg, 1) = f o (x)u?(x)dx.

B(xo,7)

Prior to studying the properties of the frequency function, we prove some preliminary
results. Fix u € H*(O) so that L,u = 0 in O and, for simplicity convenience, we drop in
the sequel the dependence on u of N, D, H and K.

Lemma 7 Forxg € O and 0 < r < 8, we have

n—1 .
0rH (x0, 1) = TH(xo, r) + H(xo, r) + 2D(xq, 1), (3.8)

n—2 1. .
8}"D(x0; I") = TD(xO; r) + ;D(X(), r) + 2H(x0) r)' (39)

Here,

H(xo, r) = /8 s Vo (x) - v(x)dS(x),
Fi(xo r) = /6 o o))

D(xq, 7) = [B [Vu(x)>Vo (x) - (x — x0)dx.

Proof Pickxg € @ and 0 < r < 8. A simple change of variable yields

H(xg, 1) = / o (xo + ry)u*(xo + ry)r"1dS(y).
dB(0,1)
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Hence,

-1
8 H(xo, 1) = nTH(xo, r) + fa son V(o u?)(xo + ry) - yr"~1dS(y)
n—1
= H(xo,7) + / u®(xo + ry)Vo (xo + ry) .yr”_ldS(y)
r 9B(0,1)

+ / o (xo + )V (u?)(xo + ry) - yr"~1dS(y)
9B(0,1)

=P e+ [ 9o vt
r 9B(x0,7)
+/ o (x)V(u?)(x) - v(x)dS(x)
9B(xo,7)

n—

1H(x0, r) + H(xo, r) + / o (x)V(@?)(x) - v(x)dS(x).

r 9B(xo,7)

Identity (3.8) will follow if we prove

2D(xo, r) = /BB( )a(x)V(uZ)(x) -v(x)dS(x). (3.10)

To this end, we observe that div(c Vi) = 0 implies
div(o V(u?)) = 2udiv(c Vu) + 20 |Vul* = 20|Vul?.

We then get by applying the divergence theorem
2D(x, 1) = / div(o (x)V (*)(x))dx (3.11)
B(xo,r)
= / o () V(*)(x) - v(x)dS(x).
3B(x0,7)

This proves (3.10).
By a change of variable, we have

D(xq, 7) = / / o (xo + ty)| Vu(xo + ty)lzt"*ldS(y) dt.
o JaBo,1)

Hence,
3,D(xo, 1) = / o (%o + 19)|Vu(xo + ry)| 2" dS(y)
dB(0,1)

_ / o (0)| Viu) 2 (x)
3B(x0,7)

1

== / o (x)|Vau(x) |2 (x — x0) - v(x)dS(x).
" J3B(xo,r)

An application of the divergence theorem then gives

8,D(x0, 7) = % /B ( )div(a(x)|Vu(x)|2(x — x0))dx.

Therefore,

0, Do, r) = ~ /B VRV — s

1

+21 / o (X)(x — x0) - V(| Vulx) 2)dx
T J B(xo,r)
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implying
n 1.
0rD(xo, ¥) = —D(xg, r) + —D(x0, 1) (3.12)

r r
1

b [ = w) - VOV
T JB(xo,r)

On the other hand,

/ o () (%) — %0,/)3;(d;u(x))*dx = 2 / o (%) () — x0,7) 0 udu(x)dx
B(xo,r) B(xOrr)

—2/ 0; [aiu(x)o(x)(xj — xo,/)] 0ju(x)dx
B(xo,r)
+ 2/ o (x)0;u(x)(x; — x0,7)0j24(x)v; (x)dS (x)
0B(xo,r)
= —2/ 8i2iu(x)o(x)(xj — x0,7)0ju(x)dx
B(xo,r)
— 2/ aiu(x)aju(x)ai [a(x)(x, — x(),]‘)] dx
B(xO»V)
+ 2/ o (x)0;u(x) (x; — x0,/)9ju(x)v; (x)dS (x).
0B(xo,7)
Thus, taking into account that c Au = —Vo - Vu,

/ o (9)(x — x0) - V(| V() )l = 2 f o ()| Vulw) dx
B(xo,r) B(xo,r)

+2r f o (%) (0, u(x))2dS (x).
9B(xo,r)

This identity in (3.12) yields
0rD(xo, r) = W%D(xo, r) + %f)(xo, r) + 2H (xo, 7).
That is we proved (3.9). O
Lemma 8 We have
K(xo,7r) < re”‘zH(xo, r), x €O, 0<r<s.
Proof Taking into account that H(xg, ) > 0 and D(xg, r) > 0, we obtain from identity

(3.8)

0,H (xg, r) > /aB( ) 3,0 (x)u® (x)dS(x)

> / DO e )dS ) = —xH o).
9B(x0,r) o (%)

Consequently, r — " “H (%o, r) is non-decreasing and then
r r 9
/ H(xo, t)dt < / e H(xo, t)dt
0 0

r
< / e”‘zH(xo, rydt < re’”zH(xo, 7).
0
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As
,
Ko, r) = [ oo s
0
We end up getting
K(xg,r) < re" “ (%0, 7).
This completes the proof. o

Now, straightforward computations yield, for xp € O%and 0 < r < §,
ar'N(xOJ V) _ 1 8VD(x07 7') arH(xOJ I")

= - . 3.13
N(xo,r)  r  Dlxo,r) H(xo, 1) (3.13)
Lemma9 Forxy € O and 0 < r < 8, we have
N(xo, ) < €3N (xo, ).
Proof We have from formulas (3.8) and (3.9) and identity (3.13)
9N(o,r) Do, r)  H(xo,r) ~_H(xo,r)  Dlxo7)
= — — (3.14)
N(xOJF) FD(?CO,I") H(xO)r) D(xO)r) H(x(),l")
_ D(x, 1) B H(xo, 1) H (x0, r)H (x0, ) — D(x0, r)*
~ rD(xo,r)  H(xo,7) D(xo, r)H (%0, )
But from (3.11), we have
D(xg, r) = / o (%) u(x)0, u(x)dS(x).
0B(xo,7)
Then, we find by applying Cauchy—Schwarz’s inequality
Dw@ﬁzs(/ aum%wdﬂm)(/ auxmm%m¢ﬂm).
9B(xo,7) 9B(xo,7)
That is
D?(xo, 1) < H(xo, r)H (x0, 7). (3.15)
This and (3.14) lead
3N (xo, 7) . D(xo,r)  H(xo, r). (3.16)
N(xOJr) I"D(x(),}") H(xo;r)
On the other hand
|H (o, 7)| < x| ValloH (x0,7) < %*H(xo, 7), (3.17)
and similarly
|D(xo, )| < 2*rD(x0, 7). (3.18)

In light of (3.16), (3.17) and (3.18), we derive
ar’N(xOJ V) > _
N (x0,7)
that is to say

32" "N (0, 7)) = O.

2%2,

Consequently,
N(xo r) < e 0N (x0,6) < e**N(xo, 8),

as expected. ]
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3.3 Polynomial lower bound
Lemma 10 There exist a universal constant w and two constants ¢ = c(n, %) > 0 and
0 <y =ymx) < 1sothatif

Colh) = Marxc*(1 + d)s— 13 0+2IneM/m/ylelertinrlieh =y

then

IN (@), )05y < Collx — x0l/8),

forany u € (O, x9, M, n, 8/3), where ¢ = c¢o is as in Lemma 5.

Proof Pickx € O?. Then, from Lemma 6

IVl 2583y = € MmO

for some constant ¢ = ¢(n, x) and 0 < y = y(n, %)) < 1.
On the other hand, we establish in a quite classical manner the following Caccioppoli’s
inequality
2
9 wx(1+d),
” Vu ”LZ(B(x,S/S)) =< 8—2 ||u||L2(B(x,8))’

where @ is a universal constant. Therefore,

122172 357y = Collx — x01/8), (3.19)
where

~ 82 1| In c

Colh) = me—m"(ﬁ’”/m/”e“ el S o, (3.20)

Since K (u)(x, 8) > »~1 ||u||%2(3(x 5 We find

K)o 8) 2 ——s o 2ty ol (321)
T w1+ 4d) ' '
In light of Lemma 8, we derive from (3.21)
H(u)(x 5) < 8@*”2 e_[Zln(CM/n)/y]e[en\1ny\]c\x7x0\/5 (3 22)
T w31+ d) ’ )

In light of Lemma 9, we get

2,25 1V Ul 20
H(u)(x, 8)

This inequality and (3.22) give, where ¢ = ¢(n, x) is a constant,

N(x, r) < xe 0<r<3é,
N(x, r) < wa4(1 + d)8_163%25+[2ln(CM/n)/y]elén\1ny\]dx—xo\/5) 0<r<s

which is the expected inequality. |

Proposition 2 Let Cy be as in Lemma 10, Co as in (3.20) and set

Ci(h) = 2Co(h) +m, h >0, (3.23)
Colh) = x2e7*3Cy(h), h > 0. (3.24)

Ifu € (O, x0, M, 1,8/3), then

5 Ci(lx—x0l/3)
Colx—x0l/9) (5) xe0) 0<r<s.

2
S ”M”LZ(B(x,r))’
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Proof Observing that, where H = H (&),

( H(x, r)) oHx,r) n-—1
or (1 = —
H(x, r) r

>

yn—1

We get from Lemma 10, (3.8) and the fact that |[H (x, )| < %?H (x, r),

H(x, 2N (x, 2Co(|x — x0|/8
a,(m <xf>> Sy @ s 2l /)y
r r
Thus,
58 H(x, t) H(x, s8)r" 1 9 8
/sr & (ln -1 ) at=1In Hxsr)om1 = (8 = r)s =+ 2ollx = xol/8)In 7,

for0 <s <1land O < r < §. Hence,

5 C1lls—sol/8)-1
) H(x, sr),

H(x, s8) < e’ (—
r

and then

1
Il < 0 [ Ho 580

5o 8\ C1llx=x0l/8)=1 p1
< x8¢*° (—) / H(x, rs)ds
r 0

5 2 S Ci1(Jx—x0l/8) )
%
<x"e (;) ”u”LZ(B(x,r))'

Combined with (3.19), this estimate yields in a straightforward manner

Zo 255 7\ C1(lx—x0l/9)
%2 (1% = x0l/9) (5)

This is the expected inequality. O

2
E ”u”LZ(B(x,r))'

For a bounded domain D, we denote the first nonzero eigenvalue of the Laplace—
Neumann operator on D by 115(D). Since w2 (B(xo, 7)) = 2(B(0, 1))/r%, we get by applying
Poincaré—Wirtinger’s inequality

1
2 2
”W - {W}||L2(B(x,r)) = MZ(B(x; 7‘)) ”VW”LZ(B(x,r)) (325)
2

< _vw|? ’
= 030 Ve

for any w € H'(B(x, r)), where {w} = m fB(x)r) w(x)dx.

Noting that .7 (O, x9, M, n, §/3) is invariant under the transformation u — u — {u}, we
can state the following consequence of Proposition 2
Corollary 4 With the notations of Proposition 2, ifu € ./ (O, xo, M, 1, §/3), then

7\ C1(lx—x0/8)
Callx = x0l/9) () < VulZagyy *€0% 0<r<s,
with
Ca(h) = pna(B(0,1)82Co(h), h >0, (3.26)

with Cy as in Proposition 2.

24



24 Page 20 of 30 E. Bonnetier et al. Res Math Sci (2022) 9:24

It is important to remark that the argument we used to obtain Corollary 4 from Propo-
sition 2 is no longer valid if we substitute L, by L, plus a multiplication operator by a
function oy.

The following consequence of the preceding corollary will be useful in the proof of
Theorem 1.

Lemmall Let w € O and set § = dist(w, 00). Let u € .7 (O,x0, M,1,8/3) and [ €
CO%%(O). Then, we have

I (o) < Call Il ot U 1V o (3.27)
with

o

- max, & C1(|x — x0l/6) +a

A

C3 = max (28“(max (1, (628“)71> , max (1, Mz) (62505)71) )

where Cy = max,. .5 Ca(lx — xol|/8) with Cy being as in Corollary 4.

Proof By homogeneity, it is enough to consider those functions f € C%*(O) sat-
istying |[f||C0,a@) = 1. Let C; and Cy be, respectively, as in (3.23) and (3.26). Let
u e Z(O,x0,Mn,8/3) and f € C*(O) satisfying [|f || co«@) = 1. Pick then x € @.
From Corollary 4, we have

r)Cl(\x—xol/tS)

Callx = x0l/8) (5

On the other hand, it is straightforward to check that

@I < [fO)l+7r% yeBxr).
Whence

< ||Vu||%2(B(xm)), 0<r<3. (3.28)

r@ [ IVub) Py < / V() Pdy
) B(x,r)

B(x,r

+7r¢ / \Vu(y)|>dy.
B(x,r)

That is we have

VUl g,y < WIVEP 1100 + 7 IVEN 5000

Since u is non-constant, by the unique continuation property, we have || Vu||%2 (BGor) #0,

XTI
0 < r < §. Therefore,

Vu|?|
lf(x)| < Ww ra’ 0<vr <.

2
VUl gy
This and (3.28) entail

e C1(lx—xol)
If )] < Callx — x0]/8) ! <;) |[f|Vu|2||L1(B(x,,)) +r% 0<r<3d.

Hence,

C1(lx—xol)
) = ot =9 () VP ) + 8% 0 <s <1
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In consequence,

, (1)
If () < Ca (;) I IVul oy +8%% 0<s<1,

where & = max, 5 C1(|x — x0//8). The expected inequality follows by minimizing the
right-hand side of the last inequality, with respect to s. O

4 Proof of Theorem 1
Pick (a4, b), (4, b) € D() «) and let uj = Ggp(-§) and it; = zz,l}(" &),j = 1,2. By simple
computations we can check that w = uy/u; is the solution of the equation

div(cVw) =0 in R"\ {&1, &),

with
) avi
o = auj ﬁ

Similarly, w = i1 /i1; is the solution of the equation
div(6Viw) =0 in R" \ {1, &},

with

ar?

2

We know from Lemma 4 that there exist x* € B(&, |£1 —&|/2)\ {&2}, no = no(m, A, «, |&1 —
&£1) > 0and p = p(n, 4k, [€1 — &21) > 050 that B(x*, p) C B(&, |61 — £21/2) \ {2} and

e,
0 =daduy] =

no = VW2, p))- (4.1)
Fix then a bounded domain Q of R” \ {£j, &} is such a way that Q U B(x™*, p) € Q, and set
8 = dist(Q2 U B(x™, p), 0Q).

In the rest of this proof, d = diam(Q). According to Corollary 3

4
VWl 20y < M = Cecldtes) (1 + max (Q:(”‘”, 1) g:””) , (4.2)

with C = C(n, A, «, @, 0) and ¢ = ¢(n, 1, k, o, 0), o— = min (dist (&1, Q), dist (&2, Q)) and

0+ = max (dist (§1, Q), dist (§2, Q)).
Now, since

lollcorg) < lallcor gl o gy

we get, similarly to the end of the proof of Corollary 3, from [17, Lemma 6.35, page 135]

2

lollcorg) = Cllallcor gl a0 gy
where C = C(n, A, k, d, &1, &2) > 0 is a constant. This inequality together with Proposi-
tion 1 yields

”O'”CO,I(G) <G (4.3)
for some constant C = C(n, A, k, d, &1, &) > 0.

On the other hand, we have from (2.11)
e~ 2K |x—E1|

Clmin—— < uj, in_, 4.4
gz S e (44
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with constants ¢ = ¢(n, 1) > 0and C = C(n, A, k) > 0.
We get by combining (4.3) and (4.4) that there exists x = x(n, A, k, @, @, &1, §2) > 1 s0
that
x <o and lollcorg) =<
Next, if p < §/3, then (4.1) implies obviously
no = IVWIr2(B(x,5/3)y (4.5)

with 7o as in (4.1). When p > §/3, we can use the three-ball inequality in Theorem 4 in
order to get
- s 1-s
CIVWizz e, o) = IVWIL2 @53 VWl 285, 45/
where C = C(n, Ak, 2, &1, &) and 0 < s = s(m, A, &, 2, &1, &) < 1 are constants. Whence

Inlight of (4.2), (4.5) and (4.6), we can infer that, for some constant n = n(n, A, k, 2, &1, &2) >
0, w € .#(Q,x*, M, n,8/3), where M is as in (4.2) and #(Q, x*, M, n, §/3) is defined in
(3.3).

Lemma 12 We have

0/(24+6)

Clite = &)NVwllpie) < Ilw — WIS e

+ llo = & lleory (4.7)
where C = C(n, M, k, @, o, 6, €1, &) > 0 is a constant.
Proof Clearly, if{ =0 — 6 and u = w — W, then

div(6 Vu) = div(¢ Vw).

Recall that sgn,, is the sign function defined on R by: sgn,(¢) = —1if ¢t < 1, sgny(0) = 0
and sgn,(t) = 1if £ > 0. Since

div(|¢|Vw) = V|¢| - Vw + || Aw
=sgn,(£)VE - Vw + sgng($)E Aw
= sgn,(¢)div(¢ Vw) = sgn,(¢)div(é Vu),

we get by integrating by parts

/ 12||Vw|?dx = — / div(|Z | Vw)wdx + / |C |wd, wdS(x) (4.8)
Q Q r
= —/ sgno(g)div(6Vu)wdx+/ | lwd, wdS (x).
Q r

Thus,

/Q 1Z1IVwlPdx < C (llullpz() + 1€ llooqry) -

Thus, the following interpolation inequality

2+6 2/(2+06)
lull sy < callll b Nl ssse

and Corollary 3 give (4.7). ]
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We have from (3.27) in Lemma 11

) S ) A
16 = olle@ < Cll6 = 0ll gy lll6 = ENVWEI g

from which we obtain
16 = olle@ = Cmax (L 116 — llcauy ) I = O)VWwiIL o
Combined with Proposition 1, this inequality gives

16 = llc < Clilo = a)NVwPI} g

Here and henceforward, C = C(n, A, k, 2, &, 0, &1, &) > 0 is a generic constant.

Therefore, we obtain in light of Lemma 12

~ - 0/(24+6 ~
16 = ol = C (Iw = wigher™ +llo = Gllca)

Since @ = a and b = b on I and regarding the regularity of u; and i;, i = 1, 2, we finally

get
o
6 —ollce =C (||V1 —lleg) + lva — 172||c(§)> , (4.9)
with
A O
Fo=51%

The following lemma will be used in sequel.

Lemma 13 We have
1 .-1 . . i1
i = e = € (I = Pl + v = Palle) - (4.10)

where 0 < 11 = p1(n, QA Kk, 0,0,81,8) < land C = C(n, Q, Mk, a,0,81, &) > 0 are
constants.

Proof In this proof C = C(n, @, A, k, @, 0, 1, §&2) > 0 is a generic constant. It is not hard
to check that

- diV(aVul_l) =v; inQ,

—div(6Va;Y) =9 inQ
Hence,

—div(eV(uy ' —a;h) = (p — 1) + div((c — 6)VE; ") in Q.
By the usual Holder a priori estimate (see [17, Theorem 6.6, page 98])

Clluy ! = M zegmy < V1 — Pl cougg

1 1 IC%2e(Q) = COx(Q)
+ldiv((o — &)V Dl cougm) + lur ' = 7 cowry,

Consequently,

||141_1 - ’21_1||C2,a(§) <C (”Vl - 171||C0,a(§) +llo — 6”C1’“(§)>’ (4.11)
where we used

-1 -1
Jo - 7]

=[o (it -w)]
co(T) “ V1 "1 coa(T)
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On the other hand, since
lo — 5||C1,1(§) <G |n- ‘71||C1,a(§) <C
and Q is C1, we get again from the interpolation inequality in [17, Lemma 6.35, page

135]

T

lo = Gllcre@ = Cllo =61ty 1= Tillcog < Clvi = nlLgy — @12)

where 0 < 7 = 7(2, ) < 1 is a constant. Inequality (4.12) in (4.11) yields

-1 -1
Jo - 7]

— It _ AT
cry = © (”Vl Nl + o oIIC(Q))' (4.13)

On the other hand, we have from (4.9)
. . . o
16 = ol = C (I = nlle + 2 — 2lle@) - (4.14)
Whence, we get in light of inequalities (4.13) and (4.14), where (11 = 720,

- o - . 5t
gt =] ey = C (M= 71llc@ + v = B2l o)

This is the expected inequality. O

Also, since
llo — 5'||C1,1(§) <G |n- 171||C2,or(§) <G
we can proceed as in the preceding proof to get
lo = Gllcia@ < Cllo —6lLgy M —llcia@ < Cln — il g, (415

the constant 0 < 7 = 7(, @) < 1. But
a—a=ou;’ -6 t=(0—6)u;>+¢ (uf —ﬂf2>
=0 —o)ur? +6 (u +art) (w7 - a7t).
Hence,
la = allcra < € (145" = 5 lcro + o = Gllcioq))- (4.16)

This inequality together with (4.9), (4.10) and (4.15) implies
A1
la = llcrog = C (I = 71l + Iv2 = Palle) (4.17)
We proceed similarly for b — b. Since

= R | B P [ |
b—b=viuy —via; =W —v)uy +o(u; —i; ),

we have
- . . ft1
b — b”co,a(ﬁ) <C (”Vl - Vl”e(ﬁ) + lva — V2||c(§)) . (4.18)
The expected inequality follows by putting together (4.17) and (4.18).
Author details
"Fourier Institute, Université Grenoble-Alpes, 700 Avenue Centrale, 38401 Saint-Martin-d’Héres, France, ?Université de

Lorraine, 34 cours Léopold, 54052 Nancy cedex, France, >Laboratoire Jean Kuntzmann, UMR CNRS 5224, Université
Grenoble-Alpes, 700 Avenue Centrale, 38401 Saint-Martin-d'Heres, France.
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Appendix A: Proof of technical lemmas
Proof of Lemma 2 In this proof, C = C(n, i1, v) > 1is a generic constant.
It is well known that Gy, v > 0, the fundamental solution of the operator —A + v, is
given by G1,,(%, §) = G1,u(x — &), x, & € R”, with
Grv(®) = (27) 2 (Vv /1) > Kyja 1 (V1)
In the particular case # = 3, we have Kj,2(z) = /7 /(2z)e™* and therefore
e_ﬁlxl

47 |x|

gl,v (x) =

Letf € Cj°(R"), u > O and v > 0 be two constants, and denote by « the solution of the
equation

(—uA+vu=f inR"
Then,
u(x) = f G E)(E)dE, x € R, (A1)
Rﬂ

We remark that v(x) = u(,/ux), x € R” satisfies (—A + v)v = f (/i -). Whence

i) =) = [ Gule = Y (iiE)de
—u [ Gt =g/ e xR
Hence,
ue) = [ Gt = O/ VarE©ds, xR (A2)

Comparing (A.1) and (A.2), we find
Gy &) = "?Gru((x — §)/J/R), % & e R".
Consequently, G, (%, §) = Gy, (x — §) with
G (%) = (2 )™ (So/ ) > Ko 1 (Vx| /), x € R (A3)

By the usual asymptotic formula for modified Bessel functions of the second kind (see for
instance [5, 9.7.2, page 378]), we have, when |x| — oo,

1/2
Kupp-1(WVIxl//1t) = (2’%@) e VIV (1 4 0(1/1x])),

where O(1/|x|) only depends on #, 1 and v.
Consequently, there exists R = R(n, 4, v) > 0 so that

e VIV e—VIxl/JH
R < Kujp 1 (Wvlxl/ /1) < CW, x| > R (A.4)

Substituting if necessary R by max(R, 1), we have
1

T S e Wz R (A.5)
Moreover, we have
o —olel/(2/)
[ ] S
FRE FECUE

24
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Since the function x — |x|""~3)/2¢=vVI*l/VA) js bounded in R”, we deduce

e_\/;‘xl/\/ﬁ e_\/ﬂxl/(z\/ﬁ)
|x|1/2 =C |x|”/2—1 ’

x| > R (A.6)

Using (A.5) and (A.6) in (A.4) in order to obtain

e VIIVE o—/VIx1/2/7D)
x[/21 < Kujp1(Vvlxl/ /1) < C—|x|”/2—1 , lx[ =R (A7)

We now establish a similar estimate when |x| — 0. To this end, we recall that according
to formula [5, 9.6.9, p. 375] we have

1 2 n/2—1
Kyja-1(p) ~ EF(n/2 -1) (;) as p —> 0,

from which we deduce in a straightforward manner that there exists 0 < r < R so that

_1e—ﬁlxl/\/l7 e—VVIxl/(2v/V)
T < Knjp-1(Wvlxl/ /) < CWT; x| <. (A.8)

The expected two-sided inequality (2.10) follows by combining (A.4), (A.7) and (A.8). O

Proof of Lemma 3 Let Q be an open subset of R”, set d = diam(Q), d, = dist(x, Q) and
dyy = min(dy, dy).

We introduce the following weighted Holder semi-norms and Hoélder norms, where
o € R,0 < y <1, and k is nonnegative integer,

Wiine =Wlia=swp 0P w)),
x€Q, |Bl=k
10Pw(y) — 0P w(x)|
M= sp eI
xy€Q, |Bl=k ly — x|
k
Wi, =Y Wi,
j=0
Wl = Wlco + W) o

In terms of these notations, we have

|a|(0) o= sup la(x)] + sup d“fyM <1 +d)r
xyeQ ly — x|*
|31“|0a o= SuPd [0ja(x)| + sup dH“—' jab) 2l < (d+d*a,
x,y€O | —x|*
b b
1612 = sup d2|b(x)| + sup d2+aM <@+
xe€O

xyeQ ly — x|

In consequence,

jal) o + 13als o + 1By o < A(d) = [1+2d +2d2 + d°] & (A.9)
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Following [17], we define also

Whige =Wio=suwp d1d’w),
x€Q, |Bl=k
108 w(y) — 0P w(x)|
[W]lt,y;Q = sup y b y
xyeQ, |Bl=k ly — x|
k

Wiio =D Who

j=0

dgte

|W|ZV;Q = |W|/t;Q + [W]ZV;O‘

From [17, Lemma 6.32, page 130] and its proof, we have the following interpolation
inequalities: Suppose that j and k, nonnegative integers, and 0 < g,y < 1 are so that
j+ B < k+ y. Then, there exist C = C(n,t, 8) > 0 and ¥ = (e, B) so that, for any
w e C%(Q) and € > 0, we have

[W];jﬁ;g < Ce_17|w|0;g + G[W]lt,y;Q’ (A.10)
Wlig0 < Ce w0 + ewli o (A.11)
Here, [Wlo,0 = sup,cq W(@)!.
Checking carefully the proof of interior Schauder estimates in [17, Theorem 6.2, page
90], we get, taking into account inequalities (A.9)-(A.11), the following result: There exist

a constant C = C(n) > 0 and 7 = t(«) so that, forany0 < u < 1/2andw € cke(Q)
satisfying L, ,w = 0 in Q, we have

Wle,0 < CAW@) (1" Iwlo,o + 1 W] 4,0) - (A12)

Substituting in (A.12) C by max(C, 2%~1), we may assume in (A.12) that C = C(n, ) >
2¢~1, Bearing in mind that A(d) > 1, we can take in (A.12), 4 = (2CA(d))~1/®. We find

W]34,0 < CAd)*IWlo,0 (A.13)

for some constants C = C(n, @) > 0 and » = »(«) > 1.
Using again interpolation inequalities (A.10) and (A.11), we deduce that

Wl50 < CA(d) W00 (A.14)

Let § > 0 be so that Q5 = {x € Q; dist(x, 3Q) > §} is non-empty. If Q' is an open
subset of Qs, then (A.14) yields in a straightforward manner

wl E C max (5—<2+“>, 1) A@*wloso.

C2u (@
This is the expected inequality. O

Lemma 14 Let K bea compact subset of R" andf € C>*(K) satisfyingming |f| > c_ > 0.
Then,

3
11/fll ey < Cef (1 + Iflc2aiy)” s (A.15)

where ¢, = max(1, c_') and C = C(diam(K)) is a constant.
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Proof Letw,y € K. Using |1/f|ox < c+ and the following identities

S S S S
fz(y) fz(x)_ @f20)  f@f )

)¢ —s0,

1 1
f3 f3 (%) <f(X)f3 f2 fZ(y +f(x)3f()/)> (f () = f ),
we easily get

1/ lak < 34 flaxs, j=2.3. (A.16)

Also, we have

WO A0S () ww
) £36)

3J ) — 9if (%))

/
20)

Q@ ﬁ(ywmww

In light of (A.16), this identity yields

— 0y (%))

[3if31f/f3]a;,< < & ([0 s 13 loskc (A.17)
+(0f 1ok 18 losx + [flasic 10 losi 19 oy ) -

On the other hand, since

WfO) 1

o1~ 700 = i (Y0 - 0) + (7~ 7 ) W
we find, by using again (A.16),

[al%f/fz]ad( <3 <[a;f]a;1< + ek |9 o,1<)' (A.18)

Inequalities (A.17), (A.18), the identity 3;(1/f) = 28J8j/f3 - B;f/f2 and the interpola-
tion inequality [17, Lemma 6.35, p. 135] (by proceeding as in Corollary 2) imply

3
[05(1/ Nk < Cc§ (14 Ifllczeq))” (A.19)
where C = C(diam(K)) is a constant.
The other terms for 1/f appearing in the norms || - [|c2«(x) can be estimated similarly
to the semi-norm in (A.19). Inequality (A.15) then follows. O

Recall that0 < 8 <o < 1.

Lemma 15 C2%(0) s continuously embedded in H 2+0(O). Furthermore, there exists C =
C(n, a — 0) so that, for any w € C>*(O), we have

Wl 2400y < € max (A2, a2+ wll cau ), (A.20)

where d = diam(O).
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Proof Letw € C>*(0) and, for fixed 1 < i,j < n,setg = 8§w. Then,

lg(x) — g ) 1
/ / |n+29 A dy = [g]a;O/(;/O |x_y|n72(a79)dxdy'

In light of [10, Lemma A3, p. 246], this inequality yields

[ [ R, B tioue

PR A PR I

But |O| < |B(0, d)|. Hence,

2 n—1,2 gn+2(a—0)
/f HOR (VISP 2d"* (A.21)

G Ae—6) T

Using (A.21) and the inequality

7o) < IS" A" Blo,0,  h e CO),

we get from the definition of the norm of H*-spaces in [18, formula (1.3.2.2), page 17]

Wl 240 (0) = € max (a2, @/zHee) Wl c2e @)

for some constant C = C(n, @ — 6) > 0. This is the expected inequality O
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