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Abstract
Let p(z) be a polynomial of degree n. The polar derivative of p(z) with respect to a complex number « is defined by

Dyp(z) =np(2) + (@ — 2)p'(2).

n—s

If p(z) = zSchzj, 0 < s <n, has allits zeros in |z| < k, k > 1, then for |a| > k, Kumar and Dhankhar [Bull, Math. Soc.
j=0

Sci. Math., 63(4), 359-367 (2020)] proved

max|p(z)]|.
[z[=1

n(la| —k) (1 n (Ien—s k" —lcolk®) (k — 1))

max|D, >
m:’i' ap(@] = 1 + kn—s 2(Jcp—s k™ + |colksTh)

In this paper, we first improve the above inequality. Besides, we are able to prove an improvement of a result due to Govil
and Mctume [Acta. Math. Hungar., 104, 115-126 (2004)] and also prove an inequality for a subclass of polynomials having
no zero in |z| < k, k < 1.
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1 Introduction

n
Let p(z) = Z c jzj be a polynomial of degree n over the
Jj=0
set of complex numbers. We will use ¢g(z) to represent the
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Inequality (2) is best possible for p(z) = « + Bz", where
la| = |B].

It was R. P. Boas who asked that if p(z) is a polynomial
of degree n not vanishing in |z| < k, kK > 0, then how large

{max|p (z)||/max|p(z)|} can be ?

A partial answer to this problem was given by Malik [20,
Theorem, p. 58], who proved that if p(z) is a polynomial of
degree n having no zeros in |z| < k, k > 1, then

X|p(2)]. 3

n
max|p'(z < —— max
lzl= 7@ 1 +k |z=1

In the literature, there exist generalizations and improve-
ments of inequality (3), for brief understanding one can refer
to: Chan and Malik [8], Qazi [21], Bidkham and Dewan [7],
Aziz and Zargar [4], Chanam and Dewan [9], Aziz and Shah
[3] etc.

On the other hand, for the class of polynomials p(z) such
that p(z) # O for |z| < k, k < 1, the precise estimate
for maximum of |p’(z)| on |z] = 1 does not seem to be
easily obtainable. For quit some time, it was believed that
the inequality analogous to (3) for p(z) # 0 1in |z| < k,
k < 1, should be

ax|p(2)], “

<
|r?aXIp(z)I Sy || 1

till E. B. Saff gave the example p(z) = (z — 3) (z+ §) to
counter this belief.

With extra assumption inequality (4) could be satisfied. In
this direction, Govil [11] proved that if p(z) is a polynomial
of degree n having no zero in |z| < k, kK < 1, with additional
hypothesis that | p’(z)| and |¢’(z)| attain their maxima at the
same point on |z| = 1, then

n
rnax 2)| < max|p(z 5
m Ip()l T X lp(2)]. )
Under the same set of hypothesis, Kumar and Dhankar [18,
Theorem 2] further improved inequality (5) by proving

|maXIP (2|

L) (1 —k
leal )() )}lrgglp(z)l-

(6)

K (Jeol —
2 (leolk + lealk”

n
<
e

Another improvement of (5) was also recently obtained by
Singh and Chanam [23, Theorem 3] by proving
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max|p’(z)|
[z[=1

p (Vial = kB Te) ke
< _
S T T W ey =

(N

In 1939, Turan [26] provided a lower bound estimate of the
derivative to the size of the polynomial by restricting its zeros,
and proved that if p(z) has all its zeros in |z| < 1, then

n
max|p’ > — max ) 8
Iz\:1|p ()] = > |Z|:1|P(Z)| (8)

Aziz and Dawood [1, Theorem 4] further refined inequality
(8) by involving lrrlur} |p(2)]. In fact, they proved
Z|l=

maXIP (D)) = ) {maXIp(z)l + mlnlp(z)l} 9)

Both the inequalities (8) and (9) are best possible and equality
holds if p(z) has all its zeros on |z| = 1.

Inequalities (8) and (9) have been extended and general-
ized in different directions (see [3,5,12—-14]). For polynomial
p(z) having all its zeros in |z| < k, k > 1, Govil [12, Theo-
rem, p. 544] proved that

n
> 10
lmaXIP @)= T o Ill}allp(Z)l (10)

Further, as an improvement of (10) and a generalization of
(9), Govil [13, Theorem 2] proved

glaXIP @ = ax|p()l + mlnlp(z)l Y

n n
T 14k | L +k" |z
Inequalities (10) and (11) are sharp and equality holds for
px) ="+ k"

The concept of ordinary derivative of a polynomial has
been generalized to polar derivative of a polynomial as fol-
lows:

If p(z) is a polynomial of degree n and « be any real or
complex number, the polar derivative of p(z) with respect to
o, denoted by D, p(2), is defined as

Dy p(z) =np(2) + (@ — 2)p'(2).

Itis easy to see that Dy p(z) is a polynomial of degree at most
n — 1 and it generalizes the ordinary derivative in the sense
that
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lim |:_Dap(z):| = p'(2).
o

oa—>00

Shah [22] extended inequality (8) to the polar derivative and
proved that if p(z) is a polynomial of degree n having all
its zeros in |z| < 1, then for any complex number o with
ol =1

nlel -1 max|p(2)].

2 lz|=1 (12

|m‘avilDouv(z)I >
Zl=

Recently, Gulzar et al. [17, Theorem 2.1] refined inequality
n

(12) and proved that if p(z) = Z c jz-/ is a polynomial of
j=0

degree n having all its zeros in |z| < 1, then for any complex

number « with |@| > 1 and |z] = 1

Vienl = Veol
Vienl

In 1998, Aziz and Rather [2, Theorem 2] extended inequality
(10) to polar derivative by proving thatif p(z) is a polynomial
of degree n having all its zeros in |z| < k, k > 1, then for
every complex number « with |o| > k,

—1
|Dap(z>|z('°"2 )<n+ )|p<z)|. (13)

la| — k
lrgaﬁlDaP(Z)l >n ( ) max|p(z)]|. (14)

1+ k" ) |z|=1

Recently, Kumar and Dhankhar [18, Theorem 3] obtained a

generalization as well as improvement of (14) by establishing
n—s

that if p(z) = zsz cjzj, 0 < s < n, is a polynomial of
Jj=0

degree n having all its zeros in |z| < k, k > 1, then for any

complex number « with || > k,

max|Dg p(z)|
lz|=1
n(la| —k)
> — ‘|1
=T UT

x max|p(2)|.
|z|=1

(Ien—s k" —lcolk®) (k — 1))
2(Jen—s k™ + leolks 1)
15)

With the same hypothesis, Singh and Chanam [23, Theorem
1] provided another improvement of (14) and a generalization
of (13) and obtained

max| Dy p(z)]
lzI=1

_ (al=h (n o KT VIanT - J_|co|>

n—s

4R kT\/|Cn—s|
X lrgazﬁlp(z)l. (16)

Govil and Mctume [15, Theorem 3] extended inequality (11)
to polar derivative and proved

max|Dy p(2)|
lz|=1

- la| — k max|p(z)| + la| — (1 + k + k™)
n n
- 1+ k» \z|=1pZ 1+ k»

(17

x min|p(z)],
|z|=k

where « is any complex number with |o| > 1 + k + k.

Improvements of inequality (17) by involving leading
coefficient and constant term of the polynomial can be seen
in recent works of Singh and Chanam [23, Theorem 2] and
Singh et al. [24, Theorem 4.

2 Main results

We begin by presenting the following refinement of inequal-
ity (15) and inequality (16).
n—s )
Theorem 1 If p(z) = zSchz],O < s < n, is a polyno-
j=0
mial of degree n having all its zeros in |z| < k, k > 1, then
for any complex number o with || > k,

max| Dy p(2)]
lzl=1

s (L) (oo =)

Lk K7 el

(Icn—s[K" — lcolk®) (k — 1)
x 114
2 (|Cn—s|kn + |C0|ks+l)

}lr?ajlp(z)l. (18)

n
= c;z’ has
j=0

s

Remark 1 Since the polynomial h(z) = £ z(f )

all its zeros in |z| < k, k > 1, we have

€0

| <&,

n—s
which is equivalent to

lcolk® < len—sIK",

and

k7 Vlen—sl = Vieol.

Dividing both sides of (18) by |«| and taking limit as |«| —

oo, we get the following generalization and refinement of
inequality (10) due to Govil [12].
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n—s
Corollary 1 If p(z) = stcjz-/,O < s < nm, is a poly-
j=0
nomial of degree n having all its zeros in |z] < k,k > 1,
then

max|p'(2)| = (

n—s
lz|=1

k2 /len—s]
}f}l;ﬂ}lp(z)l. (19)

1 ks

)<n+s+kngsvlcns _\/m>

(Icn—s k" = lcolk™) (k — 1)
x 11+
2 (lcn—slkn + |CO|kS+1)

When s = 0, Theorem 1, in particular, gives the following
improvement of inequality (14) proved by Aziz and Rather
[2] and a generalization and an improvement of inequality
(13) of Gulzar et al. [17].

n
Corollary 2 If p(z) = Z c;z’ is a polynomial of degree n

j=0

having all its zeros in |z| < k, k > 1, then for any complex
number |o| with || > k

o n
|Z‘—1 1 +k}1

o {1 n (Icalk" = lcol) (k — 1)}
2 (lenlk™ +[colk)

k3 /Teal — +/Tco]
k2 /cnl

max|p(z)|. (20)

lz]=1

Dividing both sides of (20) by |«| and taking limit as || —
00, we get the following refinement of inequality (10) due to
Govil [12].

n
Corollary 3 If p(z) = Z cjzj is a polynomial of degree n
Jj=0
having all its zeros in |z| < k,k > 1, then

¢ >
E}i’i'p (@] = (1 o

y {1 n (Ienlk™ — feol) (k — 1)}
2 (lenlk™ + |colk)

k> /1cnl

gl'a:ﬁlp(z)l. 21

)(Hk%M—m>

The inequality (21) is best possible for p(z) = z" + k".

Remark 2 Taking k = 1 in Corollary 3, inequality (21) pro-
vides a refinement of inequality (8) due to Turan [26].

As an application of Theorem 1, we obtain the following
result which is a refinement of inequality (17) due to Govil
and Mctume [15] and a result recently proved by Singh and
Chanam [23, Theorem 2].

n
Theorem2 If p(z) = Z cjzj is a polynomial of degree n
Jj=0
having all its zeros in |z| < k, k > 1, then for any complex

@ Springer

number a with |a| > 1+ k + k"

max| D p(2)|
lzI=1

=k (n+ K il —\/ICO+€iOOMI>

R BN
(lealk™ = |co + e ®ml)(k — 1)
x {1+ :
2(|ca |k + |co + eiPom|k)

[ (|a| — (1+k+k”)>
+\|n
1+ k"
Ll —k{kw—m —Vleo + eifom|
14+ kn k2/cnl
(lealk™ — lco + e®m|)(k — 1)
2(Jcn k™ 4 |co + ei®om|k)
k> /Tea] — leo + elom| ”
n -+ = m,
k2 /Icnl

max|p(z)]
|z|=1

_I_

(22)

where m = |n|mi|p(Z)| and 6y = arg{p(ei¢0)} such that
zZ|=

Ip(e'?)] = max| p(2)|.

n
Remark 3 If p(z) = Zc jz-/ is a polynomial of degree n
j=0
having all its zeros in |z| < k, k > 1, then for any complex
number |A|e!% with |A| < 1, by Rouche’s theorem it follows
that the polynomial p(z)+|Ale!%m = (co+|rle!%m)+ciz+

-+-+c,7" has all its zeros in |z| < k, where m = ‘mirllclp(z)l,
z|l=
then

co + |rletPom |

Cn

k" > |

’

which implies that

k2y/leal = y/lco + IAletom|.

Taking |A| — 1, we get

n .
kf\/ lcn| = V lco + 6190m|’

and
K" leal = leo + ¢ ®ml.
Remark 4 Dividing both sides of (22) by |«| and taking limit

as || — oo, we have the following refinement of inequality
(11) due to Govil [13].
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n
Corollary 4 If p(z) = Z Cij is a polynomial of degree n
j=0
having all its zeros in |z7| < k, k > 1, then

mgxlp 6a]
! k& Ten] = /leo + e%om]
> n+
ke K% lenl
(lenlk" — |co + '®ml) (k — 1>}
o i ax Z
{ 2(|Cn|kn + |C0+€l€0m|) 22 Ip( )|

n 1 k2./Tenl — V/lco + e%m|
+[1+k"+1+k”{ k2. /Tcnl
(lcalk™ = |co 4 "®m])(k — 1)
2(|calk™ 4 |co + ei®om))

( k3 /Teal —¢|co+el’90m|) ”
n+ _ m, (23)
k2 /lcnl

where m = |Ir‘nn p(z) and 6y = arg {p(ei¢0)} such that

Ip(e'?)] = max| p(2)|.

Inequality (23) is best possible for p(z) = z" + k".

Remark 5 Taking k = 1 in Corollary 4, inequality (23)
reduces to a refinement of inequality (9) due to Aziz and
Dawood [1].

n
Z cjzj is a polynomial of degree n
j=0
having all its zeros in |é| < 1, then

Corollary 5 If p(z) =

max|p’(z)|
lz|=1
1 Vel =/ leo + etfom|
>—-|n+ max|p(z
2( el m:llp )|
1 _ i6p
L Alenl —+/leo + e'%om| m. 24)
2 v
where m = |H|1inl|p(Z)| and 6y = arg {p(ei¢°)} such that
zZl=

Ip(e'?)] = llgl‘a_Pﬂp(Z)I.

Further, we are able to prove an improvement of inequalities
(6) and (7).

n
Theorem3 If p(z) = chzj is a polynomial of degree n
j=0
having no zero in |z| < k, k < 1. If | p’(2)| and |q’(2)| attain
their maxima at the same point on |z| = 1, then

oo
ol

<
|maXIP @l =1

2(Jcolk + k™ |cql) Vol
lr?‘wilp(z)l. (25)

(Icol — K" [enD(1 — k) (n N \/|c_>”

The result is sharp and equality in (25) holds for p(z)
Pk
n
Remark 6 Since p(z) = chzf has all its zeros in |z| >
j=0
k,k <1, g(z) has all its zeros in |z] < %, % > 1, then

1
=< —,
co k"

which equivalently gives
lcol = lenlk", (26)

and

Vlcol = k3 /|cal. 27)

From inequalities (26) and (27), it is evident that the bound
(25) improves both the bounds given by (6) and (7).

Remark 7 Taking k = 1 in Theorem 3, we get the following
improvement of (2) due to Erdos and Lax for a subclass of
polynomials.

n
Corollary 6 If p(z) = chzj is a polynomial of degree n
j=0
having no zero in |z| < 1. If |p’(2)| and |q'(z)| attain their
maxima at the same point on |z| = 1, then

m max|p(z)l.  (28)

1
/
max 9/ =1|n—
|z\=l|p( )l 2 < | |=1

3 Lemmas

We need the following lemmas to prove our theorems.
n

Lemma1l Ifp(z) = Z c;z’ isapolynomial of degreen > 1

j=0

having all its zeros in |z| < 1, then for all z on |z| = 1 with

p(z) #0.
!/
%(z” (z)) . 1( L VIeal = ol )
p2) 2 Vlen|
The above result is due to Dubin [10, Theorem 4]( also see

Singh and Chanam [23, Lemma 3] and Wali and Shah [25,
Inequality 9]).

(29)
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n—s
ZSZC]'Z'/,O < s < n be a poly-
j=0
nomial of degree n having all its zeros in |z| < k,k > 1,
then

Lemma2 Let p(z) =

(lep—s k" —
2(|cp—s|k™

|colk®) (k — 1))
+ lcolks+h)
(30)

Ip(2)| > 2K 1+
max
e P = T s

max|p(z)].
|z]=1

The above result appears in Kumar and Dhankar [18, Lemma
4].
n—s
Lemma3 If p(z) = ZSZCij, 0 < s < n is a polynomial
j=0
of degree n having all i;s zeros in |z| < 1, with s—fold zeros
at the origin, then for any complex number o with || > 1
andon |z| =1

—1)
Do p(2)| = %

<n s m */_') pQ).

|
(€29

This result appears in Singh and Chanam [23, Lemma 5].

Lemma 4 If p(z) is a polynomial of degree n, thenon |z| = 1

P@I+1q' @] <n g}iﬁlp(Z)l- (32)

The above result is a particular case of a result [ 16, Inequality
3.2] due to Govil and Rahman.

4 Proofs of the theorems

n—s
Proof of Theorem 1 Since p(z) = stczj has all its
=0
zeros in |z| < k,k > 1, the polynomlal pkz) =
2 (kSco + K Tlejz + -+ k"¢, 2" ) has all its zeros in |z| <
1. Using Lemma 3 to p(kz), we get for |k | >1

max|De p(k
max| Dy p(k2)|

| lel—k (HH 7 F% o ICO>
2k T enssl
XHaXIP(kZ)I
that is

max|np(kz) + <E - Z) kp' (k)|

|z]=1
> (la] — k) n4ts %\/ |Cn s ol
2k T lensl

@ Springer

ma:)]&clp(z)l. (33)

Using Lemma 2 and the fact that }n‘aﬁlnp (kz)+ (% - Z) kp'
Z|l=

(kz)| = |m|a)l<<|Da p(2)], inequality (33) implies
zZl=

max|Dg p(z)|
|z|=k

(|oe|kk)< Lok ¢—n|cm—\/_|co>

2 k7 Ten—s|
2k™ (len—s k™ — |colk*)(k — 1)
X — 11+ T
1+ kn=s 2(|en—slk™ + |colks+1)

x max|p(z)|. (34
lzl=1

As we can see that Dy, p(z) is a polynomial of degree at most
n — 1 and k > 1, it is well-known that
rrTaxlDa p)| <k"” ! lrr}ax|Da p(2)]. Using this fact, inequal-

ity (34) gives

k! max| Dy p(2)|

kT len—s] — Vleol
> (| — ) <n+s+ zkn|6;n s |C0|)

2 \/|C}’l—S|
5 k1 4 enslk" = leolk) (k — 1)
1+ kn=s
x max|p(z)|.
|z|=1

2(Jen—s k™ + leolk 1)

which gives inequality (18), and the proof of Theorem 1 is
complete. O

Proof of Theorem 2 1If p(z) hasazeroon |z| = k, thenm = 0
and the result follows trivially from Theorem 1. So, without
loss of generality, let us assume that p(z) has all its zeros
in |z] < k,k > 1, then it follows by Rouche’s theorem
that for any complex number A with |A| < 1, the polynomial
p(2)+im = (co+Aim)+ciz+---+c,z" has all its zeros in
|z] < k, k > 1. Therefore, applying Theorem 1 to p(z) +Am
with s = 0, we get for |o| > 1 +k + k"

|m‘avilDa [p(z) + Am]|
Z|=

(T5%) N
= n+ o
1+ k" k24/lcy

{ (Ienlk™ = |co + Am]) (k — 1)}
x 11+

2 (lenlk™ + |co + Amlk)

le‘aﬁlp(z)Jrkml-

Zl=

k2 \/Ten] — N/Tco + hm] +Am|)

(35)

LetO < ¢9 < 27, be such that | p(e/?0)| = In}a)ﬂp(z)l. Then,
zZ|l=
inequality (35) takes
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lm‘wilDap(z) + nim|
Z|l=

2(Iozl—k) <n+k2«/|cn|n—~/|60+)»m|> (36)
Ik E Vel

(lenlk™ = |co + Am)) (k — 1)} ;
x 1+ ¢ %) + am|.
{ 2 (er k" + Jeo +amiy | 1P !
(37)
Now,
|p(e®) + am| = || p(e'®)]e'® + |Ale"m|
= 11p('?)] + 1l m|.
Setting the argument ¢ such that ¢ = 6y, then
Ip(®) + am| = | p(e'®)| + [A|m. (38)

Using this fact in inequality (37), we have
|m‘avilDouv(z)I + n|Alm
Z|l=

<|a| —k) k3 /Teal — v/lco + |xlei®om]
z n+
1+ k» kz‘/|cn|

(Ienl&™ = Jco + [Ale!®m]) (k — 1)
x 314+ -
2 (|Cn|kn + lco + |)‘|6190m|k)

(1P )]+ 12m)
which is equivalent to

maX|Dap(Z)|

_ o=k (0 k2Tl —
> n—+
1+ kn 2 A len]
o Qenlk” = leo + [Alei®m)(k — 1)
2(lenlk™ + |co + [Alefom]k)

la| — (1 + k + k™)
A
o (M)

\/ICO n |A|e"0°m|>

}I laXIP(Z)I

el _k{kg“’—lcnl — VIco ¥ [Alé®om]
14 k" k2 ./Tenl
 Uealk” = leo + IAle®ml)(k — 1)
2(lealk + leo + A lei%m|k)
k2 /Tenl — leo + |xleiom| ”
n -+ m m,
kzv [cnl

Taking |A| — 1, the above inequality reduces to (22). This
completes the proof of Theorem 2. O

Proof of Theorem 3 Since p(z) has all its zeros in |z]

k,k < 1, g(2) has all its zeros in |z] < 11 > 1. Then

ko k
applying Corollary 3 to ¢(z), we have
max|q’(2)|
lzl=1

(K () Vieol = Vieal
ATy K :

(£)* Vieol
(1col ()" = leal) G = D

1+

max|p()].  (39)

2 (Ieol ()" +leal}) ] 4=
By Lemma 4, we have on |z| = 1,

P @I +19' @] <n lrgazﬁlp(z)l- (40)

Since | p’(z)| and |¢’(z)| attain their maxima at the same point
on |z| = 1, then

max {IP @1+ 14" ()} = E}aﬁlp/@' + llgglq’(z)l- (41)
Combining (39), (40) and (41), we have

n max |p(z)|
lz]=1

> <1j_nkn> <n+w>

X{ , (leol =K"leal) 1 k)}

max |p(z)| + TZT13X|P @,

2(lcolk + k" [cnl) | lzl=1

which is equivalent to
max|p'(z)|
lz]=1

|

<
S1xe|”

(Icol — k"c, D1 — k) i Vicol — k2 /Teal ”
2(lcolk + k™ [cnl) /lcol
‘me:lXIp(z)l,
O
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