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Abstract

We present an upper bound on the number of solutions of an algebraic equation
P(x,y) = 0 where x and y belong to the union of cosets of some subgroup of the
multiplicative group «* of some field of positive characteristic. This bound generalizes
the bound of Corvaja and Zannier (J Eur Math Soc 15(5):1927-1942, 2013) to the case
of union of cosets. We also obtain the upper bounds on the generalization of additive
energy.
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1 Introduction

1.1 Background

Let « be a field of characteristic p, ¥ be its algebraic closure, «* be the multiplicative
group of «, and G be a subgroup of multiplicative group «*. For example x = IF,.

Garcia and Voloch constructed estimates on the number of solutions of the linear
equations on subgroups. They considered the equation
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y=x+mu, u#o0. (1)

They proved that for an arbitrary subgroup G € F*, such that

Gl < (p=D/((p =D+ 1),

the number of solutions (x, y) € G x G of the Eq. (1) is less than or equal to 4|G|2/3.

Heath-Brown and Konyagin (see Heath-Brown and Konyagin 2000; Stepanov 1969)
generalized the Garcia—Voloch result using Stepanov method. They have obtained that
the number of solutions (x, y) € Uf.'zl Gi1 X Gl.2 of the Eq. (1) is less than or equal
to C(h|G)*3, where |G| < (p — 1/((p — DY* + 1), G! = g/G, G? = g/'G are
cosets of G, such that G} # G% ifi # j,i =1,...,h,k = 1,2, C is a constant. The
case of systems of linear equations has been studied in Vyugin and Shkredov (2012)
and Shkredov et al. (2015).

The Garcia—Voloch result has been generalized to the case of algebraic curves by
Corvaja and Zannier (2013).

Theorem 1 (Corvaja and Zannier) Let X be a smooth projective absolutely irreducible
curve over a field k of characteristic p. Let u, v € k(X) be rational functions, multi-
plicatively independent modulo k*, and with non-zero differentials; let S be the set of
their zeros and poles; and let x = |S| + 2g — 2 be the Euler characteristic of X\S.
Then

> min{u(l—u),v(l =)} < (3%(degudegvx>”3, 12
p

deg u deg v)
VeEX(@\S

(2)
where v( f) denotes the multiplicity of the vanishing of f at the point v.

It follows from Corollary 2 of Corvaja and Zannier (2013) that

G 2
#{(x,y) | (x,y) € X,x,y € G} < max <33/§X1/3|G|2/3, 12u> )
p

The estimates on the number of solutions of polynomial equations have found wide
applications in related areas of mathematics. In particular, some specific case of the
theory that was developed by the authors of this article, recently has been applied
to improve the bounds of Bourgain et al. (2016) on the possible number of nodes
outside the “giant component” and on the size of individual connected components
in the suitably defined functional graph of Markoff triples modulo p. The results can
be found in the joint work of Konyagin et al. “On the new bound for the number of
solutions of polynomial equations in subgroups and the structure of graphs of Markoff
triples” (see Konyagin et al. 2017).
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1.2 Notation
Let us consider an algebraic equation
P(x,y)=0, P eklx,yl 3)
where
m n ) )
P(x,y)=Y_ Y ax'yl. )
i=1 j=1
Let us introduce the set of polynomials P:
P ={Pygx, )| Pyg=Pa'x.q"y), ¢'.q" €™}

and the subset

Pe(x,y) = P(qix,qiy), k=1,...,h.

We call these polynomials G-independent if for any integers 1 < i < j < h ratios
q;/ q;. and g/ q}/ do not belong to G simultaneously.
Let us put by definition

h
Ni=J{(x,y) € G x G | Plx, y) =0}, (5)

k=1

In other words, , is the set of solutions (x, y) € UZ: 1 G ,]( X G,% of the Eq. (3), where
Gi =q,G,Gi = q/G.
Denote by g the greatest common divisor of the following set of differences:

g =g(P) =gcd{j1 — jo | i1, i2 : ajjai,j, # 0}. (6)

It is obvious, that g < n.

2 Results

Theorem 2 Consider the following assumptions:
e P(x,y) € Fp [x, y] is an irreducible polynomial (4) having bidegree (m, n) such
that P(0,0) # 0 and deg, P(x,0) > 1, n > 1;
e polynomials Py, ..., P, € P are G-independent;
e G is a subgroup of IF; such that 10> < |G| < %p3/4h7]/4, where h <
(40mn®)73|G 2.
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108 S. Makarycheyv, I. Vyugin

Then the following bound
#N, < 12mng(m + n)h*3|G1*3 (7

holds.

Let A, B be subsets of the field IF,. The additive energy is defined by
E(A, B) = #{(x1, y1,x2,32) € (A x B)? | x1 + y1 = x2 + 2,

and we denote E (A, A) by E(A). The additive energy plays an important role in many
problems of additive combinatorics as well as in number theory (see Tao and Vu 2006;
Schoen and Shkredov 2013).

We introduce some generalizations of the additive energy which we call the poly-
nomial energy. Let P(x,y) be a polynomial and ¢ be a positive integer. We define
two types of polynomial g-energy E ?3 (A) with respect to polynomial P by

EQ(A) = #{(x1, Y1, .., Xg, ¥g) € A% | P(x1,y1) = --- = P(xg, ¥g)}
and by
EL(A) = #H{(x1, y1, ..., %, ¥g) € A% | P(x1,y1) = -+ = P(xq, yq) # O}.

We will consider polynomials P (x, y) of bidegree (m, n) such that deg P(x,0) > 1.

Theorem 3 Suppose that the polynomial P(x,y) € Fp[x, v] is homogeneous of
degreen,deg P(x,0) # 0,deg, P(x, y) > landthepolynomial f (x, y) = P(x, y)—

1 is irreducible over Fp. Let G be a subgroup of IE‘}*, such that 10° < |G| < %pl/z.

Then the following holds:
ifg =2, then

E3(G) < 10°2°|GP/%;
ifqg = 3, then
E3(G) <170 )G n|G|;
if g > 4, then
E9(G) < 1793n% |G|+
and for all q holds

E}(G) < EL(G)+1Gl7n?.
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3 Stepanov’s Method with Polynomials of Two Variables
Let us consider a polynomial ® € k[x, y, z] such that

deg, ®(x,y,2) <A, deg, P(x,y,2) <B, deg, P(x,y,2) <C,
or in other words

O(x,y.2) = Y rabex'y'z. acA, beB, ceC. rupc€F, (8
a,b,c

A={0,...,A-1}, B={0,...,B—-1}, C={0,...,C—-1}. (9

Consider the following polynomial
W(x,y) =, x', ¥, (10)
Then let us require that the polynomial W, defined by (10) satisfies the following

conditions:

1. all pairs (x, y) € Nj\Njing are zeros of order at least D of the function W (x, y)
on the curve P(x,y) = 0.
2. the polynomials W (x, y) and P(x, y) are relatively prime.

Let us define coefficients A, 5  such that the elements of the set
, P
Ny = Ni\WNising,  Nising = !(x,y) | P(x,y) =0A (x =0vy=0v @(x,y) = 0)}

be zeros of the system
Yx,y)=0
(x, y) (1)
P(x,y)=0

of orders at least D. Lemma 5 gives us the bound
Ming < (m+ n)Z‘

If polynomials W (x, y) and P (x, y) are relatively prime, then the generalized Bézout
theorem (see Shafarevich 2013, Chapter 4, §2.1) gives us the upper bound (12) for #\Vj,.
An upper bound for D is given by the number of coefficients A, p .. The main difficulty
in the application of Stepanov’s method is proving that the polynomials W(x, y) and
P(x,y) are relatively prime. We prove that the polynomial (10) is nonzero using
Lemmas 1 and 3.

If these conditions are satisfied, then the generalized Bézout’s theorem gives us an
upper bound of the number #\;:

@ Springer



110 S. Makarycheyv, I. Vyugin

deg W(x, y) - deg P(x,y)
D
(A—14+ (B —Dt+(C—Dt)(m+n)
5 .

#Nh < #-/\/sing +

< (m+n)? + (12)
A pair (x, y) is a root of W(x, y) order at least D on the curve P(x,y) = 0, if
P(x,y) =0and ¥(x, y) = 0 and if the derivatives

k

d
W\D(x,y)zo, k=1,,D—1

vanish on the curve P(x, y) = 0 (see 4.1).
Let us apply the Lemma 3 to test the second condition. If P(x, y) is irreducible,
then P(x, y) and W(x, y) are relatively prime if P(x, y) § ¥(x, y).

4 Lemmas
Lemma1 Let Q(x, y) € k[x, y] be a polynomial and let
Plx,y) = fu()y" +--+ i)y + fo(x),

be an irreducible polynomial of bidegree (m, n). If P(x,y) | O(x, y") andt = |G| <
p is the order of subgroup G C k*, then P(x,0)!/81 | Q(x,0)," where g defined in
(6).

Proof We have P(x,y) | Q(x,y") by assumption. Let us substitute y = ¢ in the
polynomial P(x, y) — P,(x,y) = P(x, qy), where g € G. Actually,

Py(x,9) | Qx, y"),

because ¢° = 1 and Py(x,y) | Q(x, (gy)") = Q(x,y"). For any ¢ € G polyno-
mials P, (x, y) are irreducible, because P(x,y) is irreducible by assumption. The
leading coefficient of the polynomial P,(x, y) is f,(x)q". There exist at least [t/n]
elements g1, ..., qp/q) € G such that g, ..., q["l/g] are pairwise distinct. Note that
the following polynomials

qu(xvo) == Pq[t/g](x’o) = fo(x)

are the same and fo(x) # O (if fo(x) = 0, then y | P(x, y)), but the leading terms
Su(x)g8"y" of polynomials P, (x,y), g = q1, ..., q[/e) are distinct. Consequently,
the polynomials Py, (x, y), ..., Py, (x, y) are distinct. These polynomials are rela-
tively prime, because they are distinct and irreducible. Further, we have

(P‘II ()C, y) T qug](x, Y)) | Q(xv yt),

1 [x]—the integer part of x.
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and

(Pyy (x,0) - -+ Py (x,0)) | Q(x,0).

Note that P(x,0) = P,(x,0) for any ¢ € G and we obtain the statement of the
Lemma

P(x, 081 | O(x, 0).

O

We present Lemma 6 of Heath-Brown and Konyagin (2000) with minimal correc-
tions (in Heath-Brown and Konyagin (2000) polynomial f (x) belongs to IF,[x]).

Lemma2 Let f(x) € k[x] be a sum of N > 1 distinct monomials. Suppose further
that deg f(x) < p. Then (x — )N, a € K* cannot divide f(x).

Proof Let us consider an arbitrary polynomial g(x) in the following form
N )
gx) = Zij’-f, i > > .
j=1

Let us define the operator D : k[x] — «[x] such that

Dg(x) = - (g(x)>.

dx \ xb

The operator D satisfies to the following conditions:

1. D maps polynomials with s monomials to polynomials with s — 1 monomials;
2. if o # 0 is aroot of g(x) of order /, then « is a root of Dg(x) of order/ — 1.
Let us apply the operator D¥~! to the polynomial f(x). The polynomial
DVN=1 f(x) is a monomial, consequently, it has the only zero root. Hence we
obtain that the order of root « is less than or equal to N — 1.

Lemma3 Let

W y) =Y hapexx"y", acA beB, ceC

a,b,c

be a polynomial such that nAB < t, coefficients Ay p,. € K do not vanish simulta-
neously, A, B, C are sets defined at (9). Further, let P € k[x, y] be an irreducible
polynomial and assume that degy P(x,y)=n2>1, P(0,0) #0. Then P(x, y) does
not divide ¥ (x, y).
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112 S. Makarycheyv, I. Vyugin

Proof Put ¢;i, = min{c € C | Ja,b : Agpe # 0, a € A, b € B} (such ¢ exists
because all A, . do not vanish simultaneously). Let us represent the polynomial
W (x, y) in the form

W(x,y) =y U(x, y).

Now, let us rewrite the polynomial \i’(x, y) in the form

\ij(x, y) = Z )\-a,b)cxa.xhty(c_cmm)t + Z )‘-a‘b,cminxaxbt,
a,b,c:c>cpin a.b
acA, beB, ceC. (13)

So, if P(x,y) | W(x,y), then P(x,y) | U(x, y). By Lemma 1 with Q(x, y") =
W (x, y) we obtain

P(x, )" | W(x, 0). (14)

\TJ(x, 0) is a nonzero polynomial, because coefficients Ay p¢,;.» @ € A, b € B in
(13) do not vanish simultaneously. Consider the roots a1, ..., a; € I}, of polynomial
P(x,0), k = deg P(x, 0). Then ]_[f»;l o = P(0,0) # 0, and consequently «; # 0,
i=1,..., k. If (14) holds, then

(x =) U (x, 0).

Now we use Lemma 2. But since the number of nonzero terms of polynomial W (x, 0)
is less than or equal to ¢ /n (t > nAB), Lemma 2 gives us that

(x — a1 ¥ (x, 0),

a contradiction. O

Lemma4 Let Q € k[x, y] be a polynomial such that
deg, Q(x,y) < p, deg, Qx,y) <v (15)
and P € k[x, y] be a polynomial such that
deg, P(x,y) <m, deg, P(x,y) <n. (16)
Then the condition
Plx,y)| Q(x,y) a7

can be given by n((v — n + 2)m + u) homogeneous linear equations on coefficients
of the polynomial Q(x, y).
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Proof The dimension of the vector space £ of polynomials Q(x, y) that satisfy (16)
isequal to (u+ 1)(v+ 1). Let us call the vector subspace of polynomials Q(x, y) that
satisfy (15) and (17) by L. As well as Q(x, y) = P(x, y)R(x, y) where polynomial
R(x, y) such that

degy R(X,Y) <pu—m, degy R(X,Y)<v—n,

than the vector space £’ isomorphic to the vector space of polynomials R(x, y). The
dimension of the vector space £’ is equal to (u — m + 1)(v — n + 1). It means that
the subspace L’ of the space L is given by a system of

wu+DHov+1D)—(u—m+1Hyv—n+1)=un+vm—mn+m+n+1=<
<(u+v+1)mn

homogeneous linear equations. O

4.1 Orders of Roots of the Polynomial W (x, y) on a Curve P(x,y) = 0

In this section we present bounds on the number of equations that we have to set
for existence of a polynomial W (x, y) such that all points of set M| without maybe
(m + n)? points would be roots of W(x, y) of orders at least D on a given curve
P(x,y)=0.

Letus find an inductive formula for the derivatives y of the function y(x) defined
by P(x, y) = 0. Consider the polynomials g (x, y) and rr(x, y), k € N, which are
defined inductively as

9 9
q(x,y)=——Px,y), rix,y)=—P(x,y),

ox ay
and
dqi (P dqr OP O P 32P 9P
i I L Y | o
U1 (X, y) = == <3y> by ox Dy ( )9k (X, y) 7= 3y 0y
+2k — g ( )82P op
_ X, Y) e —
WO ) S o
9P 2 9P 2k+1
k() =, D\ ) =\ oo .
dy dy
Then —y = Z: g )y ; , k € N. Indeed, by the implicit function theorem we have
4, CmP@Y) gy
dx %P(x,y) ri(x,y)’
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114 S. Makarycheyv, I. Vyugin

Then
A d ()
dxk+1 dx \ ri(x,y)

gk a d rg
G4 Ly )rk(x,y)* (% + T’)f%y)qk(x,y)

ri(x, y)?

(ﬂ + 5 ;) ()" - <<2k () pr -0zt (1) :P)qku "
(i)z(u D
o

K 2 E

dqi (P dqx 9P 0P P 2p ap

= (W) o ((2k -D (T) Har — Qk=DEE T)‘Ik("v)’) G, y)
ap
El

(%) ( y)“ ! Pt (X, Y)

The implicit function theorem gives us the derivatives jxk% y in a point (x, y) on
the algebraic curve (3) if the denominator r(x, y) is not equal to zero. Otherwise
r¢(x, y) = 0 if and only if the following system holds

Px,y)=0

P 18
5, &0 =0. 1o
y

If the polynomial P (x, y) is irreducible, then the polynomials P (x, y) and (x y)
are relatively prime. Thus Bézout’s theorem gives us thebound L < (m+n) (m +n -1,
where L is the number of roots of the system (18) (see Shafarevich 2013, Chapter 4,
§2.1).

Define the differential operators Dy on the algebraic curve (3). Let Dg be identity
operator and

ap\ ! d*
D, = — kyk = keN. 19
3 (8y> YT € (19)

Let W(x, y) be the polynomial (10). Let us obtain the following relations

Dkxaxbtya = Rk,a,b,c(xa y)xaxbtyct’

Dk‘l’(.x, y)lxeql,nyqu//G = Rk,l(-x’ y)lxeql/G,yeql//G’ I = 15 LR h (20)

for some polynomials Rk 4.p.c(x,y) and R ;(x,y),l = 1,..., h using formulas of
derivatives on the algebraic curve P(x, y) = 0.
Let us obtain the following lemma.

Lemmas5 IfP(x,y) | Y(x,y)and P(x,y) | DjV(x,y) =0,j=1,...,k—1, then
at least one of the following alternatives holds: either

e (x,y) is aroot of order at least k of ¥ (x, y) on the algebraic curve P(x,y) = 0;
or
e x=00ry=0o0r dP (x,y) = 0 on the algebraic curve P(x,y) = 0.
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Proof If D;W(x, y) is equal to zero on the curve P(x, y), then %\I’(x, y) =0

orx =0ory =0or %(x,y) = 0 on the curve P(x, y). If ¥(x,y) = 0 and

dd—xl,lIJ(x, y) =0for!/ = 1,...,k — 1, then the pair (x, y) satisfies the first case of

conditions of Lemma 5. If x = Qory = O or %—i(x, y) = 0 on the curve P(x, y), then
the pair (x, y) satisfies the second case of conditions of Lemma 5. O

Let us count the number of pairs (x, y) that satisfy to the second case of conditions
of Lemma 5. Actually, the number of pairs (x, 0) on the curve (3) is less than or equal
to deg, P(x, y) = m, the number of pairs (0, y) on the curve (3) is less than or equal
to deg, P(x, y) = n, the number of pairs (x, y) such that %—P(x, y) = 0 on the curve
(3) is Iess than or equal to (m +n)(m +n — 1). The sum oty numbers of such pairs is
less than or equal to (m + n)2.

Let us prove the following lemma.

Lemma 6 The degrees of the polynomials qy(x, y) and ry(x, y) satisfy the bounds:

degx qk('x? )’) < (2k - l)m - kv degy qk(-xv )7) < (2k - 1)” — 2k + 21
deg, ri(x,y) < 2k — D)m, degy re(x, ) < 2k—1)(n—-1), keN. (21

Proof For polynomials rx(x, y) the statement of Lemma 6 is obvious. Let us
obtain bounds of degrees of polynomials g (x.y). Direct calculations gives us that
deg, qi(x,y) < m — 1, deg,qi(x, y) < n. To obtain bounds (21) let us apply the
induction by k. The base of induction k = 1 is already obtained. The step of induction
is here:

deg, gi(x,y

eg, qk—1(x,y) +2m — 1 < 2k — )m — k,
deg, gk (x, y <

) <d
) < degy qr-1(x,y) +2n =2 < 2k — )n — 2k + 2.

NN

O

Lemma7 Degrees of the polynomials Ry qp.c(x,y) and Ry (x,y), ] = 1,...,h,
k € N satisfy to the bounds

deg, Ri.a.p.c(x,) <22k — Hm < 4km,
deg, Riab.c(x,y) < 2k — 1)(2n — 1) —k + 2 < 4kn,
degx Rk,l(xa )7) < A + 4km, degy Rk’l(x7 y) g 4kn (22)

Proof Consider the operator (19):

gP\*! d*
Dkxa+blyct — <§> xkykﬁxa—’-btya — Rk,a,b,c(X, y)xaxb[y“. (23)
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116 S. Makarycheyv, I. Vyugin

L k .
Let us represent the derivative jvxa"’b’ y¢! in the form:

dr i a+bt—k+_il,- L dl]y dl“y
G = T e () () e

where (/1,...,l;) are all tuples such that/; > 0,i = 1,...,s, 1 +---+1; <k,
s =0,...,k, Cy, .., are some constant coefficients. Lemma 6 gives us that

.....

Hdliy = - q1;,(x, y)

dxli — i/ x,y)’

ap\*! dr
D xa-i-bt c _ [ 2 xk k xa+bt ct
k y % b y

ap\ 2! bk u qr,(x,y) bt e
=— x“y = Riabe(x, y)xx” y<r.
(3)7) E Vli(x,y) “me

Bounds of Lemma 6 and direct calculation gives us the bounds (22).

Let us obtain formulas (22). Degrees of polynomials Ry 4,p..(x, y) and Ry ;(x, y)
can be calculated by the formulas (23) and (24).

The result follows from Lemma 6 and formulas (19), (20). O

4.2 Proof of Theorem 2
Put the following parameters:

h=1/3:2/3
A= [_
8

h—1/3,2/3
D= [W} , 25)

} . B=C=[n"",

Let W(x, y) be the polynomial (10). Condition
h
DV (x,y)=0 if P(x,y) =0and (x,y) € qu/G Xqi”G, k=0,...,D—1

i=1

(26)

holds if polynomials Ry ;(x,y),k =0,...,D — 1,1 =1, ..., h vanish on the curve
(3), it means that

P(x,y)| Rki(x,y), k=0,....,D—1, I=1,...,h (27)
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Degrees of polynomials Ry ;(x, y) are calculated in Lemma 7. Lemma 4 gives us that
the condition (27) is equivalent to a system of

D—1
hmn Yy " (4km + 4kn + A + 1) = h((A + 1)Dmn + 2mn(m + n) D(D — 1))
k=0
< h(ADmn + 2mn(m + n)D?%)

homogeneous linear equations on variables A, 5 . (We use Lemma 4 and inequality
n((v—n+2m+un) < (u-+v+ mn).
This system has a nonzero solution if the following inequality holds

h(ADmn + 2mn(m + n)D2) < ABC, (28)
because it means that the number of variables A, 5 . is greater than the number of

equations of the linear system. Let us substitute the numbers A, B and C (from (25))
to the inequality (28) and obtain the following inequality

, B=132/37 T p=1/3.2/3
DmnAh +2D“mn(m +n)h < h [ i| |: i| mn
g 4mng

h—1/3:2/3

+2mnh(m + n) |:—
4mng

2
} < ABC 29)
for h < Ci(m,n)t*, t > Ca(m,n), where for example Ci(m,n) = (40mn)=3

(h742;2/3 > 10) and Cy(m, n) = 103. The inequality

12/3
t>gAB=g [—} [/,
g

gives us conditions of Lemma 3. The condition
degW(x,y) <A+ Bt+Ct <p, degP(x,y)<m+n<p

on the characteristic of the field « holds too.

Lemma 5 gives us the upper bound of #A/,. Let us obtain by (12) the upper bound
on the number of elements of #\/}, that satisfy the first case of statement of Lemma 5.
The upper bound of the number of elements of #, that satisfy the second case of
statement of Lemma 5 is less than or equal to (m +n)2. Thus we obtain the following
estimate

(m+n)(A=1+ (B —Dr+(C— 1)
D
< 12mng(m + n)h?31%/3. (30)

#Nj, < h(m +n) +
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118 S. Makarycheyv, I. Vyugin

The inequality (30) holds if % > 10, (it is implied if 1 < (40mng)—31?) and
h < Ca(m, n)t>. Now we obtain that the bound (30) is proved if 1 < (40mng) 1>
andr > 10°.

The proof of Theorem 2 is completed. ]

5 Polynomial Energy for Homogeneous Polynomials

Let us consider a homogeneous polynomial

n
P(x,y) =) aix'y"" (31)
i=0
and a set of equations
Px,y)=1, LieF, i=1,... h (32)

Lemma8 Let P(x,y) be a homogeneous polynomial (31) and let P(x,y) — 1 be
absolutely irreducible over k. Then polynomials (32) are also absolutely irreducible
over k.

Proof Let us consider the equation
P(x,y) =1 (33)

We first prove that the polynomials fj(x, y) = P(x, y) — [ are irreducible over k for
any ! # 0. The polynomial f(x, y) = P(x, y)— lisirreducible by assumption. Since

fie )y =107 2 07y, (34)
where A" = [, A € k, the polynomials f;(x, y) are irreducible for any [ # 0. O
Let us estimate the number
h
Ny=) #{(x.»)€GxG|Px,y)=0}, LieFy i=1..h
i=1
Theorem 2 and Lemma 8 gives us the the following corollary.

Corollary 1 Let us consider a homogeneous polynomial P(x, y) € k[x, y] of degree n
such that the polynomial f(x,y) = P(x, y)—lisirreducible overk,deg P(x,0) > 1,
deg, P(x,y) = 1 and a set of Eq. (32) such that I, ..., I, belong to different cosets
G, h <40°n®|G|? and 10° < |G| < $p*/*h='/%. Then the bound

Nj, < 24n*h*31G)?3

holds.
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6 Proof of Theorem 3

Let us consider the trivial relation
E%(G) = E%(G) + (#L)
where L = {(x,y) | P(x,y) =0, x,y € G}. We have the inequality
#L < n|G|,

because for each x € G there are not grater than n different y € G such that P(x, y) =
0. Consequently, we have

EL(G) < E}(G) +ni|GL4.

We will estimate E%(G). Let us denote all non-zero elements of the set {P(x, y) |
x,y € G}bya;,i =1,..., N and consider such g; that /' = o;,i =1,..., N.

Let us re-denote elements g;,i = 1,...,Nby B;j,i =1,...,k, j=1,...,5 s0
that the following conditions are satisfied:

1. let B;; be elements of the Young tableau, where i is the number of string (i =
1,...,k), j is the number of column (j = 1,...,s;), 81 = -+ = s, (85,1 =
1, ..., k, k are some numbers)

2. any elements B;, ; and B;, ; such that §;, ;/Bi, ; ¢ G for each admissible iy #
i2, J.

3.0ij 2 i, j=1,...,8,i= l,...,kj — 1.
Where ¢;; = #{(x,y) | P(x,y) = (8i;)", x,y € G} and let k; be the number of
the last element jth column, for j = 1, ..., s1. Obviously, the number of elements
of any string of this tableau does not greater than |G| (s1 < |G]).

4. Corollary 1 and condition 2 gives us the following inequality

h h
D =Y #x.y) | Px.y)=pl x.y € G} < 24n*n* |G,
i=1 i=1
h < 4073n7%1G)%. (35)

foreach j = 1,...,s;and h = 1, ..., min(k;, 403~ |G|?).
‘ k;j
5.0 Xl eij = IGI> —#L.
The number E%(G) has the form

si kj
E;’,(G) = Z Z(¢ij)q~ (36)

j=1i=1

@ Springer



120 S. Makarycheyv, I. Vyugin

We have to obtain the upper bound of the sum (36) where the set {g;;} is satisfied
the restrictions 1-5. Let us describe such set of numbers ¢;; that it satisfy to
conditions 1-5 and the sum (36) is maximal.

It is easy to see that such ¢;; have to be maximal. Such set satisfy to |k; —k;| < 1,
1 <i,j <|G|. We have

i i—1
Gij =D G — Y @y =24n* |G PP — 24n* (i - DPIGIP + gy
=1 =1
<1en*i~BIGPR + 1 < 1%~ 131G,

where ¢;; € {0, £1},
(@i < (1Tn*i~ 131G P31 = 179n%|G|2 /37973

ks ) - 1/2
We have that Z;‘zl Yliwi < |G|2. We obtain that kj < —Jg‘/zng +1 <

‘Gll/z 7
[125n6 =k

Let us estimate the maximal value of the sum (36)

E%(G) < |G| Xk: 17904 |G |29/3i =173,
i=1
Let us consider case g = 2.
E%(G) < |G| < 1723n81G|"3k'3 < 1030816 P72,
In the case ¢ = 3 we have
E3(G) < 17°n"4G)P In|G|.
In the case g > 3 we have

E%(G) < 1773n™|G|' 2973,

E’I’)(G) is less than or equal to E‘}(G) + |G |9n14.
O
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