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Abstract

We establish the existence of stationary solutions for certain systems of reaction—
diffusion-type equations in the corresponding H? spaces. Our method relies on the
fixed point theorem when the elliptic problem contains second-order differential oper-
ators with and without the Fredholm property, which may depend on the outcome of
the competition between the natality and the mortality rates involved in the equations
of the systems.
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1 Introduction

Let us recall that a linear operator L acting from a Banach space E into another Banach
space F has the Fredholm property if its image is closed, the dimension of its kernel
and the codimension of its image are finite. As a consequence, the problem Lu = f
is solvable if and only if ¢x(f) = O for a finite number of functionals ¢y from the
dual space F*. These properties of the Fredholm operators are widely used in various
methods of the linear and nonlinear analysis.
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2 V. Vougalter, V. Volpert

Elliptic equations considered in bounded domains with a sufficiently smooth boundary
satisfy the Fredholm property when the ellipticity condition, proper ellipticity and
Lopatinskii conditions are fulfilled (see, e.g., [1, 19, 21]), which is the main result
of the theory of linear elliptic problems. When dealing with unbounded domains,
these conditions may not be sufficient and the Fredholm property may not be satisfied.
For example, for the Laplace operator, Lu = Au considered in R? the Fredholm
property does not hold when the problem is studied either in Holder spaces, such that
L : C**(R?) — C¥(RY) or in Sobolev spaces, L : H>*(R?) — L?(R%).

For linear elliptic equations studied in unbounded domains the Fredholm property is
satisfied if and only if, in addition to the conditions stated above, the limiting operators
are invertible (see [22]). In some simple cases, the limiting operators can be constructed
explicitly. For example, when

Lu=ax)u”" +bxu +cx)u, x ek,
with the coefficients of the operator having limits at infinity,
a+r = limy_100a(x), bi =limy_150b(x), ci+ =Ilimy_1o0c(x),
the limiting operators are given by
Liu=asu”" +biu' + csu.

Since the coefficients here are constants, the essential spectrum of the operator, which
is the set of complex numbers A for which the operator L — A does not possess the
Fredholm property, can be found explicitly via the standard Fourier transform, such
that

Ar(§) = —asr€? + byik +cx, E€R.

The limiting operators are invertible if and only if the origin does not belong to the
essential spectrum.

For the general elliptic equations the analogous assertions are valid. The Fredholm
property is satisfied if the essential spectrum does not contain the origin or when the
limiting operators are invertible. Such conditions may not be written explicitly.

For the non-Fredholm operators, we may not apply the standard solvability conditions
and in a general case the solvability relations are not known. However, the solvability
conditions were obtained recently for some classes of operators. For example, consider
the following problem

Lu=Au+au=f (1.1)
inR?, d e Nwitha positive constant a. Here, the operator L and its limiting operators
coincide. The corresponding homogeneous problem has a nontrivial bounded solution,

such that the Fredholm property is not satisfied. Since the differential operator involved
in (1.1) has constant coefficients, we are able to find the solution explicitly by applying
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Solvability of Some Systems of Integro-differential Equations ... 3

the standard Fourier transform. In Lemmas 5 and 6 of [31], we derived the following
solvability relations. Let f(x) € L2(R) and xf (x) € L'(R?). Then, equation (1.1)
has a unique solution in H2(R¢) if and only if

eipx 4
(f(x), —d> =0, peS, ae
(2m)2 /12w

Here and below, S,d denotes the sphere in R? of radius r centered at the origin. Thus,
although the Fredholm property is not satisfied for the operator, we are able to formulate
the solvability relations similarly. Note that this similarity is only formal because the
range of the operator is not closed. In the case when the operator involves a scalar
potential, such that

Hu=Au+b(x)u=f,

we cannot apply the standard Fourier transform directly. However, the solvability
relations in three dimensions can be obtained by virtue of the spectral and the scattering
theory of Schrodinger type operators (see [27]). As in the constant coefficient case, the
solvability conditions are expressed in terms of orthogonality to the solutions of the
adjoint homogeneous equation. The solvability relations for several other examples
of non-Fredholm linear elliptic operators were derived (see [11, 13, 22-24, 26, 27,
29-31)).

Solvability conditions are crucial in the analysis of the nonlinear elliptic problems.
When then non-Fredholm operators are involved, in spite of some progress in the stud-
ies of the linear equations, the nonlinear non-Fredholm operators were analyzed only in
few examples (see [6-8, 10, 12—14, 28, 31]). Evidently, this situation can be explained
by the fact that the majority of the methods of linear and nonlinear analysis rely on the
Fredholm property. Fredholm structures, topological invariants and applications were
covered in [9]. In the present article, we study certain systems of nonlinear integro-
differential reaction—diffusion-type equations, for which the Fredholm property may
not be satisfied:

ou
— = Auy + /Q Gr(x = W F(ui(y, 1), uz(y, 1), ..., un, (¥, 1), y)dy + aguy

at
(1.2)
forl <k < Nj and

duy
— = Aug +[ Gr(x — y)Fr(ui(y, 1), uz(y, 1), ..., un, (v, 1), y)dy — ajpuy
Q

at
(1.3)
for Ni+1 < k < N,.Here, {ak},ivil are nonnegative if 1 < k < N and they are strictly
positive when N1 4+ 1 < k < N,. Our domain 2 C R4, d =1,2,3 which are the

more physically relevant dimensions. Note that equations (1.2) describe the situation
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4 V. Vougalter, V. Volpert

in the Population Dynamics in the Mathematical Biology when the natality rates are
higher than the mortality ones for a; > 0 and the cases when the mortality and natality
rates balance each other for ay = 0. On the other hand, equations (1.3) are important
for understanding the situation when the mortality rates are higher than the natality
ones. In the Population Dynamics the integro-differential problems are used to describe
biological systems with the intra-specific competition and the nonlocal consumption of
resources (see, e.g., [2, 4, 15, 25]). The stability issues for traveling fronts of reaction—
diffusion-type equations with the essential spectrum of the linearized operator crossing
the imaginary axis were also addressed in [3, 16]. Note that the single equation of (1.2)
type has been studied in [28]. The reaction—diffusion-type problems in which in the
diffusion term the Laplacian is replaced by the nonlocal operator with an integral
kernel were discussed in [20]. Let us introduce

Fu,x) = (Fi(u,x), F(u,x),..., FNz(u,x))T.

The nonlinear terms of our system (1.2), (1.3) will satisfy the following regularity
requirements.

Assumption 1.1 Let 1 < k < N,. Functions F(u, x) : RM x Q — R are satisfying
the Caratheodory condition (see [18]), so that

|Fu, xX)|py, < Klulgy, +h(x) for ue RV, xeQ, (1.4)

with a constant K > 0 and 2(x) : @ — Rt, h(x) € L%(R). Furthermore, they are
Lipschitz continuous functions, so that for any D@ cRM -y eQ:

IFu, x) = Fu®, 0)lgy, < Llu® —u® g, (1.5)

with a constant L > 0.

Here and below, we use the notations for a vector u := (uy, up, ..., uNz)T e RM

and its norm |u|pn, = 4/ ZQZ] u,% The solvability of a local elliptic equation in a

bounded domain in RN was studied in [5]. The nonlinear function there was allowed
to have a sublinear growth. Clearly, the stationary solutions of system (1.2), (1.3), if
any exist, will satisfy the system of nonlocal elliptic equations

Auy + /Q Gr(x = V) Fi(ui(y), ua(y), ..., un, (y), y)dy + axux =0, ar =0,
forl <k <Ny,

Auy +/ Gr(x =) Fe(u1(y), uz(y), ..., un,(¥), y)dy —agup =0, ar >0
Q
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Solvability of Some Systems of Integro-differential Equations ... 5

for N1 +1 < k < N,. For the technical purposes, we introduce the auxiliary semi-
linear problem

— Aug — agug = /Q Gi(x — V) Fr(u1(y), v2(3), ..., vv, (¥), W)dy, ap >0
(1.6)

if1 <k <Ny,

— Aug + agux = / Gr(x =) Fe(i(y), v2(3), ..., N, (3), Wy, ax >0
Q
(1.7)

if Ny + 1 < k < N>. We designate

(f1(x), 2(x)) 2 1=/Qf1(X)f2(X)dx, (1.8)

with a slight abuse of notations in the case when these functions are not square inte-
grable in €2, like for example those used in the orthogonality relations of the assumption
below. Indeed, if fi(x) € L'() and f2(x) € L*®(R), then the integral in the right
side of (1.8) is well defined. Let us begin the article with the studies of the whole space
case, such that @ = R? and the corresponding Sobolev space is equipped with the
norm

N>
el 32 e govay = Zuuknﬁz(Rd) Z{||uk||L2(Rd)+||Auk||L2(Rd)}

where u(x) : R — RN2. The primary obstacle in solving system (1.6), (1.7) is that
operators —A — a; : H2(RY) — L*(R%), a; > 0 involved in its first part fail to
satisfy the Fredholm property. The analogous situations in linear equations, which
can be self-adjoint or non self-adjoint containing the non-Fredholm second-, fourth-
and sixth-order differential operators or even systems of equations including the non-
Fredholm operators have been studied actively in recent years (see [11, 24, 26, 27,
29, 30]). We manage to establish that system of equations (1.6), (1.7) defines a map
T, : H*(R?, RM) — HZ[R4, RM), which is a strict contraction under the stated
technical conditions. It gives a solution of the considered problem. The fact that this
map is well defined is established in the proof of Theorem 1.3 below. We make the
following assumption on the integral kernels involved in the nonlocal parts of system
(1.6), (1.7).

Assumption 1.2 Let Gi(x) : R - R, Gy(x) e L'(RY), 1 <k < N>, 1<d <3
and1 <m < N; —1, m €e Nwith Ny > 2, No» > Nj.
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6 V. Vougalter, V. Volpert

DLeta; >0, 1 <k < m, assume that xG(x) € L' (R) and

( eii\/ﬁx
Gr(x), ) =0 if d=1, (1.9)
\/271' LZ(R)
eipx
<Gk(x), d) =0 for peSii/@ if d=2,3. (1.10)
(2m)2/ L2®d)

II) Letagy =0, m+ 1 < k < Np, assume that szk(x) € Ll(Rd) and
(Gr(x), I)Lz(Rd) =0 and (Gk(x),xs)LZ(Rd) =0, 1<s<d. (1.11)

II) Letay >0, N1 +1 <k < N».
Let us use the hat symbol here and below to denote the standard Fourier transform, so
that

—~ 1 .
Gr(p) = d/ Gr(x)e P*dx, peR?. (1.12)
Qm)2 JRA
Thus,
_ 1
IGk(P) oo ray = —7 Gkl L1 (Rey- (1.13)
(2m)2

We introduce the following auxiliary quantities

G 2Gr

| s MR | B N SR Y
pT —dag Lo (R4) p° — ag Loo(RY)
G _

M}, = max k(2p) , |Gr(p) } m+1<k=<N;, (115

p L (RY) L®(RY)

Gr 2Gy

My, := max # ,‘pz—k(p) }, Ni+1=<k<=<N.
P —+ ay LOO(Rd) P + ag LoO(Rd)

(1.16)

Evidently, expressions (1.14) and (1.15) are finite by virtue of Lemma Al in one
dimension and Lemma A2 for d = 2, 3 of [28] under Assumption 1.2 above. It can
be easily verified that (1.16) are finite as well. Indeed, for N; + 1 < k < N, using
(1.13), we have

< |Gk (p)] < !
Ik 2m)2ax

‘ Gr(p)
P>+ ax

||Gk ”LI(]R‘J) < X0
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Solvability of Some Systems of Integro-differential Equations ... 7

as assumed. Similarly, via (1.13)

< Gi(p)| <

)~
p-Gi(p)
‘— ||Gk||L1(Rd) < o0,

p?+ax

@2m)?

such that M < oo for N1 + 1 < k < N, as well. This enables us to define
M :=maxM;, 1<k <N, (1.17)

with M}, given by (1.14), (1.15) and (1.16). We have the following statement.

Theorem1.3 Let Q@ = RY, d = 1,2,3, Assumptions 1.1 and 1.2 hold and
V20 IML < 1.

Then, the map T,v = u on H*(R?, RN2) defined by the system of equations (1.6),
(1.7) has a unique fixed point v, (x) : RY — RN2 which is the only stationary solution
of problem (1.2), (1.3) in H*(R4, RM?).

This fixed point v, (x) is nontrivial provided the intersection of supports of the Fourier
transforms of functions suppFX()Tx)(p) N supp(/?\k(p) is a set of nonzero Lebesgue
measure in R4 foracertain 1 <k < N».

Let us turn our attention to the studies of the analogous system of equations on the
interval 2 = I := [0, 27 ] with periodic boundary conditions for the solution vector
function and its first derivative. We assume the following about the integral kernels
involved in the nonlocal parts of problem (1.6), (1.7) in this case.

Assumption 1.4 Let Gi(x) : I — R, Gr(x) € C(I) with Gx(0) = G;(2m), 1 <
k < Np,where N\ >3, 1 <m<qg<N;—1, m,geNand N, > Nj.

I) Let ar > 0 and ay 7én2, neZ if 1<k<m.

II) Let ax = n,%, ny € Nand

+ingx
Gk(x),—) =0 if m+1<k<gq. (1.18)
( '\/27'[ L2(1)
IIT) Let ar = 0 and
(Gk(x),l)Lz(l)zo for g+1=<k<Nj. (1.19)

IV)Letay >0, Ny +1 <k < N,.

Let Fi(u,0) = Fi(u,2m) foru e RM and 1 <k < N,.

For the function on our [0, 2] interval, Gy (x) : I — R, Gr(0) = Gr(27), we
introduce the Fourier transform as

2 —inx
G = / Gr(x dx, nelZ, 1.20
k. n A k( )m (1.20)

@ Springer



8 V. Vougalter, V. Volpert

such that

X

Gk(X)Z Z Gk n m

n=—0o0
Clearly, the estimate
Gk, nllie < FIIlelLl(l) (1.21)
is valid. Let us define the following technical expressions
G G
Py = max{ | 2" Ekn } 1<k<m, (122)
n= —di |jeo |17 — Ak |0
G G
Py := max k,n2 , " k’; }, m+1<k<gq, (1.23)
n? =il 0% = nicllje
Gk, n
Py :=max{ | —5— Gk, n , q+1<k<N, (1.24)
= ljee 1%
G G
Py = max{ | =" ”2 ko } Ni+1<k<Ny. (1.25)
n< 4+ ay I n< 4+ ay !

By virtue of Lemma A3 of [28] under our Assumption 1.4, the quantities given by
(1.22), (1.23) and (1.24) are finite. It can be trivially checked that (1.25) are finite as
well. Evidently, for N; 4+ 1 < k < N, by means of (1.21), we obtain

Gk, n

|Gk, n| < 1
n? + ag

ar T w27

IGkll iy < o0

via one of our assumptions. Using (1.21), we derive

1
< —=Gkll1y < 0.
= L)

Thus, P, < oo if N +1 < k < N; as well. This allows us to define
P :=maxP, 1<k<N; (1.26)

with Py given by formulas (1.22), (1.23), (1.24) and (1.25). For the purpose of the
studies of the existence of stationary solutions of our system, we use the corresponding
function space

H*(I) ={v(x): I — R |v(x), v (x) € L*(I), v(0)=v2x), v (0)=11Q2n)},
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Solvability of Some Systems of Integro-differential Equations ... 9

aiming at uy(x) € H2(1), 1 <k <mand Ny +1 <k < Nj as well. Let us use the
following auxiliary constrained subspaces

tingx

HA(I) = {v e H2(I) | (v(x), eﬁ)um — 0}, meN, m+1<k<gq,

with the goal of having ux(x) € sz(l), m+ 1<k <gq.Also,
Hi(I) = {v e H*(I) | (v(x), )2(;) = 0}.

Our goal is to have ux(x) € Hg(l), q + 1 < k < Nj. The constrained subspaces
introduced above are Hilbert spaces as well (see, e.g., Chapter 2.1 of [17]). The result-
ing space used for establishing the existence of solutions u(x) : I — RM? of system
(1.6), (1.7) will be the direct sum of the spaces given above, so that

HZ(1L RY) = @ HX (D) @,y H{ (D) &L, Hy (D) ®2y, ) H (D).

The corresponding Sobolev norm is given by

N>
lallZa . gy = DUl 2y + 172}
k=1

with u(x) : I — RN, We establish that the system of equations (1.6), (1.7) in such
case defines a map on the space given above, which will be a strict contraction under
the stated conditions.

Theorem 1.5 Let Q = I, Assumptions 1.1 and 1.4 hold and 2./7 PL < 1.

Then, the map t,v = u on HCZ(I, RM2) defined by the system of equations (1.6), (1.7)
has a unique fixed point v, (x) : I — RN2, the only stationary solution of problem
(1.2), (1.3) in HX(I, RM),

This fixed point v, (x) is nonzero provided the Fourier coefficients Gy , Fr.(0, x), # 0
for a certain 1 <k < N and some n € Z.

Note that the constrained subspaces sz(l ) and HOZ(I ) involved in the direct sum of
spaces HCZ(I , RM2) are such that the Fredholm operators

_4 nZ: HX(I) - L*(I) and — Ly HZ(I) — L*(I)
dx2 kT Tk dx2 0

possess the trivial kernels.

We conclude the article with the studies of our system of equations in the layer domain,
which is the product of the two sets, such that one is the [ interval with periodic
boundary conditions as in the previous part of the work and another is the whole space
of dimension either one or two, namely 2 = I x R? =[0,27] x R?, d = 1,2 and
x = (x1,x1),withx; € I and x| € R4. The cumulative Laplacian in this context
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10 V. Vougalter, V. Volpert

will be A := %22 + Zf: 1 B;’; . The corresponding Sobolev space for our problem
1 L, s

will be Hz(Q, RNZ) of vector functions u(x) : 2 — RM sothatforl <k < N,

2 ouy duy
up(x), Aug(x) € L7(2), ur(0,x1) = up(m, x1), E(O’XJ—) = a—xl(ZJT,XJ_),

with x| € R¥. It is equipped with the norm

N>

Nl grey = D Ukl fa ) + AUkl 72 g))-
k=1

Analogously to the whole space case discussed in Theorem 1.3, the operators —A —ay :
H?*(Q) — L*(Q) foray >0, 1 <k < N; do not possess the Fredholm property. Let
us establish that problem (1.6), (1.7) in such case defines a map ¢, : Hz(Q, RM2) —
H?(2, RN2), which is a strict contraction under the appropriate technical conditions
stated below.

Assumption 1.6 Let Gy(x) : Q — R, Gr(x) € C(2) N LYQ), G(0,x)) =
Gr(2m, x1) and Fi(u,0,x,) = Fi(u, 2w, x,) forx; e R, u e RV, d = 1,2 and
1<k<N)LetNi >3, 1<m<q<N;—1withm,q € Nand Ny > Nj.

I) Assume for 1 < k < m, we have n,% < ar < (ng + 1)2, ng € Zt = NU

{0}, x1 Gx(x) € L'(Q) and

einxl e:l:i«/ak—nle
Gr(x1,x1), ) =0, |n|<ny for d=1,
( \/27'[ v 2 LZ(Q) | | f
(1.27)
einxl eipr )
Gr(x1,x1), — =0, es , Inl<n or d=2.
( k(x1,x1) \/E b >L2(Q) p m |n| S
(1.28)

II) Assume form + 1 < k < g we have a; = n,%, ni € N, xin(x) e LY(Q) and

< elinxi eii\/ ng—n?xL >
LX(Q)

Gr(xi,x1), =0, |n|<ny—1ford=1, (1.29)
b V21 N2 !
(G (rx0), S eim) 0. pes? il | for d=2
kX1, X)), —/——F=— =0, S , n| < ng— or =2,
V21 2w L2(Q) b ‘/n%—nz
(1.30)
etimx eEinex

<Gk(x11 xJ_)v .)CJ_7 _y) =0, (131)
LX)

=0, (Gk(xl, X1),
A/ 2 >L2(Q) A/ 27

with1 <s <d.
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Solvability of Some Systems of Integro-differential Equations ... 1

1) Assume for g +1 <k < Ny wehave ay =0, x?G(x) € L'(Q) and
(Gr(x), D2y =0, (Gr(x),x1 s)2@ =0, 1<s5<d. (1.32)

IV)Letay >0, N1 +1 <k <Ns.

Let us use the Fourier transform for the functions on such a product of sets, namely

— 1 ‘ 2 .
Gi. n(p) = —d+1/ dee_”’“/ Gr(xy, x)e "dxy (1.33)
Qn)7 Jrd 0

with p e RY, n € Z, 1 <k < N,. Clearly,

— — 1
G a(P s, = supipens, ezl Ghn(P] = ey Gellicay (134
) 2

We introduce the following auxiliary expressions

G o 2 2Gr s
Rk:=max{ kil ”2(”) : '(p ;“” )2 k. n(P) } 1 <k<m, (135)
P +nc —ag Lgcp )4 +nc —ayg L;olop
Gr . 2 1Gr
Ry = max | | —Zkn?)_ "(p + )G (p) } mal<k<q
p7HnT = njlipg prtnt —ni g
(1.36)
G/\ —_—
Rj = max I;—n(P;) ,’Gk,n(p) }, q+1=<k=<Ny, (1.37)
n,p n,p
G o 2 2Gr o
Ry := max # 7‘(1) ;_n)zk’”(p) }, Ni+1<k <N,
pe+n+ag |~ pe+n”+ag oo
n,p np

(1.38)

Assumption 1.6 along with Lemmas A4, A5 and A6 of [28] yield that the quantities
given by (1.35), (1.36) and (1.37) are finite. It can be trivially checked that (1.38) are
finite as well. Obviously, for N1 + 1 < k < N, by virtue of (1.34) we have

| Grn() B Gen (P _

G <00
p2+n2+ak - [ k||L1(Q)

a T en)Ta

due to one of our assumptions. Using (1.34), we arrive at

(P2 + )G n(p) ‘ _— 1
: <|G <—-IG < 00,
p2+n2 +ak = | k, n(P)| = (Zn)d%l ” k”L](Q)
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12 V. Vougalter, V. Volpert

so that Ry < oo for Ny + 1 < k < N, as well. Thus, we can define
R :=maxR;, 1<k <N, (1.39)

with Ry given in (1.35), (1.36), (1.37) and (1.38). Our final proposition is as follows.

Theorem1.7 Let @ = I x R4, d = 1,2, Assumptions 1.1 and 1.6 hold and
ﬁ(Zn)%RL < 1. Then the map t,v = u on H*(Q2, RM?) defined by system
(1.6), (1.7) has a unique fixed point v, (x) : @ — RN2, which is the only stationary
solution of the system of equations (1.2), (1.3) in H2(Q, RM), This fixed point v, (x)
is nontrivial provided that the intersection of supports of the Fourier transforms of the
functions supp Fm)n (p)N supp(Tk,\n (p) is a set of nonzero Lebesgue measure in
R4 foracertain 1 <k < N, and some n € Z.

Let us note that the maps considered in the theorems above are applied to the real valued
vector functions by virtue of the conditions on Fj(u, x) and Gi(x), 1 < k < Nj
involved in the nonlocal terms of (1.6), (1.7). The map ¢, is an analog of the map 7.

2 The Problem in the Whole Space

Proof of Theorem 1.3. Let us first suppose that in the case of Q = RY, d =1,2,3
there exists v(x) € HZ(RY, RM2) such that system (1.6), (1.7) admits two solutions
uD-@(x) e H2(RY, RM2). The the difference vector function w(x) := u®(x) —
u@(x) € H3(R4, RM) gatisfies the homogeneous system of equations

—Awp = qrwg, ap =20, 1=<k=<Ny,
—Awp = —arwg, ar >0, N +1<k<N>.

Since the operator —A : H*(R?) — L*(R%) does not have any nontrivial eigenfunc-
tions, we have that wy (x) vanishes in R? forall k = 1, ..., N».

We consider an arbitrary vector function v(x) € H>(R?, RM?) and apply the standard
Fourier transform (1.12) to both sides of system (1.6), (1.7). This gives us

P
G = et DD o <k<n, @
P —ag

a Ge(p) fu(p)

uk(p) = 2m)2 Dt ar >0, Ni+1=<k=<N,. (2.2)

Here, ﬁ( p) denotes the Fourier image of Fj(v(x), x). We have the trivial estimates
using expressions (1.14), (1.15) (1.16) and (1.17), namely

i (p)| < Q)M Tu(p)l and |p*E(p)] < @O IM|fi(p)l, 1 <k < N,
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This gives us the upper bound for the norm as

[ Ry~ {Iluk(p)ll 2y PRI (P72 g} <
H*(R4, R ) L*(R9) L*(R9)

N>

<2Qm)'M* Y IF@), )7 gay - 23)
k=1

Clearly, the right side of (2.3) is finite via inequality (1.4) of Assumption 1.1 above.
Thus, for any v(x) € H 2(R?, RM2) there exists a unique vector function u(x) €
H2 (R, RMN2), which satisfies system (1.6), (1.7) and its Fourier image is given by
(2.1), (2.2). Hence, the map T, : H>(RY, RM) — H?(R?, RM) is well defined.
This enables us to choose arbitrarily vD-@(x) e H 2(]Rd, RM2) and obtain their
images under this map u("-® := 7,v(-® ¢ F2(R?, RM), such that by means of
(1.6), (1.7)

-’ —a!’ = [ Getx = DAL 0 0. 0, a2 0
2.4)
forl <k <Ny,
—au e’ = [ G =R 018 0 o0 0y, =0
(2.5)
for Ny + 1 < k < N;. Similarly,
Au® — g = fR G = NEGP 0P 0. 0@ 00 0y, ag =0
(2.6)
ifl <k <Ny,
— au) + gy = /R L GE = WEP (). 057 0). o 00 wdy. a4 >0,
2.7

if N; + 1 < k < N,. Let us apply the standard Fourier transform (1.12) to both sides
of systems (2.4), (2.5) and (2.6), (2.7). This yields

— ),

u(p) = (2 )z% >0, 1<k<N, 238)
. G A ()

u, (p)=Qrw )22—4—51’ ar >0, Ni+1<k=<N, (2.9)
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14 V. Vougalter, V. Volpert

and
o) (GO
o (p)=Qn)2 ——————, a4 =0, 1<k=Ny, (2.10)
p? —ak
(2) k(P)fk(z)(P)
(p)=(Q2n )*—, ar >0, Ni+1<k<N,. (211

P2+ ax

Here fk(l)’(z) (p) stand for the Fourier images of Fi (0@ (x), x). From formulas
(2.8), (2.9), (2.10), (2.11) via (1.14), (1.15) (1.16) and (1.17) we deduce easily the
upper bounds for | <k < Nj as

uV(p) —uP(p)| < @m)iM f,f“(p) — f

o) 2 O,
pzu,(c "(p)—p u,i (p)| < - fk( )(p)‘.

This enables us to derive the estimate from above on the corresponding norm of the
difference of vector functions

[l P o]

@ _ @2 _ @),
e = 4P g g = { [ P o[ o |

L2(Rd)

N>
<202m)'M* Y 1FM (), x) = F® (), 0)lI7,
k=1

(2.12)

(Rd

By means of the Sobolev embedding theorem for 1 < k < N> we have v}gl),a) (x) €
H*RY) c L®R?), 1 < d < 3. Inequality (1.5) of Assumption 1.1 above trivially
implies

1Tav® = Tov® [ o e, giay < V2@ EMLIVY = v@ i gy (2.13)

The constantin the right side of (2.13) is less than one as assumed. Thus, the Fixed Point
Theorem implies the existence of a unique vector function v, (x) € H*(RY, RM2),
so that T,v, = v,. This is the only stationary solution of system (1.2), (1.3) in
H?(R?, RMN2). Finally, we suppose that v, (x) is trivial in R¢. This will give us the
contradiction to our assumption that for a certain 1 < k < N, the Fourier transforms
of G (x) and Fy (0, x) do not vanish simultaneously on some set of nonzero Lebesgue
measure in R?. o

3 The Problem on the [0, 277] Interval

Proof of Theorem 1.5. First we suppose that for some v(x) € Hf(] , RMN2) there exist
two solutions uV-@ (x) € HCZ(I, RM2) of system (1.6), (1.7) with = I. Then, the
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difference vector function w(x) := uM(x) — u®(x) € H2(I, RN?) will solve the
homogeneous system of equations

—w,Z:akwk, ar >0, 1<k<Njy, 3.1
—w] = —aqwi, ar >0, Ni+1<k<N,. (3.2

By means of Assumption 1.4, we have ax > 0, ar # n2, neZforl <k<m.
Hence, they are not the eigenvalues of our operator

- d—2 S HX(I) — L*(I) (3.3)
ek ) .

Thus, wg(x) are trivial in 7 if 1 < k < m. Whenm + 1 < k < g the values of a;
coincide with the eigenvalues of (3.3) as assumed. But wy belong to the constrained

subspaces sz(l ). Therefore, wy vanish identically in [ if m + 1 < k < g due to their
+ingx

orthogonality to the eigenfunctions of (3.3). By virtue of Assumption 1.4, the

V2

constants ay = Oforg + 1 <k < Ni.But wy € H02(I), so that they are orthogonal
to the zero mode of our operator (3.3). Therefore, wi(x) are trivial in I as well if
q + 1 < k < Nj. Finally, let us consider the situation when Ny + 1 < k < N,. But
operator (3.3) cannot have any negative eigenvalues. Therefore, by means of (3.2) we
have that wy (x) vanish identically in 7 for Ny + 1 <k < N».

We choose arbitrarily v(x) € H 02(1 , RM2). Let us apply the Fourier transform (1.20)
to both sides of the system of equations (1.6), (1.7) considered on the interval [0, 27].
This yields

G
uk,n=«/2n"2’”—f"’”, ax >0, 1<k<N;, neZ (34
nc —ag

G
uk,nzx/zn%f"’”, a >0, Ni+1<k<Ny, neZ (3.5
n- + ag

with fi, » := Fx(v(x), x),. Clearly, the Fourier coefficients of the second derivatives

are equal to

2
G

(—ubn:x/zn”;"ﬂ, ar >0, 1<k<N),, neZ,
n< — ag

2
G
(—u}(’)nzx/Zn%, ar >0, Ni+1<k<Npy, nelZ.

We easily obtain the estimate from above

No 00 o]
2 _ 2 2 2
||u||H3(,,RN2)—Z{ D lukal+ D Pug al }
k=1 * n=—00 n=—00
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16 V. Vougalter, V. Volpert

Ny

<dn ) PFc@), )l (3.6)
k=1

Let us recall inequality (1.4) of Assumption 1.1. Hence, the right side of (3.6) is
finite. Thus, for an arbitrarily chosen vector function v(x) € HC2(I ., RMN2) there exists
a unique u(x) € HCZ(I , RM), which satisfies the system of equations (1.6), (1.7)
and its Fourier coefficients are given by formulas (3.4), (3.5), so that the map 7, :
H2(I, RV) — H2(I, RM) is well defined. Clearly, orthogonality relations (1.18)
and (1.19) along with (3.4) yield that for m + 1 < k < g the components uy(x)

+ingx

are orthogonal to the Fourier harmonics in L2(I Jand forg +1 <k < N

2
the functions u (x) are orthogonal to 1 in L2(I), because the corresponding Fourier
coefficients are equal to zero.
Let us consider arbitrary vector functions v (x) € HC2(I , RM), so that their
images under the map discussed above are u)-® = ¢,p(D-@ ¢ HCZ(I, RM2). By
virtue of (1.6), (1.7), we have

d 2
2 u;(cl) aku,((l) =/0 Gk(X—y)Fk(U%l)(Y) v(l)(y) -..,v,(vlz)(y),y)dy, ap =0
(3.7)
ifl <k <Ny,
d?

(l) + ai ull = Gk(x - y)Fk(vgl)(y) v(l)(y) RN UE\})()}), vdy, ap >0
g2t k 0 2
(3.8)

dx

if N1 + 1 <k < N;. Analogously,

2w
2 2 2 2
- 2"‘1(<) aguy) =/0 G = N F WP ). v 0. . v ). 9y, ag =0

3.9)
forl <k <Ny,
e ) o ) ) )
— gt tacy =[) Gr(x = ) (" (), v, (0, s vy, ), wdy, ap >0
(3.10)

for Ny +1 < k < N>. We apply the Fourier transform (1.20) to both sides of systems
(3.7), (3.8) and (3.9), (3.10). This gives us

Gr. i),

Z_ak ’

”il)n:VZU ar >0, 1<k=<Ni, nelkZ, (3.11)

n
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(1
G, nfy
uy, = VZN"T, >0, Ni+1<k<Ny, neZ (3.12)
a
and
(2)
G, nfy
uiiz)n=\/2 2n— ar >0, 1<k=<N, neZ, (3.13)
n< —ag
2)
— G, nfy
u](cZ)n = znzn—s aig > 09 Nl +1=< k < N2, n e 7. (314)
n< + ag

Here fk( )@ denote the Fourier i images of Fr (v @ (x), x) under transform (1.20).
Let us recall (1.22), (1.23), (1.24), (1.25) and (1.26). By means of formulas (3.11),
(3.12), (3.13) and (3.14), we obtain for 1 < k < N, n € Z that

1w, —Mk) | < VarPIf" — 12,
w2, —n2u® ) < VoI - £2).

Therefore,

Np oo
1 2 1 2
W =iy = | 3 2P Y vl 27

k=1 * n=—00 n=—00
N>

<4nP? ) | F0M (), x) = F@® (), 0I5 -
k=1

Evidently, due to the Sobolev embedding theorem we have vkl) @ (x) € HXI) C
L®°(I) with 1 < k < Nj. Let us recall inequality (1.5). Hence,

lzav® — rav@)uch(L RNy < 2¢/mPLI[vD — u<2>||H[2(,, RM)- (3.15)

Note that the constant in the right side of bound (3.15) is less than one as assumed. Thus,
the Fixed Point Theorem implies the existence and uniqueness of a vector function
v (x) € HC2(I , RM2) satisfying 7,v, = v,. This is the only stationary solution of
the system of equations (1.2), (1.3) in HC2 (I, RM2). Finally, we suppose that v, (x) is
trivial in the interval /. This will contradict to the stated assumption that the Fourier
coefficients G, , Fx (0, x), # 0 for a certain 1 <k < N and some n € Z. O

4 The Problem in the Layer Domain
Proof of Theorem 1.7. First, we suppose that there exists v(x) € HZ(Q, RMN2),

which generates u"-® (x) € H?(Q, RM?) satisfying the system of equations (1.6),
(1.7). Then the difference of these vector functions w(x) := uP(x) — u@(x) €
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18 V. Vougalter, V. Volpert

H?(2, RM2) will solve the homogeneous system

—Awg = arwg, ap >0, 1 <k<Np, 4.1)
—Awp = —arwg, ar >0, Ni+1<k<N>. “4.2)

We apply the partial Fourier transform to (4.1) and derive

—Ajwi, n(x1) = (ax —nHwi, 4(x1), 1<k<Ni, neZ

Here, wi, ,(x1) = wi(x1, x1)e "1 dx; and A is the Laplace operator

1 2w
V21 /0

with respect to x . Clearly,

o
lwiliFaigy = D lwe alljagey, 1<k <N

n=—00
Thus,
we, n(x1) € L*RY), 1<k<N;, nel

But the operator —A | considered in the whole R does not have any nontrivial square
integrable eigenfunctions. Therefore, wi (x) vanish in Q2 for I < k < Nj. The analo-
gous assertion is true for wy(x) with N1 + 1 < k < Nj by virtue of (4.2), since the
operator —A : H?(2) — L?(2) cannot possess any negative eigenvalues.

Let us consider an arbitrary vector function v(x) € H*(2, RV?) and apply the Fourier
transform (1.33) to both sides of system (1.6), (1.7). This yields

o (p)=Qn)7T ax >0, 1<k<N, neZ peR? (4.3)

p? +n? —ax

_ a1 e, (D) fi n

Mk,n(P)Z(2ﬂ)d§17k'2n(p){k'n(p) ax>0, Ni+1<k<Ny, neZ peR%
p+n-+ag

4.4)

Here ﬁ,\n(p) designates the Fourier image of Fj(v(x), x) under transform (1.33).
Obviously, we have the estimates from above in terms of the expressions given by
(1.35), (1.36), (1.37) and (1.38), namely

luk, n(p)l = Q1) 2 Ril fe, n (PN, [(p” + 0D ur n(p)| = @7) 2 Ril fie, n(P)],

withl <k <Ny, neZ, pe RY. We arrive at

N> o0 00
el . RNZ)=Z{ > f{|u’k,\n<p>\2dp+ > /,|<p2+n2>m<p)|2dp}
k=1 * n=—00 R n=—00 IR
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N>

<202 Y RN Fc(x), )2 4.5)
k=1

Let us recall inequality (1.4) of Assumption 1.1. Hence, the right side of (4.5) is finite.
Thus, for any vector function v(x) € H 2(Q2, RM2) there exists a unique u(x) €
H?(Q2, RM) satisfying system (1.6), (1.7). Its Fourier transform is given by (4.3),
(4.4). Therefore, the map 1, : H2(Q2, RM) — H2(Q, RM) is well defined.

We choose arbitrarily two vector functions v)-@ e H2(Q, RM), so that their images
under the map discussed above are u()-® := 1,0()-® ¢ H2(Q, RM?2). By means of
(1.6), (1.7), we have precisely

— Au” — quuy? = / Gr(x — M F @] (), 03 (). vy ), dy. ax =0
Q
4.6)

with1 <k < Ny,

i +a”’ = [ G- RO 000 a0
Q
4.7

with N1 + 1 < k < N,. Similarly,

- Au,(f) aku,(f) —/ Gi(x —y)Fk(vfz)(y) v(z)(y) . v,(vzz)(y),y)dy, ap >0
Q
(4.8)

ifl <k <Ny,

— 2u® +au = /Q Gr(x = WEP 00, 020, .., vD (0, Iy, ar > 0
4.9)

if N1 +1 < k < Nj. Letus apply the Fourier transform (1.33) to both sides of systems
(4.6), (4.7) and (4.8), (4.9). This yields

SO G 1)

M 441 Tk nlP d

up ,(p) = (Q2m) 2 TZ—ak ar >0, 1<k<N, neZ, peR?
(4.10)

i1 G, n<p>f“) (»)

o
(P = @) T —

ar >0, Ni+1<k<N, nez, peRd.
4.11)
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and

= a1 G, Grn (12 ()
u? (p) = @) T —5

2+n — ag
(4.12)
= a1 Gr. n<p>f,§231<p> .,
ukn(p) 2m) 2 —S 5 ap >0, Ni+1<k<Ny, neZ, peR".
p?+n?+a;
(4.13)

Here, fk(l) (2)( p) stand for the Fourier images of Fr (0@ (x), x) under transform
(1.33). We recall (1.35), (1.36), (1.37), (1.38) and (1.39). By virtue of formulas (4.10),
(4.11), (4.12) and (4.13) we derive for | <k < Np, n € Z, p € R4 that

u,i”,,(p) - u‘” (»| < )T

<@mnF

‘(p2 + n%[u,i?,,(p) —uy L(p)} f“> » - £ (p)‘

Hence,
fuh —u@ ”HZ(Q RV = { Z / {'M(Uk 2 (P) —M<2)k 2 (p)PPdp

n=—00

+ Z / |(P +n )(u(l)k n(P)—MQ)k n(P)I dp}

n=—0o0

Ny
<20 R Y IRV (), x) = Fw® (), 07,
k=1

()"

By means of the Sobolev embedding theorem, Ve 0. (x) € HX(Q) C L%°(Q) with
1 <k < N. Let us recall inequality (1.5). We arrive at

d+1
v = 1,0P 2. giy < V221 F RLIVD — 0@l 2 ). (4.14)

The constant in its right side of (4.14) is less than one via one of our assumptions.
The Fixed Point Theorem yields the existence and uniqueness of a vector function
ve(x) € H*(Q, RM), for which 7,v, = v, is valid. This is the only stationary
solution of system (1.2), (1.3) in H2(2, RM). Let us suppose that v, (x) is trivial
in Q. This will give us the contradiction to the imposed condition that there exist
1 <k < Njandn € Z, so that suppF@)n(p) N supp(?k:(p) is a set of nonzero
Lebesgue measure in R¥. O
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