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Abstract

We study generalized quasiconformal mappings in the context of the inverse Poletsky inequality. We consider the local
behavior and the boundary behavior of mappings with the inverse Poletsky inequality. In particular, we obtain logarithmic

Holder continuity for such classes of mappings.
Keywords Quasiconformal mappings - Sobolev spaces

Mathematics Subject Classification 30C65 - 46E35

1 Introduction

This article is devoted to the Holder continuity of generalized
quasiconformal mappings f : D — D’ which are defined
by capacity (moduli) inequalities. The method of capacity
(moduli) inequalities arises to the Grotzsch problem and was
introduced in [1]. In subsequent works (see, for example, [13,
15] and [21]), the conformal modulus method was used in
the theory of quasiconformal (quasiregular) mappings and its
generalizations. The classes of mappings generating bounded
composition operators on Sobolev spaces [32, 33] arise in
the geometric analysis of PDE [7, 17]. These mappings are
called weak (p, g)-quasiconformal mappings [3, 30] and can
be characterized by the inverse capacitory (moduli) Poletsky
inequality [27]
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1 — _
capy/? (f~U(E), 71 (F); D)
< Kp,q((ﬂ; Q)Cap%}/p(E, F; D/), 1 < q < p < oo.

The detailed study of the mappings with the inverse confor-
mal Poletsky inequality for modulus of paths was given in
[24, 26] and [23]. In this case, p = g = n,the Holder conti-
nuity, the continuous boundary extension, and the behavior
on the closure of domains were obtained.

In the recent works,[6, 20] were considered connec-
tions between weak (p, g)-quasiconformal mappings and
Q-homeomorphisms. In the present article, we suggest an
approach to the generalized quasiconformal mappings which
are based on the following integral inequality

/ V(o fO)I? dm(x)

D

</|Vu(y)|‘qu(y> dm(y), u e C'(D).
D/

Depending on the properties of the function Q,,we obtain
various classes of the generalized quasiconformal mappings:
B M O-quasiconformal mappings, weak (p, q)-
quasiconformal mappings, Q-mappings, and so on.

The weak (p, g)-quasiconformal mappings have signifi-
cant applications in the spectral theory of elliptic operators
[8, 9]. The Holder continuity of weak (p, ¢)-quasiconformal
mappings was considered in [30]. In the recent article,[5]
was considered the boundary behavior of the weak (p, q)-
quasiconformal mappings. In this article,we study the log-
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arithmic Holder continuity, the continuous boundary exten-
sion, and the behavior in the closure of domains of non-
homeomorphic generalizations of quasiconformal mappings.

Let us give the basic definitions. Let I" be a family of
paths y in R". A Borel function p : R” — [0, oo] is called
admissible for ' if

/p(x)|dx| > 1 (L)

14

for all (locally rectifiable) paths € I'. In this case, we write:
p € adm . Given anumber g > 1, g-modulus of the family
of paths I is defined as

M, () = pei;éfnr/pq(x) dm(x). (1.2)
D

Letxg € D, Xo # 00, then

B(xp,r)={x e R": |x —xo| <7}, B"=B(,1), (1.3)

S(xo,r) ={x € R" : |x —xo| =r}, S; = S(x0,17), i=12,
A= Axg,r1,m) ={x € R :ri <|x—xo| <r2}.

Given sets E, F C R” and a domain D C R", we denote
['(E, F, D) a family of all paths y : [a, b] — R” such that
y(a) e E,y(b) e Fandy(t) € D forallt € (a, b).

Let Q : R* — [0, co] be aLebesgue measurable function.
We say that f satisfies the Poletsky inverse inequality with
respect to q-modulus at a point yo € f(D), 1 < g < oo, if
the moduli inequality

My(T'(E, F, D))

< f Q) -n(ly — yol) dm(y)
A(yo,r1,r2)Nf(D)

(1.4)

holds for any continuna £ < f~'(B(yo,r1)), F C

fHFDN\B(0.m2)),0 <ri <rp<rg= sup |y—yol,
yef(D)
and any Lebesgue measurable functionn : (r1, r2) — [0, 00]

such that

r

/n(r)dr > 1.

r

(1.5)

The case ¢ = n was studied in details in [26], cf. [24] and
[23]. The present article is dedicated to the case g # n.

Letus formulate the main results of this manuscript. Recall
that a mapping f : D — R" is called discrete if a pre-image
{f~' ()} of each point y € R” consists of isolated points,
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and open if the image of any open set U C D is an open set
in R”. The mapping f of the domain D onto D’ is called
closed if f(E) is closed in D’ for any of the closed E C D
(see, e.g., [34, Section 3]).

In the extended Euclidean n-dimensional space R" =
R"U{oo}, aspherical (chordal) metricisdefinedash(x, y) =
| (x) — m(y)|, where m is a stereographic projection of R"
onto the sphere S”(%enﬂ, %) in R"+1, Namely:

lx — yl
V14 x4 |y
1

X #£oo#y, hix,00) =

I+ x?

(see, e.g., [28, definition 12.1]). Given sets A, B C @, we
put

h(x,y) =

(1.6)

h(A,B)= inf h(x,y), h(A)= sup h(x,y),
xeA,yeB xX,yEA

where £ is defined in (1.6). In addition, we put

diam(A) = sup |x — y|.

dist (A, B) = inf |x —y]|,
x€A,yeB x,y€A

Let D C R", n > 2, be a domain. For a number 1 < ¢ <
oo and a Lebesgue measurable function Q : R" — [0, oo],
we denote by S‘IQ (D) a family of all open discrete mappings
f + D — R”" such that relation (1.4) holds for any yy €
f (D), for any continua

E C f7'BGo.m), FC f YD)\ B(yo, ),

O<ri<rp<ro= sup |y— ol
yef(D)

and any Lebesgue measurable functionn : (r1, r2) — [0, 00]
with condition (1.5).
The following theorem holds.

Theorem 1.1 Let f € S'qQ(]B%"), q = n. Suppose that Q €
L'(R"™) and K is a compact set in B". Then the inequality

Q=

areln
1
logn (1 + ﬁ)
=d(K,oB"),

f) = fDI <G

k]

1.7)

holds for all x, y € K, where || Q||1 denotes the L'-norm of
the function Q in R" and a constant C, > 0 depends on n
and q only.

Let D C R" be a domain. Then D is called locally con-
nected at the point xy € dD, if for any neighborhood U of
xo.there is a neighborhood V' C U of this point such that
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V N D is connected. The domain D is locally connected on
dD, if D is locally connected at every point xo € dD. The
domain D C R” is called finitely connected at the point
xo € 0D, if for any neighborhood U of x, there is a neigh-
borhood V' C U of this point such that the set V N D consists
of a finite number of components (see, .g., [34]). The domain
D is finitely connected on d D, if D is finitely connected at
every point xo € 9D.

Let d D be a boundary of the domain D C R”". Then the
boundary a D is called weakly flat at the point xo € 9D, if
for each P > 0 and for any neighborhood U of this point,
there is a neighborhood V' C U of the same point such that
M(T'(E, F, D)) > P for any continua E, F' C D that inter-
sect 9U and dV. The boundary of a domain D is called
weakly flat if the corresponding property holds at any point
of dD.

Let D, D' be domains in R". For given numbers n <
q < 00,8 > 0, acontinnum A C D’, and an arbitrary
Lebesgue measurable function Q : D’ — [0, 0o], we denote
by GZ’ A Q(D, D’) a family of all open discrete and closed
mappings f of D onto D’ satisfying the condition (1.4) for
any yp € D’, any compacts

Ec f'(B(o, ), Fc f D'\ By, r)),

0<ry<ry<rg= sup |y — yol,
yeD’

and any Lebesgue measurable functionn : (rq, r2) — [0, o]
with the condition (1.5), such that i ( f ~1(A),3D) > §.The
following statement holds.

Theorem 1.2 Let D C R" be a bounded with a weakly flat
boundary. Suppose that, for any point yo € D’ and 0 <
ry <ry <ro:= sup |y — yol, there is a set E C [ry, 2]
eD’

of a positive linearyLebesgue measure such that the function
Q is integrable on S(yo, r) for every r € E. If D' is locally
connected on its boundary, then any [ € GZ,A,Q(D’ D)
has a continuous extension f : D — D/, f(D) = D', and
the family Gg’ A,Q(B’ D), which consists of all extended
mappings f : D — D', is equicontinuous in D.

In particular, the statement of Theorem 1.2 is fulfilled if
the above condition on Q is replaced by a simpler one: Q €
LY(D".

Remark 1.3 In Theorem 1.2, the equicontinuity must be
understood with respect to the Euclidean metric in the pre-
image under the mapping, and the chordal metric in the
image, i.e., for any ¢ > 0, there is § = (e, xo) > 0 such that
the condition |x — xo| < 8, x € D, implies that inequality
h(f(x, f(x0)) < &holds forany f € &7 , ,(D, D).

2 On the integral inverse Poletsky inequality

In this section,we suggest an approach to the generalized
quasiconformal mappings which is based on the following
integral inequality

/ IV@o fe)I|? dm(x)
D

<f|w(y)|‘1Qq(y> dm(y), u e C'(D).
D/

This approach allows to unify various generalizations of
quasiconformal mappings, such as mappings which gener-
ate bounded composition operators on seminormed Sobolev
spaces and Q-mappings. We explain that both concepts of
generalizations are very close one to another and, in some
sense, represent similar classes. Of course, it is a subject of
more deep study. We are trying to put attention of readers to
this useful interplay.

Let D be a domain in the Euclidean space R, n > 2. The
Sobolev space ng (D), 1 < p < 00, is defined as a Banach
space of locally integrable weakly differentiable functions
u : D — R equipped with the following norm:

lu | Wp(D)| = llu | Lpy(D)|| + IVu | Lp(D)II,

where Vu is the weak gradient of the function u.

The homogeneous seminormed Sobolev space L},(D),
1 < p < oo, is defined as a space of locally integrable
weakly differentiable functions u : D — R equipped with
the following seminorm:

lu | Ly, (DIl = [Vu | Ly(D)].

In accordance with the non-linear potential theory [19],we
consider the elements of Sobolev spaces W; (2) as equiva-
lence classes up to a set of p-capacity zero [18].

Suppose f : D — R" is a mapping of the Sobolev class
Wll,loc(D; R™). Then the formal Jacobi matrix Df (x) and its
determinant (Jacobian) J(x, f) are well defined at almost
all points x € D. The norm |Df (x)| is the operator norm of
Df (x).

Recall the change of variable formula for the Lebesgue
integral [10]. Let a mapping f : D — R" belongs to
Wl1 1oc (D3 R™). Then there exists a measurable set S C D,
[S| '= 0 such that the mapping f : D\S — R" has the Luzin
N -property and the change of variable formula

@ Springer
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/uof(xw(x, £l dmx)
E
_ / WO (E, y) dm(y)
R™\p(S)

2.1

holds for every measurable set £ C D and every non-
negative measurable function u : R" — R. Here Ns(E, y)
is the multiplicity function (or the Banach indicatrix) of f.

Now let D and D’ be domains in Euclidean space R",
n > 2. We consider a homeomorphism f : D — D’ of the
class Wl1 1oc (D: D’) which has finite distortion. Recall that
the map;;ing f is called the mapping of finite distortion if
|[Df(x)] =0foralmostallx € Z={ze€ D: J(x, f) =0}

By using the composition of functions u € C'(D) with
this homeomorphism f : D — D’,we obtain the following
inequality

luo f 1 Ly(D)|? := f V@ o f)I? dm(x)

D

</|Vu(f(X))|q|Df(X))|q dm(x)
D

= / IVu(f NI G, HIDF NI (x, I dm(x).

D\Z

By the change of variables formula [10], we have the follow-
ing integral inverse Poletsky inequality

/IV(M o fN|T dm(x) < / IVu(y)17Qq(y) dm(y),
D D’
2.2)

where
Q,(y) = lllf){éc(‘,x}_ﬁ’ x=f"'(»)eD\(SU2Z),
o 0, x=fl'y»esSuz

The characterization of mappings which generate bounded
composition operators on Sobolev spaces in terms of integra-
bility of this distortion function Q, was given in [31] (see,
also, [32, 33)).

Depending on the properties of the distortion function
Q4 (y) we obtain different classes of generalized quasicon-
formal mappings. Let us recall the notion of the variational
p-capacity [4]. The condenser in the domain D C R” is
the pair (E, F') of connected closed relatively to D sets
E,F C D. Recall that a continuous function u € L},(D)
is called an admissible function for the condenser (E, F),
denoted u € Wy(E, F), if the set E N D is contained in some
connected component of the set Int{x : u(x) = 0}, the set
F N D is contained in some to the connected component of
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the set Int{x : u(x) = 1}. Then we call as a p-capacity of
the condenser (E, F) relatively to a domain D the value

cap,(E, F; Q) =inf |u|L,(D)|?,

where the greatest lower bond is taken over all admissible for
the condenser (E, F) C D functions. If the condenser has
no admissible functions, we put the capacity equal to infinity.
The case of K -quasiconformal mappings. Let ¢ = n and

-1 n
ess sup Qp(y) = ess sup IDfF(f~ ONI"

L T — K, < 00.
yeD' yep' (71, N

Then by the inequality (2.2) for any condenser (E, F) C
D’ the inequality

cap, (f "' (E), f~'(F); D) < K, cap,(E, F; D)

holds. Hence f is a K, -quasiconformal mapping [28]. From
another side, quasiconformal mappings generate bounded
composition operators on Sobolev spaces L ,11 (D)and L ,ﬁ (D)
[29].

The special case represents conformal mappings that cor-
respond to the case ¢ = n = 2 and K = 1. In this case, we
have isometries of Sobolev spaces Lé(D’) and Lé(D).

The case of q-quasiconformal mappings. Let 1| < g < 00
and

ess sup Qg (y) = ess sup M _
yeD’ 4q el IJ(f_l(y), 3]

K, < oc.
Then by the inequality (2.2) for any condenser (E, F) C D’
the inequality

cap, (f~'(E). f~'(F): D) < K cap, (E. F; D)

holds. Hence f is a g-quasiconformal mapping [30]. From
another side by [3, 30] ¢g-quasiconformal mappings generate
bounded composition operators on Sobolev spaces L ;(D’ )
and L;(D).

The case of (p, q)-quasiconformal mappings. Let 1 < g <
p < ooand Q; € Ly(R), s > 1. Then by the Holder

inequality
(/ V(o f)I dm(x)) < (D/ [Vu()I?Qq(») dm()’))
D /
1 s—1

< (D/ 0, dm(y>) (Df Vu(y) |95 dm(y)) :

1

Q=
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Denote p = g;>5. Then s = p/(p — q) and we obtain

p
p

1
f Vo ) dmx)| < / 07 () dm(y)
D /

1

/ Vu() [P dm(y)

Hence [27] for any condenser (E, F) C D’ the inequality

1
capg (f~N(E), £~ (F); D)

< (®(D'\(EUF) ™ capj (E. F; D)

holds, where

®(D'\(EUF)) = 027 (y) dm(y).

D'\(EUF)

So f is a (p,q)-quasiconformal mapping [27]. From
another side by [27],(p, ¢)-quasiconformal mappings gen-
erate bounded composition operators on Sobolev spaces
L}J(D’) and L}](D).

The case of Q-mappings. Let ¢ = n and Q, € Li(D).
Then,we have the class of mappings with capacitory inverse
Poletsky inequality which was intensively studied recently
[24, 26] and [23].

So we can conclude that the integral inequality

/IV(Mo Mt dm(x) </|Vu(y)|qQ(y) dm(y)
D D’

is the basic tool for generalizations of quasiconformal map-
pings. In the present work, we consider the Holder continuity
and the continuous boundary extension of continuous map-
pings f : D : R" in the case ¢ # n and Q, € L{(D). This
class of mappings derives properties of mappings (p, q)-
quasiconformal mappings which are important in the spectral
theory of elliptic operators.

In the case of connected closed relatively to D sets E, F C
D ,the notions of the capacity and the modulus coincide, but
in view of suggested techniques,we will use the notion of the
modulus.

3 On the Holder continuity of mappings
Let us first formulate the important topological statement,

which is repeatedly used later (see, for example, [12, theo-
rem 1.1.5.46]).

Proposition 3.1 Let A be a set in a topological space X. If
the set C is connected, C N A # & and C\A # O, then
CNOJA #O.

Let D C R", f: D — R” be a discrete open mapping,
B : la, b) — R" be a path, and x € f~'(B(a)). A path
o : [a, ¢) — D iscalled a maximal f-lifting of B starting at
x,if (1) a(@) =x;(2) foa = Blia.c); B)forc < ¢’ < b,
there is no a path &’ : [a, ¢) — D such that @ = &'|[4, ¢
and f oa’ = B, ). Similarly, we may define a maximal
f-lifting « : (¢, b] — D of apath B8 : (a, b] — R”" ending
atx € f~1(B(b)). The maximal lifting « : [a, ¢) — D of
the path § : [a, b) — R" at the mapping f with the origin at
the point x is called whole (total) if, in the above definition,
¢ = b. The following assertion holds (see [ 14, Lemma 3.12]).

Proposition3.2 Let f : D — R", n > 2, be an open dis-

crete mapping, let xo € D, and let B : [a, b) — R" be a

path such that B(a) = f(xo) and such that either hn}, B(t)
t—

exists, or B(t) — df(D) ast — b. Then  has a maximal

f-lifting o : [a, ¢) — D starting at xo. If () — x1 € D

ast — ¢, thenc = b and f(x1) = lirrllJ B(t). Otherwise
—

a(t) > 0D ast — c.

Given a path y : [a, b] — R”, we use the notation
ly| ={x eR": 3t €a,b]:y()=x}

for the locus of y, see, e.g., [28, Section 1.1], [21, Sec-
tion II.1].

Proof of Theorem 1.1 In general, we follow the logic of the
proof of Theorem 1.2 in [24], see also Theorem 1.2 in [26]
and Theorems 1-2 in [23]. Let us fix x,y € K C B" and
f eFo@@"). We put
|f(x) = f)I = eo. (3.1
If &9 = 0, there is nothing to prove. Let &9 > 0. Let
us give a straight line through the points f(x) and f(y):
r=r@) = f(x)+ (fx) = fONt, =00 < 1 < oo.
Let yl :[l,e) > B", 1 < ¢ < 0o be a maximum f-
lifting of the ray r = r(¢), t > 1, with the origin at the
point x, which exists due to Proposition 3.2. Let us prove
that, the case y'(f) — x; € B" ast — c is impossi-
ble. Indeed, in this case, by Proposition 3.2, we obtain that
¢ = ooand f(x1) = tiirlloor(t). Due to the openness of

f, f(x1) € f(B"), but on the other hand, f(x;) = oo by
the definition of r = r(¢). Since oo ¢ f(B"), we obtain a
contradiction. Therefore, yl(t) — x; € B*ast — ¢, is
impossible, as required. By Proposition 3.2

h(y' (), 9B") — 0 (3.2)
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as t — c¢ — 0. Similarly, denote by y2 : (d,0] — B",
—00 < d < 0, the maximal f-liftingof aray r = r(t), t <
0, with the end at the point y, which exists by Proposition 3.2.
Similarly to (3.2), we obtain that

h(y?(t), 9B") — 0

ast — d +0.Let z = y'(r;) be some point on y !, which is
located at the distance ro/2 from the unit sphere, where ro :=
d(K,0B") and let w = y2(t2) be some point on )/2, located
at the distance (/2 from the unit sphere. Put y* := ! 11,1
and y, := y!|[1,.0]- By the triangle inequality, diam (|y*|) >
ro/2 and diam (|yx]) > ro/2. Let T' := T'(ly*|, ly«l, B").
Now, by using [35, lemma 4.3], we obtain that

MT) = (1/2) - M(T(ly ™, ly«], R™)), (3.3)
and, on the other hand, by [36, Lemma 7.38]

* n 1
M@ (y™|, 1y, R")) = ¢, - log 1+Z , 3.4

where ¢, > 0 is some constant depends on n only and

_ dist(|y ™, [y«])
min{diam (|y*|), diam (|y,])}

Note that, diam (|y’]) = sup
w,welyt|

1, 2. Then, by (3.3) and (3.4) and taking into account that
dist (]y*|, ly«]) < |x — y|, we obtain

lo —w| = ro/2, i =

~ ro
MT) =>c,-lo <1+.—>
n OB T 2dist(y ). s

~ ro
> ¢, - log 1+2|x—y| ,

where ¢, > 0 is some constant depends on n only. By the
Holder inequality, for any function p € adm I",we have

g
M) < / P () dm(x) < ([B/ p%x)dm(x)) L@

Bn n
(3.6)

(3.5)

Taking in the right side of the inequality (3.6) the infimum
over all p € adm I', we obtain that

g—n

w L (3.7)

M(T) < inf f P (x)dm(x) < (Mg (D)7 - ()
Bn

@ Springer

Combining (3.5) and (3.6), we obtain that

(3.8)

Letzy := f(2), eV == |f(x) — 'l and £ = | f(y) —
z!'|. Note that

lf) = f)+eP =
=1f) — f@OI+1fx) =2 =z = fO)] =P,
3.9)

therefore, ¢V < ¢@,
Now let us to obtain an upper estimate for M, (I"). We put

P=[f(y")],Q=If(?l and
A=A, W, @) = {x e R": e < |x — zll < 8(2)}.

Note that, E := y * and F := y, are continua in B". Let us
to prove that

ly*lc £ BGELeD)),  y«d C fN BN
B(zl,s(z))).

Indeed, let x, € |y *|. Then f(x,) € P, therefore, there exist
numbers 1 < ¢ < s such that f(xy) = f(y) + (f(x) —
SN, where z' = f(y) + (f (x) = f())s. Thus,

1f o) =2 1 = 1(f ) = fF(s — 1)
SIF@) = fFON6 = D
=1(f) = fOs + f() — fF))I

=|f(x)—z'1=eW. (3.10)

By (3.10), it follows that |y *| c f~'(B(z!,eD)). The
inclusion |y«| € f N (fB\B(z', ¢?)) may be proved

similarly.
Let us put

n(t) = { 8?)’ t ¢ gD, e@],

where gg is a number from (3.1). Note that the function n
satisfies the relation (1.5) forr; = ¢Wandr, = ¢@. Indeed,
by (3.1) and (3.9),we obtain that

n—r=e? -V =|f() -2 - If0) —<'| =

=|f(x) = fMI = eo.
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o)

Then [ n(t)dt = (1/0) - (¢ — &) > 1. Applying the
e

moduli inequality (1.4) for the point z!, we obtain that

1211

— (3.1
|f ) = fDI? G1D

1
M, (T) < —q/ 0(z)dm(z) =
2]

R”

Finally, from (3.8) and (3.11), we obtain that

(4

(2"~ (@G)7 - log# (1 +

Hence, it follows that

Q|-

et
logﬁ (1 + —2|xr°_y|)

(g=n)q

where C,, := (R2,) ¢

[f) = fI<Cp-

’

)~ + . The theorem is proved. O

4 Holder continuity in arbitrary domains

Let D, D’ be domains in R”, n > 2. For numbers 1 < g <
oo and a Lebesgue measurable function Q : R" — [0, oo],
0 =0ae. on R"\D’, we denote be %CIQ(D, D’) the family
of all open and discrete mappings f : D — D’ such that
the moduli inequality (1.4) holds at any point yg € D’. The
following theorem generalizes [24, Theorem 4.1].

Theorem4.1 Let Q € L'(R") and ¢ > n. Suppose that,
K is compact in D, and D' is bounded. Then there exists a
constant C = C(n,q, K, ||Q|l1, D, D) > 0 such that the
inequality

1ol

f)—fOIN<SCh —F———=
logn (1 + 72lxrg,vl)

, ro=d(K,9D),
4.1

holds for any x,y € K and f € Ro(D, D), where || Q|1
denotes the L'-norm of the function Q in R".

Proof 1t is sufficient to find an upper bound for the value

1) = ()] - logr (1 T ) 4.2)
2|x —y|

overallx,y € K and f € o (D, D).

We fixx,y € K and f € Ro(D, D). If |x — y| > ro/2,
the expression in (4.2) is trivially bounded. Indeed, by the
triangle inequality,

[f ) = fODI<If)+[f ()] < 2Mo, (4.3)

o ) .
2lx —yl) T If) — fFI

sup |z|. Since D’ is bounded, My < oo.
zeD’

By (4.3), we obtain that

where My =

ro
2x =yl

1F @) = fFO)] - logn (1 + ) < My -logr 2, (4.4)

as required.

Now let |x — y| < rg/2. In this case, y € B(x,rop).
Let ¢ be a conformal mapping of the unit ball B" onto
the ball B(x, rg), exactly, ¥(z) = zro + x, z € B". In
particular, ¥ ~'(B(x,r0/2)) = B(0,1/2). Applying the
restriction f := f|B(x,r) and considering the auxiliary map-
ping F := f~o ¥, F : B" — D’, we conclude that the
relation (1.4) also holds for F with the same function Q.
Then by Theorem 1.1

IF(y ') — F(y ' (»)]
Ca- (lQl)4
log% (1 +

1 ) . (4.5)
4y~ )=y ~1(y)l

Since F (¢ ~'(x)) = f(x)and F (¥ ~1()) = f(y). we may
rewrite (4.5) in the form

Cy - 1/q
1F () = fO) < — 2 (||Q||1)1
tog (1 + g1 =)

Note that, the mapping v ~!(y) is Lipschitz with the Lips-
chitz constant % In this case, due to (4.6), we obtain that

(4.6)

1700 - sl < 2 UeI ™

logn (1 + 4|Xr_0_)|)

4.7)

Finally, by the L’Hopital rule, log% (1 + %) ~ log% (1 + E)
as t — 40 and any fixed k, n > 0. It follows that

Cy - (IIQlI)' Ci-(lQln'/
1 = 1
logn (1 + _4|xr0—y|) lOgn (1 + —2‘;2)}')

for some constant C; = Ci(rg) > 0. Then, from (4.7) it
follows that

70— fip) < S UL

logn (1 + ﬁ)

Finally, from (4.4) and (4.8), it follows the desired inequal-
ity (4.1) with some constant

(4.8)

1
C :=max{C; - (| QD" Mo - log7 2}. O
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5 Boundary behavior of mappings

The following result in the case ¢ = n was proved in [26,
Theorem 3.1], [23, Theorem 4].

Theorem5.1 Letn < g < oo, D C R", n > 2, be a
bounded domain with a weakly flat boundary, and let D' C
R" be a domain which is finitely connected on its boundary.
Suppose f is open discrete and closed mapping of D onto
D’ satisfying the relation (1.4) at any point yo € D', and
the following condition holds: for any yo € dD’ and 0 <
r1 <ry <rop:= sup |y—yol, thereis some set E C [r, 2]
yeD’
of positive lineal3 Lebesgue measure such that the function
Q is integrable on S(yo,r) for eachr € E. Then f has a
continuous extension f : D — D', moreover, f(D) = D’.
In particular, the statement of the theorem 5.1 holds if
Qe LY(D.

Proof Let xo € dD. We should prove the possibility of con-
tinuous extension of mapping f to point x¢. Let us prove it
from the opposite, namely, suppose that f does not have
a continuous extension to xo. Then, there are sequences
Xi,yi € D,i =1,2,...,suchthat x;, y; — xgasi — oo,
and there is @ > 0 such that

h(f(xi), f(yi)) =2 a >0 (5.1

foranyi € N, where % is a chordal (spherical) metric, defined
in (1.6). Since the space R” is compact, we may assume
that f(x;) and f(y;) converge as i — oo to z; and zo,
respectively, and z; # oco.

Since f is closed, it preserves the boundary of the domain
see [34, theorem 3.3], therefore z1,z0 € dD’. Since D’
is finitely connected on its boundary, there are paths o :
[0,1) - D’ and B : [0,1) — D’ such that @ — z4
and B — zp ast — 1 — 0 such that || contains some
subsequence of the sequence f(x;) and B contains some
subsequence of the sequence f(y;), i = 1,2,... (see [34,
lemma 3.10]). Without loss of generality, we may assume
that the paths & and § contain sequences f(x;) and f(y;),
respectively. Due to the definition of finite connectedness of
the domain D' on the boundary, we may assume that

le| C B(z1, Ry), |BI C R"\ B(z1, Ro),

0 < Ry < Ry < 00. 5.2)
We denote by «; a subpath of & with the origin ata point f (x;)
and end at f(x1) and, similarly, by 8; a subpath of g starting
at f(y;) and ending at f(y1). By the change of a parameter,
we may consider that, the paths «; and B; are parameterized
sothat o : [0,1] — D’ and B; : [0,1] — D’. Let @; :
[0,1) - D and E, : [0, 1) — D be whole f-liftings of «;
and B; starting at points x; and y;, respectively (these lifts

@ Springer

exist by [34, lemma 3.7]). By Proposition 3.2, paths &; and
,5,- can be extended to closed paths @; : [0,1] — D and
,5,- : [0, 1] — D. Note that, the points f(x1) and f(y;) may
not have more than a finite number of pre-images under f
in D, see [16, Theorem 2.8]. Then, there is rog > 0 such that
a; (1), /§,~(l) € D\B(xg,ro) foralli = 1,2, .... Since the
boundary of the domain D is weakly flat, for any P > 0,
there exists i = ip > 1 such that

MT (&, g1, D) > P Vizip, (5.3)
By Holder inequality, for any function p € adm T,
M) < [ o' dmo
D
< / Pl dm(x) | -m'T (D). (54)

D

Letting (5.4) to inf over all p € adm I', we obtain that

M(T) < / P (@) dm(x) < (My(D) 7 -m" (D). (5.5)
D

Using (5.3) and (5.5), we obtain that

~ _a-n L
My(T(|ail, |Bil, D)) > P-m~ 7w (D) Vizip. (506)
Let us to show that, the condition (5.3) contradicts the
definition of mapping f in (1.4). Indeed, using (5.2) and
applying (1.4) for E = |&;|, F = |B;],r1 = R«andr = Ry,
we obtain that

M, (T(@1, |Bil, D))

< f 00 - n9(y — 21)) dm(y).
A(z1,R«,R0)ND’

(5.7)

where 1 : (Rx, Rp) — [0, oo] is any Lebesgue measurable
function such that

Ro

/r/(r)dr > 1.

Ry

(5.8)

Below, we use the standard conventions: a/oo = 0 for a #

00, a/0 =00 fora > 0and 0 - oo = 0 (see, e.g., [22, 3.1]).

Letus put Q(y) = max{Q(y), 1},

Tu ==y [ B (59)
Yo a)n_lrn—l ’

S(vo0.7)
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and

Ro

dt
=] ==
2ot @)

*

(5.10)

By assumption of the theorem, for any yp € 3D’ and 0 <
r1 <rp <rg:= sup |y — yol, thereis aset E C [ry, r2] of
yeD’
a positive Lebesgue linear measure such that Q is integrable
on S(yg, r)foranyr € E. Then0 # I # oo. In this case, the
n—1

function no(t) = — L satisfies the relation (5.8).
i gl )

Substituting this function into the right-hand side of (5.7) and
applying Fubini theorem (see [22, theorem 8.1, Ch. III]), we
obtain that

M, (C(I&1, 1Bi1. D))

< / 0 - n9(ly — z1]) dm(y)
A(z1,R«,Rp)ND’

Ro
=f f 0 -n(ly —z1) dH" " dt
Ry S(z1,1)

Wp—1

= < Q.
Ja-1

(5.11)

The relation (5.11) contradicts (5.3), which disproves the
assumption made in (5.1). The resulting contradiction dis-
proves the assumption that there is no a limit of f at the
point xg.

It remains to check the equality f(D) = D’ Itis obvious
that f(D) C D’. Let us show that D’ C f(D). Indeed, let
yo € D, then either yo € D', or yg € dD'. If yg € D/,
then yg = f(xo) and yo € f(D), since by condition f is the
mapping of D onto D’. Finally, let yp € dD’, then there is
asequence y;y € D' suchthat yy = f(xx) — yo ask — o0,
x; € D. Due to the compactness of R_”, we may assume
that x, — xo, where xo € D. Note that, xo € 9D, since
f is open. Then f(xg) = yo € f(3D) C f(D). In the
whole, Theorem 5.1 is proved, excluding the discussion of
the situation Q € L'(D").

If 0 € L'(D’), by the Fubini theorem,

T

/ Oy)dm(y) = f

0 S(vo.1)

Q(y)dH" " dr < oo,
B(yo0.r0)
whence it follows that g,,(r) < oo for all yg € 9D’ and

almost all ¥ € R (here, of course, we extend the function Q
by an identical zero outside D). Thus, the case Q € L'(D")

is a special case of the conditions on O mentioned above.
The theorem is completely proved. O

6 The equicontinuity of some family of
mappings in the closure of domains

Proof of Theorem 1.2 Let f € Gg’A’Q(D, D’). By Theo-

rem 5.1, f has a continuous extension f : D — D/,
moreover, f(D) = D’. The equicontinuity of the fam-
ily Gg, A’Q(B, D’) in D is a statement of Theorem 4.1. It
remains to establish its equicontinuity on d D.

We will carry out a proof from the opposite (cf. [26,
Theorem 1.2], [23, Theorem 5]). Assume that, there is
xo € dD, a number g9 > 0, a sequence x,, € D, which
converges to xo as m — oo,and a sequence of mappings
?m € Gg’A’Q(B, D) such that
h(f,,(xn), frn(x0)) = €0, m=1,2,.... 6.1)
Letusput f,, := f,,|p.Since f,, has a continuous extension
on 9 D, we may assume that x,, € D. Therefore, 7,,, (xm) =
Jm(xm). In addition, there exists a sequence x,, € D such
that x,, — xo as m — oo and h(fyu (x,)), fn(x0)) — 0 as
m — oo. Since the space R” is compact, we may assume
that the sequences f;, (x;;) and ?m (xp) converge as m — 00.
Let f, (x;) — X1 and 7m(xo) — X3 asm — 00. By the
continuity of the metric in (6.1), X1 # Xx. Since f;, is closed,
it preserves the boundary (see [34, theorem 3.3]). It follows
thatx; € dD’. Letx] and x3 be arbitrary distinct points of the
continuum A, none of which coincides with x7. Due to [24,
Lemma 2.1], we may join two pairs of points X7, X1 and X3, X7
using paths y; : [0, 1] — D’ and vy [0, 1] — ‘D’ such that
lyilNly2l = 3, y1(1), y2(t) € Dfort € (0, 1), y1(0) = i1,
y1(1) = X1, 12(0) = x5 and y» (1) = x3. Since D' is locally
connected on d D', there are disjoint neighborhoods Uy and
U, containing the points X7 and X7, such that the sets W; :=
D’ N U; are path connected. Without loss of generality, we
may assume that U, C B(x1, 8y) and

B(1,80) Nyl =2 =UxN|yl, BG1L)NU,=2.
(6.2)

Due to (6.2), there is o9 > 89 > 0 such that

B(1,00) Nyl =2 =02NInl, BGI,00) NUz = 2.

We also may assume that f,,(x,) € Wy and f,(x,,) € Wa
forallm € N. Leta; and a; be two different points belonging
to |y1| N Wy and |y2]| N Wa, in addition, let 0 < #1, 7, < 1 be
such that y1 (1) = aj and y»(f2) = ay. Join the points a; and
Jfm (xm) withapath oy, : [t1, 1] — Wi suchthat oy, (f1) = a1
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and o, (1) = fi (). Similarly, let us join ap and f, (x,,)
by a path B, : [t2, 1] — Wa, such that 8,,(t2) = a> and
B (1) = fin(x,,). Set

ri@®), 1 €[0,n],
O[m(l‘)a te [t], 1] ’

(1), t € [0, 12],

1 _
cl _{ Bn (@), t€ln1]"

%m%

Let D) and D2 be total f,- liftings of the paths |C)| and
ICr, 2 | starting at points x,, and x,,, respectively (such lifts
exist by [34, Lemma 3.7]). In particular, under the condition
h(fm’1 (A),dD) > § > 0, which is part of the definition of
the class Gg’A! o(D, D’), the ends of b}, and b2, of paths D},
and D,zn, respectively, distant from 90 D at a distance not less
than §.

Denote by |C, | and |C2 | the loci of the paths C]} and C2,
respectively. Let us put

lo = min{dist (|y1], [y20), dist (|y1], U2\ {oo})}

U B(x,lo/4) of the
x€ly1l
path |yq| using balls. Since |y1]| is a compact set, we may

choose a finite number of indices 1 < Ny < oo and corre-
sponding points z1, ..., zx, € |y1| such that |y| C By :=

and consider the coverage Ag =

No
U B(zi, lo/4). In this case,
i=1

No
|Ch| C UL UIn| € BG, 80) U Bz, lo/4).
i=1

Let us put

Di = £ (ICHI N BG o/®) . 1< < No,

Duo = £, (ICHINBGT.80)) . i =0.

Since f,, is a closed mapping, the pre-image of an arbitrary
compact set in D’ is a compact set in D (see, e.g., [34, The-
orem 3.3 (4)]). Then, the sets D,,; are compact in D, and
by the definition, D,,; C f,7 '(B(zi,lo/4)) for i > 0 and
Dyo C f,7 ' (B(F1. 80))-

Let I',* be the family of all paths joining | D} | and |D,%,|
in D, and let I';,; be a subfamily of paths y : [0 1] —
in T',;, such that f(y (0)) € B(z;,lp/4) for1 <i < Ny and
f(y(0)) € B(x1, 8g) fori = 0. In this case,

6.3)

No
T ={J i,
i=0

where T',,; is a family of all paths y :
y(0) € Dy; and y(1) € [Dyl, 0 <

[0 1] — D such that
< Np. Due to the

@ Springer

definition of /g and oy,

No
DL C £, <D’ \ <U B(zi,10/2) U B(xT, o)>> .

i=1

Then, we may apply the definition of the class of mappings
in (1.4) to any family I',,;;. Let us put Q(y) = max{Q(y), 1}
and

gz (r) = / O(y)dH" .

$(zi.r)

Note that, g, (r) # oo forr € E C [lo/4,1o/2], mi1(E) > 0
(this follows from the condition of the theorem). Let us put

Io/2
dr

I = 1 (zi, lo/4,10/2) = , 1<i <Ny,

n—1 ﬁ
lo/4 TG (1)

o0

dr
L
5o rqlq L (r)

Iy = Ip(x1, 80, 00) =

Note that, I; # 0, since g, (r) # oo for r €

E C
[lo/4,1p/2], mi(E) > 0. In addition, I; # oo, i =

0,1,2,..., Ng. In this case, we put
— L rello/4,lo/2],
ni(r) =4 Lra TGl o
0, r ¢ [lo/4.10/2],
— L 7 e[b.0l.
no(r) = { for =T )
0, r ¢ [80, ool

Note that, the functions n; and ng satisfy (1.5). Substituting
these functions into the definition (1.4), and using the Fubini
theorem with a ratio (6.3), we obtain that

Wn—1 Wn—1
M, () < ZM (Tim) < lej e

i=1 "% 0

=Cp, m=1,2,.... (64)

Let us show that, the relation (6.4) contradicts the weak
flatness of the boundary of the domain D’. Indeed, by con-
struction

h(|D}|
h(ID2|

1/2) - h(f,; ' (A), D) > §/2,
1/2) - h(f, 1 (A), D) > §/2
(6.5)

) = h(xm, by) > (
) = h(x,,.by) > (
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for any m > My and some My € N. Put U := By (xg, rg9) =
{y € R" : h(y,x9) < ro}, where 0 < rg < §/4 and the
number § refers to ratio (6.5). Note that, |D,1n| NU # & #
D} N (D\U) for any m € N, because i(|D}|) > §/2 and
Xm € |D,%1|, Xm — Xo at m — oo. Similarly, |D31| NU #
o+ |D,2n| N (D\U). Since |D,1n| and |Dr2n| are continua, by
Proposition 3.1

IDLINAOU # @, |DAINAU # 2. (6.6)
Let Cy be the number from the relation (6.4). Since 9D is
weakly flat, for the number P := Cj - m¥(D) > (, there
is a neighborhood V C U of the point x( such that
M((E,F,D)) > Co-m"" (D) (6.7)
forany continua E, ' C Dsuchthat ENJAU # @ # ENJV
and FNoU # & # F NaV. Letus show that,

IDLINOV #£@, |D2INIV # @ (6.8)

for sufficiently large m € N. Indeed, x, € |D,£1| and

x, € |DZ|, where x,,x, — xo € Vasm — oo.In

m

this case, |D,1n| NV £ g # |D,%,| N V for sufficiently
large m € N. Note that 7(V) < h(U) < 2rp < §/2.
By (6.5), h(IDL|) > 8/2. Therefore, |D) | N (D\V) # @
and, therefore, |D,1n| N oV # & (see Proposition 3.1). Sim-
ilarly, h(V) < h(U) < 2rg < §/2. It follows from (6.5)
that, h(|D2|) > 8/2. Therefore, |[D2| N (D \ V) # @. By
Proposition 3.1, we obtain that |D31| N oV # &. Thus, the
ratio (6.8) is established. Combining relations (6.6), (6.7),and
(6.8), we obtain that M(T,}) = M(F(|D111|, |D31|, D)) >
Co-m o (D). Finally, by the Holder inequality, taking into
account the last condition, we obtain that

M,(T}) > Co-m'% (D) -m™ "% (D) = Cy. (6.9)
The latter relation contradicts with (6.4), which proves theo-
rem in the case of functions Q integrable over spheres. The
case Q € L'(D’) can be considered by analogy with the last
one part of the proof of Theorem 5.1. O

7 Consequences for mappings with other
modulus and capacity conditions

First of all, consider the relation

M,(T(E, F. D)) < f 00 - pI(y) dm(y)

(D)

VY px € adm(f(I'(E, F, D))). (7.1)

The following statement holds.

Theorem 7.1 Let yg € f(D), g < oo and let Q : R" —
[0, oo] be a Lebesgue measurable function. If f is a mapping
that satisfies relation (7.1) for any disjoint nondegenerate
compact sets E, F C D, then f also satisfies condi-
tion (1.4) for arbitrary compact sets E C f ~'(B(yo, 1)),
F C f7Yf(D\B(0.m). 0 < r <1 < r =
sup |y — yol, and an arbitrary Lebesgue measurable func-
yeD’

;ion n: (r1, r2) — [0, oo] with the condition (1.5).

Proof LetE C f~'(B(yo,r1)), F C f ' (f(D)\B(y0, 72)),
0 <ry <ry <rg= sup |y — yol|, be arbitrary nondegener-
yeD’

ate compacta. Also, lé:t n : (r1,r) — [0, oo] be an arbitrary
Lebesgue measurable function that satisfies condition (1.5).
Let us put p.(y) = n(ly — yol) fory € An f(D) and
p«(y) = 0 otherwise, where A = A(yo,r1,m) = {y €
R" : r; < |y — yo| < r2}. By Luzin theorem, we may
assume that the function p, is Borel measurable (see e.g., [2,
Section 2.3.6]). By [28, theorem 5.7]

r

/p*(y) ldy| > /n(r)dr >1

Vi 1

for any (rectifiable) path y,. € I'(f(E), f(F), f(D)). Then,
by (7.1), we obtain that

M,(T(E, F. D)) < / 00 - p(y) dm(y)

ANf(D)
= / Q(y) - n?(ly = yol) dm(y).
ANf(D)
O
Given a Lebesgue measurable function Q : R" —

[0, o0], a g-capacity of (E, F) with a weight Q and with
a respect to D is defined by

ca E,F,D)= inf
Pg.0 ( ) ue Wo(E,F)

f Q) - |Vul? dm(x).
D
(7.2)

The following statement holds.

Theorem7.2 Let yg € f(D), g < oo and let Q : R" —
[0, oo] be Lebesgue measurable function. If f is a homeo-
morphism that satisfies the relation

cap, (E, F, D) < cap, o (f(E), f(F), f(D)), (7.3)
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Sor arbitrary compacts (continua) E, F C D, and

cap, o (f(E), f(F), f(D)) = Mg.o (f(E), f(F), f(D)),
(7.4)

where

My o (F(E), f(F), f(D)) =

inf
px€adm I'(f(E), f(F), f(D))

/ Pl () - 0(y)dm(y),
£(D)

then f satisfies the condition (1.4) for arbitrary compacts

(continua) sets E C f~'(B(yo.r1)), F C f~1(f(D)\

B(y0,7)),0<r; <ry <rg= sup |y — yol, and an arbi-
yeD’

trary Lebesgue measurable function n : (r1,r2) — [0, o]

with the condition (1.5).

Proof LetE C f~'(B(yo,r)), F C f ' (f(D)\B(y0,2)),
0 <r <r < rg= sup |y — yo|l, be arbitrary non-
eD’

degenerate compacta. Alsty), let n : (r;,rn) — [0,00] be
an arbitrary Lebesgue measurable function that satisfies the
condition (1.5). By Hesse equality (see [11, Theorem 5.5]),
cap,(E, F, D) = My(I'(E, F, D)). Since f is a homeo-
morphism, f(I'(F, E, D)) =T (f(E), f(F), f(D)).Then,
by (7.3),we obtain that

My(T(E, F, D)) < cap, o (f(E), f(F), f(D))

< / 00 - pd(v) dm(y)
f(D)

(7.5)

for any function p, € adm f(I'(E, F, D)) = adm ['(f(E),
f(F), f(D)). The desired conclusion follows by Theo-
rem 7.1. O

Due to Theorem 7.2, all results of this paper hold for home-
omorphisms with (7.5), the corresponding weight Q of which
satisfies the relation (7.4).
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