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Abstract

We investigate differential geometric properties of a parabolic point of a surface in the
Euclidean three space. We introduce the contact cylindrical surface which is a cylin-
drical surface having a degenerate contact type with the original surface at a parabolic
point. Furthermore, we show that such a contact property gives a characterization to the
A-singularity of the orthogonal projection of a surface from the asymptotic direction.
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1 Introduction

The general theory to study the contact between two manifolds from the viewpoint
of the singularity theory was established by Mather and Montaldi (cf. [9, Chapter
4]). Thanks to this theory, we can investigate local differential geometry of a surface
with respect to the contacts with model manifolds. Planes, spheres, and cylinders are
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only three types of homogeneous surfaces in R3, and have been used as the model
manifolds to investigate differential geometry of a surface in R3 [7, 9, 12]. Recently,
the contacts of a surface with non-homogeneous surfaces such as cones are considered
in order to investigate new differential geometric features of a surface [8]. As a new
candidate for a model surface, the present paper proposes a cylindrical surface, which
is non-homogeneous and useful to analyze the detailed geometry of a surface around
a parabolic point.

In local differential geometry of a surface in the Euclidean three space R>, the
Gaussian curvature and its zero set are one of the central objects. A point where the
Gaussian curvature vanishes is usually called a parabolic point, and its collection is
called a parabolic set. In this paper, in order to study local differential geometry of
a surface in R3, we introduce the notion of a contact cylindrical surface, which is
a cylindrical surface having a very degenerate contact with a surface at a parabolic
point. Considering contact cylindrical surfaces, we get a new stratification of a jet
space of parabolic surface germs as in Theorem 3.3. We emphasize that the notion of
contact cylindrical surface can give new differential geometrical invariants of surfaces
at parabolic points, as the contact spheres of a surface give the principal curvatures of
the surface (see Remark 3.13). Furthermore, the notion of contact cylindrical surface
gives a suitable characterization to A-singularities of orthogonal projections, as shown
below.

In addition to the Gaussian curvature, several geometric functions or maps on a
surface show interesting behaviors around a parabolic point. Generically, the Gauss
map has fold singularities at almost all parabolic points, and cusp singularities at
discrete points on a parabolic set. The later points are called cusps of Gauss, and
have been investigated in many literatures (cf. [2, 4, 6, 7, 9, 10]). Such points are
also characterized by singularities of height functions, and more detailed features of
parabolic points can be given by studying singularities of projections of surfaces.

The classification of singularities appearing in the orthogonal projections of surfaces
has been well studied in many literatures (cf. [2, 4, 8-10, 13, 15]) in the context of
A-equivalence. On the other hand, it is still not clear how such singularities of the
orthogonal projections are characterized in other geometrical terms. For example, for
a generic surface, a gulls singularity of the orthogonal projection corresponds to a
cusp of Gauss [2, 4]. However, this is not exact in general. Especially, whether the
orthogonal projection has a gulls singularity is determined by the 5-jet of the surface-
germ; while whether the point is a cusp of Gauss is determined by just the 4-jet of the
surface-germ.

The difficulty of characterizing singularities of orthogonal projections by other
geometry is due to the complexity of the classification of map-germs by the A-
equivalence as seen in [3, 5, 9, 10]. In this sense, the notion of cusp of Gauss is
rather simple, because it is characterized through geometry of height functions under
K-equivalence. As mentioned above, studying surfaces with some model submani-
folds (such as planes, spheres and cylinders) through the K-equivalence of the contact
maps is a strong tool of singularity theory [7-9, 11, 12]. Our contact cylindrical surface
plays an important role in characterizing .A-singularities of orthogonal projections as
in Table 4. In particular, all A-singularities appearing in the orthogonal projections
of projection generic surfaces at parabolic points are completely characterized from
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the viewpoint of K-singularities of contact functions (see Theorem 4.5 and Remark
4.6). It should be noted that we consider regular surfaces in the present paper, and the
orthogonal projections of regular surfaces have only singularities of corank 1.

The rest of the paper is organized as follows. In Sect. 2, we give preliminaries about
basic notion of singularity theory used in this paper. In Sect. 3, we introduce the notion
of acontact cylindrical surface, and give a stratification of the jet space of surface-germs
at non-umbilical parabolic points induced from it. In Sect. 4, we give stratifications
of the jet space of surface-germs at non-umbilical parabolic points induced from A-
singularities of orthogonal projections, and compare it with the stratification given in
Sect. 3.

Unless noted otherwise, we consider jets of map-germs and function-germs at the
origin throughout this paper.

2 Preliminaries

In this section, we introduce basic notions of singularity theory of maps. Let (X;, ;)
(i = 1, 2) be two pairs of submanifold germs at the origin of R”. The pairs are said to
have the same contact type if there exists a diffeomorphism-germ ¢ : R*,0 — R", 0
such that ¢ (X1) = X2 and ¢ (Y1) = Y». The following theorem shows that this contact
is measured by K-equivalence. Two map-germs f; : R, 0 — R”.0 (i = 1,2) are
K-equivalent (fi ~ic f>) if there exist a diffeomorphism-germ ¢ : R*,0 — R2,0
and a matrix valued map M : R?,0 — GL(p,R) such that Mf; = f> 0 ¢.

Theorem 2.1 [12] Let h; : X;,x; — R",0 (i = 1,2) be immersion-germs and
gi - R", 0 — R?, 0 be submersion-germs with Y; = gl._l(O). Then the pairs (X1, Y1)
and (X2, Y2) have the same contact type if and only if g\ o hy and g, o hy are K-
equivalent.

With this theorem, we investigate the surface germ S in terms of the contact with
cylindrical surfaces, using K-equivalence. Two map-germs g; : R>,0 — R?,0 (i =
1,2) are A-equivalent (g, ~ 4 g») if there exist diffeomorphism-germs ¢; : R?, 0 —
R%,0 (i = 1,2) such that ¢ 0 g1 = g2 0 ¢1.

The A-class (respectively, the KC-class) of a given germ is called its A-singularity
(respectively, K-singularity). In this paper, we deal with the A-singularities with A-
codimension < 5 whose sets of singular points are singular at 0 as in Table 1 (see [14]
for detail). If a map-germ g : R?, 0 — R?, 0 is A-equivalent to one of the germs in
the “Normal form" column in Table 1, then g is called the name in the “Class name”
column of the table.

Two k-jets j*g;(0) of map-germs g; : R?,0 — R2,0 (i = 1, 2) are GF-equivalent
(j*81(0) ~gr j*g2(0)) if there exits an action & € G so that j*(h.g1)(0) = j*£>(0),
where G = A or K. The following A or K-determinacy of singularities allows us to
handle each singularity by its finite jet.

Definition 2.2 A map-germ g : R",0 — RP, 0 is said to be k-G-determined if any
map-germ A satisfying j¥h(0) = j*g(0) is G-equivalent to g, where G = A or K. The
minimum integer k satisfying this property is called the degree of determinacy of g.

@ Springer



M. Hasegawa et al.

Table 1 .A-singularities of map-germs R2,0 > R2,0

A-codimension Class name Normal form
beaks(—), lips(+) (x, y° £ x2y)
4 goose (x, y3 + x3y)
gulls (oxy? +y*+3%)
5 +-ugly goose (x, y3 + x4y)
ugly gulls (oxy? +y 407
12-singularity (x. xy2 4+ 37 +y9)
16i-singularity (x, x2y + y4 + yS)

Table 2 Simple KC-singularities

of smooth functions Class name Normal form
Af k=1 e S
Dki (k> 4) x2yiyk—1
Eg I
E 2y
Eg K34y

Itis known that each singularity in Table 1 is k-.A-determined, where k is the highest
degree of the monomials appearing in its normal form. See [14, Section 3.2], for detail
and proofs.

On the other hand, we also deal with simple /C-singularities of functions with two
variables, which are classified by Arnol’d ([1]) as in Table 2. Each singularity in Table
2 is s-K-determined, where s is the highest degree of the monomials in its normal
form.

Unless noted otherwise, we consider jets of map-germs and function-germs at the
origin, namely, j"¢ = j"¢(0) for a map ¢.

3 Contact with Cylindrical Surface Along Asymptotic Direction

In this section, we consider the contact of a surface-germ S in Euclidean three space
at a non-umbilical parabolic point with a family of cylindrical surface-germs. We call
such a surface germ S a parabolic surface-germ. Let $2={({X e R®||X| = 1} be
the unit sphere. For v € §2, let v be the orthogonal complement of v in R?, and let
I': R,0 — v* be a smooth plane curve. The cylindrical-surface germ CS, - along
the cylindrical direction v (a line along v is called the generatrix) with the base curve
I' (known as the directrix) is defined by

CSyr:R%0— R0, (x,y)~ () +xv.
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When we consider S at its parabolic point, which is not umbilical, without loss of
generality, we may assume that S is given by a Monge form

e=fly =22y Z Sy 0 ) @ £0), G
l+j>3

where O (x, y)" consists of the terms whose degrees are greater than or equal to n.

Let v = (1, 0, 0) be an asymptotic direction of S at the origin, and let I': R, 0 —
R3, y — (0, y, y(¥)) be a curve-germ in the yz-plane. We shall measure the contact
of § with CS, r expressed by z = y(y) whose cylindrical direction coincides with
the unique asymptotic direction of S at the parabolic point.

Remark 3.1 Since a homogeneous surface in R? is a plane, a sphere or a right circular
cylinder, the cylindrical surfaces are not homogeneous. For this reason, our study on
the contact of § with CS,  analyzes the contact at a special point I'(0) = (0, 0, 0)
coinciding with a parabolic point of S. See [7, 9, 12] for the studies with respect to
homogeneous cases.

By Theorem 2.1, the contact of S with CS, r is measured by /C-singularities of the
contact map defined by F(x, y) = f(x, y) — y(y). The map y (y) can be written as

_ 1 2 1 3 4
y(y) =ny+ SY2y + PREN + 00", (3.2)

where O(y)" consists of the terms whose degrees are greater than or equal to n and
vi =d®y /dy?(0), and thus the contact map can be expressed as

a — 2
F(x,}’)z_yly‘F 2 y2
a a a
+ (—;0x3 + —élxzy + %xyz 4+ — 6 RS 3) +0@x, . (33)

We use the following proposition to determine the /C-singularities of given function
germs g : R, 0 — R, 0.

Proposition 3.2 (1) If j*g = y* + Y_;, j_4 (aij /i'jDx"y/ for k = 3. Then j*g ~j
y2 + (aro/k"x*, and thus g has an Af_l—singularity when ayg # 0.

Q) Ifj*e = x?y+21 joi(aij /it jDx' v fork = 4. Then j*g ~jc x*y+(aoi /k!)yF,
and thus g has a Dki+1-singularity when aor # 0.

B) Ifj* e =x*+ 1 ji(aij/iiDx'y! fork = 4. Then j*g ~jce x3 + (a1x—1/(k—
DDy + (age /kDY*.

Proof Each of the claims (1), (2), (3) follows from the coordinate change
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Table 3 The stratification of the jet space of parabolic surface germs

No Name Conditions KC-sing. of F Cod
) (A2, D4|D>5) azo0 #0,0p, >0 A2, D>y 1
(ii) (A2, D)) a3 #0,Q0p, <0 Ay, DY 1
(iii) (A2, DY |Eg| E7) az #0,Qp, =0, Ay. DY, 2
Qp;, #0 Eg, E7
(iv) (A3|A4, D4|D>5) azo =0, azraq0 # 0, Az, Ag, 2
Ra, #0 D>y
) (A2, D |E6| E3|E+) a3 #0,0p, =0 Az, D}, Eg. 3
Qp,=0,0p, #0 Eg, Ex
(vi) (A3]As|Ag, D4|D>5) azp =0, azjasp # 0 Az, As, Ag, 3
Ra, =0,Rys #0 D>y
(vii) (A3, D4|D>5) azp =aqp =0,a21 #0 A3, D>y4 3
(viii) (A3, Ds) azg = az1 = 0,ajpasp # 0 A3, Ds 3
1 dij i j-1
oy [xy=—s D Ly , (3.4)
2 ilj!
i+j=k, j>1
1 aij iy i ag0  j—
x, )= |x—= Z L xi=tyi-l ,y——xk 21, (3.5)
2 ilj! k!
i+j=k,i>1, j>1
! Gij i-2j
x, > |x—= Z —x'""y ,y], 3.6)
3\~ il
i+j=k,i>2
respectively. O

We state our main theorem in this section giving a stratification of the space of
parabolic surface-germs S with respect to the /C-singularities of the contact maps F.

Theorem 3.3 Suppose that a parabolic surface germ S of the form (3.1) satisfies one

of the conditions in the “Conditions" column in Table 3.

(1) For any K-singularity in the corresponding item in the “K-sing. of F” column of
Table 3, there exists CSy 1 such that F of the form (3.3) has such a singularity at
0.

(2) Forany CSyr, if F of the form (3.3) at 0 has a more degenerate singularity than
Ay, then it is KC-equivalent to one of the K-singularities in the corresponding item
in the “IC-sing. of F” column of Table 3.

Note that K-singularities in the “C-sing. of F” column of Table 3 are simple except
for E,.

Here, E. means that j5F ~ics X3+ xy4. The symbols, Op,, Of,, QF,, Ra,
and R4, are constant terms consisting of coefficients a;; of (3.1), and given by (3.8),
(3.16), (3.18), (3.21) and (3.23) respectively.
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Proof of Theorem 3.3 We see immediately F is regular at O if and only if y; # 0, and
F has an As-singularity at O if and only if y; = 0 and y» # ag2. Moreover, F has a
degenerate singularity at O if and only if y; = 0 and y» = aqa.

Therefore, we should investigate the stratification for higher order terms of f and
y in both cases y» # apz and y2 = agp2. We will introduce some lemmas for proving
Theorem 3.3. Note that whether azg # 0 is important in our stratification, thus we
divide our proofs into two steps. Strata of no. (i)-(iii) and (v) are given from Lemmas
3.4-3.8, where azg # 0 is assumed; while strata of no. (iv) and (vi)-(viii) are given
from Lemmas 3.9-3.12, where a3y = 0 is assumed.

In the following, we assume y; = 0. First, we deal with the case a3y # 0. By (3.3)
and (1) of Proposition 3.2, we easily show the following lemma.

Lemma 3.4 Ify» # aoy and a3y # O, then F has an A-singularity at 0.

The cubic discriminant DC ¢ (y3) of the cubic part of (3.3) is given by

1
DCy(y3) = E [—a%oyf + (261%06103 — 6aspazian + 4a§’1) V3

2 2 3 3 )
—(azpap; — 6azoaziainaos + 4azoay, + 4az a0z — 30216112)] . 37

If a3 # 0, we can regard DC r(y3) as a quadratic with respect to y3, and the discrim-
inant of DC 7 (y3) as the quadratic with respect to y3 is Q%h /144, where

Op, = a3, — anas. (3.8)

Remark 3.5 1f Op, > 0 then DC(y3) is positive, zero or negative. Since the coeffi-
cient of )/32 of DC ¢ (y3) is negative, if O p, = 0 then DC 7 (y3) is negative or zero, and
if Op, < 0then DC(y3) is always negative. Thus, if Op, > 0, then the equation
DC ¢ (y3) = 0is solved for y3 to give

3 2 2 2
2a3, — 3anaziaz + apza3y + 2e(a3, — apnaz)®’
Y3 = 5 , (3.9)
430

where ¢ = +1.

Lemma 3.6 Suppose y» = am, azy # 0and Qp, > 0.

(1) If DC¢(y3) 2 0O, then F has a Df-singularity at 0.
(2) If DC(y3) = 0, then for any integer k > 4 there exist y; (4 < j < k) such that

F has a DkiJrl -singularity at 0.

Proof of Lemma 3.6 1t follows from y» = ag, that j2F = 0. Furthermore, since a3y #
0 and Qp, > 0, by Remark 3.5 we see that DCy(y3) is positive, zero or negative.
It is well-known that a function-germ g : R?,0 — R, 0 with j2g = O has a D,
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(respectively, DI) -singularity at 0 if and only if the cubic discriminant of j3g is
positive (respectively, negative), which proves (1).
If DC¢(y3) = 0, that is, y;3 satisfies (3.9), then the change of the coordinate

(x,y) > (%y) (3.10)

and multiplying with 6a§0 yield that j3 F is K*-equivalent to
x* = 3(a3) — anaz)xy’ — 2e(a3; — ana)’?y’. (3.11)

Moreover, the change of the coordinate

(.3 > (x = 2/00,v./2Y/0p)x + ) (3.12)

transforms j3 F into (—27¢,/Q Dy/ 4)x2y. Therefore, using the changes of coordinates
(3.10) and (3.12) and multiplying with 6a§0 - (—4¢/(27,/0p,)), we obtain

kg 2 SCij iy
JF ~ge x7y + Z i! ,!x v/, (3.13)
d<itj<k

where ¢;; are constants consisting .of the coefficients a;; of (3.1) and y; of (3.2).
Especially, the coefficients co; of y/ of (3.13) are given by

60 1 88(12
o= X _ K
J i—2 . J°
J 1./
a30 9.] . QD4

where ¢o; consists of a;; (4 < i +1 < j), az; and /Qp,, because (3.10) and
(3.12) have properties of preserving the terms of y/ of (3.3). Furthermore, after a
suitable change of coordinates based on (3.5), the coefficient of y/ itself changes, but
the coefficient of y; appearing in the coefficient of y/ never changes. Hence, by the
change of coordinates based on (3.5), we can regard the coefficients of y/ consisting of
ajs and y, as linear expressions do;(y;) in y;, and thus equations dp; (y;) = 0 can be
solved for y;. As a consequence, (2) of Proposition 3.2 yields that for any k > 4 there
exist yj (4 < j < k) such that F has a ijtJr |-singularity, and the proof is complete. O

(3.14)

From Lemmas 3.4 and 3.6, we get the stratum (i) of Table 3. We denote this stratum
by (A2, Df | D>5)-stratum. Lemmas 3.4 and 3.6 show that whether y» # 0 determines
that F has a singularity of type A or Dy at 0, and Lemma 3.6 shows that F has a
Df-singularity at O for almost all values of y3, while it has a D>s-singularity there
for only two distinct y3 satisfying DCr(y3) = 0. This is the reason for which we use
the notation above.

Lemma3.7 If y» = ap, azo # 0and Qp, < 0, then F has a DI—singularity at O for
any y3.
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Proof of Lemma 3.7 Remark 3.5 shows that if Op, < 0 then DCz(y3) < 0. Thus, in
the same way as the proof of (1) of Lemma 3.6, we have the proof. O

From Lemmas 3.4 and 3.7, we obtain the stratum (ii) of Table 3. In the same manner
as in the previous case, this stratum is denoted by (A2, Dj')—stratum. We set

QE6 = a40a§1 — 4(1316130(131 + 6a22a§0a§1 — 4a13a§0a21 + a04a§0, (3.15)
O, = —a40a§1 + 3a31a30a§1 — 3a22a§0a21 + a13a§0, (3.16)
QEg = 10a§1a23a§0 — 5a14a21a§0 =+ aosago

— 10a§1a§0a32 + 5a§1 aspa4) — a31a50, (3.17)
Qk, = —3d3,a3, + @3, (12a31a40 + az1as0)azo

— 2a3,(6a3, + 3anas + 2az1as a3,

+ 6ay1 (2anaz1 + azian)azy + (—3az, — daziars)agy + aazy.  (3.18)

Lemma 3.8 Suppose that y> = apa, azo # 0 and Qp, = 0.

(1) If DCy(y3) #0, then F has a DI-singularily at 0.

(2) If DCy(y3) =0and y4 # QEG/aglO, then F has an Eg-singularity at 0.

B) IfDCy(y3) =0, y4 = QEG/a§0 and QE, # 0, then F has an E7-singularity at 0.

@ If DCy(y3) = 0, ya = Qro/a3y Qr, = 0 and ys # Qry/az, then F has an
Eg-singularity at 0.

(5) If DCy(y3) = 0, ya = Qrq/a3y, Qr; = 0, ys = Qpy/a3y and Qp, # O, then
J°F ~Kcs x3 +xy4.

Proof of Lemma 3.8 By Remark 3.5, now DC ¢ (y3) is negative or zero.

If DC¢(y3) # 0, then the cubic discriminant of j3F is negative. Thus, F has a
DZ-singularity at 0, which proves (1).

On the other hand, if DC ¢ (y3) = 0, then it follows from the assumption Qp, = 0
and (3.11) that j3F ~ic3 x3. By (3) of Proposition 3.2 we have

4
—d

j4F ~ 4 2+ Q2E7xy3 + Qs 5 3074) 4, (3.19)
asp 4az,

Ifys # Okg/ a§0, then a suitable change of coordinates removes the term Q g, / a%o xy?
of (3.19). This proves (2) and (3).

If DCy¢(y3) = Op, = QEs — a§0y4 = Qg, = 0, then it follows form (3) of
Proposition 3.2 that we have

Ok, 4 (QEs — a3pys) s
4af, 20a3, '

A similar argument as above proves (4) and (5). O
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From Lemmas 3.4 and 3.8, we obtain the strata (iii) and (v) of Table 3. In the same
manner as in the previous cases, the strata (iii) and (v) are denoted by (A», Dj{ |E6|E7)-
stratum and (A, DI|E6|E | E)-stratum, respectively.

Next we consider the case azg = 0. We set

Ra, = —3a3; + apas, (3.20)
Ra, = —10az1a31a40 + Saipaly + 3a3,aso, (3.21)
Ras := 150az1a2,a2, — 225az1a0a3, + 25a03a3,

+225a3,a3yaq1 — 180a3,az1aa0as0 + 54a3 a2 — 45a3,as0a60  (3.22)
Rag = 756a3,a3, — 315a3,as0(10a31aso + 3az1a60)aso

+ 75a1 (56a§1 asp + 2laziaziaeo + 3az1 (14aq1as50 + 021a70)> aio

- 175 (10(1;1 + 30az1a31a41 + 9azi (axaso + azla51)) azy
+ 2625(axasz + a21a32)a20 — 875a13a20. (3.23)

Lemma 3.9 Suppose that y» # ao, azo = 0 and a1aao # 0.

(1) If Ray — asoyr 2 0, then F has an A?—singularity at 0.

(2) If y2 = Ray/as0 and Ry, # O, then F has an Ay-singularity at 0.

(3) Ify» = Ray/aa0, Ra, = 0and Ry, —25af:0y3 2 0, then F has an Agc-singularity
at 0.

4) If 2 = Ras/as0, Ra, =0, 3 = RAS/(ZSaZ‘O) and Ra, # O, then F has an
Ag-singularity at 0.

Proof of Lemma 3.9 Since y, # agy and azg = 0, multiplying with 2/(ag2 — y2) and
(1) of Proposition 3.2 give

(Ray — as0)2) 4

.4 2
JF ~a y~ +
r 12(agy — 72)?

)

which proves (1). The proofs for the rest of the assertions are given following the same
procedure, so we will skip the proofs. O

Lemma 3.10 Suppose that y» # apr and azg = 0.

(1) Ifaz; # 0 and aso = O, then F has an A5 -singularity at 0.
(2) Ifaz1 = 0 and aqp # 0, then F has an A3 -singularity at 0.

Proof of Lemma 3.10 1f ay; # 0 and aq9 = 0, then multiplying with 2/(ag — y»2) and
(1) of Proposition 3.2 give

2
as 4

4 2
JF ~pa y" — ——————x".
r 4(apy — y2)?
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Thus, the coefficient of x* is always negative, which proves (1).
Similarly to the proof of (1), if a1 = 0 and a40 # 0, then we have

.4 2 a40 4
JF ~s y"+ ————————x7,
* 12(a02 — 12)

which completes the proof of (2). O

It is easily seen that if y» = ag, a3o0 = 0 and az; # 0, then by (3.7) we have
DCy(y3) = a3, (—4azx1ys + Sp,), where Sp, := 4agzazi — 3a},.

Lemma 3.11 Suppose that y» = ap, azo = 0 and ax1 # 0.

(1) If —4a21y3 + Sp, 2 0, then F has a Df-singularity at 0.
(2) If y3 = Sp,/(4az1), then for any integer k > 4 there exist y; (4 < j < k) such
that F has a Dkiﬂ-singularity at 0.

Proof of Lemma 3.11 The proof of (1) is immediate (see the proof of (1) of Lemma 3.6).
If y3 = Sp,/(4az)), then j3F(0) = y(2az1x + a12y)?/(8az1). Thus, using the
change of coordinates (x, y) +— ((x — a12y)/(2az21), y) and multiplying with 8asy,
we obtain .
-k 2 ij ij
JYF ~jx x°y + Z T]{!x’yf, (3.24)
4<itj<k
where ¢;; are constants consisting of the coefficients a;; of (3.1) and y; of (3.2).
Especially, the coefficients co; of y/ of (3.24) are given by

' coj 8as .
coj = J—1 ]’ Vis
a1

where Co; consists of a;; (4 < i+ j < j), az1 and ay2. The rest of the proof is given
by the same argument of the proof of (2) of Lemma 3.6. O

Lemma 3.12 Suppose that y» = aga, y3 = ao3, azo = a1 = 0 and a1 # 0. If
aso # 0, then F has a Dsi-singularity at 0.

Proof of Lemma 3.12 By the assumptions and (3.3), it is easy to check that j3F =
(a21/2)xy? holds. Furthermore, multiplying with 2/ay; and using (2) of Proposi-
tion 3.2, we obtain

as
x4,

4 2
F ~ya xy° +
J K4 Xy 12412

which completes the proof. O

From Lemmas 3.9 and 3.11, we obtain the strata (iv) and (vi) of Table 3. From Lem-
mas 3.10 and 3.11, we obtain the stratum (vii) of Table 3. Moreover, from Lemmas 3.10
and 3.12, we obtain the stratum (viii) of Table 3. In the same manner as in the previous
cases, the strata (iv), (vi), (vii) and (viii) are denoted by (A3|A4, D4|D>5)-stratum,
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(A3]As|Ag, D4|Dxs)-stratum, (A3, D4|D>5s)-stratum and (A3, Ds)-stratum, respec-
tively.
Summing up the lemmas above, we now obtain Theorem 3.3. O

Remark 3.13 We get several kinds of contact cylindrical surfaces in the above proof,
and their existence and suitable jets are invariant under Euclidean motions of surfaces.
For example, for a parabolic surface germ belonging to the stratum of No. (vi) i.e.
(A;E |A§E |Ag, Df)-stratum, there exists an Ag-contact cylindrical surface whose 3-jets
of the base curves are uniquely given by

. Ra Ra
j 3 y = 3.2 5 y3
26140 1506140

(see Lemma 3.9). Thus the notion of contact cylindrical surface gives new differential
geometrical invariants.

4 A-singularity of Orthogonal Projection and Contact Cylindrical
Surface

In this section, we investigate an .A-singularity of the orthogonal projection of a
parabolic surface-germ along the asymptotic direction, which gives a new stratifi-
cation of parabolic surface-germs. Then we compare such a stratification with the
other stratification in Table 3 which is induced from types of contact cylindrical sur-
faces. To sum up, we have Theorem 4.5 and Table 4. Throughout this section, we
always consider a parabolic surface germ S expressed as in (3.1).

Let 7, : R® — v (C R?) be the orthogonal projection with the kernel direction
v € S2. We call 7,|S : S,0 — vt the orthogonal projection of S along v. The
orthogonal projection of our surface-germ as in (3.1) from the asymptotic direction
v = (1,0, 0) into v+ (the yz-plane in this case) can be expressed as

d(x,y) = (y, fx, ).

Itis easily seen that ¢ (x, y) has an unstable .A-singularity whose singular set is singular
at 0. Note that the orthogonal projections of a parabolic surface-germ S along the other
directions have no singularities or just fold-singularities at 0, so we do not consider
such cases here. We have the following propositions.

Proposition 4.1 We assume that a3y # O.

(1) The map-germ ¢ at 0 is a beaks (respectively, a lips) if and only if Qp, > 0
(respectively, Op, < 0).

(2) The map-germ ¢ at 0 is a goose if and only if Op, = 0 and Qp, # 0.

(3) The map-germ ¢ at O is a positive ugly goose (respectively, a negative ugly goose)
ifand only if Op, = QF, = 0and Qf, > 0 (respectively, Qg, < 0).

Proposition 4.2 We assume that azg = O.
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Table 4 Corresponding

A-singularities of the orthogonal No. Name Assing. of proj Cod

projections of parabolic ' . @ (Ay, D4|D=5) beaks 1

surface-germs to strata given in . I .

Table 3 (ii) (A2, D) lips 1
(ii) (A2, D |E6|E7) goose 2
(iv) (A3|A4, Dy|D=5) gulls 2
V) (A, DI|E6\E8|E*) ugly goose 3
(vi) (A3]As|Ag, D4|D>5s) ugly gulls 3
(vii) (A3, D4|D>5) 12-singularity, etc. 3
(viii) (A3, Ds) 16-singularity, etc. 3

(1) The map-germ ¢ at 0 is a gulls if and only if ariaso 7 0 and Ra, # 0.

(2) The map-germ ¢ at O is an ugly gulls if and only if ax1asg # 0, Ra, = 0 and
RA() # 0.

(3) The map-germ ¢ at O is a 12-singularity if and only if a1 # 0, asp = 0 and
aso(az1ae0 — Saziasp) # 0.

(4) The map-germ ¢ at 0 is a 167 -singularity (respectively, 16~ -singularity) if and
only if ap1 = 0, ajpaqo # 0 and 1061%1 — 10axas9 + ajpaso > 0, (respectively,
lOa%1 — 10aa49 + apasg < 0).

To prove these propositions, we prepare the following lemma which gives the
changes of coefficients of jets by certain coordinate changes.
Lemma4.3 (1) Let ¢ = (v, azox>/3! + Z,.H:“aijxiy-//(i!j!)), (azp # 0). Then
jt¢ is A*-equivalent to (v, azox3/3! + ai3xy’/3!). If a13 = 0, then j>¢ is A>-
equivalent to

3a3, —
y, 40,3 _ 29 a30a14xy4 '
3! 24613()
(2) Let ¢ = (y,anx?y/2 + asox* /4 + Y 5 7aiix' v/ /(). (az1as0 # 0).
Then j3¢ is A>-equivalent to (v, ax1x>y/2 + azox* /4! + asox’/5)). If aso = 0,
then j’¢ is A”-equivalent to (y, ar1x>y /2 + asox* /4! + azox’ /7"), where

35anag, — 2laziasoas) + 3a3,a70
1512042, '

arn =

(3) Let ¢ = (v, anx?y/2 4+ 31y j_5.6@x 7 /1)), (a2 # 0). Then jo¢ is AS-
equivalent to (y, azlxzy/Z + a5ox5/5! + a60x6/6!).

@) Let¢ = (v, anxy?/2+ 3y j_g 5aijx' v /(1j1), (@12 # 0, a31 = 0). Then j ¢
is A>-equivalent to

Yy XY

—10.
ar 2+aiox4+ a22a40+alzasox5 .
2 4! S5layn
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Proof See [10, Proposition 3.6 (2)] for a proof of (1) and [10, Proposition 3.5 (2)] for
a proof of (2). Although some coefficients are assumed to be 1 in the proofs in [10],
the same proofs work and we obtain the assertions. We show (3). Replacing x by

I (fan 5 axn , axs 5, a4 3
X — = X Xy + xy© 4+ s
6 <4a21 6z > 6an " day’

then jO f = azlxzy/2+a5ox5/5!+zi+j:6 aijxiyj/(i!j!)—i—hl(y).Further, replacing
x by

1 (fas1 4 ax 3 a3z 5 5 a4 3 415 4
- = X Xy + X7y + Xy + )
24 <5a21 a1 0 9an Y T 8an T Sany

then jOf = azx?y/2 + asox®/5! + agox®/6! + ha(y). Here, hi(y) and hy(y) are
some functions. This shows the assertion. The assertion (4) is shown by replacing x
by x — anx?/(2a12) — aizxy/(3an). O

Proof of Proposition 4.1 Replacing x by x — (a1 /azp)y, we have

¢ = (y,“%ﬁ QD“xy +h<y))

where A(y) is a function of a variable y. By a coordinate change in the target space,
we can eliminate 4 (y), and we see the assertion (1) by the 3-.4-determinacy of a beaks

and lips. Next we assume Qp, = 0. Then there exist a non-zero constant s and a
vector (&, n) (n # 0) such that

2
az azi e —&n
= 4.1
(azl a12> g <—$77 £? ) @
(see [6, §4.1] for example). Under the condition (4.1),

6 Tt T, er42 Yt

aso 5 da o4 az a: 2,3 ais g4

80 24t 42 e h i

120" +24n y+ 12;72 T 12 VY g (y)>
(4.2)
where h(y) is a function of a variable y, and

~ _ 2

asp =n"s, (4.3)
a3 =ast” + 2a31nE + ann’, (4.4)
ais =aso&” + 3azing* + 3ann’t + aizn’, 4.5)
aty =asoE* + dag g’ + 6an’E* + dayn’t + aun. (4.6)
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We remark that the terms c’z}}- (ij =31, 13,50,41, 32, 23) will not be used in the later
calculations. By (4.1) and (4.5), we see 13 # 0 is equivalent to Qg, # 0. Since a
goose is 4-determined, this shows the assertion (2). If aj3 = 0, then since n # 0,
we have aj3 = —(as0&> + 3a31E2n + 3anén?) /n3. Substituting this into (4.3), (4.4),
(4.6), and by (4.1), we see that 3d5,> — d30d14 is a positive multiplication of Q.. By
(1) of Lemma 4.3, we have the assertion (3). O

Proof of Proposition 4.2 We assume apa49 7 0. Then replacing x by x —aj2/(2az1)y,
we see

3 1 2
Jo=1y, a21% y+h(y ),

where A (y) is a function of a variable y. Further, replacing x by x + c20x% +2¢11xy +
co2 y2, where

—2az1a31 + ajpaq 4051(122 —daazaz + 0%21140
c20 = 72 , C1=— 320 ,
12a3, as
2 2
—8ai3a3, + a12(12a3,ax — 6ainaziasi + ai,as)
€02 = 48a2 '
dyy
then we see
) Q] Q40 QAij o
Fo=y. —xy+—pxt+ Y aly/
2 24 i
i+j=5.6,7

Here, ar) = a1, a49 = aq0 and

—10as1a31a40 + 56112“4%0 + 3“%16150

aso = : 4.7
3a%1
a32:; Tat,aly — 42a%,a31a40a21 + 6a12(8a3, + 6ana
4 12440 12431440421 12 31 22440
24a21
+ apaso)as, — 8(6axaz) + ajzas + 3ainas))ay, + 246!326131), (4.3)

1 250343 + 15002 2 4842
as) = ——| —22apay + 50(1126131(1406121 — Sapragn( 86131
48a5,

+ 12axa40 + 1lapaso)as, + 20(4a§1 + 6axazias + 4apagoasn

+ Tanaziaso)ay; — 4(40a31as; + 15anasy + 6arzag)ay, + 486151031))
4.9)

1
a = W(%afzaio — 210a%2a31a20a21 + 210a12a42fo(2a§1
21
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+ a12a50)a§1 — 28061316140(@%1 + 361126150)6131 + 84(1061%16150
+ 3a12a40a60)a§1 — 504(1316160(131 + 72(170(131), (4.10)
and the other coefficients will not be used in the later calculations. The right-hand side

of (4.7) is proportional to R4,. By Lemma 4.3, we have the assertion (1). We next
assume az1aqp 7 0 and as0 = 0. Then we have

az1(10az1a40 — 3021050)
Sajy

ap =

Substituting thisinto A = 3505320{‘%0 —2lap1 040051 +30t§1 70, wesee A = Oisequiva-
lentto R4, = 0. This with Lemma 4.3 show the assertion (2). We show the assertion (3).
As in the above, replacing x by x —aj2/(2a21)y, we see j3¢ = (y, a21x?y/2 + h())
(h(y) is a function). Further, replacing x by

2 2

L[ a3 ,  asaxn —anas dayzay; — 6bapazian + 3apaz ,

X — = X 3 Xy + 3 yol,
3ay 2a3, 12a5,

we see j% = <y,a21x2y/2+ i ims.e Biix' v /G —+—h(y)), where h(y) is a
function, Bso = asp and Bgo = (az1a60 — Saziasp)/az;. This with Lemma 4.3 shows
the assertion (3).

We finally show the assertion (4). As in the above, replacing x by x — a3z;y/asg
and taking a routine coordinate change of the target, we see

¢ = y,—xy+Z Ak
i,j=4,5 B
where

2
a3y — d2d40
aso

812 =aiz, 8 =— , 840 = asp, 631 =0, 850 = asp.

Since —10822840 + 612850 = 10a§1 — 10aza40 + a2as0, and by Lemma 4.3, we have
the assertion. O

Remark 4.4 Writing

022

fx,y) = R

+Zfz(x W fiey =Y f’,—”f?’,x"yf,

i+j=I
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the coefficients of £3, €29, £n?, n® in ay3/6n> given in (4.5) are expressed by, respec-
tively,

1 84f4 1 83f4 1 3% fy af4
“o 3y — (), =i — (&, >, ),

where (£, 1) is a non-zero vector in (4.1). Moreover, Q g, can be expressed by using
(&, n). Theses facts imply that the non-zero vector (£, ) plays an important role in
the criterion of the goose.

The condition (4.1) is equivalent to that there is a non-zero vector (§ , 17) such that

E\ _ (azaxn) (€ _ (0
e (5) = () (5) = 6): @1

The matrix M3 is the expressed matrix of ( f3)y, that is,

1 asp a1\ (x
(e =5 () <a2] m) (y)

If follows from (4.11), that (&, 7j) is a kernel vector of M3, and the kernel is generated
by (az1, —azp). We set K by

K = fuxfyy — (fiy)? = am(azox + a21y) + 0(2).

The parabolic set of the surface S is the zero set of K , and the gradient vector of K is
parallel to (a3g, az1) at the origin. Hence, the kernel of M3 is tangent to the parabolic
set at the origin.

Here we summarize the above results. We compare two different sorts of stratifi-
cations given in Theorem 3.3, Proposition 4.1 and Proposition 4.2, respectively. We
have the following:

Theorem 4.5 A parabolic surface-germ S of the form (3.1) belongs to one of the
stratum of No. (1)—(vi) in Table 4 (or Table 3) if and only if the orthogonal projection
of S along the asymptotic direction has an A-singularity in the corresponding item in
the “ A-sing. of proj." column of Table 4 at 0. For S belonging to a stratum of no. (vii)
(resp. (viii)), the 4-jet of the orthogonal projection along the asymptotic direction is
A*-equivalent to (x, xy?) (resp. (x, x%y + y*)), whose A-singularity is not uniquely
determined.

Remark 4.6 Based on the result of transversality theorem [9, Theorem 6.5., Definition
6.4.], a surface S C R3 is called projection generic if any orthogonal projection of
S at any point p € S has an A-singularity of A-codimension < 4. Thus Theorem
4.5 gives a complete geometric characterization to the A-singularities of the orthog-
onal projections of projection generic surfaces at parabolic points from the viewpoint
of contact cylindrical surfaces (/KC-singularities of the contact functions). Since the
singular value sets of the A-singularities appearing in the orthogonal projections of
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projection generic surfaces are not diffeomorphic to each other, our result implies that
the information of the apparent contour could recover the information of the contact
cylindrical surface.
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