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Abstract

In Rizzardo and Van den Bergh (An example of a non-Fourier—Mukai functor between
derived categories of coherent sheaves, 2014), constructed an example of a triangu-
lated functor between the derived categories of coherent sheaves on smooth projective
varieties over a field k of characteristic O which is not of the Fourier—Mukai type. The
purpose of this note is to show that if char k = p then there are very simple examples
of such functors. Namely, for a smooth projective Y over Z, with the special fiber
i : X — Y, we consider the functor Li* o i, : D?(X) — D?(X) from the derived
categories of coherent sheaves on X to itself. We show that if Y is a flag variety which
is not isomorphic to P! then Li* o i, is not of the Fourier—Mukai type. Note that by a
theorem of Toén (Invent Math 167:615-667, 2007: Theorem 8.15) the latter assertion
is equivalent to saying that Li* o i, does not admit a lifting to a IF,-linear DG quasi-
functor DZ o (X)) —> DZ o (X), where DZ o (X) is a (unique) DG enhancement of DP(X).
However, essentially by definition, Li* o i, lifts to a Z,-linear DG quasi-functor.
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Given smooth proper schemes X, X over a field k and an object E € D?(X| x; X»)
of the bounded derived category of coherent sheaves on X x; X, define a triangulated
functor

®rp: DP(X1) — DP(X2) (1

L
sending a bounded complex M of coherent sheaves on X to Rp2.(E ® piM),
where p; : X1 xx X2 — X; are the projections. Recall that a triangulated functor
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Db(X 1) —> Db (X>) is said to be of the Fourier—Mukai type if it is isomorphic to g
for some E.

Let Y be a smooth projective scheme over Spec Zj,, and let X be its special fiber,
i : X < Y the closed embedding. Consider the triangulated functor G : D”(X) —
DP(X) given by the formula

G =Li*oi,

We shall see that in general G is not of the Fourier—Mukai type.

Theorem Let Z a smooth projective scheme over SpecZ,, Y = Z X7, Z X =
Y xz, SpecF), . Assume that

(1) The Frobenius morphism Fr : Z — Z, where Z = Z xz, SpecFp, does not lift
modulo p>.

(2) HY(X, Tx) = 0, where Tx is the tangent sheaf on X.

Then G = Li* o iy : D*(X) — DP(X) is not of the Fourier—-Mukai type.

For example, let GL, be the general linear group over SpecZ,, B C GL, a Borel

subgroup. Then, by Theorem 6 from Buch et al. (1997), for any n > 2, the flag

varietz Z = G L, /B satisfies the first assumption of the Theorem i.e., the Frobenius
Fr:Z — Z doesnotlifton Z x7z, Spec 7./ p*7Z.. By Kumar et al. (1999), Theorem 2,

we have that H'(Z, T) = H'(Z, O3) = 0. It follows that H' (X, Tx) = 0. Hence,
by the Theorem, forn > 2, G : Db (X) —> DP (X) is not of the Fourier—-Mukai type.
Proof Assume the contrary and let E € D (X xp , X) be a Fourier-Mukai kernel of
G. By definition, for every M € D”(X) we have a functorial isomorphism

~ L
G(M) — Rp2(E ® piM). 2

By the projection formula (Hartshorne 1966, Chapter II, Prop. 5.6) we have that

ivo Li*oi (M) —> iy(M) é i.(Ox) = i,(M) ® (Oy -2 Oy)
5 i (M) @ i (M)[1]

In particular, if M is a coherent sheaf then H' (G(M)) ~ M fori = 0,—1 and
H'(G(M)) = 0 otherwise. Applying this observation and formula (2) to skyscraper
sheaves, M = §,,x € X (Fp), we conclude that the coherent sheaves H' I(E) are set
theoretically supported on the diagonal Ax C X x, X. Applying the same formulas
to M = Ox we see that pr(H (E)) = Ox fori = 0, —1 and pr.(H'(E)) = 0
otherwise. In fact, every coherent sheaf F on X xp, X which is set theoretically
supported on the diagonal and such that py, ' = Oy is isomorphic to Oa . It follows
that HO(E) = H™'(E) = Ox - In the other words, E fits into an exact triangle in
DP(X x X)

Onyll] % E —> Op, L5 04,121 3)
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for some B € ExtéxXIF (Oay. Oay). We wish to show that the second assumption

in the Theorem implies that § = 0, while the first one implies that 8 # 0. For every
M € D’(X), (3) gives rise to an exact triangle

M1 Gy — M 2% M2 (4)

Our main tool is the following result.

Lemma For a coherent sheaf M on X the following conditions are equivalent.

(1) Bu =0.

2) GM) — M & M[1].

(3) There exists a morphism X : G(M) — M][1] such that ) o apy is an isomorphism.

(4) M admits a lift modulo p? i.e., there is a coherent shean on Y flat over 7] p*7.
such that i*M ~ M.

Proof The equivalence of (1), (2) and (3) is immediate. Let us check that (3) is equiv-
alent to (4). By adjunction a morphism A : G(M) — M][1] gives rise to a morphism
y 1 ixM — i, M[1]. Note that M = (cone y)[—1] is a coherent sheaf on Y which is
an extension of i, M by itself:

0 — i.M - M -5 i.M —> 0. (5)

It suffices to prove that A o aps : M[1] — M][1] is an isomorphism if and only if M
is flat over Z/ p*Z.
The exact sequence (5) gives rise to an exact triangle

Li*iyM — Li*M — Li*i,M — Li*i,M[1].
This, in turn, yields a long exact sequence of the cohomology sheaves

Lii*(v) Joay[—1

i L
0= Loi*i,M — Lyi*i,M "8 Lo mr — w5 g e B

M — 0.

It follows that the morphism A o «ps is an isomorphism if and only if the morphisms
v and u from exact sequence (5) induce isomorphisms i, M = Ker(]\7l LM ),

Coker(l\7[ Loom ) = i.M. The latter condition is equivalent to the flatness of M
over Z/ p*Z. O

We have a spectral sequence converging to Ext(*QXXFpX((’)AX, Oay) whose second

page is H*(X, <€'xt(>"9XX[F N (Oay, Oay)). In particular, we have a homomorphism
14

ExtéXXFPX(OAX, Ory) — HO(X,ExtéXXFpX(OAX,(’)AX)) s HOX, A2Ty).

Let us check that the image p of B under this map is 0. To do this we apply the
Lemma to skyscraper sheaves §,, where x runs over closed points of X. On the
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one hand, the evaluation of the bivector field u at x is equal to the class of S5, in
Extéx (84, 8y) —> ATy x. On the other hand, by the Lemma, s, = 0 since 8, is

liftable modulo p2. Next, the assumption that H' (X, Tx) = 0 implies that f lies in
the image of the map

v HA(X, Ox) — HX (X, Ex1g,  (Oay. Oay) = Extyy, — (Oay. Ony).
4 P
(©)

The map (6) has a left inverse u : Extéx (Oay, 04ay) = H*(X, Ox) which
X]FI

p

takes B to fo, . But, by the Lemma, the later class is equal to 0 since Oy is liftable
modulo p2. It follows that 8 is 0.

On the other hand, let I' € X = Z xp » Z be the graph of the Frobenius morphism
Fr: Z — Z and Or the structure sheaf of " viewed as a coherent sheaf on X. Then,
by our first assumption, the sheaf Or is not liftable modulo p2. Hence, by the Lemma,
Boy is not 0. This contradiction completes the proof. O

Remark Let X be a smooth proper scheme over I,. The bounded derived category
D?(X) of coherent sheaves on X has a natural dg enhencement L 4, ¢ (X) which is a
dg category over IF;, whose homotopy category Ho(L 4, r (X)) is equivalent to Db (X)
(see, for example, Toén 2007, Sect. 8.3). One has a functor

Ho(REndy (L parf(X))) — End(D" (X)) (N

from the homotopy category of I ,-linear dg quasi-endofunctors of L - r(X) to the
category of triangulated endofunctors of D”(X). According to (Toén 2007, Theorem
8.15) the dg category RHomp (L parf(X), L pary (X)) is homotopy equivalent to the
—— : S . .
dg category L parf (X X, X), so that the essential image of (7) consists of triangu-
lated endofunctors of the Fourier—Mukai type. On the other hand, any dg category
over IF;, can be viewed as a dg category over Z,. In particular, one can consider the
dg category RHomy (L parf(X), Lparf(X)) of Zp-linear dg quasi-endofunctors of
—4p
L parg (X). Functor (7) factors as follows.

Ho(REndy (L pars(X))) — Ho(REndy, (Lparf(X))) — End(D’(X)).  (8)

Given a flat lifting ¥ of X over Z, one can view the functor Li*i, as an object of
the category Ho(RE_ndZP (L parf(X))). The construction from this paper is inspired
by the simple observation that for any X and Y (for example, one can take X =
SpecF,, Y = SpecZ,) the Z,-linear dg quasi-functor Li*i, is not in the image of
Ho(REndy (L parf (X))).
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