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Houghton, MI 49931, USA reconstructed from scattering data and used to obtain qualitative information about
the material properties of the scattering medium. In this paper, we consider the inverse
spectral problem to determine the material properties given a few transmission
eigenvalues. The lack of theoretical results motivates us to propose a Bayesian
approach. The inverse problem is first formulated as a statistical inference problem
using the Bayes’ theorem. Then, the MCMC algorithm is used to compute the posterior
density. Due to the non-uniqueness nature of the problem, we adopt the local
conditional means (LCM) to characterize the posterior density function. Numerical
examples show that the proposed method can provide useful information about the
unknown material properties.
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1 Introduction

The transmission eigenvalue problem plays an important role in the inverse scattering
theory for inhomogeneous media and received a lot of attention in the last decade. The
problem is critical to the analysis of the inverse medium problem. Furthermore, it has been
shown that transmission eigenvalues can be reconstructed from the scattering data and
used to obtain qualitative information about the material properties. For the discreteness,
existence, and the determination of transmission eigenvalues from scattering data, we
refer the readers to [3,4,6,9,12,24].

In this paper, given a few real transmission eigenvalues, we consider the inverse spectral
problem to determine the material properties of a non-absorbing isotropic or anisotropic
medium. The problem has been treated using certain inequalities or optimization meth-
ods [11,24]. However, due to the lack of theoretical results and non-uniqueness, these
methods face some difficulties. For example, the use of inequalities can only provide
rough estimates of the material properties. The optimization method might not provide
all possible solutions when non-uniqueness of the inverse problem presents (since only a

few eigenvalues are used).
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Bayesian inversion is an effective approach for inverse problems [14,22] and can be used
to characterize non-unique solutions using the (posterior) probability distribution of the
unknowns [25]. Although sometimes computationally expensive, it is an attractive method
for challenging inverse problems. In this paper, we propose a Bayesian approach for the
inverse transmission eigenvalue problem. First, using Bayes’ theorem, the inverse problem
is formulated as a statistical inference for the posterior density of the unknown physical
properties. Then, the MCMC algorithm is used to explore the posterior density. Due to
the non-uniqueness nature of the problem, the posterior density function concentrates
at more than one location. The classical maximum a posteriori (MAP) and conditional
mean (CM) cannot fully characterize the density. We resort to the local conditional means
(LCM) [25], which can be used to reveal multiple solutions of the inverse problem.

Numerical examples validate the effectiveness of the proposed method. For applications
of Bayesian approach in inverse problems, we refer the readers to, e.g., [14,15,18,22]. In
particular, Bayesian inversion was employed in [20] for an inverse Stekloff eigenvalue
problem.

The rest of the paper is organized as follows. In Sect. 2, we present the transmission
eigenvalue problem for acoustic waves and state the inverse spectral problem of interest.
Section 3 is devoted to the development of a Bayesian approach and the stability analysis.
In Sect. 4, we first present a continuous finite element method to compute transmission
eigenvalues used in the MCMC algorithm. Then, we show four examples demonstrating
the performance of the proposed Bayesian approach. Conclusions and future work are
discussed in Sect. 5.

2 Inverse transmission eigenvalue problem

Let D C R? be a bounded Lipschitz domain. Let A(x) be a 2 x 2 real matrix valued
function with C1(D) entries and n(x) € C(D). Assume that n(x) > 0 is bounded and A(x)
is bounded and symmetric such that £ - A& > y|£|? for all £ € R? with y > 0. Given an
incident field %’ (e.g., plane waves), the direct scattering problem by an inhomogeneous
medium D is to find u and the scattered field #° such that

V- -AVu+kK*nu=0 in D, (1a)
A + K =0 inR%\ D, (1b)
u—u' =u on 4D, (1c)
dau — dyu’ = dul on 0D, (1d)
rllngor (aa—bf — ikus) =0 (1e)

where k is the wavenumber, » = |x|, v is the unit outward normal to 9D and d4u is the

conormal derivative
dau(x) :=v(x) - Ax)Vu(x), x € dD.

The Sommerfeld radiation condition (1e) holds uniformly over all directions. It is well
known that there exists a unique solution #* to the above scattering problem [9].
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The transmission eigenvalue problem associated to (1) is as follows. Find k> € C and
non-trivial functions u, v such that

V- -AVu+k2nu =0 in D, (2a)
Av+k*v=0 in D, (2b)
u—v=0 on 4D, (2¢)
0au—0,v=0 on dD. (2d)

The well-posedness of the above problem has been an active research area for a decade. We
summarize some discreteness results from [3], which are relevant to the topic discussed in
the current paper. The existence results can be found in the same book (Theorems 4.12,
4.32, 4.37 therein).

(a) Letn, =infpnand n* = supp n. Assume A = [.If n > ny > 0 and either n, > 1 or
n* < 1, the set of transmission eigenvalues is discrete with 400 as the only possible
accumulation point. The multiplicity of the eigenvalues is finite.

(b) Leta, = infpinfigj=1 & - A§ > O and a™ = supp supg_; § - A§ < oo. Assume that
n = 1and either a, > 1 or 0 < a* < 1. Then, the set of transmission eigenvalues is
discrete with +o0 as the only possible accumulation point.

(c) Assume that either 0 < a* < 1 or @, > 1 and fD(n — 1)dx # 0. Then, the set
of transmission eigenvalues is discrete with +o0 as the only possible accumulation
point.

(d) Assume that either 0 < a* < 1and 0 < #n* < 1, ora, > 1 and n, > 1. Then, the set
of transmission eigenvalues is discrete with +o00 as the only possible accumulation
point.

In the rest of the paper, we assume that there exists an operator G such that
k =G(A n), (3)

where k € R is a vector consisting of m transmission eigenvalues.
Let S be the space of 2 x 2 symmetric matrices with real C! elements and X = S x C(D).
Let Y = R™. Define two Sobolev spaces

V= {(w,v) e H'(D) x H'(D)|lw — v € Hy (D)},
W = L*(D) x L*(D).
Forw = (u,v) € V and ¥ = (¢, ¢) € V, we define two sesquilinear forms
aw, ¥) = (AVu, Vo) + (n(x)u, ¢) — (Vv, Vo) — (v ¢),
bw, ¥) = (n(x)u, ¢) — (v, @).

Then, the transmission eigenvalue problem can be written as follows [27]. Find k? € C
and non-trivial w with |w|w = 1 such that

a(w, ¥) = (k> + 1)b(w, ¥) forally € V. (4)

In this paper, we only consider positive real transmission eigenvalue since they represent
the wavenumbers that can be reconstructed from the scattering data [5,24]. Note thata(., -)
and b(,, -) depend continuously on A and #n and, as a consequence, k depends on A and n.
We assume that the following Lipschitz continuity holds

Ik = K'lly < Cll(An) — (A4 n)llx, (An),An) eX (5)
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for some constant C. There exist only a few results on the dependence of transmission
eigenvalues on the materials properties. When A = I, the continuous dependence of k
on n(x) is implied in Sect. 3 of [4] (see also Sect. 3 of [23]). The authors are not aware
of similar results beyond that. Results similar to (5) are certainly desirable for general
material properties.

The interior transmission eigenvalue problem plays an essential role in the inverse
scattering theory for inhomogeneous media. It received significant attention in the last
decade. The study has focused on the discreteness, the existence, the determination of
transmission eigenvalues from scattering data, and the relation between the transmission
eigenvalues and the material properties (see, e.g., [4,5,9,11,12,24]).

In this paper, we are interested in the following inverse spectral problem.

ISP: Given a few real transmission eigenvalues k € Y, reconstruct A and #.

In particular, we assume that D is known as an a priori. Note that both D and the
eigenvalues k can be obtained from the scattering data. For interested readers, we refer to
[5,9,24] and the references therein.

Except a few special cases, e.g., A = I and n = ng for some constant ng or spherically
stratified media, little is known about the above inverse spectral problem. In addition,
since only a few transmission eigenvalues are given, non-uniqueness can happen and it is
highly challenging to develop effective deterministic methods for the ISP. This motivates
us to develop a Bayesian approach to seek useful information about A and #.

3 Bayesian inversion
In the Bayesian framework, the ISP is treated as a problem of statistical inference. All
the parameters are modeled as random variables and the uncertainties of their values
are expressed by distributions. The solution is the posterior probability distribution that
provides a probabilistic description of the unknowns [14,22].

Denote by N the normal distribution and I/ the uniform distribution. Consider the
inverse problem of (3) to reconstruct (4, n) € X from the measurement k € Y. Since the
measurement k contains noise, the statistical problem can be written as

k=G(A n)+E (6)

where k = (ky, ka, ..., k)T is a vector of transmission eigenvalues, A(x) and n(x) are
random, G is the operator mapping (A(x), n(x)) to k based on (2), and E is the additive
noise, mutually independent of A and n. We assume that the noise E follows a Gaussian
distribution, i.e., E ~ N (0, T'noise), where I'noise € R is positive definite.

In the Bayesian statistical theory, the prior information can be coded into the prior
density mo(A, n). For example, if n is known to be a real constant ny such thata < ny < b,
one may take the prior as the continuous uniform distribution, i.e., n ~ U(a, b). The
conditional distribution of the measurement k given (4, ») is referred to as the likelihood,
denoted by 7 (k|(4, )). From (6), 7 (k|(4, 1)) = N'(k — G(A, n), Tnoise)-

Given k, the goal of the Bayesian inverse problem is to seek statistical information of
(4, n) by exploring the conditional probability distribution 7k ((4, n)|k), called the poste-
rior distribution of (4, n). According to Bayes’ rule, one has that

7 (k|(A, n))mo(A, n)

(4, n)|k) = fX 7 (k|(A, n))mo(A, n)d(4, n) ?
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Let P(A, n; k) = %(k —G(4, n))TF[TOlise(k — G(A, n)). Assume that the posterior measure
i with density mx is absolutely continuous with respect to the prior measure (o with

density mo. Using (7), we can relate px with po by

diie _ 1
duo — Z(K)

exp (—P(4, n; k)), (8)

where Z(k) = f v exp(—P(A, n; k))duo(4, n) is the normalization constant. The formula
(8) is understood as the Radon—Nikodym derivative of the posterior probability measure
Wk with respect to the prior measure .

Now we study the stability of the Bayesian inversion scheme for the ISP following [22].
From (4) and the boundedness of A and #, the following lemma holds.

Lemma 3.1 Forevery ¢ > 0, there exists C := C(g) € R such that, for all (A, n) € X,
IG(A, mlly < exp(ell(4 m)% + O).

The assumption (5) implies that G : X — R’ satisfies the following property. For
every r > 0 there exists a C := C(r) > 0 such that, for all (4, n)1, (4, n)2 € X with
max{[|(4, m)1llx, I(A nalx} <7,

1G((A, n)1) — G((A n)2)lly < CIl(A n)1 — (A n)2|lx.
Then, the function P : X x Y — R has the following properties [22].

(i) Foreverye > Oandr > Othereisan M = M(s, r) € Rsuch that, forall (4, n) € X
and k € Y with | k|ly <,

P(A, i k) = M — ¢||(A, )| x.

(if) For every r > 0 there isa K = K(r) > 0 such that, forall (A,n) € X andk € Y
with max{[|(4, n)llx, Iklly} <,

P(A, m; k) < K.

(iii) For everyr > 0, there isan L = L(r) > 0 such that, for all (4, n)1, (4, n)2 € X and
k € Y with max{||(4, m)1llx, I(A n)zllx, [Klly} <,

|P((A, n)1; k) — P((A, n)2; k)| < LII(A, )1 — (A, m)allx.

(iv) Foreverye > Oandr > 0, thereisa C = C(e, r) € R such that, forall ki, ko € Y
with max{||k|ly, |k2lly} < r,and (4, n) € X,

IP(A, n); k1) = P((A, m); k)| < explell(4 m)lly + Ok — Kally.

Definition 3.1 The Hellinger distance between two probability measures 11 and o with
common reference measure v is defined as

) 1/2
dxen(n1, n2) = (f (\/dm/dv — \/duz/dv) dv) )

The following theorem guarantees the well-posedness of the Bayesian inverse problem

(8).

Theorem 3.1 Suppose X is a Banach space and (o is a Borel probability measure on X
with 1o(X) = 1. Then, the Bayesian inverse problem (8) is well-posed in Hellinger metrics,
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i.e, for ki and ko with max{||k1|ly, |kally} < r, there exists M = M(r) > O such that
duel (k) ky) < Mllky — kally.

Proof By the definition of Z(k) = fX exp(—P(A, n; k))do(A, n) and po(X) = 1, we have
0<Z(k) <1.
Applying the mean value theorem and using properties (i) and (iv), it holds that

|1Z(k1) — Z(k2)| < fx exp(—P(A, n; k1)) |P(A, m; k1) — P(A, m; k)| dpao(A, )

< /X exp(e (4, m)llx — M) exp(ell (A, m) 2 + C)duolA m) 1Ky — Kally
< Cllki — kally 9)

By the definition of the Hellinger distance, we obtain that

2

—P(A, m k)" —P(A, n;k2)) /2
dhatinind = [ () ()

_ 1/ (exp (—P(A4, Vl;kl))>l/2 B <exp (—P(A4, Vl;kz)))l/z
- 2 X Z(k]) Z(kl)

exp (=P(A4 i ko)) \ /2 [ exp (=P(A, mk2))\ /2|
+( Z(ky) ) _( Z(ky) ) Aol

. 1 1 2
< Z(k1) / {exp (—fP(A, n;k1)> — exp (— —P(A, n; kz))} duo(A, n)
X 2 2
+|20k) V2 = Z(ka) ) / exp(—P(4, n; k2))d o (A4, n). (10)
X

Applying again the mean value theorem and using property (iv), we have that
/ exp ( - lP(A, n;kl)) — exp ( — 1P(A, n;k2)> ’ dpo(4, n)
¥ 2 2
1 1 2
< [ 5Pk = 5P k)| duota,
12 2

< 5 [ |exptcta mii + ot — kol dota, m)
< Mllk1 — k|
Due to the bounds on Z(k1) and Z(k>3), it holds that
2072 = ZUea) [ < Mmax (2061) 7 Zk2) ) 1200) = Z0D2 (12)
Combining (9)-(12), we obtain that
Avtel (ks Hky) < Mlk1 — kally.

O

Now we present the MCMC (Markov chain Monte Carlo) method to explore the pos-
terior density functions of A and # given k.
MCMC-ISP:

1. Given D and k.
2. Draw (4, n); from mo(A, n) such that A is positive definite.
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3. Forj=2,...,],do

a. Generate (A4, n)* from (A4, n) such that A* is positive definite;
7k ((A, n)*|k)
Tk ((A, I’l)]_1|k)

’

b. Compute a((4, n)* (A, n);—1) = min (1,

c. Drawa ~ U(0, 1).
d. Ifa > @, then (4, n); = (A4, n)*, otherwise (4, n); = (4, n);_1.

As discussed above, the solution of the Bayesian inverse problem is the posterior prob-
ability densities of the unknown parameters. To characterize the posterior density func-
tions, point estimators such as maximum a posteriori (MAP) and conditional mean (CM)
are usually used. The CM of (4, n) is defined as

(A m = E{(A, m)lk) = fX (A WA, m) K)A(A, ).
The MAP of (A4, n) is defined as
(A, mpap = arg r(lA}%c i ((A, n) k).

However, for the problem considered in this paper, such estimators might not carry suffi-
cient/correct information of the unknowns due to the presence of non-unique solutions.
For example, see Figs. 1d, e and 2b. Hence, we shall use the local estimators introduced in

[25] when necessary.

Definition 3.2 (LMAP) We call (A%, n*) a local MAP, denoted by (A, n)pap, if

k(A% n*) > € maxmx(4,n) and (A%, n*)=arg max k(4 n)
(A,m) xeN(A*,n*)

for some constant € € (0, 1) and N(A*, n*) a neighborhood of (A*, n*).
Definition 3.3 (LCM) The local conditional mean (A, n);cp is defined as
(e = [ (4 mma,ma )
1
where X is a subset of X.

If it is found that a significant number of samples aggregate in more than one region, we
shall use the local estimators instead of the global estimators. Numerical examples show
that the local estimators can identify multiple solutions to the inverse spectral problems
considered here. For more details of CM, MAP, and LCM, we refer the readers to Chp. 3
of [14] and [25].

4 Numerical examples

In this section, we present some numerical examples. For the MCMC-ISP algorithm, one
needs an effective method to compute several transmission eigenvalues of (2) given A and
n. Numerical methods for the transmission eigenvalue problem have been developed by
many researchers. We refer the readers to [1,8,10,16,17,21,23,26,28] and the references
therein. In particular, finite element methods for (2) of anisotropic media are discussed
in [2,13,27]. In the following, we present a continuous finite element method from [13],
which is used in the simulation. Note that, from the finite element convergence theory for
the transmission eigenvalue problem [13,26,27], the numerical method defines a discrete



53 Page8of15 Y. Liu, J. Sun Res Math Sci (2021) 8:53

operator Gy, such that

ki = Gu(A, n). (13)
The operator G;, approximates G in the sense that

ky—>k as h—0,

where 4 is the size of the finite element mesh for D.
We first multiply (2a) by a test function ¢ and integrate by part to obtain

(AVw, V) — k2 (nw, ¢) — <§TV: ¢> =0, (14)

where (-, -) is the boundary integral on dD. Similarly, for (2b), we have that

(V, V§) — K*(v, ¢) — <g—: ¢> =0. (15)
Subtracting (15) from (14) and using (2d), it holds that
(AVw — Vv, Vo) — KX ((nw — v), ¢) = 0. (16)

Let 7, be a regular triangular mesh for D. Let V}, be the space of the linear Lagrange
finite element, V]? be the subspace of functions in V}, with vanishing degrees of freedom
on 9D, and V;? be the subspace of functions in V}, with vanishing degrees of freedom in
D. The boundary condition (2c) is enforced by setting

wy = wo +wpy  where wy), € V;l) and wpy € Vf,
vy =von +wpy Wwherevy € V,?‘
For &, € V;l) in (14), the weak formulation for wy, is

(AV(wo i+ wpp), VEL) — K> (n(wo, + wgp) &) =0 forall & € V). 17)
Similarly, the weak formulation for vy, is

(Vo + wan), Vi) — k*(vop + wgp), my) = 0 forallny, € V.. (18)
Setting ¢y, € Vf in (16), we have that

(AV(wou +wpn), Vo) — (V(vou + wan), Vi)
—k? (n(wo + wa) — o + Wan), ¢) = O. (19)

LetNh,NhO, ande be the dimensions of V},, Vl? and Vf, respectively. Let {3, .. ., &y, } be
the finite element basis for Vj, such that {&y, . . ., ‘EN,?} is a basis for V}? .Let S4 be the stiffness
matrix with (S4);¢ = (AV§), V&), S be the stiffness matrix with (S);, = (V§;, V&), M), be
the mass matrix with (My,);¢ = (&, &¢) and M be the mass matrix with (M);, = (§;, &).
The matrix form for (17), (18) and (19) is the generalized eigenvalue problem

A% = k2B, (20)
where
NOxNO NOxNB
SAh h 0 SA h h
A= 0 SNp*N}) SN =N}

(SZEXNS)T (—SN}?XNE)T SﬁffXNf _ SfoNf
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and
NOxN?O NOxNEB
M,k 0 M,"
0 0 0 B
B = 0 MNE Ny MNN,
NOxNB 0, NB NBxNB B, \/B
(]\/Inh>< h)T (MNhXNh )T Mnhx h MNh ><Nh

In all the numerical examples, we use MATLAB "eigs” to compute several eigenvalues
of (20). Note that if the transmission eigenvalues k are reconstructed using the scattering
data, they are usually not large in magnitude and are only approximations of the exact
ones [24]. Furthermore, the multiplicities of the eigenvalues are not known in general.
Hence, given an eigenvalue &, in the Bayesian inversion stage, one only needs to know if
there exists an eigenvalue k; of (20), which is close enough to k. In the rest of the paper,
the covariance of the noise is set to be 'pise = ﬁ] .

Example 1 Let D bea circle with radius 1/2. We consider the isotropic medium, i.e., A =
and the constant index of refraction z(x) = n.. The unknown to be reconstructed is 7.
Four transmission eigenvalues are given k = (2.01, 2.61, 3.23, 3.80). These eigenvalues are
computed from scattering data (see Fig. 2 in [24]). Note that the exact index of refraction
isn, = 16.

We first obtain some qualitative information of . using a deterministic method. In [11],
the following Faber—Krahn type inequality is proved:

Ao(D)

k(D) > ———,
(D) > supp, n(x)

(21)

where Ao(D) is the smallest Dirichlet eigenvalue. Using the Lagrange finite element
method, we find that Ao(D) =~ 23.21 (see Chp. 3 of [26]). Consequently, the lower bound
for supp, n(x) given by (21) is roughly 5.8.

We consider the following cases:

1.1 use the first transmission eigenvalue to reconstruct #;
1.2 use the first two transmission eigenvalues to reconstruct #;
1.3 use all the four transmission eigenvalues to reconstruct n.

For all the cases, we choose a Gamma prior n ~ Gamma(3, 4) + 5.8 incorporating the
information obtained by the Faber—Krahn type inequality (21). A total of 2000 samples
are generated in the MCMC-ISP.

The results are shown in Fig. 1. For cases 1.1 and 1.2 (Fig. 1a, b), the samples aggregate
in two regions (around 16 and 27), which indicates the non-unique solutions. We use the
local conditional means (LCM) to characterize the posterior density function. In Table 1,
for case 1.1, two local conditional means are shown: niCM = 15.90 and n%CM = 27.04.
We also compute the associated transmission eigenvalue, which is close to the given one.
In other words, both indices of refraction have an eigenvalue close to 2.01, which reveals
the non-unique nature of the inverse problem. The scenario is the same for case 1.2.

When four transmission eigenvalues are used, the non-uniqueness disappears on the
interval [8, 30]. As shown in Fig. 1, all the samples accumulate around 16. The conditional
mean ncy = 16.23 and the corresponding transmission eigenvalues are shown in Table 1.
It can be seen that there exit four eigenvalues (1.98, 2.61, 3.24, 3.78) for ncyr = 16.23, which
are close to the given eigenvalues k = (2.01, 2.61, 3.23, 3.80).
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Table 1 Local conditional means/conditional mean and the
transmission eigenvalues

n(x) Transmission eigenvalues

16 201 261 3.23 3.80
Case 1.1 15.90 2.01 - - -

27.04 2.01 - - -
Case 1.2 16.05 2.00 263 - -

25.62 2.07 257 - -
Case 1.3 16.23 1.98 261 324 378

Table 2 Local conditional means/conditional mean and the
transmission eigenvalues

No m ny Transmission eigenvalues

8 1 -1 2.82 354 4.13
Case 2.1 8.11 - - 2.81 354 413

12.21 - - 2.83 365 4.05
Case 22 8.10 —0.01 —0.00 2.82 354 4.13
Case 23 8.01 0.50 049 2.75 354 393

Example 2 Let D be the unit square. Again, the medium is isotropic, i.e., A = I. The
exact index of refraction is n(x) = 8 4+ x; — xo for this example. Given the transmission
eigenvalues k = (2.82, 3.54, 4.13), we consider three cases:

2.1 assuming n = ng, reconstruct ny (D = (—0.5,0.5) x (—0.5,0.5));
2.2 assuming n = ng+n1x1 + Hoxy, reconstruct ng, 1, ny (D = (—0.5, 0.5) x (—0.5, 0.5));
2.3 assuming n = ng + n1x1 + naxy, reconstruct ng, ny, ny (D = (4.5,5.5) x (4.5, 5.5)).

Applying (21) again, we obtain sup, n(x) > 2.48. 6000 samples are drawn in the MCMC
stage. We first consider case 2.1 using three transmission eigenvalues. A uniform prior
distribution ny ~ U[2.5, 14] is used. A large part of the samples concentrates around 8.1
(see Fig. 2a, b). We also notice that some samples are around 12.3. Similar to Example 1,
we compute the local conditional means as shown in Table 2. The exact transmission
eigenvalues close to k for the two LCMs are also shown in Table 2. The differences
between the transmission eigenvalues and the given k are small.

We move on to case 2.2 by coding the reconstruction of n in case 2.1 into the prior.
n(x) is approximated by the linear function n = no + n1x1 + noxy with w (no) = U[7.5, 8.5]
and 7 (n1) = 7w (ny) = U[—1.5, 1.5]. The reconstruction is n(x) = 8.10 — 0.01x; — Ox5. The
recovery of the constant term ny is satisfactory. Figure 2c shows samples of #3, ny. The
errors of the coefficient ny, ny are large. The same experiment is carried out for case 2.3.
Again, the constant ng is reconstructed well. But #; and ny are away from the exact values
(see Table 2 and Fig. 2d). The inverse problem related to cases 2.2 and 2.3 seems to be
severely ill-posed. Nonetheless, as seen in Table 2, the exact transmission eigenvalues for
the reconstructed n(x) are close to the given k. We did some examples using a few more
eigenvalues for cases 2.2 and 2.3, which do not seem to improve the reconstruction, and
thus are not shown here.

Example 3 Let D be an L-shape domain given by

(—0.5,0.5) x (—0.5,0.5) \ [0,0.5] x [—0.5,0].
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Table 3 Conditional means and the transmission eigenvalues

n(x) ag a a; Transmission eigenvalues
1 1/6 1/8 0 4.31 4.44 4.95 5.47
Case 3.1 1.34 0.14 0.14 - 453 453 5.00 5.56
Case 3.2 1.32 0.13 0.13 0.03 4.17 449 4.84 548
16—~ = o =
1470 is _-_- LT R -
et T HEN -
12p o - - S
1T TR p .
.- . 08f :
0.8 . ny
. 061 a,
. . . n o
06 ) az 1 oal a,
04l . -oa ] 2
: . .- 0.2 w! !_ .,a .»i.n w, e cwy
020 Ldm . cenlt L ETETE LIl oM ok
ARt I il et it el ey ‘
0 0 10‘00 20‘00 30‘00 40‘00 50‘00 6000 -0.20 10‘00 20‘00 30‘00 40‘00 50‘00 6000
(a) (b)
Fig.3 Scatter plots for case 3.1 (a) and case 3.2 (b)

The exact A and n are diag(%, %) and 1, respectively. Given k = (4.31, 4.44, 4.95, 5.47), we
consider the following cases:

3.1 assuming A = diag(ao, a1) and n = np, reconstruct ao, a1 and no;

ao az

3.2 assuming A = and n = ng, reconstruct ag, a1, a; and ng.

a) ai
For case 3.1, we set ag, a; ~ U[0.05, 0.25] and ny ~ U[0.1, 1.6]. The results of the MCMC-
ISP with 6000 samples are displayed in Table 3. We can see that A is approximated by
diag(0.14, 0.14) and ncyy is 1.34.

Next, we consider case 3.2 using the estimators from case 3.1. As shown in Fig. 3a,
the diagonal elements of A are small and oscillate between 0.1 and 0.2. Hence, we set
ao, a1 ~ U[0.1,0.2]. Choose a3 fromU[—0.05, 0.1] and n ~ 1£[0.8, 1.6]. Using 6000 samples
to reconstruct A and n, we show the results in Table 3 and Fig. 3b. For both cases, the

reconstructions are acceptable and the eigenvalues are close to the given ones.

Example 4 In this example, we use the same L-shape domain D as Example 3 but A =

11
( ) and n = 2. With k = (5.32,5.73, 6.04, 6.53), we consider the following cases:

NN
[SSIEERN ]

4.1 assuming A = diag(ao, a1) and n = ny, reconstruct ag, a1 and no;

ao az

4.2 assuming A = and n = ng, reconstruct ag, a1, a3 and ng.

a) ai
For case 4.1, we choose the priors ag, a; ~ U[0.05,1.05] and ny ~ U[1.5,3.5]. The
conditional means of ag, a1 and » are 0.23, 0.22, and 2.79, respectively. Based on the
results of case 4.1, we choose ag ~ U[0.2,0.6], a1 ~ U[0.2,0.4], ay ~ U[—0.05,0.2] and
n ~ U[1.8, 3.5] for case 4.2. The results are shown in Table 4 and Fig. 4. The approximation
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Table 4 Conditional means and the transmission eigenvalues

n(x) ag a a; Transmission eigenvalues

2 1/2 1/3 1/7 532 5.73 6.04 6.53
Case 4.1 2.79 023 022 - 522 5.83 6.12 6.60
Case 4.2 299 032 0.26 0.09 531 561 6.13 6.64

P s

o » o >
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0 1000 2000 3000 4000 5000 6000 "o 1000 2000 3000 4000 5000 6000

(a) (b)

Fig.4 Scatter plots for case 4.1 and 4.2

of n is greater than the exact value and approximations of the entries of A are smaller than
the exact ones, indicating the severe ill-posed nature of the inverse problem. Nevertheless,
the computed transmission eigenvalues are close to the given k for both cases.

5 Conclusions and future work

The inverse spectral problem of transmission eigenvalues is studied. Given a few transmis-
sion eigenvalues, the Bayesian approach is employed to reconstruct the material properties
of the inhomogeneous medium. An MCMC algorithm is used to explore the posterior den-
sity functions of the unknowns. Due to the fact that only partial data are available (a few
eigenvalues), the inverse problem is severely ill-posed and can have non-unique solutions.
To characterize the density functions, we resort to the recently proposed local estimators.
Numerical examples indicate that the proposed Bayesian method is useful for the inverse
spectral problem considered in this paper.

For Examples 1 and 2, the Faber—Krahn type inequality is first used to obtain some
qualitative information of the index of refraction. Such information can be coded in the
priors to improve the performance of the Bayesian inversion. The results in [18,19] also
indicate that the combination of deterministic and statistical methods can successfully
treat challenging inverse problems with partial data.

The Bayesian inversion framework has the potential to provide useful information about
unknowns for inverse problems, especially when the measurement data are partial. The
current paper only provides a preliminary along this direction. We plan to apply the
method proposed here to study new inverse spectral problems arising recently in the
inverse scattering theory, e.g., the inverse modified transmission eigenvalue problem [7].
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