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Abstract
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1 Introduction

The paper Bouarroud;j et al. (2009) contains classification of finite-dimensional Lie
superalgebras g(A) with indecomposable Cartan matrix A over an algebraically closed
field K of characteristic p > 0 together with all inequivalent Cartan matrices and
the corresponding Dynkin—Kac diagrams for each such Lie superalgebra (recall that
every modular Lie algebra and every Lie superalgebra over any field can have several
inequivalent Cartan matrices).

Here we consider the exceptional (not entering infinite series) finite-dimensional Lie
superalgebras g(A) with A indecomposable, and supplement Bouarroudj et al. (2009)
with new results and clarifications. In particular, we clarify the notion of equivalent
Cartan matrices.

In Sect. 2 we recall the definition of Cartan matrix and root system for modular Lie
algebras and Lie superalgebras g(A); the definition of roots over K differs from the
one in characteristic 0; this was suggested in Kuznetsov and Chebochko (2000) and,
following Lebedev, in Bouarroudj et al. (2009).

A posteriori we see that all indecomposable Cartan matrices of finite-dimensional
Lie superalgebras g(A) are symmetrizable. The classification (Bouarroud; et al. 2009)
did not impose any a priori conditions on A except for indecomposability and require-
ment g(A) < o0.

The paper Bouarroudj et al. (2009) contains superdimensions of each Lie super-
algebra g(A), a description of its even part g(A)g, and of its odd part g(A)j as
a g(A)g-module. Recall that A/a|B means that A|B = sdim g(A) and a|B =
sdim gV (A)/c, where ¢ is the center and g is the first derived of g (for brevity,
we write g/ (A) instead of (g(A))() and the like); note that if p = 2 we define

gV :=1[g. ] + Span{g” | g € gj}, see Eq. (26).

For presentations of these Lie superalgebras obtained with the aid of SuperLie code,
see Grozman (2013), Bouarroudj et al. (2010).

The tables in Sects. 4, 5 are analogs of descriptions of root systems in Bourbaki
(2002). Recall that whereas each Lie algebra with indecomposable Cartan matrix over

@ Springer



66 S.Bouarroud;j et al.

C (finite-dimensional or of polynomial growth, or even hyperbolic, see Chapovalov
et al. 2010) has just one Cartan matrix, each of the exceptional Lie superalgebras con-
sidered has several Cartan matrices, see Bouarroudj et al. (2009) and Chapovalov et al.
(2010). One of Lie superalgebra we consider here has 135 inequivalent Cartan matri-
ces; dozens inequivalent Cartan matrices for one Lie superalgebra is usual. Therefore,
to list all sets of simple roots for every Lie superalgebra is hardly reasonable, so we
list system of roots for each exceptional modular Lie superalgebra g(A), but list simple
roots for just one Cartan matrices of g(A).

This selected Cartan matrix A is the one with the maximal' number of pairwise
orthogonal with respect to a non-degenerate invariant symmetric bilinear form (briefly:
NIS) isotropic simple roots. This NIS exists for Cartan matrices of Lie (super)algebras
we consider here, but not always if p = 2, see Bouarroudj et al. (2018).

This Cartan matrix .4 of g and its Dynkin—Kac diagram D,, are useful to define the
defect of g, an important invariant, and in computing the homology Ker ad , /Im ad ,
for any x € g(A)j such that x2 =0, see Krutov et al. (2020). To find simple roots for
the other Cartan matrices, one has to use isotropic reflections, see Sect. 2.

Observe that even some even roots can be isotropic, not only odd ones, e.g., for
br(3) for p = 3, and for all Lie (super)algebras g(A), except the one with A = (T).

The referee asked us if the Lie (super)algebras we consider are restricted. Restrict-
edness is a very important feature of Lie (super)algebras; besides, there are several
subtleties related both with “super” and the case “p = 2”. In particular, if g(A) is
restricted, its derived algebra might be not. Since, however, this is not directly related
with our main result, we answer this question in Appendix.

Observe that our definitions imply that all root vectors of the Lie (super)algebras
g(A) we consider are of multiplicity 1. This might be not so if we apply the term “root”
speaking of subalgebras and quotients of g(A), as we do (somewhat carelessly) below.
For some infinite-dimensional Lie algebras g(A), even over C, root multiplicities are
> 1.

2 Cartan Matrices, Reflections, Chevalley Generators, Chevalley Basis
(from Chapovalov et al. (2010); Bouarroudj et al. (2009)) with
Lebedev’s Clarifications

2.1 Chevalley Generators and Cartan Matrices
Let us start with the construction of Lie (super)algebras with Cartan matrix. Let A =
(A;j) be an n x n-matrix whose entries lie in the ground field K. Lettk A =n — [. It

means that there exists an / x n-matrix 7 = (7;;) such that

(a) the rows of T are linearly independent;

(b) TA = 0 (or, more precisely, “zero / x n-matrix”). (D)

! In other words, A is the matrix with the maximal number of not connected grey vertices in its Dynkin—Kac
diagram Dy, ; in terms of A, this means that .4 has the maximal number of zeros on its main diagonal and
if Aj; = Ajj =0,then A;; = Aj; =0.
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The Roots of Exceptional Lie Superalgebras 67

Indeed, if rk AT = rk A = n — [, then there exist [ linearly independent vectors v;
such that ATv; = 0; set

Tij = (vi)j.

Let the elements e;—L andh;,wherei = 1, ..., n, generate a Lie superalgebra denoted
g(A, I), where I = (p1,...pn) € (Z/2)" is a collection of parities (p(eii) = pi),
free except for the relations

lef, ;1= 8ijhi; [hi,e7]1=*A;je; and[h;, hj]=0foranyi, j.  (2)

Let Lie (super)algebra with Cartan matrix g(A, I) be the quotient of g(A, I) modulo
the ideal explicitly described in Grozman and Leites (2001) and Bouarroudj et al.
(2010).

By abuse of notation we denote by ejt and & j—the elements of g(A, I)—and also
their images in g(A, I) and g’ (A, I). We call these images the Chevalley generators
of g(A, I),and g’ (A, I), provided A is normalized, cf. Sect. 2.5.1. (There is no name
for their pre-images in g(A, I); we used to call them Chevalley generators as well, by
abuse of notation.)

2.1.1 In Small Font
First, observe that the formula

degeii =(0,...,0,%1,0,...,0) with £ in the ith slot 3)
determines a Z"-grading in g(A, ). The additional to (2) relations that turn g(A, I)
into g(A, I) are of the form R; = 0 whose left sides are implicitly described, for the

general Cartan matrix with entries in K, as

the R; that generate the Z"-graded ideal v maximal among the ideals of g(A, I)

whose intersection with the span of the above #; is zero. 4
Set
ci= Y Tijhj, wherei=1,....1 )
1<j<n

Then, from the properties of the matrix 7', we deduce that

(a) the elements ¢; are linearly independent;

(b) the elements c¢; are central, because

leiefl=+| Y Tudy | ef =£(TA)je}. ©)

1<k<n
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68 S.Bouarroud;j et al.

The existence of central elements means that the linear span of all the roots is of
dimension n — [ only. (This can be explained even without central elements: The
weights can be considered as column-vectors whose i-th coordinates are the corre-
sponding eigenvalues of ad j,,;. The weight of e; is, therefore, the i-th column of A.
Since rk A = n — [, the linear span of all columns of A is (n — I)-dimensional just by
definition of the rank. Since any root is an (integer) linear combination of the weights
of the ¢;, the linear span of all roots is (n — [)-dimensional).

This means that some elements which we would like to see having different (even
opposite if p = 2) weights, actually, have identical weights. To remedy this, we do
the following: let B be an arbitrary / x n-matrix such that

the (n 4+ /) x n-matrix (B

A) has rank 7. @)

Let us add to the algebra g = g(A, I), and hence g(A, I), the grading elements d;,
wherei = 1, ..., [, subject to the following relations:

[di, 71 = £Bjje;; [di,dj1=0; [di,hj1=0 ®)

(the last two relations mean that the d; lie in the Cartan subalgebra, and even in the
maximal torus which will be denoted by b).

Note that these d; are outer derivations of g(A, I )(1), i.e., they can not be obtained
as linear combinations of brackets of the elements of g(A, 1), i.e., the d; do not lie in
a(A, DO,

2.2 Roots and Weights

In this subsection, g denotes one of the algebras g(A, I) or g(A, I).
Let b be the span of the /; and the d;. The elements of h* are called weights. For
a given weight o, the weight subspace of a given g-module V is defined as

Vo = {x €V | an integer N > 0 exists such that («(h)—ad )N x =0 for any h €b}.
Any non-zero element x € Vj, is said to be of weight «. For the roots, which are
particular cases of weights if p = 0, the above definition is inconvenient for various

reasons, e.g., see Kuznetsov and Chebochko (2000), Bouarroudj et al. (2019), Krutov
et al. (2020).

2.2.1 Statement

(Root decomposition Kac 1995) Over C, the space of any Lie algebra g(A) can be
represented as a direct sum of subspaces

g=EP s ©)

aeh*
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The Roots of Exceptional Lie Superalgebras 69

Note that if p = 2, it might happen that h C go. (For example, all weights of the
form 2« over C become 0 over K.)

For the Lie (super)algebras g := g(A) with Cartan matrix A, we assume that
the elements eijE with the same superscript (either + or —) correspond to linearly
independent roots «;, called simple roots. Any non-zero element o« € R" is called a
root if the corresponding subspace homogenous with respect to the Z"-grading? of
grade o (we denote this subspace by g,) is non-zero. The set R of all roots is called
the root system of g.

The terms “root” and “root space” are often applied to various “relatives” of g(A),
e.g., the ith derived algebra g ") or quotients of g or g modulo center, such as psl(a|a).

Thus, any root « such that g, 7~ 0 lies in the Z-span of {«q, ..., oy}, i.e.,

i= D e (10)

Thus, g has a R”-grading such that el.i has grade (0, ...,0,%1,0,...,0), where
=+1 stands in the i-th slot (this can also be considered as Z"-grading, but we use R”
to simplify formulations of various statements). If p = 0, this grading is equivalent to
the weight grading of g. If p > 0, these gradings may be inequivalent; in particular, if
p = 2, then the elements el.+ and e;” have the same weight. (This is one of the reasons
why in what follows we consider roots as elements of R”, not as weights; for one more
reason, see Krutov et al. 2020).

Clearly, the subspaces g, are purely even or purely odd, and the corresponding
roots are said to be even or odd.

2.3 Systems of Simple and Positive Roots

In this subsection, g = g(A, I), and R is the root system of g.
For any subset B = {01, ...,0m} C R, we set (we denote by Z the set of non-
negative integers):

R? ={d€R|a= :I:Zniai, where n; € Z4}.

The set B is called a system of simple roots of R (or g) if o1, ..., oy, are linearly
independent and R = R;F U Ry . Note that R contains basis coordinate vectors, and
therefore spans R”; thus, any system of simple roots contains exactly n elements.

Let (x, y) = ) x;y; forany x, y € R" denote the standard Euclidean inner product
in R”. A subset R C R is called a system of positive roots of R (or g) if there exists
x € R" such that

(e, x) € R\{0} forall & € R,

11
Rt ={x e R| (a x) >0} (b

2 NOT the eigenspace! That’s the whole point. Eigenspaces (which are determined by the action of h)
correspond to weights, not to roots.
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Since R is a finite set, then the set
{y € R" | there exists @ € R such that («, y) = 0}

is a finite union of (n — 1)-dimensional subspaces in R”, so it has zero measure. So
for almost every x, condition (11) holds.

By construction, any system B of simple roots is contained in exactly one system
of positive roots, which is precisely Rg.

2.3.1 Conjecture

(Simple roots). (1) Any system R™ of positive roots of §(A) contains exactly one system
of simple roots. This system consists of all the positive roots (i.e., elements of R™) that
can not be represented as a sum of two positive roots.

(2) For any system of simple roots {01, ..., o0,} in g(A, I), there is a pair (A’, I")
such that there is an isomorphism between g(A, I) and g(A’, 1"y which maps b to b and
(A, Do, 10 g(A', I')(0.....0.41.0.....0), with £1 in i-th position, foralli =1, ..., n.

We do not know an a priori proof of this Conjecture. Item 1) is, however, true
for Lie algebras and Lie superalgebras of the form g(A) with A indecomposable and
dim g(A) < oo. About item 2), see Lebedev’s comment 3.2.2.

2.4 Normalization Convention and Equivalent Cartan Matrices
Clearly,
the rescaling eijE — \/)Tieii, sends A to A’ := diag(Aq, ..., Ay) - A. (12)

Two pairs (A, I) and (A’, I') are said to be equivalent if (A’, I') is obtained from
(A, I) by a composition of a permutation of parities and the corresponding permutation
of the matrix’s rows and columns with a rescaling A’ = diag(A1, ..., A,) - A, where
M, ...y Ay # 0. Clearly, equivalent pairs determine isomorphic Lie superalgebras.

The rescaling affects only the matrix Ap, not the set of parities /5. The Cartan
matrix A is said to be normalized if

Ajj=0o0r1,or2. (13)

Welet Aj; = 2onlyifi; = 0: in order to eliminate possible confusion, we write
Ajj=0orlifi; =0, whereasifi; = 1, we write A;; = O or L.

Normalization conditions correspond to the “natural” Chevalley generators of the
most usual® “building blocks” of finite-dimensional Lie (super)algebras with Cartan

3 Together with the possibility to build any simple Lie algebra with Cartan matrix over C and many Lie
(super)algebras with Cartan matrix over various fields by just two generators, see Grozman and Leites (1996),
there are other types of “building blocks”. For simple modular Lie (super)algebras, to describe relations
between a pair of generators, as for “Lie algebra of matrices of complex size”, see Grozman and Leites
(1996), is probably impossible in general because of the lack of complete reducibility of exterior powers of
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The Roots of Exceptional Lie Superalgebras 71

matrix: s[(2) if A;; =2, or gl(1|1) if A;; =0, or osp(1]2) if Aj; = 1, respectively.
(In this paper we do not need “less usual” building blocks—Lie superalgebras with
Ajj = 0 or 1 because they do not contribute to the list of Lie algebras of the type we
consider: finite-dimensional modular, see Bouarroudj et al. (2009), nor are they needed
to construct affine Kac—-Moody or hyperbolic (almost affine) Lie (super)algebras, see
Chapovalov et al. (2010).)

For the role of the “best” (first among equals) order of indices we propose the one
that minimizes the value

max i—j 14
i,je{l,....n} suchthat(AB),-j;éOl ]| (14

(i.e., gather the non-zero entries of A as close to the main diagonal as possible).
Observe that this numbering differs from the one that N. Bourbaki uses for the e type
Lie algebras.

We will only consider normalized Cartan matrices; for them, we do not have
to indicate the set of parities 1.

2.4.1 Warnings

(1) The notion of Cartan matrix, see Kac (1995), is standard now. However, for reasons
difficult to understand, neither for Lie superalgebras, nor for modular Lie algebras
the definitions of the Cartan matrix, nor analog of the Dynkin diagram were
correctly formulated until Bouarroud;j et al. (2009) (in the modular case) and
Chapovalov et al. (2010) (for p = 0) were made available. And it is still possible
to hear or read “consider the central extension of the loop algebra g*(!) with values
in simple finite-dimensional Lie algebra g; this central extension has Cartan matrix
and Dynkin diagram extending those of g”, whereas it is the double extension of
g‘@) that has a Cartan matrix. Likewise, simple Lie superalgebras psl(a|a) in
characteristic 0 as well as psl(a|a + pk) in characteristic p > 0 (and their central
extensions sl(a|a) and sl(ala + pk)) do not have a Cartan matrix, whereas the
double extensions gl(a|a) and gl(a|a + pk) of the simple Lie superalgebras have
Cartan matrices. For a definition of double extension and succinct review for any
p, see Bouarroudj et al. (2019).

(2) Unlike the case of simple finite-dimensional Lie algebras over C, where the nor-
malized Cartan matrix A is defined uniquely (up to a permutation of rows and
columns), generally this is not so: each row with a 0 or 0 on the main diag-
onal can be multiplied by any nonzero factor. For example, when interested in
non-degenerate invariant symmetric bilinear forms on g, see Bouarroud; et al.
(2018), we multiply the rows so as to make Ap symmetric, if possible, spoiling
normalization.

Which version of the Cartan matrix should be considered as its “normal form™?
The defining relations give the answer: The normalized Cartan matrix is used, for

Footnote 3 continued

the adjoint module and because it is unclear what are analogs of “principal embedding” of s((2). For p = 0
and having replaced s[(2) by osp(1|2), we can consider such analogs in the cases classified in Leites et al.
(1986)—when there are “superprincipal embeddings”.
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72 S.Bouarroud;j et al.

example, to describe relations between the Chevalley generators of the same sign,
see Grozman and Leites (2001, 2005), Bouarroudj et al. (2009, 2010).

2.5 Remark: Which Systems of Simple Roots is Distinguished?

Let B = {«y, ..., a,} be a system of simple roots. Choose non-zero elements el.fE in
the 1-dimensional superspaces g-+q;; set i; = [el.+, e; 1, let Ap = (A;j), where the
entries A;; are recovered from relations (2), and let /g = {p(e1), --- , p(en)}.

It would be nice to find a convenient way to fix some distinguished pair (Ap, Ip)
in the equivalence class.

2.5.1 Chevalley Generators and Chevalley Bases

We often denote the set of generators of g(A, I) and g)(A, I) corresponding to
a normalized Cartan matrix by X?E, R X,? instead of eft, R e,jf; and call these
generators, together with the elements H; := [X f , X; ], and the derivations d, see (8),
the Chevalley generators.

For p = 0 and normalized Cartan matrices of simple finite-dimensional Lie alge-
bras, the set of Chevalley generators can be uniquely (up to signs) extended to a basis
all whose elements are homogenous with respect to the grading and all structure con-
stants are integer, cf. Strade (2004). A certain choice of signs gives what is called
a Chevalley basis.

Observe that, having normalized the Cartan matrix of sp(2n) so that A;; = 2 for all
i # n,but A,, = 1, we get another basis with integer structure constants. We think
that this basis also qualifies to be called Chevalley basis.

For any p and Lie superalgebras osp(2m + 1|2n) such normalization is a must.
Summing up, a Chevalley basis of g(A) with a normalized Cartan matrix A is a one
with generators X li and H;, where all elements are homogenous with respect to the
grading induced by Eq. (3) and some additional requirements on structure constants,
see Cohen and Roozemond (2009). Everything goes as for p = 0 if A has integer
elements and all structure constants lie in Z/ pZ; otherwise we do not know how to
define “Chevalley basis”. These exceptional cases are

br(2; ¢) fore #0and p = 3, osp,(4|2) fora # 0, —1 and p # 2;
wE(3; o) and bgl(3; o) as well as wE(4; o) and bgl(4; o) fora £ 0, 1 and p = 2.
(15)

2.6 Reflections

Let R be the system of positive roots of Lie superalgebra g over a field K of

characteristic p > 0, and let B = {01, ..., 0,} be the corresponding system of simple
roots and the corresponding pair (A = Ap, I = Ip). Then, forany k € {1, ..., n},
the set

(R™\{moy | m € Zy,moy € R*) [ [{—moy | m € Zy,moy € RT}  (16)
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is a system of positive roots. The reflection in o} changes the system of simple roots
by the formulas

op=17 = (17)
ro, (o)) =
P oy + Bijor itk #

where By; is the maximal m € Z such that o; +may € R provided we consider Z/ pZ
as a subfield of K.

The name “reflection” is used because in the case of simple finite-dimensional com-
plex Lie algebras this action, extended on the whole R by linearity, is a map from R to
R, and it does not depend on R, only on oy. This map is usually denoted by r, or just
ri. The map r,, extended to the R-span of R is reflection in the hyperplane orthogonal
to oy relative the bilinear form dual to the nondegenerate invarient symmetric bilinear
form.

The reflections in the even (odd) roots are referred to as even (odd) reflections. A
simple root is called isotropic, if the corresponding row of the Cartan matrix has zero
on the main diagonal, and non-isotropic otherwise. The reflections that correspond to
isotropic or non-isotropic roots will be referred to accordingly.

2.6.1 On Weyl Groups and Groupoids

(A) If there are isotropic simple roots, the reflections r, do not, as a rule, generate
a version of the Weyl group because the product of two reflections in nodes not
connected by a (perhaps, multiple) edge is not defined. These reflections just connect
a pair of “neighboring” systems of simple roots, and there is no reason to expect that
we can multiply such two distinct reflections. In the case of modular Lie algebras, and
in the case of Lie superalgebras for any p, the action of a given isotropic reflection
(17) can not, generally, be extended to a linear map R — R. For Lie superalgebras
over C, one can extend the action of reflections by linearity to the root lattice, but
this extension preserves the root system only for sl(m|n) and osp(2m + 1|2n), cf.
Serganova (1996).

(B) At seminars of Manin and Leites in early 1980s in Moscow, discussions of the
question

For Lie superalgebras, what might versions of
the “Weyl group generated by reflections” be? (18)

culminated in the following answers.

(0) In 1978-80, Bernstein and Leites classified the irreducible finite-dimensional rep-
resentations of vectorial Lie superalgebras vect(m|n), in particular, vect(0|2) =~
50(1|2) =~ osp(2]2). This result and its generalization for vect(0|m), sl(1|n) and
0sp(2|2n) yielded analogs of Weyl character formula, where the analog of the
Weyl group of these Z-graded Lie superalgebras g played the Weyl group of g,
see a review (Leites 1985, p. 2504). This answer to the question (18) did not,
however, look satisfactory for many reasons.
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(1) Manin and Voronov introduced the notion of a super Weyl group in relation to
the geometry of homogeneous superspaces. They constructed Schubert supercells
which were labeled by elements of a super Weyl group, see Manin and Voronov
(1988).

(2) In Heckenberger and Yamane (2008), Heckenberger and Yamane answered the
question (18) Serganova formulated in Serganova (1996): they introduced Weyl
groupoids. Cuntz and Heckenberger reformulated the definition of Weyl groupoids
in terms of Cartan schemes, see Cuntz and Heckenberger (2009).

(3) Sergeev and Veselov (2017) and references therein, gave a non-equivalent, as far
as we understand, definition of the Weyl groupoid in the super case.

(4) It is interesting to extend the question (18) to modular Lie (super)algebras. We
would like to draw attention of the reader to an under-appreciated paper Skryabin
(1993), where the analog of Weyl group was considered in relation with br(3). This
analog seems to be most close to the groupoid defined by Sergeev and Veselov.

(5) Completely independent approach to analogs of “Weyl group” for modular Lie
algebras without Cartan matrix is due to Premet, see Bois et al. (2014) and
references therein. This approach is meaningful for vectorial and periplectic (pre-
serving an odd non-degenerate symmetric bilinear form) Lie superalgebras over
fields of any characteristic.

2.6.2 How Reflections Act on Chevalley Generators

If o; is an odd isotropic root, then the corresponding reflection r; sends one set of
Chevalley generators into a new one:

By 3 (X, X)) if A #£0,
XF=XxF, xt={"1""/ Y (19)

i - .
/ X Ji otherwise.

If o} is an even isotropic root (i.e., iy = 0) and p > 0, then the corresponding
reflection ry acts as follows: for j # k, we have:

L\ p—lyE g .
T oxE g (adxki) Xj if Ag; #0,
k= %k i =

; (20)

X jc otherwise.

The Cartan matrix r; (A) corresponding to the Chevalley generators (19) should be
obtained as described above: set

and compute
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Normalize the matrix B as we agreed, see Sect. 2.4; let B be the normalized matrix.
Then, 7 (A) := B = (B;j).

2.6.3 How Reflections Act on Cartan Matrices ([Lebedev 2008,
Chapovalov et al. 2010])

Let A be a Cartan matrix of size n and I = (py, ..., pp) the vector of parities. If

Pk = 1 and A = 0, then the reflection in the kth simple odd root sends A to r¢(A),
and I to ri (1), where

(re(A))ij = Aij +ciAgj +bjAix, 1(pj)=pj+b; (mod?2) 2D

and where
-2 ifi =k, -2 if j =k,

i =10 ifi#kandAik207 and bj= 0 ifj;ékandAijO,
FLif i 5 kand A # 0; I if j # kand Ajx # 0.

This can be expressed in terms of matrices as
rk(A) = (E + CO)A(E + B),

where all columns of the matrix C, except the kth one, are zero, whereas the ith
coordinate of the kth column-vector is ¢;, the ith coordinate of the kth row-vector of
B is b;, the other rows of B being zero; E is the unit matrix.

3 Lebedev’'s Comments

Serganova (1984) proved (for p = 0) that for two systems of simple roots B and By,
there is always a chain of reflections connecting a system of simple roots B; with
either some system of simple roots B} equivalent to a system of simple roots B, in the
sense of definition in Sect. 2.4 or with — B). Here is a version of Serganova’s statement
suitable for any p.

3.1 Lemma

(Any two systems of simple roots are connected by a chain of reflections) For any
two systems of simple roots By and By of any finite-dimensional Lie superalgebra with
Cartan matrix, there is always a chain of reflections connecting By with B;.

Let me start with a statement I am certain of. I will formulate it in terms which I
will define without any relation to Lie superalgebras with Cartan matrices (CM LSA),
so that the proof wouldn’t rely on any properties of CM LSA I am not sure about. But
I will use terms which are also used for concepts related to CM LSA.
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Let R be a non-empty finite subset of the vector space V = R" such that 0 ¢ R
and —r € R for all » € R. We will call such a set R a system of roots; compare this
definition with that in Serganova (1996, p. 4298).

A subset P C R will be called a system of positive roots if there is an h € V* such
that A(r) #Oforallr € Rand P = {r € R | h(r) > 0}.

A non-empty subset L C R will be called a root ray if it is a maximal subset of
R such that all of its elements are positive multiples of each other, or, equivalently, if
there isan rg € R suchthat L = {r € R | r = crg for some ¢ € R.}; for an element
r € R, we will denote the root ray it belongs to by L,.

Clearly, if P is a system of positive rootsandr € P,then L, C P.If P isa system
of positive roots, we will call a rootray L C P simple in P if there is an h € V* such
that A(r) =0 forallr € L and h(r) > O forall r € P\L.

3.2 Statement

(On chains of positive root systems) Let P’, P” C R be two system of positive roots.
Then, there is a finite sequence of positive systems of roots

Pi=P,P),...,P, =P

such that each next one is obtained from the previous one by removing a simple root
ray and adding the opposite ray, i.e., for everyk = 1,...,m — 1, there is a root ray
L simple in Py such that Pry1 = (P\L) U —L, where —L = {—x | x € L}.

Proof We will prove it by induction on | P"\ P”|. If it is equal to 0, i.e., P’ C P”, then
P’ = P”, and the fact is trivial.

Now, let |P'\P"| > 0. Let /', i € V* be two elements which define P’ and P”.
Consider the convex envelope of P'U{0}. Itis a bounded convex polytope, and 0 is one
of its vertices, since the (n — 1)-dimensional plane 4’(x) = 0 passes through 0 and the
rest of the polytope lies on one side of the plane. At least one of the vertices connected
to 0 by an edge must lie outside of the half-space 4”(x) > 0, because otherwise the
whole polytope lies within that half-space, which would mean that P’ C P”; let us
denote this vertex ry.

Then, the root ray L, is simple in P’, since there is a half-plane containing the
edge connecting rg and 0 such that the rest of the polytope lies on one side of it, i.e.,
thereis iy € V* suchthath(r) =Oforallr € L, and hi(r) > Oforallr € P\L,,.
Then, for a sufficiently small ¢ > 0, the element 1} — ¢h’ determines positive system
Py := (P'\Ly,) U —L,,. Since L,, C P’, it follows that (—L,,) N P' =@, so

|P\P"| = |P'\P"| = |Ly| < |P"\P"],
and by the induction hypothesis, there is a sequence of systems of positive roots of the

required form connecting P; and P”, and by prepending P’ to it, we get a sequence
of systems of positive roots connecting P" and P”. O
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3.2.1 Proof of Lemma 3.1

The system of roots of any finite-dimensional Lie superalgebra g(A) is a system of
roots in the sense of the definition in Sect. 3, and its subset is a system of positive
roots if and only if it is a system of positive roots in the above sense. Assuming that
Conjecture 2.3.1.1) is true, there is a one-to-one correspondence between systems
of positive roots and systems of simple roots, and a simple root ray has to contain
a simple root. So if we define reflections as “removing a root ray with a simple root
(i.e., all positive multiples of a given simple root) and adding the opposite root ray”,
then the above argument proves Lemma 3.1 in view of Conjecture 2.3.1.1). O

3.2.2 On Conjecture 2.3.1.2

When we construct the Lie superalgebra g = g(A, I), we start with elements el.i. Let
me call the roots which correspond to e;" basic roots. The basic roots form a system of
simple roots in the sense of definition in Subsect. 2.3; but we can choose some other
system of simple roots, let us denote them o1, ..., o;,. Conjecture 2.3.1.2 claims that
all systems of simple roots are equally suitable for constructing g as a Lie superalgebra
with Cartan matrix, i.e., that we could construct g so that o7, ..., o, would be basic
roots, with some other pair (A’, I').

3.2.3 On the Reviewer’s Question: “Aren’t All Root Spaces 1-dimensional?”

Assume definitions of Sect. 3; then, since in the above proof (Sect. 3.2.1) we change
one system of positive roots into another by replacing root rays with their opposites
one by one, and at each step, the root ray we replace is simple in the current system
of positive roots, it means that every root of g(A, I) is a multiple of a simple one. If
we assume that Conjecture 2.3.1.2 holds, then every root space is 1-dimensional.

4 Roots and Root Vectors

Let the m; be the fundamental weights relative to a fixed system of simple roots. For
any simple Lie algebra with Cartan matrix, let R(}_ a;7;) denote both the irreducible
representation with highest weight (ay, az, . ..) and the respective module. The tau-
tological module over the Lie algebra of series s, o or sp is denoted by id := R(iy).

By Ng(A) we denote the realization of g(A) corresponding to the Nth Cartan
matrix A as listed in Bouarroud; et al. (2009). The odd root vectors are and
isotropic roots are underlined.

4.1 0sp(4|2; a), ag(2),and ab(3) forp > 5

The answer is the same as is well-known for p = 0, namely (here sl;(2) is the ith
copy of sl(2) with the tautological module id;):
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osp(4]2; a)p = sly 2) ®sh(2) dslz(2) osp(412; @)1 = id) Midy Kid3
ag(2)g = sl2) ® g(2) ag(2)] = id X R(mry)
ab3)g = sl(2) @ o(7) ab@3); = id X R(my)

Each of the other exceptional Lie superalgebras g(A) with indecomposable Cartan
matrix A exists only in characteristics 2, 3 and 5. The Lie superalgebras 3g(2, 3) and
1g(3, 3) (indigenous to p = 3) resemble 3ag(2) and 6ab(3) (existing for p = 0
and any p > 3), respectively, other exceptional Lie superalgebras g(A) have no
analogs except for two pairs btj(2; 5) <> brj(2; 3) and ¢l(5; 5) <> ¢l(5; 3) (existing
for p =5 <> p = 3) which we consider one after the other for clarity.

Every Cartan matrix is considered only once, for p declared. More precisely, certain
Lie (super)algebras have incarnations in several characteristics their elements being
integers of parameter a evaluated in K. For example, osp(4|2; a), ag(2), and ab(3)
have incarnations for p > 5 and 0 and two pairs of exceptions (btj(2; 5) <> brj(2; 3)
and el(5; 5) < ¢l(5; 3)) have incarnations for p = 3 and 5. A version of osp(4|2; a)
for p = 2 is called bgl(3; a); its desuperization—to¥(3; a)—has the “same” Cartan
matrix, but with different diagonal elements (0 instead of 0). One can not consider any
of the Cartan matrices for values of p different from those declared (if one does, one
gets an infinite-dimensional algebra: thanks to the classification).

Recall that the Cartan matrix of the Brown algebra bt (2; ) is (_22 1__ 15) ,where
e #0.
4.2 1btj(2; 5) of sdim 10|12,p =5

For g = brj(2;5), we have g5 = sp(4) = br(2; —1) and g7 = R(m + m2) is
irreducible gz-module. We consider the Cartan matrix and basis elements

the root vectors the roots

[x1 ] [x2] @1, a2

x3 = [x1, 221, x4 = [x2, x2] o) +o2, 2a

0 —1 = [x2, [x1, x2]] al + 20

<_2 1 > x6 = [[x1, x2], [x2, x2]] ar + 3az

= [[x1, x21, [x2, [x1, %2111, 201 + 30,

= [[x2, x2], [x2, [x1, x2]]] ) + 4o

x9 = [[x1, x2], [[x1, x2], [x2, x2]]] 201 + dar

= [[x2, [x1, 2211, [[x1, x2], [x2, 22011 | 201 + Sz

4.3 1btj(2; 3) of sdim 10|8,p = 3

For g = btj(2; 3), we have g5 = br(2; 1) and g; = R(2m7) as gg-module. We consider
the Cartan matrix and basis elements
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the root vectors the roots
EEA a1, @
0 -1 x3 = [x1, x2], x4 = [x2, x2] ay + a2, 202
( ) = [x2, [x1, x2]] o) + 22
x6 = [[x1, x2], [x2, x2]] aj + 3oz
= [[x2, x2], [x2, [x1, x2]]] a1 + 4o
xg = [[x1, x2], [[x1, x2], [x2, x2]1] | 201 + 4ar

4.4 1¢((5; 5) of sdim = 55[32,p =5

For g = el(5; 5), we have g5 = o(11) and g7 = R(7rs) as gg-module. We consider the

Cartan matrix

2 0-10 0
020 01
10 0 —4—4
0 0 —40 —2
0 —1-4-20

the Chevalley basis and the root system are:

the root vectors

the roots

oy, @, 03,04, A5

=[x1, x3], =[x2, x5], x3 = [x3, x4],

x9 = [x3, x5], x10 = [x4, x5]

o] + a3, 0 + o5, 03 + o4,
a3 +as, a4 +as

x11 = [x3, [x2, x511, x12 = [x4, [x1, x31],
x13 = [x4, [x2, x5]1, x14 = [x5, [x1, x3]],

=[xs, [x3, x411

ay +a3 +os5, 01 +o3 + oy,
oy o4 +as5, a1 + o3 +as,
a3 + o4 + o5

x16 = [lx1, x3], [x2, x511,

[x17 |=[lx1, x3], x4, x510,
=[[xz,x5], [x3, x4l

x19 | =[[x2, x5, [x4, x51]

] +oy +a3 +as,
o] +a3 +ag4 +as,
a +o3 +a4 +as,
oy 4+ aq + 205

=[lx2. xs]. [x4. [x1, 3111,
x21 = [[x3, x5], [x4, [x1, x3]1],
x22 = [[xg, x5], [x3, [x2, x5]1],
x23 = [[x4, x5], [x4, [x2, x5]1]

o] +oap +a3 +oayg +as,
ay + 2a3 + oy + as,
oy + a3 + aq4 + 2as,

oy + 204 + 205

x4 = [[x3, [x2, x5]11, [x4, [x1, x3]1],
x5 = [[x4, [x2, x5]11, [x5, [x1, x311],

=[[X4, [x2, x5]], [x5, [x3, x4]]]

o] +ap + 203 + g4 + a5,
o] + a2 + a3 + aq + 2as,
ay + a3 + 204 + 205
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[27 |=[lxs. [z, xs]0. [y 13 [xg, xs11),
[28 | =[lxs. [x3. xg]]. [Ty, 131, [x2, x511),

x29 = [[xs, [x3, x4]11, [[x2, x5], [x4, x5]1]

o] + g + a3 4+ 204 + 205,
o] + oy + 203 + a4 + 205,
o) + a3 + 204 + 35

x30 = [llx1, x31, [x4, x5]11, [[x2, x5], [x3, x4111,
x31 = [llx1, x31, [x4, x5]11, [[x2, x5], [x4, x5]11],
x32 = [[lx2, x5, [x3, x411, [[x2, x5], [x4, x511]

o] + o + 203 + 204 + 205,
o] + g + a3 + 204 + 3as,
209 + a3 + 204 + 35

x33 = [[[x2, ¥5], [¥4, ¥511, T2, x5T, Txa, T, 3111,
[34 |=Illx2, xs]. [x4, xs11, [[x3, x51], [x4, [x1, x3110]

o] + 202 + a3 + 204 + 3as,
o] + ag + 203 + 204 + 35

=[[[xzyXS], [xq, [x1, x3]11, [[x4, x5], [x3, [x2, x5]111,
x36 = [llx3, x5, [x4, [x1, x3111, [[x4, x5], [x4, [x2, x5]11]

o1 +22+203+204+ 305,
o) +ar+2a3+3a4+305

x37 = [[[x4, x51, [x3, [x2, x5111, [[x4, [x2, x5]11, [x5, [*1, x31111,
x38 = [[[x4, x5], [x4, [x2, x5]1], [[x3, [x2, x5]1, [x4, [x1, x3]]1]

o) + 200 + 203 + 204 +4as,
a1 + 209 + 203 + 304 + 305

=[[lx4.[x2.x51), x5, Lxr.x31, (g, Lo, xs10, [xs, [x3, x4101]

o +2a2 42034304 +4as

x40 = [[[x4, [x2, x5]11, [x5, [x3, x4]1],
[[x5, [x3, X411, [[x1, x3], [x2, x5]1]]

o1 + 209 + 303 + 304 +4os

x41 = [[lx4,[x2,x5]1,[[x1,x3], [x4,x5]1],
[[x5,[x3,x4]], [[x1,x3], [x2, xs]11]

201 + 20 + 303 + 304 +4as

4.5 7¢((5; 3) of sdim = 39|32,p =3

For g = ¢l(5; 3), we have g5 = 0(9) ® sl(2) and g7 = R(7r4) X id as gg-module. We
consider the Cartan matrix and Chevalley basis elements

0 0 0-20
0 2 0-10
0 0 0 —-1-2
-2-1-10 0
0 0-200

the root vectors

the roots

(o] o2, [xap [xa} [ 35 ]

o1, @, &3, ¢4, A5,

X6 = [x1, x4],

= [x2, x4],

xg = [x3, x4],
X9 = [x3, xs],

o1 + a4,
o + a4,
o3 + oy,
a3 +os,

x10 = [x2, [x1, x4]1,

= [x3, [x1, x4]1,

x12 = [x3, [x2, x4]],

= [xs, [x3, x4]],

o] + a2 + a4,
o] + a3 + a4,
oy + a3 + o4,
o3 + o4 + a5,
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= [x3, [x2, [x1, x4]11,

x15 = [[x1, x4], [x3, x5]1,
x16 | = [[x2, x4], [x3, x4]1,
x17 | = [[x2, x4], [x3, x5]],

o] oy +a3+ oy,
o] +o3 + o4+ os,
204 + an + a3,

o +a3 + o4 +os,

x18 = [[x2, x4], [x5, [x3, x4]1],
x19 = [[x3, x4], [x2, [x1, X411,
x20 = [[x3, x4], [x3, [x2, x4]11,
x21 = [[x3, x5], [x2, [x1, x4]]],

204 + a2 + a3 + as,
2004 + o1 +ap + a3,
203 + 2004 + a2,

o) t+or+a3+ag+as,

= [[x2, [x1, x4]l, [xs, [x3, x4111,
= [[x3, [x1, xall, [x3, [x2, x4]1],

x24 | = [[x3, [x2, x4]1, [x5, [x3, x4]1],

204 + a1 + a2

+o3 + s,

203 + 2004 + a1 + @2,
23 + 204 + a2 + a5,

x25 = [[x3, [x1, x4]1, [[x2, x4], [x3, x4]11,

203 4+ 304 + @1 + a2,

x26 = [[xs, [x3, x4]1, [x3, [x2, [x1, x4]111, 203204+ oz +as,
x27 = [[x3, [x2, [x1, x4]11, [[x2, x4], [x3, x4]]], 20042034304+,
= [[[x1. x4], [x3, x5]], [[x2, x4, [x3, x4]11, 203 + 3o4 +
toas +os,
x29 = [[lx1, xa], [x3, x5]1, [[x3, x41, [x3, [x2, x4]111, 3a3+3as+ai+axtas,
= [[[x2, x4], [x3, X511, [[x3, x4, [x2, [, 241000, | 20 + 203 + 30
+op +as,
x31 = [[[x3, x4, [x3, [x2, x4]11, 2004+303+304 +
[[x3, x5], [x2, [x1, x4]1111, ay+os,
= [[[x3, x4l, [x3, [x2, x4]11,
[[x2, [x1, x4]1, [x5, [x3, x4]]11, 200+3a3+4as+o1+as,
x33 = [[[x2,[x1,x4]1,[x5,[x3,x4]1],
[[x3,[x1,x4]], [x3, [x2, x4]11] 201200 +303+4as+os

4.6 1g(1, 6) of sdim21|14,p =3

For g = g(1, 6), we have g5 = sp(6) and g7 = R(7r3) as gg-module. We consider the
2 -1 0
Cartan matrix | —1 1 —1
0 —-10

and the Chevalley basis elements
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the root vectors the roots
xn[x2 ] [xs] a1, a2, 03,

= [x1, 2], x5 = [x2, x2], X6 = [x2, x3],

ay + oo, 20, an + a3,

x7 = [x2, [x1, x211, x8 = [x3, [x1, x2]],

= [x3, [x2, x2]1,

200 + a1, 0 + a2 + a3,
200 + a3,

x10 = [[x1, x21, [x1, x211,

'x—ll‘ = [[x1, x21, [x2, x3]1,

201 + 202, 200 + o1 + @3,

= [[x1, x2], [x3, [x1, %2111,

x13 = [[x2, x31, [x2, [x1, x2111,

201 + 202 + a3,
3ar + a1 + s,

x14 = [[x2, [x1, x21], [x3, [x1, x2]11,

201 + 3o + a3,

= [[x3, [x2, 2211, [[x1, x21, [x1, x2]11

201 + 4o + a3,

x16 = [[[x1, x2], [x2, x3]1, [[x1, x2], [x2, x3]]]

201 + 203 + 4oy

4.7 29(2, 3) of sdim 12/10|14,p = 3

Forg = g(2, 3), wehave g5 = gl(3)@sl(2) and g; = psl(3)Xid as gz-module. Clearly,

0 0 —1
91(2,3)/0)5 = psl(3) @ sl(2). We consider the Cartan matrix | 0 0 —1 | and
—-1-10
the Chevalley basis elements
the root vectors the roots
[x1} [} [xs] o1, 02, 03,

x4 = [x1, x3], x5 = [x2, X3],

o1 + a3, 0 + o3,

= [x2, [x1, x3]],

o] + oo + o3,

x7 = [[x1, x3], [x2, x3]],

23 + a1 + oo,

= [[x1, x3], [x2, [x1, x3111,
= [[x2, x3], [x2, [x1, 23111,

2001 + 203 + ap,
20p + 203 + o,

x10 = [[x2, [x1, x311, [x2, [x1, x3111,

2a1 + 200 + 203,

= [lx2, [x1, 2311, [Lx1, x31, [x2, 23111

201 + 200 + 303

@ Springer



The Roots of Exceptional Lie Superalgebras 83

4.8 2g(2, 6) of sdim 36/34]20,p = 3

We have g(2,6); = gl(6) and g(2,6); = R(mw3) as g(2,6)5-module. Clearly,
(g(l)(Z, 6)/c)g = psl(6). We consider the Cartan matrix

2 -10 00
-10 -2-20
0 -2 0 =-2-1
0 -1-10 0
0 0-10 2

and the Chevalley basis elements

the root vectors the roots

xt,[x2 ) [x3] [x4] x5, ai, o, o3, 4, O,

= [x1, 020, x7 = [x2, x3], xg = [x2,x4], | o1 + 2, 00 + 03,00 + 04,
x9 = [x3, x4], | x10 | = [x3, x5], a3 + a4, 03 + o,

x11 = [x3, [x1, 211, x12 = [x4, [x1, x21], o] oy + a3, 0 +ap + ag,
= [x4, [x2, x3]], x14 = [x5, [x2, x3]], o + a3 + oy, a0 + a3 + as,
x15 = [xs, [x3, x4]1, a3 + as + as,

= [[x1, x21, [x3, x4]1, o] +ap + a3 + oy,

x17 = [[x1, x21, [x3, x5]], o1 + a2 + a3 + as,

[x18] = [[x2, x4], [x3, x5]], o) + a3 + oy + as,

x19 = [[x2, x4], [x3, [x1, x2111, 200 + a1 + o3 + a4,
: [[-x37-x5]a [-x47 [Xl,xz]]], (0] +a2+a3 +a4+a5’
x21 = [[x3, x51, [x4, [x2, x3]1], 203 + o + a4 + s,

x22 = [[x3, [x1, x21], [xs, [x3, x4]11, 203 + o1 +ap + oy + as,
x23 = [[x4, [x1, x2]], [x5, [x2, x3]11, 200 4+ a1 + a3 + o4 + o5,
= [[xs, [x2, x311, [[x1, x2], [x3, x4]11, 200 + 203 + o1 + a4 + as,
x25 = [[[x1, x2], [x3, x4]1, [[x2, x4], [x3, x5]1] 200 + 203 + 204 + a1 +as

4.9 7¢(3, 3) of sdim 23/21|16,p = 3

Let spin; := R(m3). For g = g(3,3), we have g5 = (0(7) ® Kz) ® Kd and
g7 = (spin;)4+ @ (spin;)_ as gg-module. The action of d—the outer derivative of
gV —separates the identical 0(7)-modules spin; by acting on these modules as the
scalar multiplication by +1, as indicated by subscripts, z spans the center of g(3, 3).

0-10 0
. . 1-10 —-1-2 .
We consider the Cartan matrix 0 —-12 0 and the Chevalley basis elements
0-10 0
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the root vectors

the roots

o1, o2, 03, 04,

X5 = [xl,xz], = [x2, x3], x7 = [x2, x4],

o] + o2, 02 + a3, a2 + a4,

xg = [x3, [x1, 0211, [x9 | = [x4, [x1, x2]],

x10 = [x4, [x2, x3]1,

o] +or + a3, a1 + a2 + oy,
oy + a3 + oy,

x11 | = [x4, [x3, [x1, 22111,
x12 | = [[x1, x2], [x2, x3]1,

HE

a1 +ay + o3 + oy,
200 + a1 + a3,

x13 = [[x1, x21, [x3, [x1, x2111,
X14 = [[x2, x4], [x3, [x1, x2111,

2001 + 200 + a3,
200 + a1 + a3 + a4,

x15 | = [[x3, [x1, x211, [x4, [x1, 22111,

201 + 200 + a3 + oy,

x16 = [[x4, [x1, x2]], [[x1, x2], [x2, x3]1],

201 4+ 300 + a3 + a4,

x17 = [[x4, [x3, [x1, x2111, [[x1, x2], [x2, x3]]]

201 + 203 + 30y + a4

4.10 2g(3, 6) of sdim 36|40, p = 3

For g = g(3, 6), we have g5 = sp(8) and g7 = R(7r3) as gg-module. We consider the
Cartan matrix

0 —-10 0

-1 0 1 O

0 —-11 -1

0 0 —-10

and the Chevalley basis elements
the root vectors the roots
A E) 02,00,
x5 = [x1,x2], o) + ag,
x6 = [x2, x3], oy +as,
x7 = [x3, x3], 203,
xg = [x3, x4], a3 + oy,
[ X0 | = [x3. [x1. 2211, a +ay + a3,
203 + a9,

X = [x3, [x2, x3]],
[x3. [x2, 43]] o Tostan
[x11 ] =[x, [x2, 311, 205 tog
x12 | = [x4, [x3, x31],
x13 = [[x1, x2], [x3, x3]], 203 + o + ay,
X14 = [lx1, x21, [x3, x411, o) +ap +a3 + oy,
x15 = [[x2, x3], [x3, x4]1, 203 + oy + oy,
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x16 | = [[x2, x3], [x3, [x1, %2111,
x17 | = [[x3, x4], [x3, [x1, X211,
x18 | = [[x3, x4, [x3, [x2, x3]11,

HEH

209 + 203 + a,
203 +ay + oz + oy,
a3 +ap + oy,

x19 = [[x3, [x1, x2]1, [x3, [x1, x2]11,
x20 = [[x3, [x1, x211, [x4, [x2, x3]1],
x21 = [[x3, [x1, x211, [x4, [x3, x3111,

201 4+ 20 + 203,
209 + 203 + o1 + a4,
33 + o +ap + o,

= [[x3, [x1, x211, [[x1, x2], [x3, x4]1],
= [[xg4, [x2, x31], [[x1, x21, [x3, x3]11,

201 + 209 4 203 + a4,
209 + 303 + a1 + a4,

= [[lx1, x21, [x3, x311, [[x1, x2], [x3, x4]1],
= [[[x1, x21, [x3, x311, [[x2, x3], [x3, x4]11,

201 + 209 4 303 + a4,
200 + 403 + oy + oy,

[[[x1, x21, [x3, x311, [[x3, x4], [x3, [x1, x2]111,
= [[[x1, x2], [x3, x411, [[x2, x3], [x3, [x1, x2]111,
= [[[x2, x31, [x3, x411, [[x3, x4], [x3, [x1, x2]111,

201 + 20 + 4a3 + a4,
201 + 3ap 4 303 + oy,
209 + 204 4 403 + o,

j I ;
)
| (=)}

= [[l[x2, x31, [x3, [x1, x2111, [[x3, x4, [x3, [x1, x2111],
= [[[x3, x4], [x3, [x1, x2110, [[x3, x4]1, [x3, [x1, X211,

201 + 3ap + 4a3 + oy,
201 + 209 + 204 + 43,

= [[[x3, x41, [x3, [x1, X211, [[x3, [x1, X211, [x4, [x2, x3]1111,
32 | = [[[x3, x4], [x3, [x2, x3110, [[x3, [x1, 2211, [x3, [x1, x21000,

EI

201 + 204 4 3ap + 4az,
201 + 3ap + Sa3 + ay,

= [[[x3, [x1, X211, [x4, [x2, x3]11, [[x3, [x1, x211, [x4, [x3, x3]111,

201 + 204 4+ 30 + Sz,

x34 | = [llx3, [x1, X211, [x4, [x3, x3111, [[x4, [x2, X311,
[x1, x2], [x3, x31111,

—

201 + 204 4 3ap + 63,

x35 = [[[x4, [x2, x311, [[x1, x21, [x3, X310, [[x4, [x2, X311,
[[x1, x21, [x3, x3111],

201 + 204 + 40y + 603,

= [[lxg, D2, 310, [1x1, 2], D3, X310, [T, 2],
L3, 2311, (1, %21, [x3, x4111]

204 + 30y + 4ap + 603

4.11 6g(4, 3) of sdim 24|26,p = 3

For g = g(4, 3), we have g5 = sp(6) @ s[(2) and g7 = R(2) Xid as gg-module. We

consider the Cartan matrix

0-10 0
-1 0 -20
0 -10 -1
0 0 -10

and the Chevalley basis elements
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the root vectors

the roots

[} [} () )

o, 0, 03, 04,

x5 = [x1, x2],
x6 = [x2, x3],
x7 = [x3, xX4],

o) + o,
o + a3,
a3 + o4,

= [x3, [x1, x21],

x9 = [x4, [x2, x3]],

o1 + a2 + a3,
a2 + a3 + oy,

x10 = [[x1, x21, [x3, x4]1,
x11 = [[x2, x3], [x3, x4]],

o + o2 + o3 + oy,
203 + an + a4,

= [[x2, x3], [x4, [x2, x3]11,
x13 = [[x3, x41, [x3, [x1, x2]111,
x14 = [[x3, x4], [x4, [x2, x3]111,

20 + 2a3 + a4,
203 + a1 + a2 + oy,
203 + 204 + a2,

x15 = [[x3, x4], [[x1, x21, [x3, x4]11,
x16 = [[x3, [x1, x211, [x4, [x2, x3]11,
x17 | = [[x4, [x2, x311, [x4, [x2, x3]]],

203 + 204 + a1 + a2,
200 + 203 + o + o4,
20 + 203 + 204,

x18 = [[x4, [x2, x3]], [[x1, x2], [x3, x4]1],
x19 = [[x4, [x2, x311, [[x2, x31, [x3, x4]11,

20 + 203 + 204 + o,
20 + 2a4 + 303,

= [[[x1, x21, [x3, X411, [[x2, x3], [x3, x4]11,

200 + 204 + 303 + a,

x21 = [[[x1, x2], [x3, x411, [[x2, x3], [x4, [x2, x3]11],

204 + 300 + 33 + oy,

= [[[x2, 631, [x4, [x2, x3]11, [[x3, x4],
[x3, [x1, 221111,

204 + 300 + 4oz + ay,

x23 = [[[x3, x4], [x4, [x2, x3111, [[x3, [x1, x2]1,
[x4, [x2, x3]111,

3ap + 304 + 4oz + oy,

4.12 13¢(8, 3) of sdim 55|50, p = 3

For g = g(8, 3), we have g5 = f(4) @ sl(2) and g7 = R(m4) X id as gg-module. We

consider the Cartan matrix

2 -1-10 0
-10-1-20
-1-10 0 O
020 0 -1
0 0 0-10
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and the Chevalley basis elements

the root vectors

the roots

o[} () [} 5}

o], a2, 03,04, A5,

[%6 | = [x1. 221, [ 27 | = [x1, 23], x8 = [x2, x3],

X9 = [x2, x4], x10 = [x4, x5],

o] +oap, o) + o3, 0 + o3,
ap + oy, 04 +as,

x11 = [x3, [x1, 210, x12 = [x4, [x1, %211,

=[x, [x2, 1310 [ 214 | = s, [x2. x4]],

o] +ay a3, 01 +ar +og,
a3 +a,
o +ay +as,

x5 = [[x1, x21, [x1, 2311

= [Lx1, x2], [x4, X511,
[[x1, x31, [x2, x411,

X18 = [lx2, x3], [x4, x5]11,

201 + an + a3,

a) +oy +ag4 +as,
o] +ap + a3+ oy,
oy + o3 + o4 + as,

=[x, x3], x4, [x1, 2111,

x20 = [[x2, x4, [x3, [x1, X211,
x21 = [[x4, x5, [x3, [x1, x2]11,

201 +ap + a3 +ay,
200 + a1 + a3 + oy,
o] +ap +a3 +oayg +as,

x22 = [[x4, xs], [[x1, x2], [x1, x3]11,
x23 = [[x3, [x1, x211, [x4, [x1, 2111,
x24 | = [lx3, [x1, x211, [x5, [x2, x4111,

x25 | = [[x4, [x1, x211, [x4, [x2, x3]1],

201 +ar + a3 +aq + a5,
201 + 200 + a3 + o4,
200 + o] + a3 + g + a5,
209 + 204 + o] + 3,

= x4, [x1, 2210, [Lx1, 231, [x2, x4]1],
= [[x4, [x2, 2311, [[x1, 2], [x1, 63110,
= [lxs, [x2, %411, [[x1, 2], [x1, x3]1),

x29 = [[xs, [x2, x4]1, [[x1, x3], [x2, x4]1],

201 4 200 + 204 + @3,
201 + 209 + 203 + 0y,
201 + 200 + a3 + 4 + a5,
209 + 204 + a1 + 3 + a5,

x30 = [[x4, [x1, x211, [[x2, x4]1, [x3, [x1, x21111,
x31 = [llx1, x21, [x1, %311, [lx2, x31, [x4, xs]111,
x32 = [[[x1, x21, [x4, x511, [[x1, x31, [x2, 4111,
x33 = [[[x1, x3], [x2, x411, [[x1, x3], [x2, x4]11,

201 + 204 + 30 + a3,
201 + 200 + 203 + a4 + a5,
201 + 200 4+ 204 + a3 s,
201 + 209 + 203 + 2014,

= [[lx1, x2], x4, x50, [[x2, 4], [x3, Dxp, 221100,
= [[[x1, x3], [x2, 411, [[x2, x4]. [x3, [x1, x2110),
= [[lx2, x3], x4, x511, [[x1, x31, (x4, Drp, 221100,

201 4 204 + 3ap a3 +0s5,
201 + 203 + 204 + 307,
201 4 209 + 203204405,

x37 = [[[x1, 2], [x4, 2511, (x4, [x1, 20210, Leg, Do, 231000,
= [[lx1, x3], [xa, [er, x2110, [x2, 4], L3, D, 221100,
x39 = [[[x2, x4], [x3, [x1, %2111, [[x4, x51, [x3, [x1, 221111,

201 4+ 30 4+ 304 + a3 s,
203 + 204 + 3a1 + 307,
201 +203 4+ 204 + 307 + s,

x40 = [[[x4, x5], [x3, [x1, 2111, [[x3, [x1, X211, [x4, [x1, 221111,
= [[lx4, x5], [x3, [x1, X211, [[x4, [x1, X211, [x4, [x2, x3]110,

203 + 204 + 31 + 302 +0as,
201 4 203 + 30p+304+0as,

= [[lx4, xs], [x1, %21, [x, x3]10,

[[x4, [x1, X211, [x4, [x2, x31111,

x43 = [[[x3, [x1, X211, [x5, [x2, x4111, [[x4, [x1, X211,
[x4, [x2, x3]111,

203 + 301 + 3ap+3a4+as,
201 +203 4+ 304 +4ap + s,
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X44 = [llx4, [x1, x211, [x4, [x2, x3111, [[x5, [x2, x41], 203430 +304 +4ay +as,
[[x1, x2], [x1, x31111,

x45 = [[lxg, [x1, X211, [[x1, x3], [x2, x4]11, [[x5, [x2, x4]], 203+ 304 +4ay +4an+as,
[[x1, x21, [x1, x31110, 3aq + 3a3 + 3ag+dar+as,

= [[x4, D2, 6310, [x1, %21, xn, X310, [Dxs, [x2, x40,
[Lx1, x3], [x2, x4]11],

[47 | = lLxs, Lx2, xal, [y, %21, [y, x3 110,

[[[x1, x3], [x2, x4]1, [[x1, %3], [x2, x4]111, 303 + 30y + 4o +Hap +as,

x48 = [[l[xg, [x1, x211, [[x2, x41, [x3, [x1, x21111,

[[lx1, x21, [xp, 2310, [[x2, x31, [x4, x51111, 303+ 3a4 +4a) +5a7 +as,

[0 |= [lLx1. x3]. x2. 2411, [Lx1, 23], [x2, x4]1), 33 + dap + dag+Sartas,
[[lx1. x2]. [xg, 6511, (L2, xal, [x3, Ly, xa ],
x50 = [[[lx1. 021, [xa. x51). (62, x4, [x3, [xp, 22110, ders 303 +-dar) +data +Sats

[[lx2, x3], [x4, x5]], [[x1, x3], [x4, [x1, x2]11]]

4.13 2g(4, 6) of sdim 66|32, p = 3

For g = g(4, 6), we have g5 = 0(12) and g7 = R(7r5) as gg-module. We consider the
Cartan matrix

2-10 0 0 0
-12-10 0 O
0 -20-1-10
0 0 -10—-1-2
0 0-1-10 0
0 0 0-10 2

and the Chevalley basis elements

the root vectors the roots
xp,x. 53 [ [xa [ [xs | xes ay, a2, @3, 04, a5, A,
X7 = [X1,X2],= [x2, x3], x9 = [x3, x4], ay +an, 00 + a3, a3 + ay,
x10 = [x3, x5], x11 = [x4, x5], [ x12 | = [x4, x6], @3 +as, a4 +as, a4 + e,
= [x3. [x1. %21, x14 = [x4. [x2, x3]1. ap o+ a3, 00 + a3+ s,
_ _ o) + a3 + a5, 03 + oy + a5,
x15 = x5, [x2, x311, | x16 | = [x5, [x3, X411, - s B, B ML
a3 + oy + ag, o4 + a5 + ag,
X17 = [x6, [x3, x4]], x18 = [x6, [x4, x5]],
x19 = [[x1, x2], [x3, x411, o] +oap + a3 + oy,
x20 = [[x1, x21, [x3, x5]], a) +ap + a3 +os,
x21 | = [[x2, x3], [x4, x51], oy + a3 + a4 + o5,
x22 = [[x2, x3], [x4, X611, o2 + 03 + a4 + e,
x23 | = [[x3, x5], [x4, x611, o3 + o4 + o5 + a,
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x4 = [[x3, x5], [x4, [x2, x3]1],

= [lxg. x5, [x3, L1, x2]1),

x26 = [[x4, x6], [x3, [x1, x211],

= [[x4, x6], [x5, [x2, x3]1],

x28 = [[x4, x6], [x5, [x3, x4]]],

203 + a2 + a4 + as,
o] +ap +a3 +ag +as,
o] +oap + a3 +oayg + ap,
oy + a3 +ayg + a5 + ap,
204 + a3 +as + a6,

x29 = [[x3, [x1, X211, [x5, [x3, x4]11],
= [[x3, [x1, %211, [x6, [x4, x511],
x31 = [[x4, [x2, x311, [x6, [x4, xs]111,
x32 = [[x5, [x2, x311, [x6, [x3, x4]1],

203 + a1 + a2 +aq + a5,
o] +oap + a3 +ayg + a5 + ag,
204 + ap + a3 + a5 + ag,
203 + ay + aq + a5 + ag,

x33 = [[xs, [x2, x311, [[x1, x21, [x3, x4]1],
x34 = [[x6, [x3, x411, [[x1, x2], [x3, x5]]],

= [Lx6. [x3. x41l. [[x2. x3]. x4, x5]1],

x36 = [[x6, [x4, x511, [[x1, x21, [x3, x4]1],

209 + 203 + o + o4 + a5,
203 + a1 + oy +as + a5+ o,
203 + 204 + o) + a5 + o,
204 + a1 + oy + a3 + a5 + o,

= [[lx1, x2], [x3, X411, [[x3, x5, [x4, x6]1),
x3g = [[[x1, x2], [x3, %511, [[x2, x3], [x4, x611],
x39 = [[[x2, 3], [x4, 511, [[x3, x5]. [x4, x6]1],

203 + 204 + ay+ap+os + ag,
209 + 203 + o1 +agq + o5+,
203 + 204 + 205 + oy + g,

= [[lx2, x3], x4, %611, [[x4, x5, [x3, [x1, x2111),
x41 = [[[x3, x51, [x4, X611, [[x4, x5]. [x3, [x1, 21111,

209 4 203 4+ 20441 +o5 + ag,
2034204+ 205+ o +ag,

x42 = [[[x3, x5], [x4, [x2, x3111, [[x4, x61, [x3, [x1, 21111,
x43 = [[lx4, x5], [x3, [x1, X211, [[x4, x6], [x5, [x2, x3]11],

209 + 204+ 303+ a5+,
200 +203+204+ 205+ +og,

= [[[x4, x61, [x5, [x2, X311, [[x3, [x1, X211, [x5, [x3, x4]11],

209 + 204 + 205 + 33 +a1+og

x45 = [[[x3. [x1. 2211, [x5. [x3, x4]11. [[x4. [x2, X311,
[x6, [x4, x51111,

209 +2a5+3a3 4304+ +ag,

x46 = [[lx5, [x2, x311, [x6, [x3, x4111, [[x6, [x4, x5]],
[[x1, x21, [x3, x4]111

209 + 205 + 206 + 303 +
3a4 + o

4.14 44(6, 6) of sdim 78|64, p = 3

For g = g(6, 6), we have gz = 0(13) and g7 = spin3 := R(7) as gg-module. We

consider the Cartan matrix

0o -1 0 0
-1 0 -2 0
0o -2 0 -1
0 0 -1 0
0 0o -1 -1
0 0 0 -1

and the Chevalley basis elements

S OO

=)
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the root vectors the roots

[x }[x2}[xa ] [xa s} e o, 02, 43, 24, 05, 6,

x7 = [x1, x2], x§ = [x2, x3], x9 = [x3, x4], a) + o, 0 + a3, a3 + oy,

x10 = [x3, x5], x11 = [x4, x5], = [x4, x6], @3 + a5, a4 + as, a4 + a5,

= [x3, [X1,X2]], = [x4, [x2, x3]], a) +apy +az, a0 +a3 +ay,

[315 | = brs. Do, 2310 [16 | = s, . a1l ap o s, 08+ a4 105,
a3 +og + op, 24 + a5 + o,

X17 = [x6, [x3, x4]], x18 = [x6, [x4, x5]],

x19 = [[x1, x2], [x3, x4]11, ay +ap + a3 + oy,

x20 = [[x1, x2], [x3, x5]], a) +ay + a3 +os,

x21 = [[x2, x3], [x4, x5]], ay + a3 + oy + as,

[%22] = [lx2. x3]. [x4, x6]l. oy + 3 + oy + a6,

x23 | = [[x?), XS]’ [x4, x6]], w’

[x24 = [[x3. x5, [xg, [x2, 43110, 203 + ap + oy + s,

[325 | = [lx. x5 [, ey 2], a1t o3 oy as,

a) + oo + o3 + a4 +ap,
oy + a3 +ayg + a5 + ap,
204 + a3 +as + a6,

x26 = [[x4, x6l, [x3, [x1, x2]]],
x27 = [[x4, x6], [x5, [x2, x3]1],
X28 = [[x4, xgl, [x5, [x3, x4]1],

x29 = [[x3, [x1, x211, [x5, [x3, x4]11], 203 + o) + oy + oy +as,
[30 | = [Lx3. [x1. %211 [x6, [x4. 5111, a1+ + a3+ oy + s+,
x31 = [[x4, [x2, x3]1, [x5, [x2, x3]11, 200 + 203 + a4 + as,

= [[x4. Lx2. 2311, [x6. [x4. xs]1l, 24 + o + a3 + a5 + a6,

203 + ap + oy + a5 + ag,

x33 | = [Lxs, [x2, 1310, [x6. [x3, 24111, 3THTUTA T

= [lxs. [x2, x3]], [[x1. 021, [x3, x4]1), 23 + 203 + o) + oy + o5,

x35 = [[x5, [x2, x311, [[x2, %3], [x4, X611l 200 + 203 + a4 + a5 + a6,

x36 = [[x6. [x3, x4]1, [[x1. x21, [x3, x5]1], 203 + a1 +ap + o4 +as +ag,
x37 = [[x6. [x3, x411, [[x2, x3], [x4, x5]11, 203 + 204 + a2 + a5 + ag,

x38 = [[x6, [x4, xs11, [[x1, x21, [x3, x4]11, 204 +ap +ap + o3 + a5+ a6,
= [[lx1, 221, [x3, 241, [[x3, x5, [x4, x6]11, 203 + 204 + @) + ) + a5 + o,

2000 + 203 + ) +ay + as + o,
x1, %21, [x3, x511, [[x2, x31, [x4, ,
[[Lx1, %2, [x3, 251, [Lx2, 231, [xa, x6]1] e
x41 | = [[[x2, x31. [x4, x511, [[x2, x3], [x4, x6]11, a3 + 2o + 205 + a2 + ag,
2 | = [[x2, x3], [x4, x511, [[x3, x5]1, [x4, x6]11,
= [[[x2, x3], [x4, x511, [[x4, x6], [x5, [x2, x3]11], 2ap + 2a3 + 204 + 205 + a6,

X44 = [[[x2, x31, [x4, x6]1, [[x3, x5], [x4, [x2, x3]11], 209 + 204 + 303 + a5 + g,

x45 = [[[x2, x3], [x4, X611, [[x4, x51, [x3, [x1, 221111, 2ap + 203 + 204 + @) + a5 + a6,
x46 = [[lx3, x5], [x4, x611, [[x4, x5], [x3, [x1, x2]111, 203 + 204 + 205 + @] + ap + a6,

= [[lx3, x5], [x4, [x2, x3110, [[x4, x6], [x3, [x1, 221111, 209 + 204 + 303 + a) + a5 + o,
_ 209 4 204 + 205 + 323 + g,
[[lx3, xs1, Lxa, Loz, 43100 (g, 36, s, Lo, sl 52855 A SRR
X49 | = [llxa, x5], [x3, [x1, x2111, [[x4, x6], [xs, [x2, x3111],

x50 = [[[x4, x6], [x3, [x1, x2111, [[x4, [x2, x311, 2004 + 30 + 303 + @ + a5 + g,
[xs, [x2, x3]111, 209 + 204 + 205 + 303 + @ + g,
x51 = [[[x4, x61, [x5, [x2, x3111, [[x3, [x1, X211, 20 + 25 + 33 + 3a4 + ag,

[xs, [x3, x41111,
xs53 = [[lx4, x6], [x5, [x3, x4]11, [[x4, [x2, x31],
[xs, [x2, x3]111,
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= [[[x3, [x1, x211, [x5, [x3, x4]11, [[x4, [x2, x3]],
[x6, [x4, xs]1111,

= [[[x3, [x1, x211, [x6, [x4, x5111, [[x4, [x2, x3]],
[xs, [x2, x3]111,

x55 = [[[x4, [x2, x311, [x6, [x4, x5]11, [[x5, [x2, x3]],
[x6, [x3, x4]111,

209 4+ 205 + 303 + 304 + 1 + @,

204 4 205 4+ 30y + 323 + a1 + g,

209 + 205 + 206 + 323 + 304,

xs6 = [[[xa, [x2, x311, [x6, [x4, xs]111,
[[xs5, [x2, x311, [[x1, x21, [x3, x4]111,

xs57 = [[[x5, [x2, x311, [x6, [x3, X411,
[[xs5, [x2, x311, [[x1, x21, [x3, x4]111,

[¥58 | = [llxs, [x2, %311, [x6, [x3, xa]1l,

[[x6 [x4, x5]], [[x1. x2], [x3, x4]11],

205 + 30 + 303 + 3aq + a1 + o,

204 + 205 + 303 +4az + o1 + o,

2 4 205 + 206 + 303 + 304 + o

[59 |= [lLxs. [x2. x31). [Lx1. x2]. [x3. 24111,

[[x6, [x3, X411, [[x2, x3], [x4, x5]11],
x60 = [[[x5, [x2, x311, [[x2, x3], [x4, X611,
[[x6, [x4, X511, [[x1, x2], [x3, x4111],

205 4 30y 4 304 + 4oz + a1 + g,
2054206+ 3ap + 303 + 304 + o,

xe1 = [[lxs. [x2. x311, [[x1. %21, [x3, x4]11,
[[[x2, x3], [x4, x511, [[x3, x5], [x4, x6 1111,

[62 | = lllx6. [x3, x411. [lx2. x3]. [x4, x5]1].

[[[x1, x2]1, [x3, x511, [[x2, x3], [x4, x6111],

3y + 304 + 305 +4az + a1 + o,

205 + 206 + 30y + 304 + 4oz + o

x63 = [[[[x1, x2], [x3, x411, [[x3, x5], [x4, x611],
[[[x2, x31, [x4, x5]1, [[x2, x31, [x4, x6]111,
x4 = [[llx1, x21, [x3, x5]1, [[x2, x3], [x4, X611,
[[[x2, x31, [x4, x51], [[x3, x5], [*4, x6]111,

2054206 + 30y +4az +4ag + o,

206+ 30 + 304 + 305 +4a3 + o,

[ ¥6s | = [[llx2, 3, [xa, 511, [1x3, x51, [x4, x6]1l,
([lx2. x3]. [x4. x6]11. [[x4. x5]. [x3, [x1, x2]1111,
xe6 = [[[[x2, x3], [x4, x6]]. [[x3, x5], [x4, [x2, x3]111,
[[[x3. x5]. [x4. x611. [[x4. x5]. [x3, [x1., x211]1],

206 + 30p 4+ 305 + 4oz +4ag + oy
206 430 +3a5 +4ag +Saz + oy,

= [[[[x2, x31, [x4, x611, [[x4, x5], [x3, [x1, x2111],

[[[x3, x51, [x4, [x2, x3111, [[x4, X6], [x5, [x2, x311111, | 206 + 35 +dap +dag + Sa3 +
201 + 206+ 305 +4ay +4ag + 503

x68 = [[[[x3, x51, [x4, [x2, x3111, [[x4, x6], [x3, [x1, x21111,
[[[x4, x5, [x3, [x1, 2111, [[x4, X6], [x5, [x2, x311]1]

4.15 5¢(8, 6) of sdim 133]56,p = 3

For g = g(8, 6), we have g5 = ¢(7) and g; = R(mr1) as gg-module. We consider the
following Cartan matrix and the Chevalley basis elements

2 0 -1 0 0 0 0
0 o -1 -1 0 0 0
-2 -1 0 -1 0 0 0
o -1 -1 0 -2 0 0
0 0 o -1 2 -1 0
0 0 0 o -1 2 -1
0 0 0 0 0o -1 2
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the root vectors

the roots

X1, , , X5, X6y X7,

ay, o2, 03, a4, a5, A6, A7,

= [x1, x3], X9 =[x, x3], x10 = [x2, x4],
1 = 3, 0l [x12 | = [xa, x51, x13 = [xs, 6],

X14 = [x6, x7],

o] + a3, a2 + a3, 0 + oy,
a3 + o4, 04 +as, o5 + o,
ag + a7,

X5 = [x2, [x1, x3]], x16 = [x4, [x1, x3]],

= [x4, [x2, x3]], x18 = [x5, [x2, x4]],
x19 = [xs5, [x3, x4]], = [x6, [x4, x5]],

x21 = [x7, [x5, X611,

a) +ap +a3, @) +a3 +ay,
oy + a3 + a4, 0y +aq + as,
a3 +ayq +as, aq4 + a5 + ag,
os + ag + a7,

[x22 | = [lx1. 23], [x2. x4]],
x23 = [[x1, x3], [x4, x5]],
[%24 ] = [lx2. x3]. [x4. x511,
x5 = [[x2, x4], [x5, x611,
x26 = [[x3, x41, [x5, x6]1,
[x27 ]| = [lx4. x5]. [x6. x71),

o] +ap +a3 + oy,
aj +a3 + o4 +as,
o) + a3 +aq +as,
ay +ag4 + as + ag,
a3 + o4 + a5+ ag,
a4 +as +og + a7,

x28 = [[x3, x4], [x2, [x1, x3]1],
= (x4, x5, [x2. [x1, x3]10,
x30 = [[x4, x51, [x4, [x2, x3111,
x31 = [[xs, x6l, [x4, [x1, x3]1],
= [[xs, x6]. [x4, [x2, x3]1],
x33 = [[x6, x71, [x5, [x2, x4]1],
x34 = [[x6, x71, [x5, [x3, x4]1],

203 + o1 + oy + oy,

o) +oy +a3 +aq + as,
204 + o) + a3 + a5,

a)] + a3 + o4 + o5 + ag,
oy + a3 +aq + a5 + ap,
ay +ag +as +ag + ay,
o3 + o4 + a5 + a6+ a7,

x35 = [[x2, [x1, x31, [x5, [x3, x4]11,
= [Lx2. x1. 2311, [x6. [x4. xs 111,
x37 = [lxa, [x1, 2311, [x5, [x2, x4111,
x38 = [[xa, [x1, x3]1, [x7, [x5, x6]1],
x39 = [[x4, [x2, x311, [x6, [x4, x5111,
[x40 | = [[x4. [x2. 1311, [x7, [x5. x6]11,

203 + o] +ap + oq4 + a5,

o] + oy + a3 +a4tos + ag,
204 + o] + o + a3 4+ a5,

o] +o3 +oy4 + o5 +og + o7,
204 + oy + a3 + a5 + g,

) + o3 + a4 +as+agtag,

x41 = [lx2, [x1, x3]1, [[x3, x4], [x5, x6]111,
x40 = [[x4, [x2, x311, [[x4, x5], [x6, x711],
= [lxs. [x3, xg]1. [[x1. x3]. [x2, x4]1],
x44 = [[x6, [x4, x511, [[x1, x3], [x2, x4]1],
x45 = [[x6, [x4, x5]11, [[x2, x3], [x4, x5]]],
= [[x7. x5, %611, [[x1, 3], [x2, 4111,

203 + oy + oy +ag + as + ag,
204 + o) + a3 + a5 + a6 + a7,
203 + 204 + a1 + o + as,
204 + o] +p + a3 + a5 + g,
204 + 205 + oy + a3 + g,

oy +oap +az+oag +as
+ae + a7,

x47 = [[x7, x5, 611, [[x3, x4], [x2, [x1, x3]11],
x48 = [[lx1, x3], [x2, x411, [[x2, x3]1, [x4, x5]111,
= [[lx1, x3], [x2, x4]1, [[x3, x4], [x5, x6]1],
x50 = [[lx1, x3], [x2, x411, [[x4, x5], [x6, x7]1],
xs51 = [[[x1, x31, [x4, x511, [[x2, x4], [x5, x6]1],
xs5p = [[[x2, x3], [x4, x5]11, [[x4, x5], [x6, x7111,

203 +a1 +oy+og+o5+og+ o7,
200 + 203 + 204 + o1 + 5,
203 4 204 + a1+ +as5+0g,
204 a1 + o+ o3 +a5+og+ o7,
204 + 205 + a1 +ap + a3 + g,
204 + 205 + oy + a3 + g + @7,

xs53 = [[[x2, x4, [x5, x611, [[x3, x41, [x2, [x1, x3111],
xs4 | = [llx3, x4], [x5, X611, [[x4, x5]1, [x2, [x1, x3111],
xs5 | = [[lx4g, x5], [x6, x711, [[x3, x4, [x2, [x1, x3]111,
x56 = [[[x4, x5], [x6, x71], [[x4, x5], [x2, [x1, x3111],
x57 = [[[x4, x5], [x6, x711, [[x5, x61, [x4, [x2, x3111],

209 + 203 + 204 + ay + a5 + g,
203 + 204 + 205 + o +op + g,
203 + 204 + o] + 2

+as +ag + a7,
2a4+205 +a) +an o3 +ag+ag,
204 4+ 205 + 206 + ) + @3 + 7,
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xs5g = [[[x3, x4], [x2, [x1, x3]11, [[x6, x7], [x5, [x2, x4]11]
x59 = [[[x4, xs], [x2, [x1, x3111, [[x5, x6], [x4, [x2, x3]11]
-X60 =

[[[x4, x5], [x2, [x1, 23101, [[x6, x7], [x5, [x3, x4]111,

x61 = [[lxg, x5], [x4, [x2, x3]11, [[x5, x6], [x4, [x1, x3]1]]
x62 = [llxs, x61, [x4, [x1, x3111, [[x6, x71, [x5, [x2, x4]111]

’

B

s 209 +203 4204+ +as+og o7,
s 209 4203 + 204 + 205 + o0 + @,

203 4 204 + 205 + o

+ay +ag + a7,

203 4+ 205 + 304 + o + g + a,
20442054206+ +ap a3+,

k[EC[L;S,‘);], (x4, [x2, x3100, [[x4, [x1, %310 [x5, [x2, x41111,
)[C[ﬁ[iazyw], [xs, [x2, x4110, [[x2, [x1, %310 [x5, [x3, x4 1111,
Yes | =

X7], [xs, [x3, x4]10, [[x2, [x1, %311, [x6, [x4, x5]111,
)[6[6[§f6=,X7], [xs, [x3, x411], [[x4, [x1. X311, [x5, [x2, x4]111],

2ap + 203 + 205 + 304

+oy + ag, 200 + 203 + 204 +
205 + o) +ag + a7,

203 4 204 + 205 + 26

+a) +ap + o7,

203 4+205+30q+o1 +op+ag o7,

x67 = [llx2, [x1, X311, [xs, [x3, X411,
[[x4, [x2, x311, [x6, [x4, x51111,

x68 = [llx2, [x1, x3]1, [x6, [x4, x5]1],
[[x4, [x2, x31], [x7, [x5, x6]111,

= [[lxg, [x1, 310, [xs, [x2, X410,
[[x4, [x2, x311, [x7, [x5, x 1111,

x70 = [[lx4, [x1, x311, [x7, [x5, x6111, [[x4,
[x2, x3], [x6, [x4, x5111],

209 + 205 + 303 + 34 + a1 + g,
20 + 203+ 204 + 205 + 206 + o] + a7,
209 + 203 + 205 + 304 + o

+ag + a7,

203 + 205 4+ 206 + 304 + o1 + a2 + 07,

x71 = [llxg, [x1, X311, [x5, [x2, x4111, [lx2, [x1, x311,
[[x3, x4], [x5, x61111,

x72 = [[lx4, [x1, x311, [x7, [x5, X111, [[x6, [x4, x5]],
[[x2, x31, [x4, x5]1111,

x73 = [[[x4, [x2, x311, [x7, [x5, x6]11, [[x5, [x3. x4]],
[[x1, x3], [x2, 41111,

=

[[[x4, [x2, x311, [x7, [x5, X111, [[X6, [x4, X511,

[[x1, x3], [x2, 41111,

201 + 209 4 205 + 3a3 + 304 + o,
203 + 206 + 304 + 305+ + a2 + o7,
209 + 205 4+ 303 + 304 + ) +ag + o7,
209 + 203 + 205 + 206 + 304

+o1 + a7,

x75 = [[lx2, [x1, x311, [[x3, x4], [x5, x611],
[[x4, [x2, x3]), [[x4, x5], [x6, x71111,
x76 = [[l[x5, [x3, x4]1, [[x1, x3], [x2, x4]11],
[[x7, [xs, x611, [[x1, x3], [x2, x4 1111,

= [[[x6, [x4, x511, [[x2, x3], [x4, x5]1],

[[x7, [xs, X611, [[x1, x3], [x2, x41111,

209 +2a5 + 206+ 303 + 304 + a1 + 07,
201 + 200 +2a5+ 303 + 304 + g + 07,
209 + 203 + 206 + 304 4 305

+a) + a7,

x78 = [[lx6, [x4, x511, [[x2, x3], [x4, x5]]],
[[x7, [x5, x61], [[x3. x4, [x2, [x1, x3]111],
x79 = [[[x6, [x4, x5]11, [[x2, x3], [x4, x5]1],
[[[x1, x3], [x2, x411, [[x4, x5], [x6, x7111],
x80 = [[lx7, [xs, x611, [[x1, x31, [x2, x4]11,
[[[x1, x3], [x2, x4]1, [[x3, x4], [x5, x6111],

209 + 206 + 303 + 304 + 305 + a1 + o7,
209 + 203 + 206+ 305 +4og + a1 + o7,
201 + 209+ 205+ 206+ 303+ 304 + 017,

xg1 = [[[x7, [x5, x611, [[x3, x4], [x2, [x1, x3]111,
[Llx1, x3], [xa, x5, [x2, x4], x5, x6111],
= [[llx1, x3], [x2, x411, [[x3, x4], [xs, %6111,

[[lx2, x3], [x4, x5]1, [[x4, x5, [x6, X7111],

201 +200 + 206+ 303+ 304 + 305407,
209 + 206 + 303 + 35 + 4oy
+a) +a7,

[[[[x1, x31, [x4, x511, [[x2, x4], [x5, x6111, [[[x4, x5],
[x6, x711, [[x3, x4, [x2, [x1, x311110,

X84 =

[[[[x2, x3], x4, x511, [[x4, x5, [x6, 27111, [[[x2, x4],
[xs, x611, [[x3, x4], [x2, [x1, x3]1111,

201 + 20 + 206 + 303 + 305
+day + a7,
2064302 + 303 + 305 +4og + a1 + o7,
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xgs = [[[[x2, x4, [x5, x61l, [[x3, x4], [x2, [x1, x3]11], | 2a1+2a6+3ar+3a3+3a5+4as+a7,
[[[x4, x5], [x6, x711, [[x4, x5]1, [x2, [x1, x311111, 201 4209 + 206+ 3as +4a3 +4as+a7,
xg6 = [[[[x3, x4, [x5, x611, [[x4, x51, [x2, [x1, x3111],
[[[x4, x5], [x6, x71), [[x3, x4], [x2, [x1, x3]111],
= [[[lx4, x5], [x6. x711, [[x3. x4], [x2. [x1. x3]11].| 201 + 206 + 3ap + 35 + 43
[[[xs, x5], [x2, [x1, x3]11, [[x5, x6], Hay + a7,
[x4, [x2, x311111,
xgg = [[[[x3, x41, [x2, [x1, x3111, [[x6, x71,
[x5, [x2, x41111, [[[x4, x5]1, [x4, [x2, x3]11, 201 + 206+ 300 + 3005 +4oz + 504 + 7,
[[xs, x61, [x4, [x1, x31111],
xg89 = [[[[x4, x5, [x4, [x2, x3111, [[x5, x6],
[x4, [x1, x31110, [[[x6, x71, [x5, [x2, X411, 201 + 206 +30p +4az +4os + 504 + o7,
[[x2, [x1, x311, [x5, [x3, x41111],
x90 = [[llxs, x61, [x4, [x2, x3111, [[x4. [x1, x3]],
[xs, [x2, x41111, [[[x6, x71, [x5, [x3, x4]111, 201 +30p + 306 +4az +4os + 504 + o7,
[[x2, [x1, X311, [x6, [x4, x5]111],
x91 = [[llxg, x71, [x5, [x3, x4]11, [[x4, [x1, x31],
[x5, [x2. x4 1110, [[[x2, [x1, X311, [x6. [x4, x511], | 201 +207430p+306+4a3 +4as+5ay
[[x4, [x2, x311, [x7, [x5, x61111]

4.16 p = 2
4.16.1 Notation 2 &, B needed to describe bgl(4; a), ¢(6, 6), ¢(7, 6),and ¢(8, 1)

This notation describes the case where 2 and ‘B are nontrivial central extensions of
the Lie algebras a and b, respectively, and 2l &, B—a nontrivial central extension of
a @ b (or, perhaps, a more complicated a & b) with 1-dimensional center spanned by
c—is such that the restriction of the extension of a @ b to a gives 2{ and that to b gives
B.

In these four cases, g(A)g is of the form

g(B) @ hei(2) ~ g(B) ® Span(X+, X7),

where the matrix B is not invertible (so g(B) has a grading element d and a central
element c¢), and where X, X~ and ¢ span the Heisenberg Lie algebra hei(2). The
brackets are:

6" (B), X*1 = 0;
d, XT1= X% (ld, XT] = aX™ for bgl(4; «))
X", X 1=c. (22)

The odd part of g(A) (at least in two of the four cases) consists of two copies of the
same g(B)-module N, the operators ad y+ permute these copies, and ad %(i =0, so
each of the operators maps one of the copies to the other, and this other copy to zero.

4.16.2 bgl(3; @), where a # 0, 1; sdim = 10/8|8

The roots of g = bgl(3; ) are the same as those of 0sp(4|2; «) (or, more correctly, of
w(3; «)), with the same division into even and odd ones; g = gl(3) @ KZ and the
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gg-module g7 is the sum of two irreducibles whose highest weight vectors are x7 and
y1, where the roots corresponding to x; and y; are opposite.
We consider the Cartan matrix and the Chevalley basis elements

the root vectors the roots
0«0 [x1] [%2])[x3] oy, a2, 03
a 01 x4 = [x1, x2], x5 = [x2, x3], | a1 + a2, o2 + 3,
010 =[x3,[x1, x2]] a1 +oar 403

x7 = [[x1, x2], [x2, x3]] a1+ 202 + o3

4.16.3 bgl(4; a), where a # 0, 1; sdim = 18|16

The roots of bgl(4; o) are the same as those of w€(4; «), but divided into even and
odd ones: bgl(4; a); = gl(4) ®. hei(2) and bgl(4; a); = N K id, where N is an
8-dimensional gl(4) module, and id is the irreducible 2-dimensional hei(2)-module.
We consider the Cartan matrix and the Chevalley basis elements

root vectors To0ts
[afxe] [xs] [xa} @, @ a3 a4
x5 = [x1, x2], x6 = [x1, x3], o) + oo, o) + o3,
x7 = [x3, x4], o3 + oy
000 [ x8 | = [x3. [x1. 220, o +ap +a3,
@010 (20 | = s, [x1. a3, ap +o3+ag
0101
x10 = [[x1, x21, [x1, x311, 201 +ap + @3,
0010
x11 = [lx1, x2], [x3, x4]] ap +or +a3+ay
[x12 Fllxr. x2]. [xg. [x1. x3], 200 +ar+ o3+ oy
x13 = [[x3, [x1, x2]1, [x4, [x1, x3111, 201 +ap + 203 +ay
[¥14 | = [xa, Lrp, 231l [, 22l L0311 Sy o +203 +ay
x15 = [[lx1, x2l, [x1, x311 [[x1, x21, [x3, x411] | 3oq + 200 + 203 + a4

4.16.4 ¢(6, 1) of sdim = 46|32

We have g5 >~ 0c¢(2; 10) ®Kz and gy is a reducible module of the form R (74) @ R (7r5)
with the two highest weight vectors

x36 = [[[x4, x5], [x6, [x2, x3]11, [[x3, [x1, x2]1, [x6, [x3, x4]1]]

and ys. We consider the Cartan matrix of ¢(6) with parities of simple roots 111100.
The Chevalley basis elements are
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the root vectors

the roots

(o} [} o o5

o], @y, 03, 04, A5, g,

x7 = [x1, x2], xg = [x2, x3], x9 = [x3, x4],

= [x3, x6], = [x4, x5],

) +ag, 0 + a3, a3 +ay,
a3 + g, 04 + o5,

X14 = [xs, [x3, x4]], x15 = [x6, [x2, x3]],
x16 = [x6, [x3, x4]1,

= [x3, [x1, %211, = [x4, [x2, x3]1,

a) o +a3, a0 +a3 + a4,
o3 + o4 +as, a0y + a3 + ag,
a3 + a4 + ag,

[¥17 | = Lxe. [xa. [x2, x3]11,
xj8 = [[x1, %21, [x3, x4]1,
xy9 | = [lx1, x21, [x3, x611,
x20 | = [[x2, x31, [x4, x511,
x21 = [[x3, x6l, [x4, x5]11,

ap +a3 + oy + o,
a) tap + o3 + oy,
o) tapy +o3 + o,
oy + a3 +oyg + s,
a3 +oq + a5+ ap,

x22 = [[x1, x2], [x6, [x3, x4]11,
x23 = [[x3, x6], [x4, [x2, x3]]],
X4 = [[x4, x5], [x3, [x1, x2]1],

= [[x4. x51. [6. [x2, x3]1],

o] +oap + a3 +oag + ap,
203 + oy + aq + o,

o] +oap + a3 +oayg +as,
oy + a3 +oayg + a5 + ap,

x26 = [[x4, xs], [[x1, x2], [x3, x6]11,

= [[x3. [x1. 2211, [x6. [x3. x4]1l,

x28 = [[xs, [x3, x411, [x6, [x2, x311],

o] +op + a3 +oayg + a5 + g,
203 + a1 +ap +aq + o,
203 + oy +oag +as + a6,

= [[xs, [x3, x41], [[x1, x2], [x3, x6]11],

x30 = [[x6, [x2, x311, [[x1, x2], [x3, x4]1],
x31 | = [[x6, [x3, x4]11, [[x2, x31, [x4, x5]1],

203 + oy + oy +ag + a5 + g,
200 + 203 + a1 + 4 + o,
203 + 204 + 0 + a5 + o,

x32 = [[lx1, x21, [x3, x411, [[x3, x61, [x4, x5]11],
x33 = [[[x1, x21, [x3, x611, [[x2, x3], [x4, x5]11,

203 + 2004 + ) +an + a5 + g,
209 + 203 + o + oq4 + o5 + 0,

= [[lx2. 23], [x4, 2511, [[x1. x2]. [x6. [x3, x4]11]. 20) + 203 + 204 + @1 + a5 +
x35 = [[[x3, x6], [x4, [x2, x3]11, [[x4, x5], [x3, [x1, x2]11], 2000 + 204 + 303 + ) + a5 + o,

x36 = [[[x4, x51, [x6, [x2, x3111, [[x3, [x1, x21], 2ap + 204 + 206 + 303 + o) + a5

[x6, [x3, x4111]

4.16.5 ¢(6, 6) of sdim = 38|40

In this case, g(B) =~ gl(6), see (4.16.1). The gz-module gj is irreducible with the
highest weight vector

x35 = [[[x3, x6], [x4, [x2, x3]1], [[x4, x5], [x3, [x1, x2]1]] of weight (0, 0, 1,0, 0, 1).

We consider the Cartan matrix of e(6) with parities of simple roots 111111. The
Chevalley basis elements are
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the root vectors

the roots

[} e e}

o], 02,3, a4, A5, 06,

x11 = [x4, x5],

x7 = [x1, x2], x8 = [x2, x3], X9 = [x3, x4], x10 = [x3, X6],

o] +oap, 0 + 03,03 + o4,
a3 + g, a4 + a3,

= [x3, [x1, x21, [ x13 | = [xa, [x2, x3]],
= [xs, [x3, 2411, = [x6, [x2, x31],
[16 | = [x6. [x3. 1411,

o] +ap +a3, 00 + 03 + 0y,
a3 + a4 +as, o + a3 + ag,
o3 + a4 + ae,

x17 = [x6, [x4, [x2, x3111, x18 = [[x1, x2], [x3, x4]],
x19 = [[x1, x21, [x3, x611, x20 = [[x2, x3], [x4, x5]],
x21 = [[x3, x6], [x4, x5]],

ay + a3 + agq + A,
ay + oy + o3 + oy,
o] +ap + a3+ og,
oy + o3 + o4 +as,
o3 + a4 +as + og,

= [[x1, x2], [x6, [x3, x411],
x23 | = [[x3, x6], [x4, [x2, x3]]],

= [[x4, 5], [x3, [x1, x2]1],

x25 | = [[x4, x5], [x6, [x2, X311,

X22

o] +oap + a3 +ag + ap,
203 + oy + aq + o,

o) tap +o3 + o4 +as,
oy + a3 +oayg + a5 + ap,

X26 = [[x4, x51, [[x1, x21, [x3, x6]11,
x27 = [[x3, [x1, x211, [x6, [x3, x4]1],
x28 = [[x5, [x3, x411, [x6, [x2, x311],

o] +oap + a3 +oayg + a5 + ag,
203 + a1 + a2 + g + ag,
203 + ar + a4 + a5 + ag,

= [[xs, [x3, x4]11, [[x1, x2], [x3, x6]1],
= [[x6, [x2, x311, [[x1, x21, [*3, x4]1],
x31 | = [[x6, [x3, x411, [[x2, x3], [x4, x5]1],

2]]¢

203 + a1 + a2 + aq + a5 + ag,
20p + 203 + o1 + g4 + o,
203 + 204 + o) + a5 + o,

x32 = [[lx1, x21, [x3, x411, [[x3, x61, [x4, x5]1],
x33 = [[lx1, x21, [x3, x611, [[x2, x31, [x4, x5]11,

203 + 204 + a1 + ap + a5 + ag,
209 4+ 203 + o + o4 + a5 + o,

= [[lx2, x3], x4, x511, [[x1, 21, [x6, [x3, x4111),

209 + 203 + 204 + 1 + a5 + g,

x35 = [[[x3, x6], [x4, [x2, x3111, [[x4, x5], [x3, [x1, x2]11],

209 4+ 204 + 303 + o1 + a5 + g,

= [[x4, xs1, [xg, [x2, x3100, [[x3, [x1, 2210,

[x6, [x3, x4]111]

209 + 204 + 206 + 33 + a1 + a5

4.16.6 ¢(7, 1) of sdim = 80/78|54

We consider the Cartan matrix of ¢(7) with the parities of simple roots 1111001. The

Chevalley basis elements are
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the root vectors

the roots |

a1, 4, @3, 24, o5, 06, 7,

xg = [x1, x2], x9 = [x2, x3], x10 = [x3, x4],
[11] = x4, 5], x12 = [x4, x7). x13 = [x5, 6],

a] tag, 0 + 03,03 +oq, 04 +as,
a4 + a7, a5 + o,

= [x3, [X1,X2]], = [x4, [x2, x3]1,
x16 = [x5, [x3, x4]], = [x6, [x4, X511,

x18 | = [x7, [x3, x4]], x19 = [x7, [x4, x5]],

o] + oy + o3, 0 + o3 + oy,
a3 +oag +as, o4 + a5 + ag,
a3 + oy + a7, a4 + a5 + a7,

= [x7, [x5, [x3, x4]1], x21 = [[x1, x2], [x3, X411,
= [[x2. x3]. [x4. x5]1. x23 = [[x2. x3]. [x4. x7]].
x24 = [[x3, x4], [x5, X611, x25 = [[x4, x7], [x5, x6]1],

o3 + a4 +as + a7,
o] +op o3 +ay,
o) +a3 + a4 + as,
ay + o3 + a4 +ay,
o3 + a4 + a5 + og,
o4 + a5 +ag + a7,

x26 = [[x2, x31, [x7, [x4, x5]1],
X7 = [[x4, x5], [x3, [x1, x2]1],

= [[x4, x7], [x3, [x1, x2]1],

x29 = [[x4, x71, [x5, [x3, x4]1],

= [[xs, 6], [x4, [x2, x3]1],

x31 | = [lxs, x6], [x7, [x3, x4]11,

oy + a3 +oyg + a5 +ay,
o] +ap +a3 +oag +as,
o] +ap +az +og4 + a7,
204 + a3 + a5 + a7,

o) + a3 + a4 + o5 + ag,
o3 +oayq + a5+ ag + a7,

x32 = [[x5, x6], [[x2, x3], [x4, X711,
x33 = [[x3, [x1, X211, [x6, [x4, xs]11],
= [[x3, [x1, 2210, [x7, [x4, xs]1),
x35 | = [lxa, [x2, x3]1, [x7, [x4, x5]111,
x36 = [[x6, [x4, x511, [x7, [x3, x4]1],

o) + a3 +ag4 +os + ag + a7,
o] +ap + a3 +aq + a5 + o,
o] +oap +a3 +oayg + a5+ ay,
204 + oy + a3 + a5 + a7,
204 + a3 + a5 + ag + a7,

= [[x3, [x1, %211, [[x4, x7]. [xs, 6111,
= [[x6, [x4, x511, [[x2, x3], [x4, 27111,

x39 = [[x7, [x3, x4]1, [[x2, x3], [x4, x5]1],
x40 = [[x7, [x4, xs]11, [[x1, x21, [x3, x4111,
x41 = [[x7, [x4, x511, [[x3, x4], [x5, x6]1],

o] +ap +a3 +oag4 + a5 +ag + a7,
204 + ap + a3 + a5 +ag + a7,
203 + 204 + o) + a5 + a7,

204 + a1 +ap o3 + a5+ a7,
204 + 205 + o3 + o + 7,

= [[x7, [xs, [x3, xa 111, [[x1, 2], 3, xa]1l,

x43 = [[[x1, x21, [x3, x411, [[x4, x7], [x5, x611],
= [[[x2, x3], [x4, x511, [[x4, x71, [xs, x6]1),
x45 = [llx2, x31, [x4, x711, [[x3, x4, [x5, x6]11],

203 + 204 + o] + 0 + a5 + a7,
204 + o] + oy a3 a5 +ag + a7,
204 + 205 + ap + a3 + o + a7,
203 + 204 + ap + @5 + o + a7,

x46 = [[[x2, x31, [x4, x711, [[x4, x5], [x3, [x1, x2]111,
x47 = [[lx3, x4], [x5, x611, [[x2, x31, [x7, [x4, x5]11],
= [[[x3, x4]. [xs, x611. [[x4. x7]. [x3, [x1, x211,

x49 = [[[x4, x71, [x5, x611, [[x4, x5], [x3, [x1, x21111,

20p + 203 + 204 + ) + a5 + a7,
203 + 204 + 205 + ap + g + 7,
203 + 204 + o] + ap+as+ag+a7,
204 4205 +a) +ay + a3 +ag+ o7,

-

[[[x4. x51. [x3, [x1, x2100, [[x5. x61, [x7, [x3, x4]1111,

xs51 = [[lxg, x7], [x3, [x1, 2111, [[x5, x6], [x4, [x2, x3111],
-st =

[[[x4, x7], [x5, [x3, x4]11, [[x5, x6], [x4, [x2, x3]11],

203 + 204 + 205 + o+ +ae+o7,

209 +203+ 204+ +os +ag+a7,
203 + 205 + 304 + a2 + o + 7,

@ Springer



The Roots of Exceptional Lie Superalgebras

99

x53 =
[[[x4, x71, [x5, [x3, x4]11, [[x3, [x1, %211, [x6, [x4, x51111,
X54 =
[[[xs, x6], [x4, [x2, 3101, [[x3, [x1, X211, [x7, [x4, x51111,
Xs55 =
[[lxs, x6], [x7, [x3, x4111, [[x4, [x2, X311, [x7, [x4, x51111,

203+ 205+ 304+ a1 + oy +og+a7,
200 + 203 +204 4205 40 +og 07,
203 + 205 + 2007 + 304 + @2 + g,

= [[[x3, [x1, x211, [x6, [x4, x5]111, [[x4, [x2, x3]],

[x7, [x4, x5]111],
= [[[x3, [x1, x211, [x7, [x4, x5]11, [[x6, [x4, x5]],

[x7, [x3, x4]111,

209 4203 + 205 + 3aq + o
+ag + a7,
203 4 205 + 2007 + 304 + o
+an + ae,

xs5g = [[lx3, [x1, X211, [x6, [x4, xs111, [[x7, [x3, X411,
[[x2, x31, [x4, x5]111,
x59 = [[[x4, [x2, x311, [x7, [x4, x5]111, [[x3, [x1, x21],
[[x4, x7], [x5, x6111],

209 +2a5+ 303+ 304 +o1 +ag+a7,
200 +203+205+207+304+0 )+,

= [[[x3, [x1, X211, [[x4, x71, [x5, x6]111,

[[x7, [x3, X411, [[x2, x3], [x4, x51111,

209 4+ 205 + 207 + 303 + 304
+o1 + g,

x61 = [[[x7, [x4, x5]11, [[x1, x2], [x3, x4]11,
[[[x2, x3], [x4, x71], [[x3, x4], [x5, x6111],

200 +2a5+2a7+3a3+4as+o o,

x62 = [[[x7, [x5, [x3, x4]1], [[x1, x2], [x3, x4]11,
[[[x2, x31, [x4, x511, [[x4, x7], [x5, x61111,

200 +2a7+3a3+3a5+4as+o +og,

x63 = [[[[x2, x31, [x4, x711, [[x3, x4], [x5, x611],
[[[x4, x7], [x5, X611, [[x4, x5]1, [x3, [x1, x21111]

209 4+ 206 + 2007 + 323 + 3a5 +
4oy + oy

4.16.7 ¢(7, 6) of sdim = 70/68|64

We consider the Cartan matrix of e(7) with the parities of simple roots 0101010 and
the Chevalley basis elements

the root vectors the roots

xl,,X3,,x5,,x7, aj, a, o3, 04, a5, A6, O,

= [x1, x2], = [x2, X3], = [x3, x4], a) +ap, 00 + a3, 03 + oy,
x11 | = [x4. x51, [ x10 | = [x4, 271, [ 213 | = [x5. x6]. x4 + 5, 4 F 07, &5 F 6.

= [x3, [x1, x211, x15 = [x4, [x2, x3]], a +ay + a3, a0 + a3 + oy,
[¥16 ] = [xs. [x3. xall, x17 = Lxe, Lxa, 511, o3 oa F a5, g+ o o o6,
a3 +oq +a7,04 +0o5 + a7,

x18 | = [x7, [x3, x411, | x19 |= [x7, [x4, x5]],

= [x7, [xs5, [x3, x4]11], x21 = [[x1, x2], [x3, x4]], a3 +ay + o5 +a7, 01 +or + o3+ oy,

x22 = [[x2, x31, [x4. x5]], x23 = [[x2, x3], [x4, x7]], oy +a3 +oyg +os, ) +a3 +og + o7,
x24 = [[x3, x4], [x5, X611, x25 = [[x4, x71, [x5, X611, a3 +oyq + o5 +og, a4 + a5 +og + o7,
x26 = [[x2, x31, [x7, [x4, x5]11, ay + a3 + oy + a5+ a7,

x27 = [[x4, x5], [x3, [x1, x2]]], a) +ap + a3 +ag +as,

x28 = [[x4, x7], [x3, [x1, x2111, a] +ap + o3 +ag + a7,

X29 = [[x4, x7], [x5, [x3, X411, 204 + a3 + a5 + a7,

[430 | = [lxs. x6]. Lxa. [x2. x3111, o + a3 +ay +as + o,

x31 = [[xs, x61, [x7, [x3, x411], a3 togt+oas+oatag,
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= [[xs, x6], [[x2, x3], [x4, x7]1],
= [[x3, [x1, x211, [x6, [x4, 5111,

x34 = [[x3, [x1, x211, [x7, [x4, x5]1],
x35 | = [[x4, [x2, x311, [x7, [x4, x5]11],

x36 | = [[x6, [x4, x5]11, [x7, [x3, x4]1],

o) +a3 +oa4 + o5+ a6 +ay,
o] +oap +az +ag + a5 + ag,
o] a2 +a3 + o4 + a5 +ay,
204 + o) + a3 + a5 + a7,
204 + a3 + a5 + o + a7,

= [[x3, [x1, 2211, [[x4, 71, [x5, x6]1],

x38 = [[x6, [x4, x511, [[x2, x3], [x4, x7]1],

= [x7, [x3, X411, [[x2, %31, x4, x5]1],
= [[x7, [x4, xs11, [x1, %21, [x3, x411],

xa1 | = [[x7, [x4, xs]11. [[x3, x41, [x5, x6]11],

o] +ay +a3 +ag + a5 + o + a7,
204 + o) + a3 + a5 + a6 + a7,
203 4+ 204 + o) + a5 + 7,
204 + o) +ap + a3 +as + a7,
204 + 205 + a3 + ag + o7,

= [[x7, [x5, [x3, x4]11, [[x1, x2], [x3, x4]1],
x43 = [[lx1, x2], [x3, x411, [[x4, x71, [x5, x6]1],
X44 = [[lx2, x31, [x4, x511, [[x4, x7], [x5, x6]11],
X45 = [[[x2, x3], [x4, x711, [[x3, x4]1, [x5, x6]11,

203 + 204 + a1 +ap + a5 +ay,
204 + o] + o + a3 + a5 + a6 + a7,
204 4+ 205 + o) + a3 + g + 7,
203 4 204 + o + a5 + o + 7,

x46 = [[[x2, x31, [x4, x711, [[x4, x5], [x3, [x1, x2]111,
x47 = [[lx3, x4, [x5, x611, [[x2, x31, [x7, [x4, x5]11],
x48 = [[[x3, x41, [x5, x611, [[x4, x71, [x3, [x1, x21111,
x49 = [[[x4, x7], [x5, x61], [[x4, x5], [x3, [x1, x2111],

200 + 203 + 204 + o] + a5 + 07,
203 4+ 204 + 205 + a3 + g + a7,
203 4+ 204 + o + o + a5 + o + 7,
204 + 205 + o] + oy + 3 + g + 7,

x50 =

[[[x4, x5]1, [x3, [x1, 22101, [[x5, x6], [x7, [x3, x4]111,
Xs) | =

[[[x4, x71, [x3, [x1, 22100, [[x5, x61, [x4, [x2, x31111,

[152] =

[[[x4, x71, [x5, [x3, x4]11, [[x5, x6], [x4, [x2, x3111],

203 + 204 + 205 + o] + a2 + g + 7,
200 + 203 + 204 + o] + a5 + o + a7,
203 4+ 205 + 304 + 3 + g + @7,

[¥53 | = [llx4, x7]. x5, [x3, xa]1l,

[[x3, [x1, X211, [x6, [x4, x5]1111,

[54 | = [lLxs, 6], [x4, [x2, x3]1],

[[x3, [x1, X211, [x7, [x4, x5]111,

[¥55 |=[llxs, 6], [x7, [x3, xq]1l,

[[x4, [x2, X311, [x7, [x4, x5]11],

203 4+ 205 + 304 + 1 + oy + g + a7,

20 + 203 4 204 + 205 + a1 + o + a7,

203 4+ 205 + 207 + 304 + a2 + g,

xs56 = [[[x3, [x1, X211, [x6, [x4, x5]111,
[[x4, [x2, x311, [x7, [x4, x51111,

[57 |= [lx3. [x1. 2211, [x7, [x4, xs]1).

[[x6. [x4. x511, [x7, [x3, x4]11,

209 + 203 + 205 + 3aq + ) + g + a7,

203 4 205 + 207 + 304 + ) + a2 + g,

xs5g = [[[x3, [x1, x211, [x6, [x4, x5]1],
[[x7, [x3, x411, [[x2, x3], [x4, x5]111],

xs9 = [[[x4, [x2, x311, [x7, [x4, x5]11,
[[x3, [x1, X211, [[x4, x71, [x5, x61111,

209 + 205 + 303 + 34 + ] + g + 7,

209 + 203 + 205 + 2007 + 304 + 1 + g,

x60 = [[[x3, [x1, x211, [[x4, x7], [x5, X611,
[[x7, [x3, X411, [[x2, x3], [x4, x5]11]

209 + 205 + 27 + 303 + 304 + 1 + g,

[*61 | = [llx7, Lxa, x51), [Lx1, x2], [x3, xa]1],

[[[x2, x3], [x4, x711, [[x3, x41, [x5, x6]111,

20y 4+ 205 + 207 + 33 + 4oy o e,

[62 |=[lx7, Lxs, [x3, x11]. [Lx1, 2], [x3, x4]1],
[[[x2, x3], [x4, X511, [[x4, x7], [x5, x6]111,

209 4+ 207 + 323 + 3a5 + 4oyt g,

x63 = [[[[x2, x31, [x4, x711, [[x3, x4], [x5. X611,
[[[x4, x7], [x5, x61], [[x4, x5]1, [x3, [x1, x21]11]

209 + 206+ 207 + 33 +3a5 + 4oy + o

@ Springer



The Roots of Exceptional Lie Superalgebras

101

4.16.8 ¢(7, 7) of sdim = 64/62|70

We consider the Cartan matrix of ¢(7) with the parities of simple roots 1111111 and

the Chevalley basis elements

the root vectors

the roots

B

a1, o), @3, 04, &5, A6, @7,

xg = [x1, x2], X9 = [x2, x3], x10 = [x3, x4],
x11 = [x4, x5], x12 = [x4, x7], x13 = [x5, x6],

ap +ap, 0 + @3, @3 + a4, a4 + as,
oy + a7, a5 + ag,

= [x3, [x1, X2]], = [x4, [x2, x3]],
= [xs. [x3, x411. [ 117 | = 6. [x4. x5]1,
[x18 = [x7, [x3, 2411, [ x19 | = [x7, [x4, 3510,

o] +oar + a3, 00 + a3 + oy,
a3 +oq + a5, 04 + a5 + g,
o3 +oagq +ay, o4 + a5 +ay,

x20 = [x7, [x5, [x3, x4111, x21 = [[x1, x2], [x3, x4]],
x22 = [[x2, x3], [x4, x5]], x23 = [[x2, x3], [x4, x71,
x24 = [[x3, x4], [x5, x611, x25 = [[x4, x7], [x5, x6]],

a3 +og4 +as +og, 0] oy +a3 + oy,
ay + o3 +og+os, 0+ a3 +oq +ay,
a3 +agq +as +og, a4 + a5 +ag + o7,

x26 | = [[x2, x3], [x7, [x4, x5]1],
x27 | = [lx4, x5, [x3, [x1, x2]11,
x28 | = [lx4, x71, [x3, [x1, x2]1],
x29 | = [lxa, x7], [x5, [x3, x4111,
x30 | = [[x5, x6], [x4, [x2, x311],
x31 | = [lxs, x61, [x7, [x3, x4111,

oy + a3 +oayg + a5 +ay,

o] +oap + a3 + oy +as,

o] +oay +a3 +oayg +ay,

2004 + a3 + a5 +ay,
oy + a3 +ayg + a5 + ap,

a3 +oayq + a5+ ag + a7,

x32 = [[x5, x6], [[x2, x3], [x4, X711,
x33 = [[x3, [x1, x211, [x6, [x4, xs]11],
x34 = [[x3, [x1, x211, [*7, [x4, x5]11,
x35 = [[x4, [x2, x31], [*7, [x4, x5]1],
x36 = [[x6. [x4, x5]1, [x7, [x3, x4]]],

8]

o) + a3 +ag4 +os + ag + a7,
o] a2 + a3 +agq + a5 + o,
o] +ap +a3 + o4 + a5 + a7,
204 + ap + a3 + a5 + a7,
204 + a3 + a5 + g + a7,

x37 | = [lx3, [x1, x211, [[x4, x71, [x5, x6111,
x38 | = llxe, [x4, x511, [[x2, x3], [x4, x711],
x39 | = [lx7, [x3, x411, [[x2, x3], [x4. x5]11],
x40 | = [[x7, [x4, x511, [[x1, x21, [x3, x4111,
x41 | = [[x7, [x4, x5]11, [[x3, x4], [x5, x611],

o] +oap +a3 +oyg + a5 +oag + a7,

2004 + 0 + a3 + a5 +ag + a7,
203 + 204 + o) + a5 + a7,
204 + o1 + o + a3 + a5 + a7,
204 4 205 + a3 + o + 07,

x40 = [[x7, [x5, [x3, x4]111, [[x1, x21, [x3, x4]11,
x43 = [[lx1, x21, [x3, x411, [[x4, x71, [x5, x6111,
x44 = [[[x2, x3], [x4, x511, [[x4, x7], [x5, x6]111,
x45 = [[[x2, x31, [x4, x711, [[x3, x4], [x5, x6 111,

[

203 + 204 + 1 +ap + a5 + a7,
204 + a1 + a2 + a3 + a5 + ag + a7,
204 4+ 205 + o) + o3 + o + a7,
203 + 204 + ) + a5 + g + 7,

X46 | = [llx2, x3], [x4, x711, [[x4, x5], [x3, [x1, 21110,
xq7 | = [llx3, x4], [x5, X611, [[x2, x31, [x7, [x4, x5]11],
x48 | = [llx3, x4], [x5, x611, [[x4, x71, [x3, [x1, x21111,
x49 | = [llxa, x71, [x5, X611, [[x4, x51, [x3, [x1, 221111,

209 4+ 203 + 204 + 1 + a5 + a7,

203 + 2004 + 205 +ap + g + a7,

203 + 204 + o] + 0 + o5 + o + a7,

204 + 205 + o] + 0 + 3 + o + 7,

@ Springer




102 S.Bouarroud;j et al.
X50 = 203 4+ 204 + 205 + o] + oy + g + 7,
[[[x4, x5]1, [x3, [x1, x2110, [[x5. x6]. [x7, [x3, x4]111, 200 + 203 + 204 + o) + o5 + a6 + a7,
X5 = 203 4 205 + 304 + oy + g + 7,

[[[x4, x71, [x3, [x1, %2111, [[x5, x6], [x4, [x2, x3111],
X5y =
[[[x4, x71, [x5, [x3, x4]1], [[x5, x6], [x4, [x2, x3]11],

[¥53 | = [lxa, x7], [xs, [x3, xa]1],

[[x3, [x1, X211, [x6, [x4, x5]111,

= [[[x5, x6], [x4, [x2, x3]11],

[[x3, [x1, X211, [x7, [x4, x5]111,

[ 55 |=[llxs. 6] [x7. [x3. x4]1l.

[[x4, [x2, X311, [x7, [x4, x5]111,

203 + 205 + 304 + o + o + o + 7,

209 4+ 203 + 204 + 205 + a1 + g + @7,

203 + 205 + 2007 + 304 + a2 + g,

xs56 = [[[x3, [x1, X211, [x6, [x4, x5]111,
[[x4, [x2, x311, [x7, [x4, x5]11],
x57 = [[[x3, [x1, x211, [x7, [x4, x5]]],
[[x6, [x4, X511, [x7, [x3, x4]11]

209 + 203 + 205 + 34 + o1 + g + a7,

203 + 205 + 207 + 304 + o + o + g,

[s8 |= lllx3, Lx1. 2211, [x6. [xa, xs5]1].

([x7, [x3, X411, [[x2, x3], [x4. x5]111,

[0 | = [llx4, [x2, 2311, [x7, [x4, xs]1],

[[x3, [x1, X211, [[x4, x71, [x5, x61111,

209 + 205 + 303 + 304 + @1 + g + @7,

209 4 203 + 205 + 207 + 3ag+o g,

x60 = [[[x3, [x1, X211, [[x4, x7], [x5, x611],
[[x7, [x3, X411, [[x2, x31, [x4, x5]111,

209 +2a5 4207 + 303 + 3aq + o + g,

[61 |= [[Lx7. [x4. x51). [x1. x2]. [x3., x4]1],

[[[x2, x3], [x4, x711, [[x3, x4], [x5, x6]111,

209 4+ 205 + 2007 + 303 +4ag + a1 + ¢

x62 = [[[x7, [x5, [x3, x4]11], [[x1, x2], [x3, x4]11,
[[[x2, x3], [x4, x5]], [[x4, x7], [x5, x6]11],

209 +2a7 4+ 303 + 305 +4ayg + o + g,

[63 |=[[l[x2, x3], [x4, x71], [[x3, x4], [x5, X6]1],
[[lx4, x7], [x5, X611, [1x4, x5], [x3, Lxp, x21111]

209 + 206 + 2007 + 303 + 3as5+4os+oq

4.16.9 ¢(8, 1) of sdim = 136|112

We have (cf. Sect. 4.16.1) g(B) =~ ¢(7). We consider the Cartan Matrix of ¢(8) with
the parities of simple roots 11001111 and the Chevalley basis elements

the root vectors

the roots

o], 02, a3, a4, A5, 06, &7, AR,

xg = [xp, 2], [x10 | = [x2, x3), x11 = [x3, x4],
= [x4, x5], x13 = [x5, X6], X14 = [x5, xg],

X15 = [x6, x7],

o] o, 0 + 03, 03 + o4,
a4 + a5, a5 + ap, as +ag,
ag + o7,

x16 = [x3, [x1, X2]]’ = [x4, [x2, x31],
= [xs, [x3, X411, x19 = [x6, [x4, X511,

x20 | = [x7, [x5, X611, x21 = [xg, [x4, x5]],

x22 | = [xg, [x5, X611,

o] +ar +a3, 00 + a3 + oy,
a3 + oyq + o5, g4 + o5 + og,
a5 +ag +ay, o4 + a5+ ag,
a5 + ag + g,
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= [xg, [x6, [x4, x5]1],
x4 = [[x1, x2], [x3, x41],
X25 = [[x2, x3], [x4, x51],
x26 = [[x3, x4], [x5, x611,
X7 = [[x3, x4]. [x5, x8]],
= [[x4, x5, [x6, 1711,

x29 = [[xs, xg1, [x6, X711,

o4 + a5 +ag +og, 0] +ap +a3 + oy,
oy + a3 +og + a5, 03 + oy + o5 + g,
a3 +oag +as +og, a4 + a5 +oag + oy,
a5 +og + a7 +og,

x30 | = [[x3, x41, [x3, [x5, x6]11,
x31 | = [lx4, x5, [x3, [x1, %2111,
x32 | = [lxs, x61, [x4, [x2, x3111,
x33 | = llxs, xgl, [x4, [x2, x311],
x34 = [[xs, x31, [x6, [x4, x5]111,

= [Lx6. x71. [xs. [x3, x4]1],

x36 = [[x6, x7], [x8, [x4, x5]]],

a3 + oyq4 + o5 +ag +ag,
o] +oap +a3 + oy +as,
oy + a3 +oayg + a5 + ap,

oy + a3 +oayg + a5 + ag,
205 + o4 + g + ag,

a3 +ag +as +og + a7,
a4 + a5 + o + a7 +ag,

x37 = [[x6, 71, [[x3, x4], [x5, x8]1],
x38 = [[x3, [x1, x211, [x6, [x4, x5]11,
x39 = [[x3, [x1, x21], [x8, [x4, x5]1],
x40 = [[x4, [x2, x311, [x7, [x5, x6]1],
x41 = [[x4, [x2, x311, [x8, [x5, x6]1],
x40 = [lxs, [x3, x411, [x8, [x5, X611,
= [[x7, [x5, x611, [x8, [x4, x5]1],

a3 +agq + a5 +ag + a7 +ag,
o] +oap +a3 +oag + a5 + ap,
o] +ap +a3 + o4 + a5 +ag,
ay + o3 + oy + a5 +ag + a7,
o) + a3 + a4 + o5 + ag + ag,
205 + a3 + a4 + ag + ag,

205 + aq4 + ag + a7 + ag,

x44 | = [[x4, [x2, x311, [[x5, x8], [x6, x711],
x45 | = [[x7, [x5, x611, [[x1, x2], [x3, x4]1],
x46 | = [[x7, [x5, X611, [[x3, x4], [x5, xg]1],

x47 = [[x8, [x4, x5]11, [[x3, x4], [x5, x6]1],
x48 | = [lxg, [x5, x6ll, [[x1, x2], [x3, x4]1],

x49 | = [[xg, [x5, X611, [[x2, x3], [x4, x5]]],
x50 = [[x8, [x5, x6ll, [[x4, x5], [x6, x711],

o) a3 + a4 +os + o+ a7 +osg,
o] +oap +a3 +oayg + a5+ o+ a7,
205 + a3 + oy + ag + a7 + ag,
204 + 205 + 3 + o + g,

o] +oap +a3 +oag + a5+ o + ag,

205 + oy + a3 +ayg + og + g,
205 + 206 + 04 + 007 + ag,

xs51 = [[x3, [x5, x61l. [[x4, x5], [x3, [x1, x21111,
= [[xs, [x6. [x4, x5]11. [[x2, x3]. [x4, x5]11,
xs53 = [[lx1, x2, [x3, X411, [[xs, xg], [x6, 7111,
xs54 = [[lx2. x3]. x4, 511, [Lxs. xg]. [xe. 27111,
xs55 = [[[x3, x4], [x5, x611, [[x5, xg], [x6, x711],
[ 56 | = [[[x3. x4]. Lxs. xg]1. [[x4. x5]. [x. x7111.

205 + a1 + a2 + a3 + a4 + ag + ag,
204 4+ 205 + o) + a3 + g + g,

o] +ap +a3+o4 +a5+ag+ a7 +oag,
205 +ap + a3 + g4 +ag + a7 + g,
205 + 206 + @3 + ag4 + a7 + g,
204 4+ 205 + 3 + o + a7 + g,

X57 =

[[[x1, x21, [x3, x411, [[x5, x8], [x6, [x4, x5111],
-

[[[x3, x41, [x5, x8]11, [[x5. x6]. [*4, [x2, x3]11]],

X59 =

[[[x4, x5, [x6, x711, [[x3, x4], [x8, [x5, x111],

X60 =

[[[x4, x5]1, [x6, x71], [[x5, x81, [x4, [x2, x3111],
X1 |=

[[[xs, x81, [x6, X711, [[x4. x5]. [x3, [x1, x2]111],

-

[[[xs, x8], [x6, x711, [[x5, X6, [x4, [x2, x3111],

204 + 205 + 0] + o) + 3 + a6 + g,
203 + 2014 + 205 + ap + g + ag,
204 4+ 205 + 2006 + @3 + @7 + g,
204 + 205 + o) + 3 + g + 07 + g,
205 + o1 + a2 + a3 +aq +ag + a7 +ag,
205 + 206 + o) + o3 + o4 + 007 4+ ag,
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X3 = 205 + 206 + a1 + a2 + a3 + o4 + a7 + g,
[[lxs, x8], [x6, X711, [[x3, [x1, %211, [x6, [xa, x51111, | 203 + 204 + 2005 + o) + 2 + a6 + 03,

Xp4 = 204 + 205 + o] + o + 3 + a6 + a7 + ag,

[[[x3, x4], [x8, [x5, x6111, [[x4, x5], [x3, [x1, 221111,
X65 | =

[[[x4, x51, [x3, [x1, %2111, [[x6, x7], [x8, [x4, x5]11],
X66 | =

[[[xs5, x6]1, [x4, [x2, x3111, [[x6, x7], [x8, [x4, x5]1111,

X67 =

[[[xs, xg1, [x4, [x2, x3111, [[x6, x7], [x5, [x3, x4]11],

=

[[[xs5, x8], [x6, [x4, x5]11, [[x6, x7], [x5, [x3, x4]111],

204 4 205 + 2006 + ) + 3 + 7 + g,

203 + 204 + 205 + a0y + g + a7 + ag,
204 4 206 + 305 + a3 + a7 + ag,

= [[lxs, xg], [xa, [x2, X310, [[x3, [x1, %210,
[x6, [x4, xs]111,
x70 = [[[x5, x81, [x6, [x4, x5111, [[x4, [x2, x3]1,
[x7, [x5, x6 1111,
= [[lx6, x71, [xs, [x3, xa 111, [[x3, [x1, %211,
[xg, [x4, x5]111,

x72 | = llxe. x71, [x5, [x3, x4111, [[x4, [x2, X311,
[xs, [x5, x6 1111,
x73 = [[lx6, x71, [x8, [x4, x5111, [[x3, [x1, x2]1,
[x6, [x4, xs]1111,
x74 = [[lx6, x71, [x8, [x4, x5]11, [[x5, [x3, x4]],
[xg, [x5, x61111,

20p + 203 + 204 + 205 + a1 + g + @3,

204 4 2006 + 305 + oy + a3 + a7 + ag,

203 + 204 + 205 + ] + 2 + g + a7 + oy
203 + 204 + 205 + 206 + ap+o7+og,

204 + 205+ 206 + o1 + 0 + a3 + a7 +og,

204 + 206 + 208 + 305 + @3 + o7,

X75 =

[[[xg, x71, [[x3, x4], [x5, x8111, [[x3, [x1, X211,
[x6, [x4, x5]111,

=

[[[x3, [x1, X211, [x6, [x4, X511, [[x7, [x5, X611,
[xg, [x4, xs]1111,

x77 =

[[[x3, [x1, X211, [x8, [x4, x5111, [[x4, [x2, X311,
[x7, [x5, x61111,

X78 =

[[[x4, [x2, x311, [x7, [x5, X111, [[x5, [x3, X411,
[xg, [x5, x61111,

-

[[[x4, [x2, x311, [x8, [x5, x6111, [[x7, [x5. x6]]s
[xg, [x4, x5]11],

203 + 204 + 205 + 206 + 1 + o3 +7 +ag,

204 + 206 + 305 + 0] + g + 3
+o7 +ag,

20 + 203 + 204 + 205+ a1 +ae+a7 +og,

203 + 204 + 206 + 305 + a2 + a7 + o3,

204 4+ 206 + 208 + 305 +ap + 3 + o7,

xg0 = [[[x4, [x2, x311, [x7, [x5, x6111,
[[xg, [x4, xs]11, [[x3, x4], [x5, x6111],

[*81|= [[lxa, [x2, %311, [xg, [x5, x6]1],

[[x7, [xs5, x611, [[x1, x21, [x3, x4 1111,
[v82 | = [llxs. [x3. x411. [xg. [x5. x6]1].
[[x4, [x2, x311, [[x5, x8], [x6, x7111],
[ 83 |= [lLxs. [x3, x41l. [xg, [x5, x6]1].
[[x7, [x5, x611, [[x1, x21, [x3, x41111,
xg4 = [[[x7, [x5, X611, [xg, [x4, x5]1],
[[xg, [x5, x611, [[x1, x21, [x3, x4]111,

203 4+ 206 + 304 + 35 +p + a7 + o3,

209 4+ 203 + 204 + 205 + 206 + o
+o7 +ag,
203 4 204 + 206 + 208 + 305 4o + a7,

203 + 2014 + 206 + 305 + a1 +ap
+o7 +ag,
204 + 206 4 208 + 305 + o oy oz +a7,
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[¥85 | = [[lxa. [x2, 2311, [, g1, [xe. X711

[[xg, [x4, x5]11, [[x3, x4], [x5, x6111],

= [[[x7, [x5, x611, [[x1, x21, [x3, x4]1],

[[xg, [x4, x5]11, [[x3, x4], [x5, x6111],
xg7 = [[[x7, [x5, x61l, [[x1, x2], [x3, x4]1],
[[xg, [x5, x611, [[x2, x31, [x4, x5]1111,
xgg = [[[x7, [x5, x611, [[x3, x4], [x5, xg]]],
[[xg, [x5, x611, [[x1, x21, [x3, x4]111,

203 4 206 + 208 + 304 + 305 4o + a7,

203 + 2006 + 304 + 305 + ) +ap

+o7 +og,

209 +203 + 204 + 206+ 305+ +a7+ag,

2034204 +206+2ag + 305+ +ar +a7,

x89 = [[[x7, [x5, x6ll, [[x1, x2], [x3, x4]1],
[[xg, [x6, [x4, x5]11], [[x2, x3], [x4, x5111],

x90 = [[[xg, [x5, x611, [[x1, x21, [x3, x4]1],
[[[x3, x4], [x5, x81, [[x4, x5], [x6, x7111],

[xo1 |=[llxs, Lxs, x611, [[x2, x3], [x4, xs]1].
[[[x1, x2]1, [x3, x411, [[x5, x8], [x6, x71111,
x93 = [[[xg, [x5, X611, [[x2, x31, [x4, x5]1],
[[[x3, x4], [x5, x81], [[x4, x5], [x6, x7111],

209 +203 +206+ 34 + 305+ +a7+ag,
203+ 206 +208 +3aq + 305+ +ar+a7,

20p + 203 + 204 + 206 + 2008

+3as5 + o + o7,

203 + 206 + 208 + 304 + 4as + an + a7,

x93 = [[[x7, [x5, x6ll, [[x1, x2], [x3, x4]1],
[[[x3, x4], [x5, x811, [[x5, x6],
[x4, [x2, x3]11111,

[x04 |= [[Lxs. [xs. x61l. [[x4, x5, [x3, [x1, x2111),
[[[x3, x4], [x5, x8]11, [[x4, x5], [x6, x71111,

= [[[xs, [x6, [x4, x5]11], [[x2, x3], [x4, x5]1],
[[[x1, x21, [x3, x411, [[x5, x8], [x6, x71111,

[96 | = [lLxs, Lx6, [x4, xs11]. [[x2, x3], [x4, x5]1],
[[lx3, x4], [xs, X611, [[x5, x8]. [%6, x7111],

209 + 206+ 303+ 34 + 305+ +a7+ag,

203 + 206 + 208 + 30q + das + o
+op + a7,

209 4 203 + 206 + 208 + 304 4 305
+oy + a7,

203 + 208 + 304 + 30 +4a5 + o + o7,

= [[[[x1, x21, [x3, x411, [[x5, x8], [x6, x7111,
[[[x3, x4], [x5, x8]], [[x5, x61,
[x4, [x2, x311111,
x98 = [[[[x2, x3], [x4, x5]1, [[x5, x8], [x6, x711],
[[lx1, x21, [x3, x411, [[x5, x31,
[x6, [x4, xs11111,
x99 = [[[[x3, x4], [x5, x611. [[x5, x81, [x6., X711,
[[lx1, x21, [x3, x41, [[x5, x8],
[x6, [x4, xs11111,
x100 = [[[[x3, x4]1, [x5, xg11, [[x4, x5], [x6, x7111,
[[[x5, x8], [x6, x71], [[x5, x6]1,
[x4, [x2, x311111,

209 4 206 + 208 + 303 + 304 + 305
+oy + a7,

209 +203+ 206 +208 + 304 +4as+a ) +a7,

203 +208 + 304+ 306 +4as5+a1 +ar+a7,

203 + 2a7 + 2ag + 304 + 3o + 4as + an,

[¥101 | = [lllx1, %21, [x3, x411. [Lxs, xg],

[x6, [x4, xs]111, [[[x5, x8], [x6, x71],
[[xs, x6], [x4, [x2, x3]111],
x102 = [[l[x3, x4, [x5, x811, [[x5, x6]1,
[x4, [x2, x3]111, [[[x5, x8], [x6, x71],
[[x4, x5, [x3, [x1, x211111,

[¥103 |= [llx4. x5]. [x6. 1711, [[x3, x4],

[xg, [x5, xa111], [[[x5, x8], [x6, x711,
[[x4, x5, [x3, [x1, x211111,

209 4 203 + 208 + 3aq + 306
+as + o) + a7,

209 +206+208+303+30q4 +4as+a +a7,

203 4 2007 + 208 + 3aq + 306
+das + o) +ap,
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x104 = [[l[x4, x5], [x6, x711, [[x5, x8],
[xq, [x2, x3]111, [[[x3, x4], [x8, [x5, x6111,
[[x4, x5, [x3, [x1, x2]1111,

[*105 |= [llLxs. xg]. [x6, x711. [[x5, X1,

[x4, [x2, x3]111, [[[x3, x4], [x8, [x5, x6111,

[[x4, x5], [x3, [x1, 2211111,
x106 = [[l[xs, xg], [x6, x711, [[x5, x6],
(x4, [x2, x31111, [[[x4, x5], [x3, [x1, x2]1],
[[x6, x7], [x8, [x4, x5]1111,

209 +206+ 208+ 303 +4ag +4as+a +a7,

20p + 208 + 303 + 34 + 30

+das + oy + a7,

2002342074208 +30q+30g+4as+og,

x107 = [lllxs, x81, [x6, x711, [[x3, [x1, X211,
[x6, [x4, xs1111, [[[x5, x8]. [x4, [x2, x3]11,
[[x6, x7], [x5, [x3, x4 11111,

= [[[[x3, x4], [x8, [x5, x611]. [[x4. x5],

[x3, [x1, X211, [[lx5, x6]1, [x4, [x2, x3111,

[[x6, x7], [x8, [x4, x5]111],

200 +2a7+208+303+30q + 306 +4as oy,

20 4 208 + 303 + 3ag + 4oy

+4as + o) + a7,

x109 = [[llxs, xg], [x4, [x2, x3111, [[x6, x7],
[xs, [x3, x41111, [[[x6, x7], [x8, [x4, x511],
[[x3, [x1, x211, [x6, [x4, x5]1111,

x110 = [[llxs, x81, [x6, [x4, x5111, [[x6, x71,
[xs, [x3, x4]111, [[[x5, x8], [x4, [x2, x3]1],
[[x3, [x1, X211, [x6, [x4, x5]1111,

20042074 20g+303+30+4oy+4os+o,

209 +208+ 303 +306+4aq4+5a5+a1 +a7,

[*111 = [llxs, x8], x4, [x2, x3]1],

[[x3, [x1, X211, [x6, [x4, x5]111,
[[[x6, x71, [x8, [x4, x5]11],
[[xs5, [x3, X411, [x8, [x5, x611111,

= [llLxs. xg]. [x6. [x4. xs]1l.
[[xs, [x2, X311, [x7, [x5. x6111],
[[[x6, 7], [x5, [x3. x4]]],
[Lx3. Lx1. 1211, [xg. [xa, xs 11111,

20y 4 303 + 306 + 3ag + 4ayq + Sas

+oy + a7,

209 4 207 + 208 + 3a3 + 30

+4aq + Sas + o,

x113 = [lllxe, x71, [x8, [x4, xs]111,
[[x3, [x1, x211, [x6, [x4, x51110,
[[[x4, [x2, x31], [x7, [x5, x6]1],
[Lxs, [x3, x41], [xg, [x5, x611111,
x114 = [[llxg, x71, [x8, [x4, x5]1],
[[xs5, [x3, x4]1, [x8, [x5, x6]1111,
[[[x3, [x1, X211, [x8, [x4, x5]11,
[[x4, [x2, x311, [x7, [x5, 2611010,

200 +2a7+208+303 +4ag +4ag+5a5+a7,

200 +2a743a3+306+3ag+4og+505+0,

[*115 | = [[llxs, x7], [[x3, x4], x5, x8]1],

[[x3, [x1, X211, [x6, [x4, x5]1111,
[[[x4, [x2, x311, [xg, [x5, x6]111,
[[x7, [x5, x61], [x8, [x4, x5]1111,

209 4 207 + 303 + 3ag + 4oy

+4ag + Sas + o,

x116 = [[llx4, [x2, x3]1, [x8, [x5, x6111,
[[x7, [x5, x611, [xg8, [x4, x51111,
[[[xs, [x3, x41], [x8, [x5, X611,
[[x7, [x5, X611, [[x1, x21, [x3, x411111,

200 +2a7+303+30g+4ag +4ae+0as+a7,

x117 = [[llx4, [x2, X311, [x7, [x5, x611],
[[xg, [x4, x5]11, [[x3, x4], [x5, x61111,
[[[x7, [x5, X611, [x8, [x4, x5]11],
[[xg, [x5, x61l, [[x1, x21, [x3, x4]1111,

2000 +207+3a3+3ag +4ag+5a4+6as+ay,
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x118 = [[[lxs, [x3, x41l, [x3, [x5, x611], 2ap+2a74-3ag+4a3 +4ae+S04+605+ay,
[[x7, [x5, x61], [[x1, x21, [x3, x4]111,
[[[x4, [x2, x3]1, [[x5, x8], [x6, X711,
[[xg, [x4, x5]1, [[x3, x4], [x5, x61111],
x119 |= [lllx4, [x2, x311, [[xs5, x8]1, [x6, x711], 2007 + 30p + 3g + 4oz + 4o
[[xg, [x4, X511, [[x3, x4], [x5, X611, a4 + 6as + o,
[[[x7, [x5, x611, [[x1, x21, [x3, x4]1],
[[xg, [x5, X611, [[x2, x31, [x4, x5]1111],
x120 = [[[[x7, [x5, X611, [[x3, x4], [x5, xg]1, 201 + 207 + 30 + 3ag + 4oz + 4o +
[[xg, [x5, x611, [[x1, x2], [x3, x4111], Say + 6as
[[[x7, [x5, X611, [[x1, x2], [x3, x411],
[[xg, [x6, [x4, x5]1], [[x2, x3], [x4, x5]111]

4.16.10 ¢(8, 8) of sdim = 120|128

In the Z-grading with the 1st CM with deg egt = £1anddeg el.i = Ofori # 8§, wehave
go = gl(8) = gl(V). There are different isomorphisms between go and gl(8); using
the one where h; = E; j+ Ejy1 ;41 foralli =1,...,7,andhg = Eg 6+ E7.7+ Es 3,
we see that, as modules over gl(V),

g =NV5 a=AV, m=V;
g1 =N\ Viga=AV* g3 =V

We can also set hg = E 1 + E22 + E33 4+ E4 4 + Es5 5. Then we get

g1 =A3y; n=AV;: a=N\V%
=N Vg = AV gs=A"V.

The algebra g; is isomorphic to on)(16) @Kd, whered = Eg6 + --- + E13,13,
and g7 is an irreducible gz-module with the highest weight element x12¢ of weight

(1,0, ...,0) with respect to 1, ..., hg; g7 also possesses a lowest weight vector.

the root vectors the roots

Lo f ez Plxs Pl P [as P Lo P a7 a8 ] o1, @2, 03, a4, @5, 6, 47 0,

x9 = [x1, x2], x10 = [x2, x3], x11 = [x3, x4, x12 = [x4, x5], ay +ap, ap + a3, a3 + oy,

x13 = x5, x6], x14 = [x5, x8], x15 = [x6. x7], a4 +as, a5 + ag, a5 + g,
ag + a7,

=l x3, [x1, X2JJ m—lX4 [x2, x311, a) +ax +oa3, 0 + a3 +ay,

x1s | = [xs. [es, xall [ 19 | = [xe. e 2511, o3 o o5, 04 o5 96,
a5 +ag + o7, o4 + a5 +ag,

x20 | = [x7, [x5, X611, = [xg, [x4, x5]1, @5 +ag +ag,

2 | = xg, [x5, x61],

x23 = [x8, [x6, [x4, x5]1], x24 = [[x1, x2], [x3, x4]], a4 + a5 + o6 + ag,

x25 = [[x2, x3], [x4, x5]1, x26 = [[x3, x4, [x5, x6]], a) +op +a3 + oy,

x27 = [[x3, x4], [x5, xg1l, x28 = [[x4, x51, [x6, X711, ay + a3 + a4 + as,

x29 = [[x5, x8], [x6, X711, a3 + oy + a5 + o,

a3 +ag4 + o5 +ag,
a4 + a5 + o + a7,
a5 +ag +a7 +ag,
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x30 | = [[x3, x4], [xs, [x5, x611],

[[x4, x51, [x3, [x1, x2111,

32 | = [lxs, x6l, [x4, [x2, x3]1],

[[xs5. x8]. [x4. [x2. x3]11.

[[xs, xg], [x6, [x4, x5]11,

[[x6, x71, [x5, [x3, x4]11],

Il

x36 | = [[x6, x7], [x8, [x4, x5]]],

a3 + a4 + a5 + ag + ag,

a)] +ay +az +ayg + as,

oy + a3 +aq + a5 + ap,

205 4+ oq4 + o + 0g,

a3 +ayq + a5 + ag + ay,

|
|
‘ ar + a3 +ay +as +ag,
|
|
‘ a4 + a5 +ag + a7 + ag,

x37 = [[x6, 71, [[x3, x4], [x5, x8]1],
x38 = [[x3, [x1, x211, [x6, [x4, x5]111,
x39 = [[x3, [x1, x21], [x8, [x4, x5]1],
x40 = [[x4, [x2, x311, [x7, [x5, x6]11,
x41 = [[x4, [x2, x311, [x8, [x5, x6]1],
x40 = [lxs, [x3, x411, [x8, [x5, x6]1],
x43 = [[x7, [x5, x611, [x8, [x4, x5]11],

a3 +agq + a5 +ag + a7 +ag,
o] +ap + a3 + o4 + a5+ ap,
o] +ap +a3 + o4 + a5 +ag,
oy + a3 + oy + a5 +ag + a7,
oy + a3 + a4 + o5 +ag + ag,
205 + a3 + aq + a6 + ag,

205 + aq4 + o + a7 + ag,

x44 | = [[x4, [x2, x311, [[x5, x8], [x6, x711],

x45 | = [[x7, [x5, X611, [[x1, x21, [x3, x4]1],

x46 | = [[x7, [x5, x6l, [[x3, x4], [x5, xg]1],
xq7 | = [[xg, [x4, x51], [[x3, x4], [x5, x6]11],
x48 | = [[xg, [x5, X611, [[x1, x2], [x3, x4]1],

x49 | = [[xg, [xs, 611, [[x2, x3], [x4, x5]1],
x50 | = [[xg, [x5, x61], [[x4, x5], [x6, x711],

oy + a3 + aq + a5tagtoytog,

o] + oy + a3 + agtastoagtog,
205 + a3 + aq + a6 + a7 + ag,
204 + 205 + a3 + ag + og,

o] + oy + a3 + agtastoagtog,
205 + oy + a3 + a4 + a6 + ag,
205 + 206 + 004 + 007 + g,

xs1 = [[xg, [x5, x611, [[x4, x5], [x3, [x1, 221111,
x5 = [[xg, [x6, [x4, x5]1], [[x2, x3], [x4, x5]1],
xs53 = [[lx1, x21, [x3, x411, [[x5, x8]1, [x6, x7111,
xs4 = [[[x2, x3], [x4, x51], [[x5, x81, [x6, x7]1],
xs55 = [[[x3, x4], [x5, x611, [[x5, x8], [x6, x711],
xs56 = [[[x3, x4], [x5, x8]], [[x4, x5], [x6, X711,

205+o1 +ar a3 +og+ogtog,
204 + 205 +ap + a3 +ag +ag,
o] +op+o3+ag+os+ae+
a7 + ag,

2054w +a3+og4+og+o7+og,
205 + 206 + o3 + o4 + o7 + g,
204 4205 + a3 + o + a7 +ag,

= [[lx1, x21, [x3, x41]. [[x5, xg], [x6. [x4, x5]111.
= [[[x3, x4], [x5, x8]1, [[x5, x6]1, [x4, [x2, x3]]]],
= [[[x4, x51, [x6, x711, [[x3, x41, [xs, [x5, x6111],
= [[[x4, x5], [x6, x711, [Lx5, x8], [x4, [x2, x3111],
= [[[xs, xg], [x6, x711, [[x4, x5], [x3, [x1, %2111,
= [[[xs, xg], [xe, x711, [[x5, x6], [x4, [x2, x3]11],

204 + 205 + o] +ap + a3
+op + g,

203 + 204 + 205 + ap+agtog,

204 4 205 + 206 + €3 +a7+ag,
204 + 205 + ) + a3 + o
+o7 +ag,

205 + o) +ar +a3 + o4 + g
+o7 +ag,

205 + 206 + ) + a3 + a4
ta7 +ag,
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x63 = [[lxs5, x81, [x6, x711, [[x3, [x1, X211, [x6, [x4, x5]1111,
x64 = [[[x3, x4], [xg, [x5, x6111, [[x4, x5, [x3, [x1, x2111],
x65 = [[lx4, x5], [x3, [x1, X211, [[x6, x7], [x8, [x4, x5]111],
x66 = [[[x5, x61, [x4, [x2, x3111, [[x6, x7], [x8, [x4, x5]111,
x67 = [llxs, x81, [x4, [x2, x3111, [[x6, x7], [x5, [x3, x4]1111,
x68 = Illxs, x81, [x6, x4, x5111, [[x6, x71, [x5, [x3, x4]111],

205 + 206 + o] + a2 + a3 +
o4 + a7 + g, 203 + 204 +
205 + a1 + a2 + ag + ag,
204 + 205 + o] +ap + a3 +
ae + a7 + ag, 204 + 205 +
206 + a2 + a3 + a7 +ag, 203 +
204 4+ 205 +ap + 0 + a7 +ag,
204 + 206 + 305 + 3 + 7 + g,

X9 | =

[[[xs, x81, [x4, [x2, x3111, [[x3, [x1, X211, [x6, [x4, x5]111],
[x70]=

[[[xs5, x8], [x6, [x4, x5]11, [[x4, [x2, X311, [x7, [x5, x6111],
-X71 =

[[[x6, x71, [x5, [x3, x4]111, [[x3, [x1, X211, [x8, [x4, x5]11],
-Xn =

[[[x6, x71, [x5, [x3, x4]111, [[x4, [x2, x31], [x8, [x5, x6111],
-X73 =

[[[x6, x71, [x8, [x4, x5]11, [[x3. [x1, x21], [*x6, [x4, x5111],
-X74 =

[[[xg, x71, [x8, [x4, x5]11, [[x5, [x3, X411, [x8, [x5, X111,

20p 4+ 203 + 204 + 205 + a1
+op + ag,

204 4+ 206 + 305 + oy + 3
+o7 +ag,

203 + 204 + 205 + o] + )
+ag + a7 + ag,

203 + 204 + 205 + 206
+ap + a7 +og,

204 + 205 + 206 + 0] +
ta3 + a7 +oag,

204 + 206 + 208 + 35
ta3 + a7,

)[6[7[26=7x7]s [[x3, x4], [x5, x111, [[x3, [x1, %211, [x6, [x4, x51111,
?[7[§€3:,[X1 » %211, [x6. [xa, x5111, [[x7, [x5, x6ll, [xg, [x4, x5]11],
?[7[;3:,[X1 s %211, [x8, [x4, x5111, [[xa, [x2, x311, [x7, [x5, x6]111,
?[7[§C4z,[xz, x311, [x7, [xs, x6 111, [Lxs. [x3. x41]. [x8. [x5. x61111.
)[c[7li4:,[XQ, X311, [xg, [x5, x6]11, [[x7, [¥x5, x6]], [x8, [x4, x5]11],

203 + 204 + 205 + 206 + a1 +
o) + a7 + g, 204 + 206 +
3a5 + oy +ay + a3 + a7 + ag,
20) 4+ 203 + 204 + 205 + a1 +
ag + a7 + ag, 203 + 204 +
206 + 305 + o + a7 + ag,
204 4+ 206 + 208 + 35 +ap +
a3 + a7,

[ x80 [ = [[x4, [x2, X311, [x7. [xs, x6111, [Txg. [x4. 511,
[[x3. 4], [xs. x6111),
= [[lx4, [x2, 631, [xg, [xs, x6111, [[x7, [xs, x61],
[Lx1, x2], [x3, x4]111,
= [[lxs, [x3, x411. [x8. [x5. X611, [[x4. [x2. 23],
[[xs, xg]. [x6. x7]111,
= [[lxs, [x3, x411. [x8. [x5. X6 111, [[x7. [xs. X611,
[Lx1, x2], [x3. x4]111,
= [[[x7, [xs, x61. [x3. [x4. xs111. [Lx3. [xs. 611,
[Lx1, x2], [x3, x4]111,

2a3 + 206 + 304 + 305
+ap + a7 + og,

209 4 203 4+ 204 + 205
206 + o) + a7 + g,
203 4 204 + 206 + 2008
+3a5 + an + a7,

203 4 204 + 206 + 305
+a +ap + o7 +ag,
204 4 206 + 208 + 35
+a; +ap + o3 +ay,

xgs = [[[x4, [x2, x311, [[x5, x8], [x6, x7111, [[x3, [x4, x51],
[[x3, x4, [x5, x61111,
xg6 = [[[x7, [x5, X611, [[x1, x2], [x3, x4]11, [[x8, [x4, x5]],
[[x3, x4], [x5, x61111,
xg7 = [[[x7, [x5, X611, [[x1, x21, [x3, x4]11, [[x8, [x5, x6]],
[[x2, x3], [x4, x5]1111,
xgg = [[[x7, [x5, x611, [[x3, x4], [x5, xg]1], [[x8. [x5, x6]1],
[[x1, x2], [x3, x4]1111,

203 + 206 + 208 + 304 + 305 +
oy + a7, 203 + 206 + 304 +
3a5 + a1 +ar +a7 +ag,

20p 4+ 203 + 204 + 206 +

3a5 + o) + a7 +ag,

203 + 204 + 206 + 208 +

3as5 + o) +ap +ay,
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-

PX%[XS, x6ll, [[x1, x21, [x3, x4]111, [[x8, [x6, [x4, X511,
[[x2, x3], [x4, x5]1111,

:

[[[xs, [x5, x11, [[x1, x2], [x3, x411], [[[x3, x4], [x5, x8]],
[[x4, x5], [x6, x71111,

:

[[[xg, [x5, x611, [[x2, x3], [x4, x5111, [[[x1, x2], [x3, x4]11,
[[xs, xg1, [x6, x71111,

=

[[[xs, [x5, x611, [[x2, x31, [x4, x5111, [[[x3, x4], [x5, xg11,
[[x4, x5], [x6, x71111,

200 + 203 + 206 + 304
+3a5 + o) + a7 +ag,

203 + 206 + 208 + 304
+3as5 + o) +ap +ay,

20) + 203 + 2004 + 20
+2ag + 305 + oy + a7,

203 + 206 + 208 + 304
+4as +ay + o7,

X93 =

[[[x7, [x5, x611, [[x1, x21, [x3, x4]111, [[[x3, x4], [x5, x8]],
[[x5, x6], [x4, [x2, x3]11111,

xo4 = [[lxg, [x5, X611, [[x4, x5, [x3, [x1, x21111, [[[x3, x4],
[xs, xg]l, [[x4, x5], [x6, x71111,

x95 = [[[x8, [x6, [x4, x5]111, [[x2, x3], [x4, x511), [[[x1, x2],
[x3, x41l, [[x5, xg], [x6, x71111,

x96 = [[l[xg, [x6, [x4, x511], [[x2, x3], [x4, x5111, [[[x3, x4],
[xs, x611, [[x5, x8], [x6, x7111],

209 4+ 206 + 303 + 3aq +

3a5 + a1 + a7 + ag,

203 + 206 + 2008 + 304 +

4as + o + oy + o7,

20p + 203 + 2006 + 208 + 304 +
a5 + a1 + a7, 203 + 208 +
34 + 306 + das + oy + a7,

=

[[[[x1, x21, [x3, x411, [[x5, x81, [x6, x7111, [[[x3, x4, [x5, x8]],
[[x5, x6], [x4, [x2, x3]1111,

=

[[[[x2, x31, [x4, x511, [[x5, x8], [x6, x7]11, [[[x1, x21, [x3, x4]],
[[x5, xg], [x6, [x4, x5]1111],

-

[[[[x3, x4]1, [x5, x611, [[x5, x81, [x6, x7111, [[[x1, x21, [x3, x41],
[[x5, xg], [x6, [x4, x5]111],

-

[[[[x3, x4]1, [x5, x81], [[x4, x5], [x6, x7]111, [[[x5, x8], [x6, X711,
[[x5, x6], [x4, [x2, x3]1111,

2ap + 206 + 2ag + 303 + 304
+3a5 + o1 + a7,

20p + 203 + 206 + 2008 + 304
+4as + o) + oy,

203 4 208 + 304 + 3o + 4as
+a) +ar +ay,

203 + 207 4+ 208 + 304
+3a6 + 4das + g,

X101 =

[[[[x1, x21, [x3, x4]1, [[x5, x8], [x6, [x4, x5111], [[[x5, xg].
[x6, x711, [[x5, x6], [x4, [x2, x31111],

X102 =

[[[[x3, x4]1, [x5, xg11, [[x5, x6]1, [x4, [x2, x31111, [[[x5, x8],
[x6, x711, [[x4, x5], [x3, [x1, x21111],

X103 =

[[[[x4, x5]1, [x6, X711, [[x3, x4], [x3, [x5, x61111, [[[x5. xg8],
[xg, X711, [[x4, x5], [x3, [x1, x2]1111,

209 4+ 203 + 208 + 3aq +
3ag + 45 + o) + a7,

209 4+ 206 + 208 + 303 +
3aq + 45 + o1 + a7,

203 + 2007 + 208 + 304 +
g + 4os + o + g,

=

[[[[x4, x5]1, [x6, X711, [[x5, x8]1, [x4, [x2, x31111, [[[x3, x4],
[xg, [x5, x6111, [[x4, x5]1, [x3, [x1, x2]1111,

-

[[[[xs, x81, [x6, x711. [[x5, x61, [x4, [x2, x31111, [[[x3, x4],
[xg, [x5, x6111, [[x4, x51, [x3, [x1, x2]1111,

-

[[[[x5, xg], [x6, X711, [[x5, x6]1, [x4, [x2, x31111, [[[x4, x5],
[x3, [x1, x2111, [[x6, X71, [x8, [x4, x5]111],

20 + 206 + 208 + 303
+4ayg + 4as + o) + a7,

20y + 208 + 323 + 304
+3ag + 4as5 + o + a7,

209 4 203 + 207 + 208
+3aq4 + 30 + das + o,
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x107 = [[llxs, x81, [x6, x711, [[x3, [x1, X211, [x6. [x4, x5]111],
[[[x5, xg], [x4, [x2, x3]11], [[x6, x7], [x5, [x3, x4]1111],

x108 = [[[[x3, x41, [x3, [x5, x6111, [[x4, x5, [x3, [x1, x21111,
[[[x5, x6], [x4, [x2, x311], [[x6, x7], [x8, [x4, x5]1111],

20p 4+ 207 + 208 + 33 +
34 + 306 + 4as +ay,

20p 4 208 + 303 + 36 +
4og + 4as + oy + a7,

[¥109 |= [MlLxs. xg]. x4, [x2. x3111. [[x. 7], [xs. [x3, 24171),
[[[x6, x7], [x8, [x4. x5]11, [[¥3, [x1, X211,
Lxe, [x4, xs 11111,

= [llLxs. xg]. [x6. [x4. xs]111. [Lx6. 7], [x5. [x3, x4111).
[[[xs, xg], [x4, [x2, x3111, [[x3, [x1, %211,
Lx6, [x4, xs 11111,

20 + 207 + 208 + 323
+3ag + 4otg + das + o,

20 + 208 + 323 + 30
+4oq + Sas + o + a7,

x111 = [[llxs, x81, [x4, [x2, x3111, [[x3, [x1, X211, [x6, [x4, x5111],
[[[x6, x71, [x8, [x4, x5]11, [[x5, [x3, x41], [x8, [x5, x6]111],

x112 = [[llxs, xgl, [x6., [x4, xs111, [[x4. [x2, x311, [x7. [x5. x6]111,
[[lx6. x71. [x5, [x3, x4]11. [[x3, [x1. X211, [xg, [x4. xs]111],

20 + 33 + 306 + 3ag +
4oq + Sa5 + o) + a7,

200 + 207 4 2ag + 303 +
3ag + 4o + Sa5 + o,

[x113 | = [llI%6 x7]. [xg, Lxa, 5111 [Lx3, Lx1, 211,

[x, [xa, xs 1110, [lxa, [z, 131, [x7, [xs, x6]1],
[Lxs, [x3, x41], [xg, [x5, x61111],

[¥114 | = [llIx6, x7]. [xg, [xq, 511, [Lxs, [x3, x41l,
Lxg, [xs5, x61111, [[[x3, [x1. X211, [x8, [x4, x5]11,
(x4, [x2, X311, [x7, s, x6 11111,

20p + 207 + 2ag + 303
+4ayg + 4o + Sas + o,

20p + 207 + 303 + 3w
+3ag + 4oq + Sas + o,

x115 = [[llxe, x71, [[x3, x4], [x5, x8111, [[x3, [x1, X211,
[x6, [x4, x51111, [[[x4, [x2, x311, [x8, [x5, x6111,
[[x7, [x5, x611, [x8, [x4, x5]1111,

209 + 207 4+ 303 + 308 +
4o + 4ag + Sas +ay,

[¥116 | = [lllx4, [x2, 2311, Lxs, Lxs, x6]111, [x7, [xs5. x61l,

[xg, [x4, x5111], [[[x5, [x3, x4]], [x8, [x5, X611,
[[x7, [x5, x611, [[x1, x21, [x3, x4 11111,

20p + 207 + 303 + 3ag
+4ayg + 4o + 605 + o,

x117 = x4, [x2, x311, [x7, [x5, X111, [[x8, [x4, X511,
[[x3, x4], [x5, x61111, [[[x7, [x5, x6]], [x8, [x4, x5]1],
[[xg, [x5, x611, [[x1, x21, [x3, x4 11111,

20p 4+ 207 + 303 + 3ag +
4o + Say + 605 + o,

[118 |= [Mllxs. [x3. 2411, [xg. [x5. x6]11. [[x7. [x5. x6]l.
(lx1, x2], [x3, x4 110, [[[x4, [x2, x3]], [[x5, xg],
Lxg, 7110, [Lxg, [x4, 6511, [Lx3, x4], Lxs, x61111],

200 + 207 + 3ag + 4a3
+4ag + Saq + 605 + o,

x119 = [[[lxa, [x2, x311, [[x5, x81, [x6, x7111, [[x8, [x4. x5]].

[[x3, x4], [x5, x6 1111, [[[x7, [x5, X611, [[x1, x2], [x3, x411],

[[xg, [x5, x61l, [[x2, x31, [x4, x5]1111,

207 4 30 + 308 + 4oz +
4ag + Say + 605 +ay,

= [[[[x7, x5, 611, [[x3, x4], [xs, xg]11, [[xg, [xs, xe]1,
(Lx1. x2], [x3, x41111, [[[%7, [x5, x61], [[x1, x21],
[x3, 410, [[xg, X6, [xa, x5111, [x2, x31, [xa, xsT111]

201 + 207 + 30 + 3ag
+4a3 + dag + Say + 605
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5 Root Systems of Lie Algebras of the Form g(A) with
Indecomposable A

5.1 wt(3; a) and 1t(4; a), Wherea # 0, 1Tandp = 2
These Lie algebras are desuperizations (which means we forget squaring and only con-

sider the brackets, see Bouarroud; et al. 2015) of bgl(3; a) and bgl(4; a), respectively,
so they have the same root systems, see Sects. 4.16.2 and 4.16.3.

5.2 F(00(1|2n)), where F is the Desuperization Functor, p = 2

(In Weisfeiler and Kac (1971), this simple Lie algebra is denoted A,,.) Its root system
is the same as that of 0(2n + 1), see Bouarroudj et al. (2015).

5.3 br(2; €),Where &g # 0andp =3

These Lie algebras (described in Bouarroud;j et al. (2011)) have the same root system
as o(5).

5.4 br(3),p = 3

We consider the following (one of the two) Cartan matrix (Skryabin was the first
to describe the Cartan matrices of br(3), see Skryabin (1993)). The corresponding
Chevalley basis is

the root vectors the roots

x|, X2, X3 o, o, o3

x4 = [x1,x2], x5 =[x2,x3] ) tag, ap+a3
2 _1 0 x6 = [x3, [x1, X211, x7 = [x3, [x2, x3]] o] +op + a3, ap + 203
12 xg = [x3, [x3, [x1, x2]1] a) + o + 23
0 -1 0 xg = [[x2, x3], [x3, [x1, x2]11] o + 20 + 203

x10 = [[x3, [x1, x211, [x3, [x2, x3]1] o] + 202 + 303

x11 = [[x3, [x2, x311, [x3, [x3, [x1, 221111 o] + 200 +4o3

x12 = [[x3, [x2, x311, [[x2, x3], [x3, [x1, x2]11] o] + 302 +4a3

x13 = [[x3, [x3, [x1, X211, [[x2, x3], [x3, [x1, x2]11] | 201 + 3 + 4a3

6 Appendix. On Restrictedness (from Bouarroudj et al. 2015)

In 2005, P. Deligne wrote several comments to a draft of Lebedev and Leites (2006),
see his Appendix in Lebedev and Leites (2006). In particular, a part of his advice
(in our words) was: “Over K, to classify ALL simple Lie (super)algebras and their
representations are, perhaps, not very reasonable problems, and definitely very tough;
investigate first the restricted case: it is related to geometry, meaningful and of inter-

th)

est’.
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Having cited Deligne’s words in our papers devoted to classification of simple finite-
dimensional modular Lie (super)algebras we were rebuffed by referees: non-restricted
Lie (super)algebras are often needed as well, at least, to describe the restricted ones!
See also studies of other topics, e.g., of p-groups, see Kostrikin (1996).

But what is restrictedness if p = 2? We consider here only the versions of restrict-
edness relevant for the exceptional cases; certain serial Lie (super)algebras can have
still other types of restrictedness, see Bouarroudj et al. (2015).

6.1 Restrictedness on Lie Algebras

Let the ground field K be of characteristic p > 0, and g a Lie algebra. For every x € g,
the operator (ad ,)? is a derivation of g. If this derivation is an inner one, i.e., there
is a map (called p-structure) [p]: g — g, x — x!P! such that

[x!P) y] = (ad ,)?(y) foranyx,y € g, (23)

(ax)?) = aPxP1 foranya e K, x € g, (24)

(x + )Pl = x P g ylpl g Z si(x,y) foranyx,ye€g, (25)
1<i<p—1

where is; (x, y) is the coefficient of A Vin (ad ,\xﬂ-)p’l (x), then the Lie algebra g is
said to be restricted or having a p-structure.

6.1.1 Remarks

(1) If the Lie algebra g is centerless, then the condition (23) implies conditions (24)
and (25).

A p-structure on a given Lie algebra g does not have to be unique; all p-structures
on g agree modulo center. Hence, on any simple Lie algebra, there is not more than
one p-structure.

(2) According to Strade and Farnsteiner (1988, Th. 2.3, p. 71), the following con-
dition, due to Jacobson, is sufficient for a Lie algebra g to have a p-structure: for

a basis {g;}ies of g, there exist elements gl[p I'such that
[g” ] = (ad ¢)P(y) forany y € g.

6.1.2 Restricted Modules

A g-module M over a restricted Lie algebra g, and the representation p defining M,
are said to be restricted or having a p-structure if

px!PYy = (p(x))? forany x € g.
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6.2 Lie Superalgebras

Naively, the definition of Lie superalgebra is the same for any p # 2. Let us point at
the subtleties for p = 2. For any p, a Lie superalgebra is a superspace g = g5 D g7
such that the even part g is a Lie algebra, the odd part gy is a gz-module (made into

the two-sided one by anti-symmetry, i.e., [y, x] = —[x, y]forany x € ggand y € g7),
and a squaring defined on g7 as a map 52 (g7) — 9§:

x> xte gp such that (ax)? = a®x? for any x € gy and a € K, and
[x,y] := (x + y)> — x> — y? is a bilinear form on g7 with values in gg.

(This extra requirement on squaring is needed, say, over Z/2 where not any quadratic
form that vanishes at the origin yields a bilinear form [—, —].)
The Jacobi identity involving odd elements takes the following form:

[x%, y] = [x, [x, y]] for any x € g{, y € g.

For any Lie superalgebra g, its derived algebras are defined to be (for i > 0)

iy 189871 for p # 2,

T g®. g1+ 2 Dy for p =2 (20)
(6", g1 + Span{g” | g € g; '} forp=2.

0V=g g

6.3 The p|2p-Structure or Restricted Lie Superalgebra

For a Lie superalgebra g of characteristic p > 0, let the Lie algebra gg be restricted
and

[x!P! y] = (ad ,)P(y) forany x € g5, ¥ € g. (27)

This gives rise to the map (recall that the bracket of odd elements is the polarization
of the squaring x > x?)

[2p]: g7 — g, x> @),
satisfying the condition
[x2P], vyl = (adx)zp(y) forany x € gi, y € 9. (28)

The pair of maps [p] and [2p]iscalleda p-structure (or, sometimes, a p|2 p-structure)
on g, and g is said to be restricted. It suffices to determine the p|2 p-structure on any
basis of g; on simple Lie superalgebras there are not more than one p|2p-structure.
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6.3.1 Remark

If (28) is not satisfied, the p-structure on gz does not have to generate a p|2 p-structure
on g: even if the actions of (ad ,)? and ad ;1 coincide on g, they do not have
to coincide on the whole of g. The restricted universal enveloping algebra U'P)(g)
defined for Lie algebras g as the quotient of the universal enveloping U (g) modulo
the two-sided ideal generated by g®” — gl?! for any g € g should be defined for the
Lie superalgebra g as the quotient of U (g) modulo the two-sided ideal i generated by
g®P — glP) for any g € gp- The seemingly needed further factorization modulo the
two-sided ideal generated by the elements g®27 — g2l forany g € g7 is not needed:
these elements are in i automatically, as is not difficult to show.

6.3.2 Restricted Modules

A g-module M corresponding to a representation p of the restricted Lie superalgebra
g is said to be restricted or having a p|2 p-structure if

p(x[p]) = (p(x))? foranyx € [thD
p(2Ph) = (p(x))*" forany x € gj.

6.4 On 2|2-Structures on Lie Superalgebras (for p = 2)

Let p = 2, a Lie superalgebra g have a 2|4-structure, and F(g) be the Lie algebra
one gets from g by forgetting the squaring and considering only brackets by setting
[x,x] = 2x2 = 0 for x odd. Then, F(g) has a 2-structure given by

the “2” part of 2|4-structure on gg;

the squaring on gj, i.e., X2 = x2;

x4y x, vl ifx, y € gg.
the rule (x + y)m =32+ 9P 4 x,y] ifxe 97, Y € g5, (29)

x2 4+ y2 +[x, y] ifx,y € gj.
(Actually, the first and the third cases in (29) are redundant. If x and y are both in
gp or both in gy, then x + y is homogenous, and (x + )2l in F(g) is already given
by (x + W or (x 4+ y)2, accordingly.) So one can say that if p = 2, then the
restricted Lie superalgebra (i.e., the one with a 2|4-structure) also has a 2|2-structure
which is defined even on inhomogeneous elements (unlike p|2 p-structures). In future,

for Lie superalgebras with 2|2-structure, we write x[?! instead of x? for any odd or
inhomogeneous x € g. The analog of sufficient condition 2) of Remarks 6.1.1 holds.

6.4.1 Restricted Modules

A g-module M corresponding to a representation p of the Lie superalgebra g with
2|2-structure is said to be restricted or having a 2|2-structure if

@ Springer



116 S.Bouarroud;j et al.

p(xP*) = (p(x))* forany x € g.

6.5 Restrictedness of Lie (super)algebras with Cartan Matrix, and of Their
Relatives

Let R be the set of all roots of g and h the maximal torus.

6.5.1 Proposition

Bouarroudj et al. (2015) (1) If p > 2 (or p =2 and A;; # 1 or 1 for any i) and g(A)
is a Lie (super)algebra, then g(A) has a p-structure (resp. p|2 p-structure) such that

(X)) = 0 for any even o € R and x, € gq.
(x)?"! = 0 for any odd @ € R and x, € gq,

(2) If A;j € Z/p for all i, j, then the derived Lie (super)algebra g (A) inherits
the p-structure (resp. p|2p-structure) of g(A) (assuming g(A) has one), and we can
make the 3rd line of Eq. (30) precise:

hl[”] = h; for any basis element /; € b. 31)

(3) The quotient modulo center of any Lie (super)algebra g with a p-structure (resp.
p|2 p-structure) always inherits the p-structure (resp. p|2 p-structure) of g.
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