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Design of piezoelectric energy harvester for a wide operating frequency range is a challenging problem and is currently being

investigated by many researchers. Widening the operating frequency is required, as the energy is harvested from ambient source of

vibration which consists of spectrum of frequency. This paper presents a technique to increase the operating frequency range and to

enhance the amplitude of the generated voltage in the operating frequency range. The wider operating frequency range is achieved

by designing a harvester using propped cantilever beam with variable overhang and the amplitude of the generated voltage is

enhanced by introducing a double tapered cavity. The proposed piezoelectric energy harvester is modeled analytically using Euler

Bernoulli beam theory. The results from the modeling and analysis reveal that the maximum voltage is generated from the energy

harvester designed with the double tapered cavity having the taper angle of α = 2.25o. Hence the experimental investigations are

carried out with this energy harvester and the generated voltage measured is in close agreement with the results obtained from the

model. The simulation and experimental results presented in this paper demonstrate that the proposed harvester design not only

widens the operating frequency range but also it enhances the amplitude of the generated voltage in large extent.
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1. Introduction

Energy harvesting from ambient vibrations in the environment using

piezoelectric materials has been the area of interest for many

researchers in the last decade. Future low power electronic devices,

wireless sensors, machine condition monitoring sensors, implantable

devices etc will harvest energy from their operating environment for

their operation. Review of energy harvesting from mechanical

vibrations using piezoelectric materials and the harvesting devices

developed are reported in Refs. 1-3. The ambient vibration in the

environment in general consists of a spectrum of frequency. Hence the

application of energy harvesters designed to operate at a particular

frequency is highly limited as it produces maximum output only at that

frequency. To overcome this limitation, energy harvesters are designed

to widen the operating frequency in recent years.4,5 

A broadband energy harvester with multiple cantilevers with different

length and tip masses attached to a common base was suggested in Ref.

6. The operating frequency range was broadened by connecting multiple

piezoelectric bimorphs with different aspect ratios.7 A broadband

vibration based energy harvester with a double mass cantilever was

proposed in Ref. 8. An L shaped beam mass structure having the first two

natural frequencies close to each other for broad band energy harvesting

was designed in Ref. 9. Wide band piezoelectric power harvester using

two piezoelectric beams with resonant frequencies close to each other

when connected electrically and elastically by an end spring was

demonstrated in Ref. 10. A piezoelectric energy harvester which consists

of two beams with the magnets attached to the free ends was proposed

in Ref. 11. A piezoelectric energy harvester with a multimode dynamic

magnifier was proposed in Ref. 12 to increase the bandwidth. To provide

larger bandwidth as compared to the conventional single degree of

freedom and two degree of freedom piezoelectric energy harvesters, a

two degree of freedom cutout cantilever piezoelectric energy harvester

was proposed in Ref. 13.

 A tunable dual cantilever piezoelectric energy scavenger which

provides mechanically variable and adjustable tip stiffness and axial

load was reported in Ref. 14. A broad band piezoelectric energy

harvester using a simply supported piezoelectric beam with a dynamic

compressive loading via non linear magnetic force was reported in Ref.

15. A broadband energy harvester using multi resonant beams was

developed, investigated in Ref. 16.
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 A two degree of system that uses both rotational and translational

displacements is proposed in Ref. 17, which exhibits double power peaks

and an increased frequency bandwidth. Broadband Energy harvester

designed using flexible frame with interdigital structure, modeling and

characterization of piezomagnetoelastic broadband energy harvester and a

nonlinear vibration energy harvester which combines a nonlinear bistable

broadband piezoelectric cantilever are reported in Refs. 18-20. A method

to increase the harvested power by splitting of piezoelectric cantilever

beams of smaller width is reported in Ref. 21. The structures for harvesting

energy using piezoelectric, suggested by the researchers are complex in

design, as it incorporates or involves additional components such as mass,

additional beams, altering the shape etc., for achieving wide operating

frequency range (broadband) of the energy harvester. In this paper, a

piezoelectric energy harvester using propped cantilever beam having

double tapered cavity with variable overhang is proposed. In the proposed

design, the broad operating frequency is obtained by means of placing a

movable support along the length of the cantilever beam and higher output

voltage is generated by introducing a double tapered cavity in the beam.

The use of propped cantilever beam with variable overhang length to

broaden the frequency band of piezoelectric energy harvester reported in

this paper is first of its kind. In continuation of this, a double tapered cavity

is introduced in the propped cantilever beam with overhang to enhance the

generated voltage in the broadened frequency range. Simple mechanical

means can be devised to move the support with ambient vibration

frequency variation without additional power requirement.”

2. Energy Harvester Structure and Its Description

The structure for broadening the bandwidth of the piezoelectric energy

harvester using propped cantilever beam having double tapered cavity

with variable overhang length is shown in Fig. 1. The resonant frequency

of the energy harvester can be tuned by varying the overhang length. A

double tapered cavity with the tapering angle a is shaped at a distance of

L1 from the fixed end and at a distance of t1 from the bottom surface of

the beam. The double tapered cavity provides uniform strain distribution

on the surface of the beam over its length hence the piezoelectric ceramic

patches are bonded on the top surface of the beam. One piezoelectric

patch is bonded exactly above the first tapered cavity from the fixed end

and the second piezoelectric patch is placed above the second tapered

cavity. The use of two piezoelectric patches helps to improve the

amplitude of the harvested voltage over the operating frequency range

(broadband) achieved by varying the overhang length. The performance

of the proposed energy harvester is demonstrated by exciting the harvester

with an electromagnetic exciter placed at the free end of the beam.

3. Modeling

The analytical model of the piezoelectric energy harvester designed

using propped cantilever beam having double tapered cavity with

variable overhang length shown in Fig. 1 is developed using Euler

Bernoulli beam theory. For modeling, the energy harvester is split into

five sections namely section I, II, III, IV and V as shown in Fig. 1. The

sections I, IV and V consist of only regular beam element and sections

II and III (composite sections) consist of beam with tapered cavity and

a piezoelectric patch. The composite section shown in Fig. 1(b) consists

of four layers namely, layer 1 with the thickness of t1 (layer between

the bottom surface of the beam and the bottom surface of the cavity),

layer 2 with the thickness of t2(x) (double tapered cavity between layer

1 and layer 3), layer 3 with the thickness of t3(x) (beam layer between

the cavity and the top surface of the beam) and layer 4 is the

piezoelectric patch with the thickness of tp.

The vibration governing equation of motion for all the sections of

the energy harvester in Fig. 1 is given as Ref. 22.

(1)

where , n = 1, 2, ..., 5, L0 = 0, L5 = L,

Wn(x) is the amplitude of modal functions of the beam, w is

resonant angular frequency. As sections I, IV and V have only beam

element with uniform dimensions, the flexural rigidity (EI )i and the

mass per unit length mi are constant and are given by 

. (2)

where , i = 1, 4, 5

Eb, ρb, b and tb are the Young’s modulus, density, width and

thickness of the beam. Ib is the moment of inertia corresponding to

sections I, IV and V.

The flexural rigidity (EI)j, where j = 2, 3 and the mass per unit

length mj, for sections II, III with double tapered cavity varies with the

moment of inertia and thickness and are given by 
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Fig. 1 Schematic of the Propped cantilever based piezoelectric energy

harvester (a) with double tapered cavity (b) sections showing the

double tapered cavity
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where, 

with , , 

,

where Ep, ρp, b and tp are the Young’s modulus, density, width and

thickness of the piezoelectric patch. I1(x), I3(x) and Ip(x) are the moment

of inertia of layer 1, layer 3 and the piezoelectric layer, t1, t2(x) and t3(x)

are the thickness of layer 1, layer 2 and layer 3 of section II and III. ‘α’

is the taper angle, t2a, t2b, are the thickness of the smaller and wider side

of the tapered cavity as shown in Fig. 1b y1, y3 are the neutral axis of

layer 1 and layer 3. YNA(x) is the location of neutral axis of the composite

section. lp1, lp2, are the length of piezoelectric patch 1 and 2 respectively.

The free vibration solution for Eq. (1) is given by 

(4)

where  and An, Bn, Cn and Dn are the constants of integration

obtained by substituting the following boundary and the continuity

conditions. The boundary conditions are Ref. 23

At , 

At , 

The continuity conditions at x = Lq, where q = 1, 2, 3 are

 

, (5)

The continuity conditions at the support x = L4 are Ref. 24.

, 

where  is the bending moment induced at the two ends of

the piezoelectric patch  is the shear force generated at the

interface between the piezoelectric patch and the host beam, ,

d31 is the piezoelectric charge coefficient, Vg is the voltage generated

from the piezoelectric patch and γ = 6,23 when a bending beam is

considered.

Applying boundary and continuity conditions in Eq. (4), the

coefficients An, Bn, Cn, Dn are obtained by solving the Eigen value

problem. Setting the determinant of the characteristics matrix 

(6)

where K(β ) is a 20 × 20 matrix, the β values and the natural

frequencies for all modes can be obtained.

The forced vibration solution of the beam due to dynamic force

 applied at its free end is expressed as23

(7)

where  is the transverse displacement of the beam,

i = 1, 2, 5, L0 = 0, Li = L, x is the position on the beam

 is the Dirac delta function to model point force

and F, ω are the magnitude and angular frequency of input vibration

force respectively.

The magnitude of the dynamic force F at the free end of the beam25

is given by,

 (8)

where Nc is number of coil turns, I is magnitude of current given to coil,

A is the cross sectional area of core, Bp is the flux density of the

permanent magnet, Le is the length of the electromagnet, Lp is the

length of the permanent magnet, R is the radius of the permanent

magnet and d is the gap between the magnets as shown in Fig. 1.

The generated voltage from the piezoelectric patch1 and patch 2

bonded on the beam subjected to the dynamic loading can be solved as

Ref. 23.

 

 

(9)

where 

where e31 is the piezoelectric constant, Cv is the electrical capacity of

the piezoelectric patch. yc is the perpendicular distance from the beam

neutral axis (YNA) and the middle of the piezoelectric element for

section II and III.26,27 The maximum value of power generated from the
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energy harvester (Pg) is given by Ref. 28

 (10)

where, Vg is the maximum value of the generated voltage. The

optimum load resistance (RL) of the energy harvester at the open circuit

fundamental natural frequency is given by Ref. 29.

 

(11)

where ζ is the damping ratio , A, B and C are

coefficients. , 

 The dimensionless terms are given by 

, ,  and the values of λ changes

with the position of the support P.

 

 where  is the electromechanical

coupling given by

4. Results of Theoretical Analysis

The performance of the energy harvester is evaluated from the

model derived in Section 3 through simulation. The variation in the

first mode frequencies of the harvester having taper angle α = 0o,

α = 0.75o, α = 1.5o, α = 2.25o for different position of the support P and

for the beam without cavity obtained is shown in Fig. 2. The results

reveal that the first mode frequency is found to increase linearly with

the position of the support P up to 0.783 L from fixed end. It can also

be observed that with the increase in taper angle from α = 00 to

α = 2.25o, the mode frequency is found to decrease, however the

magnitude of reduction in frequency is very small. Further from the

theoretical analysis the second and third mode frequencies with

variation in support position are found to be non linear.

The mode shape for the first natural frequency when the support P

is placed at a distance of x = 0.4 L and x = 0.6 L from the fixed end is

shown in Fig. 3. The results show that the tip deflection for the first

mode frequency increases with the tapper angle and decreases when the

support is placed away from the fixed end. Also the tip deflection with

double tapered cavity for any position of support P is higher, as

compared to the beam without cavity. The theoretical analysis also

inferred that the tip deflection for any position of support P for second

and third mode is found to be small in magnitude. For the reasons

mentioned above, the second and third mode frequencies are not
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position of support P are given in Fig. 4. The generated voltage and the

harvested power from the energy harvesters in the operating frequency

range are summarized in Table 1. The results show that the double

tapered cavity in the energy harvester enhances the magnitude of the

generated voltage range in large extent as compared to that of the

harvester designed without cavity. And also it is observed that the

cavity provides a meager improvement in the operating frequency

range. The enhancement in the generated voltage is due to the

enhanced strain distribution on the surface of the beam provided by the

double tapered cavity.

The power Pg in Eq. (10) depends on the load resistance RL which

in turn depends on the mode frequency (ω) as given in Eq. (11), also

the mode frequency (ω) and weighted frequency (λ) varies with the

support position P. The results in Fig. 5 show the variation in the load

resistance with the frequency. The variation in the weighted frequency

(λ) with the support position is shown in Fig. 6. In the propped

cantilever beam the weighted frequency (λ) varies with the position of

support P. But in the case of cantilever beam, weighted frequency (λ)

is constant. As the load resistance (RL) given in Eq. (11) depends on λ,

the power harvested also depends on λ.

Fig. 4 Voltage generated from the energy harvester: (a) With variation in support position, (b) With variation in frequency with frequency

Fig. 5 Variation in the load resistance Fig. 6 Variation in weighted frequency (λ) with support position

Table 1 Range of bandwidth, voltage generated and harvested power

Energy harvester configuration Operating frequency range Bandwidth(Hz) Output voltage range Harvested power range 

Beam without cavity 38.2 Hz - 81.07 Hz 42.87 26.9 V - 1.03 V 18.23 mW - 0.056 mW

Beam with double 

tapered cavity having 

taper angle α

α = 0o 34.98 Hz - 79.38 Hz 44.41 30.6 V - 17.17 V 21.41 mW - 15.45 mW

α = 0.75o 33.08 Hz - 78.14 Hz 45.06 41.03 V - 23.49 V 35.78 mW - 28.46 mW

α = 1.5o 31.68 Hz - 77.17 Hz 45.49 51.23 V - 29.89 V 52.11 mW - 45.5 mW

α = 2.25o 31.35 Hz - 77.08 Hz 45.73 58.6 V - 33.7 V 71.02 mW - 57.74 mW
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The power harvested from the energy harvester computed using Eq.

(10) is shown in Figs. 7(a) and 7(b). The enhanced strain due to the double

tapered cavity in a propped cantilever beam, tends to decrease slightly as

the pinned support moves away from the fixed end, hence there is a

negative trend in the voltage and power harvested. When the support P, is

placed at position 0.783 L, the resonance frequency of the propped

cantilever beam matches with the second mode frequency of the normal

cantilever beam. The discrepancy between the analytical and experimental

results in Fig. 9 is due to the variation in the moment of inertia along the

length of the beam in section II and section III.

5. Experimentation and Results

 

The energy harvester with the taper angle of α = 2.25o (t2a = 1 mm,

t2b = 4 mm), is fabricated for experimental investigation, as this

configuration provides maximum voltage as shown in Table 1. The

double tapered cavity is formed at a distance of L1 = 30 mm from the

fixed end and the photograph of the experimental set up is shown in

Fig. 8. The double tapered cavity in the beam is shaped by wire cut

EDM (Electric Discharge Machining) tool. The dimensions and the

properties of the beam and the piezoelectric patch are given in Table 2

and 3. The specifications of electromagnetic excitation placed at the tip

of the beam are: number of coil turns Nc = 2000, length Le = 16 mm and

cross sectional area A = 78 mm2, flux density of the cylindrical

permanent magnet Bp = 1.1 T, length Lp = 10 mm, radius R = 5 mm and

the gap between the magnets d = 6 mm. The generated voltage from the

energy harvester at resonance is measured experimentally for different

Fig. 7 Variation in harvested power: (a) With support position, (b) With frequency 

Fig. 8 Photograph of the fabricated broadband energy harvester with

enhanced output: (a) Harvester with double tapered cavity, (b) View of

double tapered cavity

Table 2 Dimension and properties of aluminium beam

Symbol Description Value Units

L Length 500 mm

b Width 25 mm

tb Thickness 5.5 mm

Eb Young’s modulus 71 GPa

ρb Density 2700 Kgm-3

Table 3 Dimension and properties of piezoelectric element (PZT 5H)

Symbol Description Value Units

lp Length 76.5 mm

bp Width 25 mm

tp Thickness 0.5 mm

Ep Young’s modulus 47.62 GPa

ρp Density 7500 Kgm-3

e31 Piezoelectric constant -16.6 Cm-2

d31 Piezoelectric charge coefficient -274 pCN-1

Cv Capacitance 104.3 nF
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position of the support P between x = 0.38 L and x = 0.64 L from the

fixed end, by connecting the two piezoelectric patches in series. During

experimentation in the laboratory for each position of the support P, the

harvester is made to vibrate at resonance by tuning the excitation

frequency of the electromagnetic exciter to the first mode frequency

corresponds to that position. The amplitude of the excitation signal

applied from the arbitrary waveform generator (Agilent 33500B) to the

exciter is fixed as 10 V peak to peak for all position of support P and

the generated voltage is measured using the digital storage oscilloscope

(Agilent DSO 1002A).

The variation in the first mode frequency for different position of

the support P measured in experimentation is shown in Fig. 9.

The voltage and power measured for different position of support P

and its variation with frequency are shown in Figs. 10 and 11. The

results shown in Figs. 9-11 are in close agreement with the result

obtained from theoretical analysis for the harvester having taper angle

Fig. 9 First mode frequency of the energy harvester (Experimental and

analytical)

Fig. 10 Voltage generated from the energy harvester (Experimental and

analytical): (a) With variation in support position, (b) With variation in

frequency

Fig. 11 Variation in Harvested power from the energy harvester

(Experimental and analytical): (a) With support position, (b) With

frequency
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of α = 2.25o. The results show that the harvester with the cavity

provides large enhancement in the amplitude of generated voltage in

the operating frequency range.

6. Conclusions

A piezoelectric broadband energy harvester using propped

cantilever beam having double tapered cavity with variable overhang

length is designed, analytically modeled using Euler Bernoulli beam

theory. Results from the analytical model reveal that the mode

frequency is a function of the position of the support in the propped

cantilever and the change in the mode frequency is found to be linear

for the fundamental mode and non linear for the higher modes of

vibration. The results infer that the operating the harvester in first

mode frequency provides wider operating frequency range from

31.4 Hz to 105.4 Hz (broadband), which depends on position of the

support. Further the results and analysis from the model reveal that

the double tapered cavity and its variation in taper angle improves the

amplitude of the generated voltage in large extent. The

experimentation was conducted on the energy harvester having

double tapered cavity with the taper angle α = 2.25o and the results

are in close agreement with the analytical results. The proposed

broadband energy harvester is simple in design and generates

enhanced output voltage in the operating frequency range. Moreover

the harvester provides continuously and gradually varying output

voltage in the operating frequency range as compared to the

broadband energy harvesters proposed in the literature, which

provides oscillatory output in the operating frequency range. Though

the proposed harvester is designed with propped cantilever beam with

variable overhang length, the boundary and continuity conditions

requires only few modifications in the regular cantilever based

piezoelectric energy harvester. The harvester proposed here can be

used to power wireless sensor networks and low power electronic

devices such as Bluetooth transceiver and palm MP3.
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