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Abstract

In this paper we introduce a new distance by means of the so-called Szeg6 kernel and examine some basic properties and
its relationship with the so-called Skwarczyfiski distance. We also examine the relationship between this distance, and the

so-called Bergman distance and Szegd distance.
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1 Introduction

In this paper, we introduce and describe some new distance
by means of the Szeg{ kernel, called here by the Szegd pro-
Jjective distance and denoted by Of)- Since the Szegd kernel
doesn’t respect the transformation rule, we also consider the
so-called Fefferman—Szegd kernel (described below) and the
Fefferman-Szegd projective distance defined by it (denoted
by of;). Both are defined on the same way and in a fash-
ion similar to the so-called Skwarczynski distance (denoted
by 0o) (see [1, p. 20], and the definition actually based on
ideas from projective geometry. The Skwarczyriski distance
is given more explicitly than the so-called Bergman distance
and this is also our motivation too. Since this is new, we list
and prove properties of this distance like completeness. The
above considerations are nothing but natural generalizations
of theorems valid in the case for the Bergman kernel and the
Skwarczynski distance. We decided, however, to enclose it
here for the sake of completeness.
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The new results can be found in Sect. 3.2.1 and at the end
of the paper. The main results of the paper are Theorems 23
and 24. We examine the relationship between completeness
in the Szegd projective distance and completeness in the
Skwarczyniski distance.

2 Definitions and notation

Let Q C C"be a bounded domain with C2-smooth boundary.
Let A(QQ) be those functions on Q, which are both continuous
on Q and holomorphic in Q. Denote by HE(GQ) the space
consisting of the closure in the L*(0Q, do) topology of the
restrictions to d€2 of elements of A(Q) (here doy denotes the
Euclidean surface area measure on 02). Then Hf:(dﬂ) is a
proper Hilbert subspace of L2(0Q2, doy). Recall that each
element f € H%(@Q) has a natural holomorphic extension
to Q given by its Poisson integral (see [2, p. 66]). The Szegd
kernel S(z, w) is the reproducing kernel for ng(ag), that is

f@)= / S w)f(wydog(w), Vf € HA(0Q),
0Q

The problem is that the Euclidean surface measure does
not transform nicely under biholomorphic mappings. We
deal with this problem by instead using the so-called Feffer-
man surface area measure oy, (see [3]), which is given by:

dop =c, "™y [—det < 0 i > doy
" pl p]Z 1<j.k<n ”dp”
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where p; = dp/0z, pr = 9p/ 0%, p; = 0%p/0z;07;, and pis a
defining function for Q (here|| - || denotes the usual Euclid-
ean distance). The constant c, is a dimensional constant (see
[3]). We should consider the space H;(aﬁ) defined in the
same way as Hé((){l) with do instead of doj;. The space
Hﬁ(dQ) is a Hilbert space with reproducing kernel in the
sense of Aronszajn (see [4]). So it has the reproducing ker-
nel Sp(z, w). Of course, this new kernel is in general not the
same as the usual Szegd kernel, but it certainly obeys the
reproducing property (see [2, p. 66] and [5]):

fr) = / Sp(z, w)fwWdop(w), Vf € HA(0Q).
0Q

Throughout the paper we are working with both S, and
S. We always try to highlight what kernel is actually consid-
ered. When considering S (denoted also by Si) we automati-
cally assume that Q is a bounded domain with C2-smooth
boundary in C". If S (denoted also by Sy ) is considered,
Q € C" is assumed to be strongly pseudoconvex with C*®
-smooth boundary.

3 The Fefferman-Projective Szeg6 distance
and some remarks

It turns out that, like the Bergman kernel, the Feffer-
man—Szegd kernel respects the so-called transformation rule
(see ([5], Prop. 2 and also [6], Prop. 3.3):

Proposition1 LetQ,,Q, C C"and ¢ : Q, — €, be a biho-
lomorphic mapping. Assume there exists a well-defined holo-
morphic branch of (det Jo@(2))/"*V on Q,. Then we have

SF,Q] (z,w) =SF,QZ((P(Z)’
P(W))(det Je(2))"/"* (det Jop(w))"/"*!,

where SF,Q/_(z, w) is the Fefferman-Szegd kernel on €, for
j=12.

This property leads us to the biholomorphically invariant
distance induced by the Fefferman—Szeg6 kernel. We have
to point out here that for n > 1 the classical Szeg6 kernel
doesn’t obey the above transformation rule.

In order to introduce the distance, we recall some ideas
from the theory of Hilbert spaces.

Let (H,({-, -)) be an arbitrary separable Hilbert space.
Let us consider the following relation between two nonzero
elements: x ~ y if and only if there exists a complex constant
¢ # O such that x = c¢y. The set of equivalence classes forms
the (generally infinite dimensional) projective Hilbert space
P(H). This is a complete metric space with respect to the
distance

@ Springer

dy([x], [yD = dist([x] N Sy, [YI N Sp)

where Sy C H is the unit sphere, and as usual
dist(A, B) = inf{d(x, y)|x € A,y € B} for two nonempty sub-
sets A, B of H. Explicitly,

2

. ivx  efy
& ([x), = inf £ _— 2
a LD = e | T ™ T
i(p—¢)
— inf |2-2Re S8V
@.$el0, 27] [1x[y!]
1/2
_ @)Y
=2 |2
(X, x)(y,y)

where (-, -) denotes the scalar product of the Hilbert space
H. Using this idea, M. Skwarczynski introduced in [1, p. 20]
the biholomorphically invariant pseudodistance on domains
in C". It is directly based on the so-called Bergman kernel
(see for example [7, p. 410] and [2, p. 49]). At first, we need
an analogue of this idea for Szeg6 kernels.

Note that Sp(z,z) does not vanish at any point z € Q
(see [2, p. 66]). Define the map 7 : Q — P(HZ(0Q)) by the
formula

7(z) 1= [Sp(,2)].

This enables us to introduce the following continuous pseu-
dodistance on Q X Q :

1
0 (zw) : Y dypr(00)(T(2), T(W))

1
=<1_ 15, )'/2_ .
VSr@ O/ w)

(we recall that the symbol ¢g is fixed for the so-called
Skwarczynski distance (see [1, p. 20])).

Remark 2 Observe that the following conditions are
equivalent:

(a) tisinjective;

(b) for each two distinct points z,w € Q the functions
Sg(+,2), Sp(-, w) are linearly independent;

(¢) o, is adistance.

Let us note the following:
Remark 3 Since Q is bounded, ¢, is a distance.
Proof ofthe Remark 3 Let w,t € Q,w # t. The points w and

t differ by at least one coordinate, let us say the & th one.
The polynomial g(z) = z;, — wy is an element of H%(&Q) and



Complex Analysis and its Synergies (2021) 7:24

Page3of9 24

gw) =0, g(t) # 0. Let us note now that point evaluations E,
and E,, are linearly independent. Indeed, if

AE(f) + PE,(f) =0

forall f € H%(&Q), then for f = g we have that 1 = 0. The
choice f = 1 implies that § = 0, which shows that E, and
E,, are linearly independent. Since the transformation given
in the Riesz Representation Theorem, which assigns to any
linear, continuous functional its representing vector, is an
antilinear isometry, then the vectors Sg o(+, ) and Sp o (-, w)
are linearly independent. The conclusion follows now from
Remark 2. O

We call of{ the Fefferman—Szegd projective distance
(taking Ko—the regular Bergman kernel instead of Sg,
we get the so-called Skwarczynski distance—see [1, p.
20]). The advantage of this distance is that, compared to
the (regular) Szegd distance (given by the Szegd metric—
see [5]), it is given in a more explicit way and thus seems
to be advantageous from the computational point of view.
Moreover, it is uniquely determined by the real analytic
function

_ Sp(z, w)Sr(w, 2)

HG w) = Sp (2 2)Sp(w, w)

on Q X Q.

Remark 4 We define the Szegd projective distance on the
same way just taking S, instead of Sy 5. We note, however,
that in contrast to of{, the distance ofz is not biholomorphi-
cally invariant. We call of{ the Fefferman—Szegd projective
distance, and 0?2 the Szegd projective distance.

Remark 5 We see that, for any biholomorphic mapping
@ Q) = Q,, we have

Ot (W) = 03 (@(2), (W)

The proof follows from the transformation rule for the Szegd
kernel (see Proposition 1).

3.1 The Fefferman-Szego projective distance
on the unit ball

Let B" = {z€ C" : p(z) :=|z|> =1 < 0} C C". Then the
Szegd kernel for the unit ball B” is given by

n-D! 1

Sp(Z,W): o 1=z .

From the formula (1) it follows directly that

2 1— 2 1= 2 n/2
(o;z)<z,w>=1—<( |z1*)( IWI)>‘

[1 -2z -w|?

2
Sp |z —wl
02 W) = ———
B2 |1—Z'W|2

Recall now that the Skwarczyriski distance for the unit
discin Cis
-w

z
oplz,w) = ‘ —
1—2zw

(see [1, p. 21]). Thus
03((21,0). (W}, 0)) = 03, (2. ) .

Moreover, for n = 1, we have
_ Sk 2 Sky\2
OD(Z’ W) - 0B1 (Z9 W) (O[Bl) (Zs W) .

Remark 6 The same formulas hold for ¢S.

3.2 Completeness with respect to the Q; distance

In this subsection we are interested in the Szegd projective
distance rather than Fefferman—Szeg6 projective distance.
The reason is that arguments from this subsection repeated
for the Fefferman—Szegd projective distance give that
every strongly pseudoconvex domain with smooth bound-
ary is automatically ¢%F-complete, and also complete in the
Szegd metric (introduced in [5]).

We list here some important theorems which are
directly taken from the Bergman kernel theory (see [7,
Theorem 12.9.6.] for instance). We are doing this for the
sake of completeness of the paper.

Following ideas of [8] and particularly [1, p. 22] we can
study completeness with respect to the invariant distance.
Additionally, we will prove now that the so-called Kob-
ayashi condition implies og-completeness.

Theorem 7 A sequence (z,,) € Q, m=1,2,..., is Cauchy
with respect to the distance sz if and only if the sequence
7(z,,) is Cauchy in P(H*(0Q)).

Proof This is a direct consequence of the definition of og.
O

Theorem 8 A sequence z,, € Q, m=1,2,..., is Cauchy

with respect to 0?2 if and only if there exists an f € H*(0Q)
such that ||f||y2 = 1and

@ Springer
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i Gl
im ——— =
m—oo SQ(Zm’Zm)

@

Proof By the previous theorem, a sequence (z,,) is Cauchy
in Q if and only if (z(z,,)) is Cauchy in P(H 2(0Q)). By com-
pleteness of P(H*(0Q)), the sequence (z(z,,)) converges to
some [f]. We may assume that||f||,. = 1. Thus

,},i_I;I(}o dHZ(aQ)(T(Zm)9 [f]) = 0 ?

but this is equivalent (by the definition) to (2). The reverse
implication is a direct consequence of the definition of 0?2-
O

Theorem 9 (see p. 494 in [7]) The Euclidean distance and
sz induce the same topology in Q.

Proof Assume that z; € Q converges to z € Q in the Euclid-
ean norm. Then lim,_, of)(zj, z) = 0 since the Szeg6 func-
tion is continuous. Conversely, lim,_, ofz(zj, z) = 0 implies
that

e%iSa(hz)  Su(-
lim || 220 _ Sabhd [

j—oo \/SQ(Z]', Zj) \/SQ(Z, 2) B

2

where (Oj) is a suitable sequence of real numbers. Thus
there exilg; constants ¢; #0, j=1,2,..., such that
¢;Sa(-»2))— Sq(-,2). Since 1 € H*(0Q), we see that

lim E] =]lir?o(17chQ('7 Z]))” = (17SQ('7 Z))Hz =1.

jooo
Let 7, denote the kth coordinate function. We have
i ()
= m(5,(). Sa( ), = lim %mk(.), a2
= (1.(-), So (-, D) = m(2), i.e. ,llr?o Z=2z.
O

Hence the two topologies coincide. Having this result
in hand, we can prove (in a fashion similar to that for the
Bergman kernels see [9, p. 93]) that the 0?1 completeness
is closely related to the dimension of H*(0Q) (L?,(0Q)).

Theorem 10 If Q is o}, complete, then dim H*(0Q) = .

Proof We can adapt the proof in [9, p. 93]. Assume that
dim H*(0Q) < oo. Then the closed unit ball in H*(dQ) is
SQ(" Z)

, where z € Q. Then
VSa(z,2)

compact. Let g.(-) =

@ Springer

lg.I1* = /Q g.(w)g,(w)u(w)dv

_ Sow,z2) Sow,2) v
Q V SQ(Z’ Z) V SQ(Z’ Z)
1 -
S0 /Q Saw, 2)Sew, 2)dV
_ 1
B Sa(z,2)
=1.

So(z,2).

If (zp)2, = 2 € 0Q (in the usual Euclidean topology),
then (by compactness of the unit ball) (gzk_)j?'i | has a subse-

quence that is convergent to g € H*(0Q2), where ||g||; = 1.
Denote this sequence by (g, );2,. Let us see that (z,)2 | is
pfl—CauChy. Indeed

I<g., - 8. )|

'/Q 8z, (W)gzn (W)M(W)dV‘

SQ(W, Zm) SQ(W9 Zn)

Q \/SQM(Z’"’ Zm) \/SQ(ZW Zn)

: J
= Sow,z,)Sqw, z,) u(w)dV
VSaGm 2V S 2 1/ 2 * !

_ |SQ(Zm’ Zl’l)l
\/SQ(Zm, Zm)\/SQ(Zn’ Zn)

i.e.

u(w)dv

(05) @ z) = 1-1(g, .8 )l

Since the term on the right hand side tends to O when
m,n — oo we conclude that ofl(zm,zn) < e for m, n large
enough. Thus we found a ofz-sequence which has the limit
Zy € 0Q. This should not happen since €2 is assumed to be
03 -complete. O

Some of the ideas below—particularly Theorems 11
and 12—follow upon the ones in [1, p. 23, 24] .

Theorem 11 (Szegd version of the Kobayashi theorem)
Assume that, for every sequence (z,,) € Q without an accu-
mulation point in Q and for every f € H*(0Q),

o fel?
1 — = 0.
ml_rfc}o SoZs 2m) 0 )

Then Q is ofz-complete.

Proof Suppose that (z,,) € Q is a Cauchy sequence without
limit in Q. Thus (z,,) has no accumulation point in Q, and
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(3) holds. But (3) contradicts (2). Thus there is a limit point
of (z,,) in Q. O

The hypothesis of the above theorem applied to the Berg-
man kernel K instead of S, and to the Szegd space H>(0Q)
instead of Lﬁ,(agz), is the so-called Kobayashi condition (see
[8]). Kobayashi showed that this condition implies that the
considered domain is Bergman complete. Skwarczyriski has
a proof that this condition implies oo-completeness—[10]
(see Sect. 3.4 for the definition of g,).

Theorem 12 Suppose that, for each boundary point z, € 0Q
(of a bounded domain Q with C*-smooth boundary), there is
a function h € O(Q) such that

(@) |h@)| < lforz e,
(b) lim_, |;(z)] =1

Then Q is complete with respect to of).
Proof Let(z,,) be a sequence with no accumulation point in
Q. It suffices to show that, for any f € H?(0Q),

rGl _ o
m—eo SQ(Zm’Zm)

We may assume that z,, = z € dQ2. For any € > 0, there
is k such that [|1*f||?, < e (by the Lebesgue dominated con-
vergence theorem). If m is large enough, then

(1= Ol @I < 1@ @I < S 2 IHSIL,, -
Thus

lf(Zm)|2 < €

So@z,) ~ 1—¢€

O

Recall the definition of a peak point with respect to (some
family) F.

Definition 13 Let D be a bounded domain in C". A bound-

ary point z; € dD is called a peak point with respect to
F c C(D)if there is h € F such that

@ h)=1
(b) |h(z)] < lonD\ {z,}
Recall some classical results concerning peak points.

Theorem 14 (cf. [7, p. 802]; [11, 12]) If D is a strongly
pseudoconvex domain in C" and z, € 0D, then z is a peak

point with respect to 0(5). If D is a strongly pseudoconvex
domain in C" with a smooth boundary and z, € 0D then z,
is a peak point with respect to O(D) N C(D). Moreover, if D
is a bounded pseudoconvex domain in C* with real analytic
boundary, then any boundary point z, € 0D is a peak point
with respect to O(D) N C(B).

We infer from this and Theorem 12 the following:

Corollary 15 Every strongly pseudoconvex domain Q in C"
with C*-smooth boundary is complete with respect to ogz.
Moreover, every bounded pseudoconvex domain Q in C* with
real analytic boundary is complete with respect to ofz.

Remark 16 So now one can clearly note, that the above argu-

ments, repeated for Sy rather than S provide every strongly

pseudoconvex domain with C®-smooth boundary is auto-
. . Sp 1

matically complete in the ¢ distance.

3.2.1 Comparison of the Bergman and Szeg6 kernels
off the diagonal

Using recent estimates obtained in [13] we may estimate the
quotient |Sq(z, w)/Ko(z, w)| on domains which are not ¢g
-complete (Skwarczyniski distance). Note that, if (z,)%  is a
0o-Cauchy sequence then, for any € > 0,

K 9
l—e< | Q(Z,, Zm)l <1
\/KQ(Zn’ Zn)\/KQ(Zm’ Zm)

if only m, n are large enough. We now have the following:

Theorem 17 If Q € C" is a pseudoconvex domain with C*
-smooth boundary and which is not oo-complete then

‘ Sz, 2,)
K(z,,2,)

lim

n—oo

(o)

Jie where m is large

for any oq-Cauchy sequence (z,)

enough.

Proof Lete > 0. Then for n, m large enough we have
Ko (2, 2m)
Sa(z,,2,)
_ Koy 2] VEaG 2) VKoo 2)
B VKo 2) VK@ Z) VS0 2) VS0 s 2)
VSa@u 2)VSa@ms 2)

|S,Q(Zm’ Zn)l

@ Springer
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(since

S(z,2) »
X2 < cé(2)| In(6(2))| —)z—n)Q 0—see [13]). O

Thus we have

Corollary 18 IfQ € C" is a pseudoconvex domain with C?
-smooth boundary such that its Bergman kernel Ko(z,w)
satisfies|Kqo(z, w)| < M, |Sa(z,w)| > 00n QX Q\ F, where
F={(z,w) € 0Q X 0Q,z = w} then Q is oo-complete, and
thus Bergman complete.

In particular, every strongly pseudoconvex domain
Q € C" with C*-boundary is gg-complete (see [14]) (we
know this already from Corollary 15 applied to the Berg-
man kernel—see [1, p. 25]).

3.3 Relation of @° to the Skwarczynski distance

It turns out that ofz is related to g (Skwarczyniski distance)
by some biholomorphic invariants introduced below. Let us
recall that ofz, by its definition, is uniquely determined by
the real analytic function

_ Saz,w)So(w, 2)

Halew) = Sa(z. 2D)Sqw, w)

Define L (z, w) a corresponding quotient for the Bergman
kernel, i.e.

_ Koz, wKo(w, 2)

Lo(z,w) = Ko OKorm)

Now define a new biholomorphically invariant HLg(z, w)
by

Lo(zw)"  |Kg@ W)™ Sq(z, 2" Sq(w, wy™*!

HLy(z,w) = =
a(eW) Hg(z, wyr! [So(z, )22 Ko(z,2)"  Ko(w,w)!

We can write it by means of another biholomorphic invar-
iant SK(z, w), where

SQ (Z, W)n+1

SKqo(z,w) = W

zZ,weQ

introduced (for Sr g in fact) in [5, formula (3.1)]. See also
[13]. Now

1
>SKq(z, 2)SKo(w, w).

HL(z, = —
T ey

By its definition, HL, is a symmetric, real analytic function
on Q x Q. Moreover

@ Springer

Lemma 19 The following holds:

(@) Foranyz e Q,HLy(z,2) =1

A2 g w
b Hlolew) = 4 e e
(¢) HLg(z,w) = 1forallz,w € B".

Proof Properties (a), (b), (c) follows directly from the defini-
tion of HL and from the formulas:

(n—1)! 1
27" (1 —z-wn
1 1
“vol(B) (1 —z- wyrt!

So(z,w) =

. Kqo(z,w)

O

However, the Szeg6 kernel Syitself blows up on the bound-
ary. Indeed :

Remark 20 Similarly to the Bergman kernel K,, the Szegd
kernel S, satisfies

li = o0.
lim, Sa(z,2) =

Proof By the definition (see [5]),

S(z, 2)"t! S(z,2)"
SKq(z,2) = ———— = S(z,
e e R (P
But 2222 < ¢ 5()] In(5(0)|*—> 0—see [13], and (as
Ko(z,2) — 7-0Q ’
previously) lim,_, 5, SK (2, z) = constant > 0. O

One can note that both g, (z, w) and ofz(z, w) tend to 1 for
w — 0Q, z # w. But, in view of Lemma 19, the quantity ¢ has
stronger boundary asymptotic properties than ¢°.

Remark21 When considering {Q = p < 0} € C" a strongly
pseudoconvex domain with C* boundary, and S rather
than S, beside of the above properties one also has that

Proposition 22 [f S (z,w) # 0 for z € Q and any w € 0Q
then lim,,_, 5o HL(z, w) exists and is finite.

Proof Note first that since Q is smoothly bounded, strongly
pseudoconvex domain the assumptions are always fulfilled
for w in or near the boundary dQ and z near to w. This is
because Sy (z, w) (as well as K, (z, w)) does not vanish in
this case (as follows from [15]). Recall (see [5]) that, for a
strongly pseudoconvex domain Q with the defining function
suitably normalized,
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(n— 1)!/(CZ+1(7U[)”) +(n— 3)!qu2/(cZ+ln") + 0@,

SpKq(2.2) = 1 2/(c3277%) + qor? /(9¢)) + O~ | Inr)),

n>4
n=3

1/(c347%) + ppr? + psr* Inr + 322G r° In? r/(16¢3) + OGS Inr]), n=2

for z close to the boundary, where ,, u; € C® (Q)and do-99
are certain local geometric boundary invariants and r : = —p.
From the above follows

lirg}2 SyKq(z,z) = constant > 0

Now, since the Szegd kernel Sy (like the Bergman ker-
nel K) extends continuously outside diagonal on €2 X 0Q
then, of course, |Sp o(z, w)| > M > 0, |Kq(z, w)| < N (by the
assumption from (c¢)) and so

1 |Kaw)™

= <NM < .
|SFKQ(Z, W)|2

|SF’_Q(Zs w)|2n+2 =

Putting this together and using the definition of HL, we
ends the proof. O

Theorem 23 Assume that Q is a of)—complete domain on
which HLg(z, w) < 1forall z,w € Q. Then Q is o-complete
(that is, complete in the Skwarczynski distance).

Proof Let (z,) be any ¢-Cauchy sequence. Then, for any
€, > 0, we have that o(zk,zp) < ¢, if k, p large enough. In
view of Lemma 19b we have

2 2 1 _ 52 2tz
€1 > 05 2,) =1 HL(z, 2,)(1 = (0) (%> 2,)) >

which is equivalent to
(1-e)ma

2042 /HLQ(Zk, Z,,)

or

<1-(0)*(-2,)

2n

(1 _ 6%) n+2

2142 ,HLQ(Z](, Zp)

We want to show that (z,,) is convergent by proving it is
ofl—Cauchy. So, for any € > 0, we want to have ofz(zk, z,) <€
for k, p large enough. Note that (%) implies og(zk, z,) <1,
thus for ¢ > 1 one has oé(zk, z,) <e.Fore € (0, 1) one can

pick any ¢, in <0, \/1 —-(1- 62)2';2 ¥/ HLo(z, zp)>. Note

that the quantity under the square root is nonnegative, since

(65) @uz) < 1- (%)

1

HLQ(Zk,Zp) < m,

as we assumed that HL, < 1on Q X Q. Now, after squaring
and rearranging, one has

2n
(1 —€*) *3/HLy(g,7,) < (1 — €))7,

which implies by (x) that ofz(zk, z,) < ¢, for k, p sufficiently
large. O

Theorem 24 Assume Q is a po-complete domain on which
HLG(z,w) > 1forall z,w € Q. Then Q is o*;-complete.

Proof Let (z,) be any ¢5-Cauchy sequence. Then, for any

e, > 0, we have that 05 (z;.2,) < € if k, p large enough. In
view of Lemma 19b we have

o
(1 - Oé(zk’ Zp)) 242

2042 /HLQ(Zk, Zp)

&> (6) Gz =1 -

which is equivalent to

2n
(1= 05(z:2,)) 2 > (1 —¢7) nm

or

42
oé(zk,zp) <1- (1 — ef) » {/HLy(z4,2,).  (%%)

We want to show that (z,) is convergent by proving it is gq
-complete. So, for any € > 0, we want to have 9, (z;, zp) <e
for k, p large enough. Note that (k%) implies that
00(z,z,) <1, thus for € > 1 one has ¢0,(z,z,) <e€. For

€ € (0,1) one can pick any ¢, in (0, vVi-(1- 62)2%)

Note that the quantity under the square root is nonnegative,
since € > 0. That means

1 - €2 n
— <1< {/HLo(2,),

(1—€e)

which together with (x %) yields 0q (2, z,) < €. O
Corollary 25 If Q is a domain for which HLg(z,w) = 1 for

all z,w € Q, then Q is p-complete if and only if Q is o‘;
-complete.
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Thus we have derived a characterization of those
domains on which g-completeness is equivalent to o’
-completeness.

Corollary 26 For a domain Q with HL, = 10n Q X Q, con-
sider the statements:

(1) Qiso-complete.
2) Qis ofl-complete.
(3) Qs Bergman complete.

Then(l) < (2),(2) = (3).
The proof of (1) = (3)is given in [16]. According to our
knowledge it is still open question whether (3) = (1).

3.4 Relation of the Fefferman-Szeg6 projective
distance 0% to the Bergman distance
and the Szegd distance

Assume that now we do consider the Fefferman—Szegd ker-
nel S;. Let us recall that the Bergman metric Fz on Q at z
in the direction vector & based at z, F(z, &) is related to the
Fefferman-Szegd metric F_(z, £) by

moFs, (z,8) < Fp(z,8) < MoFy, (2,8) Q)

where 0 <mg < My < oo and z € Q and & € TQ (see [3,
Theorems 3-5], [15, 17]).

Denote by sy(z, w) and b(z, w) the distances induced by
the Szegd and Bergman metric respectively (on the standard
way—see [7] (p-482) for instance).

Theorem 27 There are some positive constants
c, m(Q), M(Q), such that for every z,w € Q one has:

0 (2. W) < ¢ 5p(z,w) < m(Qb(z, w) < M(Q)sy(z, ).

Proof This clearly follows from the estimation (2) and tech-
niques analogous to the ones used for the Bergman kernel
in [16]. O

4 The relationship between HL,
the Bergman metric and the Fefferman-
Szeg6 metric

In this section we get an exact connection between the Berg-
man and Szegd metrics by means of the quantity given by
HL,. The key idea is a simple remark. Note that, by the
definition, we have

@ Springer

Lo(z.w) = (1 - 05(z. W)
or just

|Kq(z, w)I*

A @w) = Ko(z, )Kq(w, w),
Q :

for z, w € Q. Taking the natural logarithm In on both sides,
one gets

In Ko (z,2) + In Ko(w, w) = In Ko (z, w) + In Ko (W, 2)
= 21In(1 — 05(z, W),

SO

2

aZ
— InKo(z,2) = —2——In(1 — Oé(z, w)).
<;j0%; <j0%;

Now, we can do the same for Sy, instead of K, and Hg
instead of L, and thus
()2 ()2 SpN2
—InSpo(2,2) = —2——=In(1 = (0)"(z, w)).
Tz " Srae) — In(1 = (o) (& w))

Z; Z]

Using Lemma 19 (b) one gets

n

62 -
— In HLq (2, w)§¢;
ij=1 9%i9%; '
n 02 5 _
=2n — In(1 — 05 (z, w))EL;
le >3 (1 - 04 (2, W)EE;
—m+mi C_lnl - (@5 wEE,
i=1 0202 “ !
or just
naleL E = —nF(z DF? (z;
02102 n Q(Z’W)giéj =-n B(Zs§)+(n+ ) SF(Z’g)'
ij=1 Ui

“
But this right hand side expression is the quantity E(z, &)
introduced in [5]. Thus we get

n

9% z
— In HLQ(Z, W)élél = E(Z, é)
im1 0207
" 5
= Z — In SKQ(Z, Z)é;gj
i1 9293

Remark 28 In the case of the unit ball B” in C", E(z, &) = 0,
since HL = 1by the hypothesis of Lemma 19. In particular,
we have a direct connection between the Bergman and Szeg6
metrics on the unit ball in C", namely:
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n+1

F,=
B n

F Sy

This is also derived in [5]. Note that (4) clearly implies that
E(z;£) defines a semi-positive definite form on a set

{¢e Tﬁ;FB(z, &) <4/ ":—IFSF(z, &)}. So for example if Q

is simply connected, and biholomorphic to the ball (see
properties of E(z;€) in [5]).

5 Closing remarks

It has become increasingly clear that analysis on domains in
C" must be formulated in the language of invariant metrics.
Thus it is worthwhile to develop and study new invariant
metrics, and to compare them with the more familiar metrics
that were developed in the twentieth century. This contribu-
tion is a step in that direction.
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