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Abstract

This is a continuation of our combinatorial program on the enumeration of Borel orbits
in symmetric spaces of classical types. Here, we determine the generating series the
numbers of Borel orbits in SO2,,+1/8(03), X O24+1) (type BI) andin Sp,, /Sp , X Sp,,
(type CI1). In addition, we explore relations to lattice path enumeration.
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1 Introduction

The purpose of our paper is to continue the program that is initiated in our previous
paper (Can and Ugurlu 2018), which is about finding generating functions and their
combinatorial interpretations for certain families of involutions, called clans, in Weyl
groups. There is an important motivation for undertaking such a task and it comes
from a desire to better understand the cohomology rings of homogeneous spaces of
the form G/K, where K is the fixed subgroup of an involutory automorphism of a
complex reductive group G.

The study of symmetric spaces forms an integral part of geometry and many inter-
esting manifolds are (locally) diffeomorphic to symmetric spaces. For example, n — 1
dimensional sphere in R"” can be recognized as G(R)/K (R), where G is SO,,, the
special orthogonal group of linear transformations with determinant 1, and K is its
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subgroup S(Op—1 x O1p) consisting of block matrices of the form (g j(:) 1) where A

is an orthogonal matrix of order n — 1.
Among the important properties of symmetric spaces are the following:

(i) K isreductive, hence G/K is affine as an algebraic variety.
(i) G/K has finitely many orbits under the left translation action of a Borel subgroup
of G, see Brion (1986).

Note that the B-orbits in G/K are in 1-1 correspondence with the K -orbits in G/B
and the topology of the latter (flag) variety is completely determined by the inclusion
order on the set of Borel orbit closures.

By a classical symmetric space we simply mean a symmetric space G/K with G
a classical group. In this manuscript, somewhat loosely following our previous work,
where we studied the combinatorics of the generating functions regarding the number
of B-orbits in type AIII, we will give a count of the B-orbits for the cases of BI and
CIL These two types correspond to the decompositions of the vector spaces C>"*!
and C2", respectively, into two orthogonally complementary subspaces with respect
to a symmetric and a skew-symmetric bilinear form, see Howe (1995).

We know from (Wyser 2012) that, for a classical symmetric space G/K, the com-
binatorial objects parameterizing K -orbits in G/B have a rather concrete description;
they are called “clans” with suitable adjectives. This nomenclature has first appeared in
a paper of Matsuki and Oshima (1990). Yamamoto (1997) used these objects to deter-
mine the image of the moment map of the conormal bundle of K -orbits in G/B. (She
worked with types AIII and CII only.) As far as we are aware of, after Yamamoto’s
work on clans, there was a long pause on the study of these combinatorial objects until
McGovern’s work in McGovern (2009) and Wyser’s 2012 thesis (Wyser 2012), where
Wyser clarified many obscurities around the definition of clans. In Wyser (2012), he
used them to study degeneracy loci and in Wyser (2016) he used them to study the
weak and strong Bruhat orders on K -orbit closures in G/B (in type AIII). More recent
work on the combinatorics of type AIII clans can be found in Can et al. (2016). Finally,
let us mention that in Woo et al. (2018) by studying the pattern avoidance properties
of type AIII clans Woo et al. have characterized the singularities of the closures of
GL, x GLg-orbits in the flag variety.

We will refer to the clans corresponding to the Borel orbits in Sp, /Sp, x Sp,
as ssymmetric (2p, 2¢q) clans and we will call the clans corresponding to the Borel
orbits of $O2,,+1/8(03,, x O24+1) the symmetric (2p, 2qg + 1) clans. However, we
should mention that these names are local to our paper. The definitions of symmetric
and ssymmetric clans are rather lengthy, so, we postpone their precise definitions
to the preliminaries section and introduce the notation for their collections and the
corresponding cardinalities only.

Bi(p, q) := {symmetric (2p,2q + 1) clans}, bpg =#BI(p,q);
ClI(p,q) := {ssymmetric (2p,2q) clans}, Cpq =#CII(p,q).

We know that the clans are in bijection with the ‘signed’ involutions; see the pre-
liminaries section for the detailed proof. A signed involution is an involution in S, for
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some 7, such that each fixed point of the involution is labeled with a + sign or with a
— sign. Assuming the existence of a particular such bijection, which we will present in
the sequel, we proceed to denote by By, 5 , the number of symmetric (2p, 2g +1) clans
whose corresponding involution has exactly k 2-cycles as a permutation. In a similar
way, we denote by yx, p 4 the number of ssymmetric (p, ¢) clans whose corresponding
involution has k 2-cycles. Clearly,

bpg = Zﬂk,p»q and ¢p 4 = Z)’k‘p,q'
k k

Our goal in this manuscript is to present various formulas and combinatorial interpre-
3 b b b b
tations for By p.4’S, ¥k, p.q s, and foremost, for b, ;’s and ¢, 4’s.

Convention 1.1 If p and ¢ are two nonnegative integers such that ¢ > p, then we
assume that B 4 = Oforall0 <k <2g + 1.

Now, we are ready to describe our results in more detail. First of all, by analyzing
the structure of symmetric clans we prove the following result:

Theorem 1.2 Let p and q be two nonnegative integers such that p > q. Then for every
nonnegative integer k with k < 2q + 1, we have

(52 Gax if k=21

i _ (1.1)
(rjuf((zllrll)))(zlil)aﬂﬁ-l k=241,

Br.p.g = {

where
1 1
21\ (2b)! 21+ 1\ (2b)!
ap] = bE . (2b>T and a1 = bg . ( 2 )T (12)

In particular, we have

. //n=20\(n n—Ql+1) n
bra =g(<p—l><2l)“”+ (p— <1+1)>(2l+1>”2’“>'

The following formulas for the number of Borel orbits in SO2,,+1/S(02), X O24+1)
for g =0, 1, 2 is now a simple consequence of our Theorem 1.2;

bp,O =P+1,

(p+1 (p+D(p—-1)
bp,l=(P+1)ao+l?(p+1)a1+pp2 az—i-pp 619 az
TP+ 15p7 + 14p +6

6 ’
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_(p+2\(81p® +22p* +137p + 60
2 60
81p° 4 265p* +365p> + 515p2 + 454p + 120

120 '

Theorem 1.2 tells us that, for every fixed ¢, the integer b, , can be viewed as a
specific value of a polynomial function of p. However, it is already apparent from the
case of ¢ = 1 that this polynomial may have non-integer coefficients. We conjecture
that ¢ = 0 is the only case where p +— b, , is a polynomial function with integral
coefficients. We conjecture also that for every nonnegative integer g, as a polynomial
in p, b 4 is unimodal.

Note that the numbers ay; and as;+1 in Theorem 1.2 (/ = 0, 1, ..., g) are special
values of certain hypergeometric functions. More precisely,

(Y ()t
aZl - 4 ’ 27 4 ’
~1 ‘ZU ERR
an+1 = | — L. =)
20+1 n > 71
where U (a, b, 7) is the confluent hypergeometric function of the second kind. Such

functions form one of the two distinct families of hypergeometric functions which
solves the Kummer’s differential equation

'+ -2y —ay=0 (1.3)

for some constants a and c. Kummer’s ODE has a regular singular point at the origin
and it has an irregular singularity at infinity.

The expressions in (1.1) are too complicated for practical purposes, therefore we
seek for better expressions in the forms of recurrences and generating functions for
Bk,p,q’s. It turns out that between various By , 4’s there are four “easy-to-derive”
recurrence relations as in (3.3), and there are four “somewhat easy-to-derive” recur-
rence relations as in (3.8), (3.9), (3.14), and (3.15). (We are avoiding showing these
recurrences on purpose since they, especially the latter four, are rather lengthy.) The
first four relations do not mix k’s and they are linear. The second four recurrences
are 3-term nonlinear recurrence relations and they do not mix p, ¢’s. Moreover, the
relations (3.8) and (3.9) are interwoven in the sense that both of them use consecutive
terms in k’s. The relations (3.14) and (3.15) maintain the parity of k, however, their
coefficients are more complicated than the previous two.

It is not futile to expect that the eight recurrence relations we talked about lead to
a manageable generating function, hence to a new formulation of the numbers B p 4.
We pursued this approach by studying the generating polynomial

hpqg(¥) = Brpgxt (1.4)

k=0
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and we run into some surprising complications. After pushing our computations as
much as possible by using the easier, interrelated relations (3.8) and (3.9), we arrived
at a4 x 4 system of linear ODE’s with an irregular singular point at the origin:

Qp+2g—Dx>+2 x —4pgx —-(2¢+1)
— a2 _ _ _ag —
By = x Cp+2¢—Dx"+2 =2p —(pg+2p—29—Dx |,
x° 0 0 0
0 x3 0 0
(1.5)
where
u(x) =4, (),
u(x) v(x) :=A,(x),
v(x) . ! 21
X = A, () with A (x) ::gﬂﬂ.p,qx ,
Ap(x)

q
. E 2[+1
Ap(x) = ﬂ2l+l,p.qx + .
=0

Without worrying about convergence, we are able to formally solve this system of
ODE’s however our method does not yield a satisfactorily clean formula. Instead, it
provides us with a sequence of computational steps which eventually can be used for
finding good approximations to S, , 4’s for any p, g. In order for not to break the
flow of our exposition we decided to postpone the explanation of the intricacies of
(1.5) to the appendix. Let us mention in passing that this type of ODE’s (that is linear
ODE’s with irregular singular points) gave impetus to the development of reduction
theory for connections where the structure group is an algebraic group, see Babbitt
and Varadarajan (1983). Now, in a sense we are working our way back to such ODE’s
by trying to find the refined numbers of Borel orbits in a symmetric space.

To break free from the difficulties caused by complicated interactions between
Bk,p.q’s, we consider the following alternative to s 4 (x):

q
. - _
bp.q () =D (Batp.gx” ™ + Barstpgx’ )
=0

Clearly, b, ,(x) is a polynomial of degree g and similarly to /1, ,(x) its evaluation
atx = 1 gives b, 4. Let B, (x, y) denote the following generating function, which is
actually a polynomial due to our convention (1.1):

Bp(x,y) =) bpq(0)y?.

q=0
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Now, by using the previously mentioned recurrences, we observe that

bP,q(x)/ =((p+@bpg—1(x).

From here it is not difficult to write down the governing partial differential equation
for B, (x, y);

0 0
PO —yzaB,,(x,y) = y(1+ p)By(x, y). (1.6)

By solving (1.6) we record a generating polynomial identity.

Theorem 1.3 If f,(z) denotes the polynomial that is obtained from B, (1, y) by the
transformation y <> z/(1 — z), then we have

Lr@Q=0+2" [ (p+1D+2D (Brgpg + Bryr1.0.07 | (1.7)
g>1

where By p 4’s are as in Theorem 1.2.

Next, we proceed to explain our results on the number of Borel orbits in Sp,, /Sp,, x
Sp, - Recall that the notation yx, 4 stands for the number of ssymmetric (2p, 2q) clans
whose corresponding involutions have exactly k 2-cycles. By counting the number of
possible choices for the 2-cycles and the fixed points in an involution corresponding
to a ssymmetric (2p, 2¢g) clan, we obtain the following symmetric expression:

(g + p)!
(g —k)'(p—k)'k!

Vk.p.g = (1.8)

Note that the formula in (1.8) is defined independently of the inequality g < p, there-
fore, ¥k, p,q’s are defined for all nonnegative integers p, ¢, and k with the convention
that y0,00 = 1. As we show in the sequel (Lemma 4.3) yx p s satisfy a 3-term
recurrence,

Ykpg = Viop—1.g + VYepg—1 +2(@+p—Dvi—1,p—1,4-1 and

p+q>
V0.p.qg = . (1.9)
Pa ( p

Consequently, we obtain our first result on the number of ssymmetric (2p, 2¢g) clans.

Proposition 1.4 If p and q are positive integers, then the number of ssymmetric
(2p, 2q) clans satisfies the following recurrence:

Cpg =Cp—1,q+Cpg—1+ 2(p+q — Dep_1,g-1- (1.10)
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At this point we start to notice some similarities between the combinatorics of
ssymmetric clans and our work in Can and Ugurlu (2018), where we studied the
generating functions and combinatorial interpretations of the numbers of Borel orbits
in symmetric spaces of type AIIL Following the notation from the cited reference, let
us denote by & , the number of Borel orbits in SL,, /S(GL, x GL,), where p+q = n.
Then the identities

Apg=0p 1 g+apg1+P+qg—1Dap_ 141 (1.11)

hold true for all p,g > 1. From these relations, we obtained many combinatorial
results on «p 4’s in Can and Ugurlu (2018). Here, by exploiting similarities between
the two recurrences (1.10) and (1.11), we are able to follow the same route and obtain
analogues of all of the results of Can and Ugurlu (2018). To avoid too much repetition,
we will focus only on the selected analogues of our results from the previous paper.
First we have a result on the generating function for ¢, 4’s.

Let v(x, y) denote the bivariate generating function

2 q\P
vy = Y c,,,qm. (1.12)

|
p.q>0 P

As we show that in the sequel, v(x, y) obeys a first order linear partial differential
equation of the form

8 N a )
RSN LICIE ) SN NI UICTH ) S RP SR (1.13)
ax ay
with initial conditions
v(0, y) = ¢’ and v(x,0) = :
V= T

The solution of (1.13) gives us a remarkable expression for the generating function
(1.12) in suitably transformed coordinates.

Theorem 1.5 Let r and s be two algebraically independent variables that are related
to x and y by the relations

r 3s + 4r2s3 — 6r2s% + 6rs? — 6rs
x(r,s) = and y(r,s) = .

2rs + 1 3(2rs + 1)2

In this case, the generating function v(x, y) of ¢p 4’s in r, s-coordinates is given by

eQ2rs + 1)

v =Ty,
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220 M. B. Can, 0. Ugurlu

Next, we explain the most combinatorial results of our paper. The (p, g)th Delannoy
number, denoted by D(p, q), is defined via the recurrence relation

D(p,g)=D(p—-1,9) +D(p,qg—1)+D(p—1,q—1) (1.14)

with respect to the initial conditions D(p,0) = D(0,q) = D(0,0) = 1. It is due
to the linear nature of (1.14) that the generating function for D(p, q)’s is relatively
simple;

1

DT R —
—X—y-—xy

p+q=0
p,q €N

One of the most appealing properties of the Delannoy numbers is that they give the
count of lattice paths that move with unit steps E := (1,0), N := (0, 1), and D :=
(1, 1) in the plane. More precisely, D(p, g) gives the number of lattice paths that starts
at the origin (0,0) € N? and ends at (p,¢) € N> moving with E, N, and D steps
only. We will refer to such paths as the Delannoy paths and denote the set of them by
D(p, q). For example, if (p, q) = (2, 2), then D(2, 2) = 13 (see Fig. 1).

Let L be a Delannoy path that ends at the lattice point (p, g) € N. We agree to
represent L as a word L1L>...L,, where each L; (i = 1,...,r) is a pair of lattice
points, say L; = ((a, b), (¢, d)),and (c —a,d — b) € {N, E, D}. In this notation, we
define the weight of the ith step as

1 if L; = ((a, b), (a + 1, b));
weight(L;) = {1 if L; = ((a, b), (a, b+ 1));
2@+b+1) ifL; =((a,b),(a+1,b+1)).

Finally, we define the weight of L, denoted by w (L) as the product of the weights of
its steps:

w(L) = weight(L1)weight(Ly) - - - weight(L;). (1.15)

Proposition 1.6 Let p and g be two nonnegative integers and let D(p, q) denote the
corresponding set of Delannoy paths. In this case, we have

cpg= Y. o(L).

LeD(p.q)

Although Proposition 1.6 expresses ¢ , as a combinatorial summation it does not
give a combinatorial set of objects whose cardinality is given by ¢, . The last result
our paper offers such an interpretation.

Definition 1.7 A k-diagonal step (in N?) is a diagonal step L of the form L =
((a,b),(a+1,b+1)),wherea,b e Nandk =a+ b+ 1.
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Next, we define the “weighted Delannoy paths.”

Definition 1.8 By a labelled step we mean a pair (K, m), where K € {N, E, D} and
m is a positive integer such that m = 1 if K = N or K = E. A weighted (p, q)
Delannoy path is a word of the form W := K --- K,, where K;’s i = 1, ...,r) are
labeled steps K; = (L;, m;) such that

e Li---L,isaDelannoy path from D(p, q);
e if L; (1 <i <r)isak-diagonal step, then 2 <m; <2k — 1.

The set of all weighted (p, g) Delannoy paths is denoted by D" (p, q).

Theorem 1.9 There is a bijection between the set of weighted (p, q) Delannoy paths
and the set of ssymmetric (2p, 2q) clans. In particular, we have

Cpg = Z 1.

WeDv¥(p.q)

There is much more to be said about the lattice path interpretation of the number
of Borel orbits in Sp,,/Sp,, x Sp, but we postpone them to a future paper. We finish
our introduction by giving a brief outline of our paper. We divided our paper into two
parts. Before starting the first part, in Sect. 2 we introduce the background material
and notation that we use in the sequel. In particular, we review a bijection between
clans and involutions and we introduce the symmetric (2p, 2g + 1) clans as well as
ssymmetric (2p, 2¢) clans. We start Part I by analyzing the numbers B, ,.InSect. 3.1,
we prove our Theorem 1.2 and in the following Sect. 3.2 we derive aforementioned
recurrences for B , 4’s. We devoted Sect. 3.3 to the proof of Theorem 1.3. The Part
IT of our paper starts with an analysis of the numbers y , 4. In Sect. 4.1, we prove
the formula of yx , 4’s as given in (1.8). In the following Sect. 4.2, by developing
the recurrences for these numbers we prove Proposition 1.4. Section 4.3 is devoted
to the proof of Theorem 1.5. In particular, we point out in Remark 4.7 that it is
possible to find a formula for the generating function of ¢, ;s at the expense of a very
complicated expression. In the remaining of Part II, we investigate the combinatorial
interpretations of ¢, ,’s. In Sect. 5, we prove Proposition 1.6 and Theorem 1.9. Finally,
in the appendix, which is Sect. 1, we present our methods for solving ODE (1.5).

2 Notation and Preliminaries

The notation N stands for the set of natural numbers, which includes 0. Let us treat +
and — as two symbols rather than viewing them as arithmetic operations. Throughout
our paper the notation [P stands for the set {+, —} U N. The elements of [P are called
symbols. When we want to make a distinction between the symbols =+ and the elements
of N, we call the latter by numbers, following their usual trait.

Let n be a positive integer. The symmetric group of permutations on [n] :=
{1,...,n} is denoted by S,. If 7 € S, then its one-line notation is the string
o - -y, Where m; = (i) (i = 1,...,n). We trust that our reader is familiar
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222 M. B. Can, 0. Ugurlu

with the most basic terminology about permutations such as their cycle decomposi-
tion, cycle type, etc.. However, just in case, let us mention that the cycle decomposition
Ci --- C, of a permutation is called standard if the entries of C;’s are arranged in such
away that c; < ¢ < --- < ¢, Where ¢; is the smallest number that appears in C;
(i =1,...,r). Here, we followed the common assumption that each cycle has at least
two entries. Since we need the data of fixed points of a permutation, we will append to
the cycle decomposition Cg - - - C, the one-cycles in an increasing order without using
parentheses as indicated in the following example.

Example 2.1 (2,6, 8)(4,5,7,9)13 is the standard cycle decomposition of the permu-
tation 7w from Sg9 whose one-line notation is given by m = 163578924.

Clearly, a permutation 7 is an involution, that is to say 72 = id, if and only if every
cycle of m is of length at most 2.

Definition 2.2 Let p and ¢ be two positive integers and set
n:=p-+gq.

Suppose that p > g. A (p, g) preclan, denoted by y, is a string of symbols such that

1. there are p — ¢ more +’s than —’s;
2. if a number appears in y, then it appears exactly twice.

In this case, we call n the order of y. For example, 1221 is a (2, 2) preclan of order
4and +1+ + + —1is a (5, 2) preclan of order 7. We call two (p, ¢g) preclans y and
y’ equivalent if the positions of the matching numbers are the same in both of them.
For example, y := 1221 and y’ := 2112 are in the same equivalence class of (2, 2)
preclans since both of ¥ and ¥’ have matching numbers in the positions (1, 4) and
(2, 3). Finally, we call an equivalence class of (p, ¢) preclans a (p, ¢) clan.

In most places in our paper, we will abuse the notation and represent the equivalence
class of a preclan y by y also, however, it is sometimes useful not to do that. When
we need to distinguish between the preclan and its equivalence class we will use y
and [y ], respectively, for the preclan and its equivalence class. The order of a clan is
defined in the obvious way as the order of any preclan that it contains.

Lemma 2.3 There exists a surjective map from the set of clans of order n to the set of
involutions in Sy, the symmetric group of permutations on {1, ..., n}.

Proof Lety = ¢y - - - ¢, be a (pre)clan of order n. For each pair of identical numbers
(ci, cj) withi < j we have a transposition in S, which is defined by the indices, that
is (i, j) € Sy. Clearly, if (¢;, cj) and (¢;7, ) are two pairs of identical numbers from
y, then {i, j} # {i’, j’}. Now, we define the involution 7 = 7 (y) corresponding to
y as the product of all transpositions that come from y. Accordingly, the £’s in y
correspond to the fixed points of the involution 7.

Conversely, if 7 is an involution from S,,, then we have a (p, q) preclan y = y ()
that is defined as follows. We start with an empty string y = c1 - - - ¢,, of length n. If
7 - - - Ty, is the one-line notation for , then for each pair of numbers (i, j) such that
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l<i<j<nandm = j,n; =i,weputc; =cj =i.Also,ifiy,..., i, is the
increasing list of indices such that mi; = ij (j =1,...,m),then starting from iy, we
place +’s until the difference between the number of ¢;;’s with a + and the number of
empty places is p — g. At this point, we place a — in each of the empty places. It is
easy to check that y is a (p, ¢) preclan of order n, hence the proof follows. O

Definition 2.4 Let p and ¢ be two positive integers with p > ¢ and let n := p + q.
A signed (p, ¢g) involution is an involution 7 from S, whose fixed points are labeled
either by 4+ or by — in such a way that the number of +’s is p — g more than the
number of —’s.

Lemma 2.5 There is a bijection between the set of all (p, q) clans and the set of all
signed (p, q) involutions.

Proof Let ¢ denote the surjection that is constructed in the proof of Lemma 2.3. We
modify ¢ as follows. Let y = ¢;---¢, be a (p,q) clan and let 7 = ¢(y) denote
involution that is obtained from y via ¢. If an entry ¢; of y is a &, then we know that
i is a fixed point of . We label i with 4. Repeating this procedure for each =+ that
appear in y we obtain a signed (p, ¢) involution 7. Clearly 7 is uniquely determined
by y. Therefore, the map defined by ¢(y) = 7 is a bijection. O

Let y be a preclan of the form y = c; - - - ¢;,. The reverse of y, denoted by rev(y),
is the preclan

rev(y) = cuCn—1---Cl1.

Now, we are ready to define the notion of a symmetric clan.
Definition 2.6 A (p, q) clan y is called symmetric if [y] = [rev(y)].

Example 2.7 The (4,3) clan y = (12 + — 4 12) is symmetric since the clan (21 +
— 4 21) which is obtained from y by reversing its symbols is equal y as a clan. More
explicitly, they are the same since both of them have the same matching numbers in
the positions 1, 6 and 2, 7.

In our next example, we list all symmetric (4, 3) clans.

Example2.8 {123 +321,124+—+21,123+312,3124+123,12+—+12,
142-24+1,1324132,3114+223, 142142, +12-21+,1+—+—+1,
1314232, 1=+ ++—1, 14+1-242, +12— 12+, +1—+—1+,113+322,
1+l 11 =224 114 — 422+ — 1+ 1 — +,— + 1+
14+ — =+ + -4+ —F+—F -+ =+ +—— — + +}

Definition 2.9 An ssymmetric (2p, 2¢g) clan y = ¢| - - - ¢p, is a symmetric clan such
that ¢; # ca,41—i Whenever c¢; is a number (that is ¢; is not a sign). The cardinality of
the set of all ssymmetric (2p, 2¢) clans is denoted by ¢, 4.

Example 2.10 The set of all ssymmetric (4, 2)-clans is given by
{12+ +12,14+21 42,1 +124+2,+1212+,4+11224+,11 4+ +22,
-+ +++—-+-++—-—+++ - - ++}L
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224 M. B. Can, 0. Ugurlu

We finish our preliminaries section by a remark/definition.

Remark 2.11 Let & denote the signed (p, ¢) involution corresponding to a (p, ¢) clan
y under the bijection ¢ that is defined in the proof of Lemma 2.5. A matching pair of
numbers in any preclan that represents y corresponds to a 2-cycle of 7. We will call
y a (p, g) clan with k pairs if 7 has exactly k 2-cycles.

3 Part I: Counting Symmetric Clans
3.1 Symmetric (2p, 2q + 1)-Clans with k Pairs

Let p and g be two positive integers such that 0 < g < p. Although we will be dealing
with (2p, 2qg + 1) clans, we denote p 4 ¢ by n. Accordingly the number of symmetric
(2p,2q + 1) clans is denoted by b, 4.

By the proof of Lemma 2.5 we know that there is a bijection, denoted by ¢, between
the set of all (2p, 2¢g + 1) clans of order 2n + 1 and the set of all signed (2p, 2¢g + 1)
involutions in S»,,+1. We have a number of simple observations regarding this bijection.

First of all, we observe that if & is a signed (2p, 2q + 1) involution such that
¢(y) = m, where y is a symmetric (2p, 2q + 1) clan, then the following holds true:

e if (i,j)withl <i < j <2n+1lisa2-cycleof r,thenn + 1 ¢ {i, j} and
2n+2—j,2n+2 —1i)is a?2-cycle of w also.

Secondly, we see from its construction that ¢ maps a (2p, 2¢ + 1) clan with k pairs
to a signed (2p, 2g + 1) involution with k 2-cycles. Let us denote the set of all such

involutions by 1 ,?rl‘] o and we define B, p 4 as the cardinality

R ort
Br.p.g = |Ik,p,q|'

Remark 3.1 If r € [ ,?r; pe then in the corresponding clan there are 2p — 2g — 1 more
+’s than —’s. Notice that the inequality 2p — 2g — 1 < 2p + 2qg + 1 — 2k implies
that 0 <k <2g + 1.

It follows from the note in Remark 3.1 and the fact that ¢ is a bijection, the number
of symmetric (2p, 2g + 1) clans is given by

q
bpg = Z(ﬂZl,p,q + Bai+1,p.q)-
1=0

Our goal in this section is to record a formula for b, , that depends only on p and g.
To this end, first we determine the number of +’s in a symmetric (2p, 2¢g + 1) clan.

Lemma3.2 Ify =cy---cops1 isasymmetric 2p, 2q+1) clan, then either c,+1 = +
orcpy1 = —.
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Proof First, assume that y has even number of pairs. Let k denote this number, k = 21.
Let «, B, respectively, denote the number of 4’s and —’s in . Then we have

a+p=2p+2q+1—4 and o—B=2p—2q—1.
It follows that
a=2p—2l and B=2¢q-204+1,

S0, in y there are odd number of —’s and there are even number of +’s. As a conse-
quence we see that ¢+ isa—.

Next, assume that ¢ has an odd number of pairs, that is k = 2/ + 1. Arguing as in
the previous case we see that there is an odd number of +’s, hence ¢, 41 is a +. This
finishes the proof. O

We learn from the proof of Lemma 3.2 that it is important to analyze the parity of
pairs, so we record the following corollary of the proof for a future reference.

Corollary 3.3 Let k denote the number of pairs in a symmetric 2p,2q + 1) clan y. If
k=210 <1 < gq), then the number of +’siny is2(p —1). Ifk =2[+1(0 <[ < q),
then the number of —’s in y is 2(q — 1).

Our next task is determining the number of possible ways of placing k pairs to build
from scratch a symmetric (2p, 2¢g + 1) clan

Y =Cl - CpCpt1Cpy2 -+ Conp1  (Withcppy = 3).
To this end we start with defining some interrelated sets.

L =G, J),2n+2—j2n+2—-0)|1<i<j<n},

Ly ={(G, )),2n+2—j2n+2—-i)|1<i<n+1<j=<2n+1},
Li:=5L1Ul,,
L:={{j)|1<i<n+l<j<2n+1,i+j=2n+2}

We view I as the set of placeholders for two distinct pairs that determine each other
in y. The set I corresponds to the list of stand alone pairs in y. In other words, if

(i,j) € ,thenc; =cjand j =2n+1—i+1.

Example 3.4 Let us show what /; and I, correspond to with a concrete example. If y
is the symmetric (8, 7) clan

y =72+ 084+9—8+90+72),
then 11,1 = {((1,2), (14, 15)}, L1 2 = {((5,9), (7, 11))}, I = {(4, 12)}.
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If (¢i,cj) is a pair in the symmetric clan y and if (i, j) is an element of
I, then we call (¢;,c;) a pair of type Ip. If x is a pair of pairs of the form
((ci, ¢j), (canya—j, Cont2—i)) in a symmetric clan y and if ((i, j), Cn+2—j,2n+
2—i)) € I 5 (s € {1, 2}), then we call x a pair of pairs of type I ;. If there is no need
for precision, then we will call x a pair of pairs of type /.

Clearly, if |I1| = b and |I»| = a, then 2b + a = k is the total number of pairs
in our symmetric clan y. To see in how many different ways these pairs of indices
can be situated in y, we start with choosing k spots from the first n positions in
y = c1---Ccap+1. Obviously this can be done in (Z) many different ways. Next, we
count different ways of choosing b pairs within the k spots to place the b pairs of pairs
of type ;. This number of possibilities for this count is (2kb)- Observe that choosing a
pair from /; is equivalent to choosing (i, j) for the pairs of pairs in /1,1 and choosing
(i,2n 4+ 2 — j) for the pairs of pairs in I . More explicitly, we first choose b pairs
among the 2b elements and then place them on b spots; this can be done in (2;’ )b!
different ways. Once this is done, finally, the remaining spots will be filled by the a
pairs of type I>. This can be done in only one way. Therefore, in summary, the number
of different ways of placing k pairs to build a symmetric (2p, 2¢q + 1) clan y is given
by

14 L4

k\ (2b k\ (2b)!
(n) Z ( ) < )b!, or equivalently, <n) ( )u
k P 2b/\ b k P 2b/) b!

In conclusion, we have the following preparatory result.

Theorem 3.5 (Theorem 1.2) The number symmetric (2p,2q + 1) clans with k pairs
is given by

—2 _ .
,Bk Pq = {(r;_(IZ?-&(-%)azl lf k=20 3.1
P, i ; '
(pf(l+1))(21+1)azl+1 if k=241,
where
! I
= 21 2b)t ._ 21+ 1\ (2b)!
ay = (2b> = and @yl = Z( % )T (3.2)

b=0
Consequently, the total number of symmetric 2p,2q + 1) clans is given by
q
n—2\(n n—Ql+1) n
bpg = .
P ; [( p—1 ) <2l>“2’ " (,, —a+1 ) (21 + 1)“2’“]

Proof As clear from the statement of our theorem, we will consider the two cases
where k is even and where k is odd separately. We already computed the numbers of
possibilities for placing k pairs, which are given by ay; and a1, but we did not finish
counting the number of possibilities for placing the signs.
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1. k =2l for 0 <[ < q. In this case, by Lemma 3.2, we see that the number of +
signs is @ := 2p — 2l = 2(p — ). Notice that because of symmetry condition
it is enough to focus on the first n spots to place £ signs. Thus, there are ("p:zll)
possibilities to place &£ signs.

2. k=2l+ 1for 0 <! < g. In this case, it follows from Lemma 3.2 that the entry
in the (n + 1)th place is +. By using an argument as before, we see that there are

("p__((zll:]l))) possibilities to place % signs.

This finishes the proof. O

The formula for b, , that is derived in Theorem 1.2 is not optimal in the sense that
it is hard to write down a closed form of its generating function this way. Of course,
the complication is due to the form of B , 4, where k is even or odd. Both of the
cruces are resolved by considering the recurrences; we will present our results in the
next subsection.

3.2 Recurrences for By , 4's

We start with some easy recurrences.

Lemma 3.6 Let p and q be two positive integers, and | be a nonnegative integer. In
this case, whenever both sides of the following equations are defined, they hold true:

p—1

Boup—1,g = Bt p.gs (3.3)
P q p+q p.q
q—1

1= s 3.4

:321,p,q 1 p+q.321,p,q ( )

B _r-ltly (3.5)
2l+1,p—1,qg = Ptq 21+1,p.q> .

B iy (3.6)
204+1,p,q—1 = Ptq 2l+1,p.q- :

The proofs of the identities in Lemma 3.6 follow from obvious binomial identities
and our formulas in Theorem 1.2. But note that/ does not change in them. In the sequel,
we will find other recurrences that run over I’s. Towards this end, the following lemma,
whose proof is simple, will be useful.

Lemma 3.7 Let ay denote the numbers as in (3.2). If k > 2, then we have
ary = ap—1 + 2(k — Dag—». 3.7

By using (3.7) we find relations between B p 4’s. Let k be an even number of the
form k = 2I. Then we find that
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n—2l\(n 20— 1) n—2l\(n
o—1 )\ as—1 )\ 2

—2l+1—p+Il/m—-Ql—-1) n—|—1—21 n
= s — an]—
n—20+1 p—1 2 20— 1) !

(p—Il+Dn—14+1=p)(n—Ql—2)
n—20+2)(n—20+1) l
n=2+2)(n+1-20( n

X (2[ >a2l 2

_(n— 21\ (n 2] — 1
= <p —l><2]> (azi—1 + 221 — Day—2)
n

+2021 — 1)

2hHR2I—-1)
n—I1—p+1 (p—1+Dn—1+1-p)
= TﬁZl—l,p,q +2 T Ba-2.p.q
qg-—1+1 (p—=1l+D@—-1+1)
= Tﬁzl—l,p,q +2 T Bai-2,p.q- (3.8)

In a similar manner, for an odd number of the form &k = 2/ + 1, we find that

n—2—1 n
Bait1.pg = o N\ a+1

—2[—1 n (ax +20) )
p—1—1)\2r+1) wi-

_ — 2] n 202 n—2—1 n
"( —l——l)(2l+ )a”'+ ( )( —l—-1)(21+1>“”‘
P —

n—=2\n+1-Q2l+1)
= — as]
—2l\ p—1 21 +1 21

(p—l)(p—l+l) n—2l+1
m—2Dn-21+D)\p—-1+1

(n—yxn+1—2n< n )

X azj—1

QnHEl+1) 21 —1
p—D@—-1+1)

2141

+2(20)

(
@Wq+2 Bai—1.p.q- (3.9)

21+1

Now, we have two recurrences (3.8) and (3.9) mixing the terms S p 4 for even and
odd k. To separate the parity, we rework on our initial recurrence (3.7).

Lemma3.8 Foralll <l < q — 1, the following recurrences:

ari42 = (81 + 3)ay +4Q21HQ2I — Nay— (3.10)
a3 = (81 + TNagyy1 +4Q21L+ 1)(2Dag (3.11)

with ap = 1, a1 = 1 are satisfied.
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Proof We will give a proof for the former equation here. The latter can be proved in
a similar way.
We start with splitting (3.7) into two recurrences:

azi+1 = ay + 2(2Day (3.12)
ay = ay—1+ 22l — Day—». (3.13)

On one hand it follows from Eq. (3.13) that we have
ay—1 = ay — 22l — Day 2.
Plugging this into Eq. (3.12) yields

a1 = ay + 221 (ay — 221 — 1)ay ) or
azyy1 = (1 +2@2D)ay —4Q21H Q2! — Day—2).

On the other hand, we know that
a2 = az1 + 221+ Day.
If we plug this into the previous equation, then we obtain

az2 = (1 +2@20)ay — 42D Q21 — Dagy—2 + 221 + Day
= 8l +3)ay —42DQ2I - Day—> (A =<I=<g-1),

which finishes the proof of our claim. O

Next, by the help of Lemma 3.8, we obtain a recurrence relation for 8, , ,’s where
all of k’s are even numbers.

8 n—2—-2 n
= a
214+2,p,q p— I —1 20 +2 20+2

("7 Vwi+3 402021 — 1
_(p—l—1><21+2)(( + 3)ay — 42021 — Day—2)

=(81+3)<”_21_2>< " )a21
p—1—1/)\214+2
+4@D) @I — 1)(" —2- 2)( ! )61212
p—1—1)\2+2

— (814 3) (p—0D@-1 (n — 21) (n—=20)n—-21-1) (n>azz

m—20m—2—-O\p—1) Q@ +2)Q2+1) \2
(p—Dp—I1+D@—D@—-1+1)
(n—21+2)(n— 20+ V)(n —2I)(n — 21 — 1)

n—2I
X
p—I1+1

—4Q2D Q21— 1)
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(n—20+2)(n+1—2)(n —20)(n — 2 — 1)( n )

x Q1 +2)21 + H2H 2l — 1) 21 —2 )2

_ (p—D(g—1

~ ey

(p—Dp—1+Dg—Dg—1+1)
Qi +2)QI+1)

—4

:82l—2,p,q- (3.14)

The proof of the following recurrence follows from similar arguments.

(g-—D(p—-1-1)
Bait3,pg = BL+T7) T 31))(21 2 Bai+1,p.q
(p—D(p—-1-D@—-D@—-1+1)
—4 Q21 1 3)21 +2) Pri-tpq. (315

3.3 The Proof of Theorem 1.3

As we mentioned in the introduction, we are looking for the closed form of the gen-
erating function

B(y,2) =) B,(1, 2",

p=0

where

q
bpg() =Y (Baupgx?™ + Busr1 pgx?) and  B,(x,y) =Y bp4(x)y.
q

=0

In particular, we are looking for an expression of b, ,(1) which is simpler than the
one that is given in Theorem 1.2.
Obviously,

-1 —1—1
bp.g—1(x) = Z(ﬁzzpq 1N B pg1x .

It follows from Lemma 3.6 that

q—1
0 -l -l
bp.g(x) = (B2g,p.q + B2g+1.p.9)x" + Z(ﬁ%,p,qxq + ﬁ2l+1,p,qxq )
=0
= (B2g.p.g+1 + Pog+1.p.g+1)

q—1 B
+Z(p+q)<M 4

n :821+1,p,q—1xq1).
1=0

l q—1
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Taking the derivative of both sides of the above equation gives us that
g—1
b, ,(x) = Z(p + CI)(,Bzz,p,q_lxq" + ,321+1,p,q_1x‘1“>,

=0

or, equivalently, gives that

b, () = (p+@bpg—1(x). (3.16)

The differential equation (3.16) leads to a PDE for our initial generating function
By(x, y):

0 0 / / ,
7 (Brx. ) = a[sz,q(x)yq} =b, 0y + D by 0y (b, =0)
q>0 g>1

S P+ Dby 1)y =py Y bpgo1(x)y!!

q=1 g>1

+y Z qbp,q—l (x)yq_l
g=1

9
= pyBp(x,y) + y(a(y - Bp(x, y)))

d
- yzﬂBp(x, V) +yBpx.y) + pyBp(x. y).

By the last equation we obtain the PDE that we mentioned in the introduction:

0 0
5B, ) —yzaBpu,y) =y(1 + p)B,(x, y). (3.17)

The general solution S(x, y) of (3.17) is given by

1 1—
S y) = — G( xy), (3.18)
yP y

where G(z) is some function in one-variable. We want to choose G (z) in such a way
that S(x, y) = Bp(x, y) holds true. To do so, first, we look at some special values of
B, (x, y).

If let x = 0, then B,(0,y) = Zqzo bp4(0)y? and b, 4(0) = 2(B2g.q,p +
B2g+1,4,p) for all g > 0. Also, recall from the introduction that if ¢ = 0, then
bp.q = p + 1. Thus, we ask from G(z) that it satisfies the following equation

1 1 q
75 =P+ D42 Bggp + Brgtr.g.0)y,

q=1
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or that

1
G (;) = y[7+1 (P + 1) + ZZ(ﬂZquyP + :32q+1,q,p)yq . (319)
=1

Therefore, we see that our generating function is given by

1 |
B3 = e @ (y/(l —xy)>

1 y p+l . .
yP-H (1 — xy) (p + 1) + ZZ(,BZq,q,p + '62‘]+1,q,p) (m>

=1

1\ )
(i) (00 o2 Sbman  srsnan ()

1 —xy ey

(3.20)

To get a more precise information about b, ,’s we substitute x = 1 in (3.20):
B,(1,y) = : 1 +2 > )
p(1,y) = m (p+1D+ ;(ﬁzq,q,p + B2g+1.q9.p) m ,

or

q
(=" By(Ly) = (p+ 1) +2 (Bag.ap + Prgs1.q.0) (ﬁ) . G2
g>1

Now, we apply the transformation y — z = y/(1 — y) in (3.21):

1
B
(1+ Z)p+1 P

(1’ 1 erz) =@+D+ ZZ(IBZM,p + Bog1.9.p)27.  (3.22)

=1

This finishes the proof of Theorem 1.3 since B), (1, ILH) = fp(2).

4 Part ll: Counting Ssymmetric Clans

Convention 4.1 For this part of our paper, without loss of generality, we assume that
p and g are nonnegative integers such that p > g.
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4.1 Ssymmetric Clans with k-Pairs

Recall that a ssymmetric (2p, 2¢g) clan y = ¢y - - - ¢p, is a symmetric clan such that
¢i # copy1—i Whenever ¢; is a number. In this second part of our paper, we are going
to find various generating functions and combinatorial interpretations for the number
Cp,q of ssymmetric (2p, 2g) clans. We start by stating a simple lemma that tells about
the involutions corresponding to ssymmetric clans.

Lemmad4.2 Let y = cicy---con be a ssymmetric 2p,2q) clan. If @ € Sy, is the
associated involution with y, then there are even number of 2-cycles in .

Proof First, notice that if for some 1 < i < j < 2n the numbers ¢; and ¢ j form
a pair, that is to say a 2-cycle in , then by symmetry c¢2,41-; and cz,41—; form a
pair in 7w as well. In addition, by the condition that is requiring for all natural ¢;’s
that ¢; # ¢2u41-i, ¢; and ¢z,41—; cannot form a pair in 7. Therefore, if we have a
pair (¢;, ¢j) in 7, then we must also have another pair (¢2,41—, c2n+1—;) Which is
different from (c;, ¢;). Said differently, the number of 2-cycles in 7 must be even. O

In the light of Lemma 4.2, we will focus on the subset /; P kpg C S2,, consisting of
involutions = whose standard cycle decomposition is of the form

7 = (i1j1) - Gk jar)dr -+ - dopn—ax.

Furthermore, we assume that the fixed points of w are labeled by the elements of
{+, —} in such a way that there are 2p — 2¢g more +’s than —’s and we want the
following conditions be satisfied:

1. k < g (this is because there are 2 p —2g more +’s than —’s, hence 2qg +2p — 4k >
2p —2q);

2. if (i, j)isa2-cyclesuchthat 1 <i < j <m,then 2n+1—j,2n+1—1i)isa
2-cycle also;

3. if (i, j)isa2-cyclesuchthat ]l <i <n+1 < j <2n,then 2n+1—j,2n+1-1i)
is a 2-cycle as well.

The (signed) involutions in [, °P are precisely the involutions that correspond to
the ssymmetric (2p, 2¢) clans under the bijection of Lemma 2.5, so, yx, p,q stands for
the cardinality of 1, P . To find a formula for . p.q S we argue similarly to the case
of Br.p.q. by countmg the number of possible ways of placing pairs and by counting
the number of possible ways of placing &£’s on the fixed points. Also, we make use of
the bijection ¢ of Lemma 2.5 to switch between the involution notation and the clan
notation.

First of all, an involution 7 from / k‘P Iy has 2k 2-cycles and 2n — 4k fixed points.
The 2k 2-cycles, by using numbers from {1, ..., 2n} can be chosen in (Z”k); the number
of rearrangements of these 2k pairs and their entries, to obtain the standard form of an
involution, requires ~ (2 steps In other words, the 2-cycles of 7 are found and placed
in the standard ordermg in (Zk) (Zk) possible ways. Once we have the 2-cycles of the
involution, we easily see that the numbers and their positions in the corresponding
ssymmetric clan are uniquely determined.
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Next, we determine the number of ways to place +’s. This amounts to finding the
number of ways of placing 2« +’s and 28 -’s on the string d - - - dop—4 SO that there
are exactly 2p — 2q = 2« — 28 +’s more than —’s. By applying the inverse of the
bijection ¢ of Lemma 2.5, we will use the symmetry condition on the corresponding
clan. Thus, we observe that it is enough to focus on the first n places of the clan
only. Now, the number of +’s in the first n places can be chosen in ("_O(Zk) different
ways. Once we place the +’s, the remaining entries will be filled with —’s. Clearly
there is now only one way of doing this since we placed the numbers and the +
signs already. Therefore, to finish our counting, we need to find what that « is. Since
a+B=n—-2k=q+ p—2kandsincead —f§=p—q,weseethata = p — k.

In summary, the number of possible ways of constructing a signed involution cor-
responding to a ssymmetric (2p, 2¢g) clan is given by

_(a+P\CO!' (g+p—2k 41
Yera = ok )Tk U p—k ) @D

Note here that we are using n = p + ¢. The right-hand side of (4.1) can be expressed
more symmetrically as follows:

(g + p)!
(g —k)'(p—k)'k!

Yk.p.q = (4.2)

4.2 Recurrences foryy , g's

Observe that the formula (4.7) is defined independently of the inequality ¢ < p. From
now on, for our combinatorial purposes, we skip mentioning this comparison between
p and g and use the equality vk p 4 = Vk,q,p Whenever it is needed. Also, we record
the following obvious recurrences for a future reference:

(p—k+1)(g—k+1)

Yk,p.q = A Yk—1,p.q> (4.3)
p—k

Yk,p—1,q = » +q7/k,p,q» 44)
q—k

Yk, p,g—1 = p+qyk,p,q- 4.5)

These recurrences hold true whenever both sides of the equations are defined. Notice
thatin (4.3)—(4.5) the parity, namely k does not change. Next, we will show that y;  ,’s
obey a 3-term recurrence once we allow change in all three numbers p, ¢, and k.

Lemma 4.3 Let p and q be two positive integers. If k > 1, then we have

Viop.g = Viop—1l,qg T Yk, pg—1 +2(q +p — DYk—1,p-1,g—1 and

+
Youpg = (p ) q). (4.6)
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Proof Instead of proving our result directly, we will make use of a similar result that
we proved before. Let ¥, , 4 denote the number

~ (g + p)!
= . 4.7
Yera = 3k —Iol(p — k! @.7)
In Can and Ugurlu (2018), it is proven that
Vk,p,q = Vk,p—l,q + 77k,p,q—1 + (P +q - 1))7k—1,p—1,q—1 (48)

holds true for all p, g, k > 1. Note that ¥ .4 = (¥ ;q), which is our initial condition
for vk, p,q’s. Therefore, combining (4.8) with the fact that y, 4, = 2k51. p.q finishes
our proof. O

Convention 4.4 From now on we will assume that ¢, ; = 1 whenever one or both of
p and g are zero.

Proposition 4.5 (Proposition 1.4) For all positive integers p and q, the following
recurrence relation holds true:

Cpg =Cp—1,qt+Cpg—1+ 2(p+q — l)Cp_l,q_l. 4.9)

Proof Recall that ¢,y = ) ; ¥k p,q- Thus, summing both sides of Eq. (4.6) over k
with1 <k < p — 1 gives

Cpg = Cp—1g —Cpg-1 —2(p+q — Dcp_14-1
= Y0.p.q — Y0,p—1,g — Y0.p.q—1
+ Vp.p.g — Vp.p.g—1 — 2(p+q — l)Vp—l,p—l,q—l
=0.

4.3 Proof of Theorem 1.5

One of the many options for a bivariate generating function for ¢, ,’s is the following

(2x)7yP

p (4.10)

v(x,y) = Z Cpyg

p-¢=0
Let us tabulate first few terms of v(x, y):
2x)4 yP
Z Cp’q# =c0,0 +¢0,12x + - -+ co,g Qx)T + - -
p.q=0 P

C
+_’y+..._|_p_’0yl7+...
1! p!
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c c
+L1(2x)y 4+t f’_’l(zx)yp 4.
1! p!
c c
+i—’|2(2x)2y +-F ;—}2(2x)2yp +---
It follows from our Convention 4.4 and Eq. (4.11) that

(2x)4yP
pl

1
_2x+ey—1+ Z Cpq
P.q=1

v(x,y) = 1

A.11)

(4.12)

We feed this observation into our recurrence (4.9) and use similar arguments for the

right hand side of it:

c
v(x,y) — 5 —e’ +1 —/ Z Lo 11‘1)‘(2x)q yPldy —

r=1, q>0

1
+2x( Z C;—"q(2x)qy1’ - 1—2x>

P.q=0

+2 > p il “1 1(2x)4

p.q=1

+2 ) ¢ = ‘q 1(2x)‘1

p.g=1

—1,q—1
-2y i Ul p‘f (2x)7yP

P.q=1

r=l, q>0

|
+2x< 3 CZ—""(zx)qu— 1_2x)

r.q=0

Cp—l.g-1 g—1,q9—1
+4xy Z —(p Y 2x)4 'y
p.q=0

+4x/ Z 4p=la- 1(2x)‘171yp*1dy

P.q=1 - D!

Cc 1 1
—4x/ Z p _ql)‘(z )4~ yP=1gy.

pq>1

Thus, we have

v(x,y) — —e¥ 41

1—2x
= / v(x, y)dy —e¥ +2x v(x,y) —

—2x +4xy v(x,y)
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+x/ <%(2x v(x,y))>dy—4x/v(x,y)dy,

or equivalently,

(1 —2x —4xy)v(x,y) = (1 —4x) / v(x, y)dy +xf <%(2xv(x, y)))dy.

Now, differentiating with respect to y gives us a PDE:

a 9
—dx v, y) + (1 —2x — 4xy)y

dv(x, y)
=(1—-4x)v(x,y) +x<2v(x, y) + 2xT),

which we re-organize as in

(1 —2x — 425 4o vy, (4.13)

av(x, y)
oy 7
(—2x9) ox + P

Here, we have the obvious initial conditions

1
1—2x

v(0,y) = ¢’ and v(x,0) =

Solutions of such PDE’s are easily obtained by applying the method of “character-
istic curves.” Our characteristic curves are x(r, s), y(r, s), and v(r, s). Their tangents
are equal to

9 ) 9
P o2 Do —any, o2, (4.14)
as as as

with the initial conditions

1
1—-2r

x(r,0)=r, y(r,00=0, and v(r,0) =

From the first equation given in (4.14) and its initial condition underneath, we have

x(r,s) = 4.15)

2rs +1°

Plugging this into the second equation gives us g—: =1- ﬁ(l + 2y), which is a
first order linear ODE. The general solution for this ODE is

3s +4r2s3 — 6r2s? + 6rs? — 6rs

3Q2rs + 1)2 (4.16)

y(r.s) =
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Finally, from the last equation in (4.14) together with its initial condition we conclude
that

eSQ2rs+ 1)

v =Ty,

In summary, we outlined the proof of our next result.

Theorem 4.6 Let v(x, y) denote the power series Zp,qzo Cp,q(2x)1 )l;—p!. Ifr and s are
the variables related to x and y as in Egs. (4.16) and (4.15), then we

v(r,s) = % 4.17)

We finish this section with a remark.

Remark 4.7 Although we solved our PDE by using the useful method of characteristic
curves, the answer is given as a function of transformed coordinates r and s. Actually,
we can find the solution in x and y. Indeed, it is clear from the outset that the general
solution S'(x, y) of (4.13) is given by

6xy+3x—1
el/(ZX)F( Xy6ka )

S(x,y) = - , (4.18)

where F (z) is some function in one-variable. (This can easily be verified by substituting
S(x, y) into the PDE.) Let us find a concrete expression for F'(z) here so that the initial
condition S‘(x, y) = v(x, y) holds true. To this end, we set y = 0. In this case, we
know that v(x, 0) = ﬁ Therefore, F(z) satisfies the following equation:

el/(20) p(3x=1) 1 3x — 1 —1/(2x)
67~ _ or F(2 _ X : (4.19)
x 1 —2x 6x3 1—2x
The inverse of the transformation z = 3:3‘;31 which appears in (4.19) is given by
1 -3 2 3./—273 3,4 1/3
x= 4! Z+‘/_23Z+Z) . (4.20)
61/3(=322 + /3V/—223 + 3z9)1/3 6%/32
By back substitution of (4.20) into (4.19), we find an expression for F'(z), which in

turn will be evaluated at 6”;;# [as in (4.18)]. Obviously, the resulting expression

is very complicated, however, this way we can write the solution of our PDE in x and
y only.
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Fig.1 Delannoy paths

Fig.2 A weighted Delannoy path

Fig.3 All of the 4-diagonal steps in N2

5 A Combinatorial Interpretation

In this section, we will use Delannoy paths for our combinatorial interpretation of the
number of ssymmetric clans. In Fig. 1 we listed the Delannoy paths that are contained
in the 2 x 2-grid.

Recall our claim (Proposition 1.6) from Introduction that one can compute the
numbers ¢, ; asasum ZLED(p,q) w (L), where D(p, q) denotes the set of all Delannoy
paths that ends at (p, ¢). Here (L) is the weight of the Delannoy path L, which is
defined in (1.15).

Example 5.1 Let L denote the Delannoy path that is depicted in Fig. 2. In this case,
the weightof Lisw(L) =6-12-16 = 1152.

Recall also that a weighted (p, g) Delannoy path is a word of the form W :=
K- - K, where K;’s (i =1, ...,r) are labeled steps K; = (L;, m;) such that

e Li---L, is aDelannoy path from D(p, q);
e if L; (1 <i <r)isak-diagonal step, then 2 < m; < 2k — 1. (We depicted all of
the 4-diagonal steps in N? in Fig. 3.)

Theorem 1.9 states that there is a bijection between the set of weighted (p, ¢q)
Delannoy paths and the set of ssymmetric (2p, 2q) clans. Our goal in this section is
to prove these statements.
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Proof of Proposition 1.6 Let ¢/, , denote the sum »_; ., ,) @(L). As a convention
we define c(’),0 = 1. Recall that n stands for p 4+ g. We prove our claim c},, g = Cpag
by induction on n. Obviously, if n = 1, then (p, q) is either (0, 1) or (1, 0), and in
both of these cases, there is only one step which either N or E. Therefore, c;,’ g = 1
in this case. Now, let n be a positive integer and we assume that our claim is true for
all (p, g) with (p, g) = n. We will prove that ¢, , = c/p.,q’ whenever p4+¢g =n + 1.
To this end, we look at the possibilities for the ending step of a Delannoy path L =

Li---L, € D(p,q).If L, is a diagonal step, then
o(L)=Q2(p+q)— Do(Li---Lr—1).
In particular, Ly ---L,—1 € D(p — 1, g — 1). If L, is from {N, E}, then
oLy =w(Ly---Ly,_1).

In particular, Ly ---L,_1 e D(p—1,q)or Ly ---L,_1 € D(p, g — 1), depending on
L, = E or L, = N. We conclude from these observations that
/

Chg = Chptg T g1 T2P+a = D)y 4y

=Cp-1,q+tCpg-1+2(p+q—Dcp_1,4-1 (by induction hypothesis)

=Cpyg-
This finishes the proof of our claim. O

The proof of Theorem 1.9 is based on the same idea however it requires more
attention in some of the constructions that are involved.

Proof of Theorem 1.9 Let d), , denote the cardinality of D (p, g). We will prove that
dp 4 obeys the same recurrence as cp 4’s and it satisfies the same initial conditions.

Lety = c; - - - ¢z, be a ssymmetric (2p, 2g) clan and let 7 = m,, denote the signed
involution

. . . . s Son—4k
= (i1, j1) - G2k, jo)ly' -+ Ly "aps Where si, ..., 52,4k € {+, =},

which is given by 7 = @(y). Here, ¢ is the map that is constructed in the proof of
Lemma 2.5. We will construct a weighted (p, ¢) Delannoy path W = W,, which is
uniquely determined by 7.

First, we look at the position of 2n in 7. If it appears as a fixed point with a 4 sign,
then we draw an E step between (p, g) and (p — 1, ¢). If it appears as a fixed point
with a — sign, then we draw a an N-step between (p, ¢) and (p, g — 1). We label both
of these steps by 1 to turn them into labeled steps. Next, we remove the fixed points
1 and 2n from 7 and then subtract 1 from each remaining entry. The result is a either
signed (2(p — 1), 2q) involution or a signed (2p, 2(¢ — 1)) involution. Now, by our
induction hypothesis, in the first case, there are d,,_1 4 possible ways of extending this
path to a weighted (p, ¢) Delannoy path. In a similar manner, in the latter case there
are dp 41 possible ways of extending it to a weighted (p, ¢) Delannoy path.
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™

7 = (4,5)(8,9)17273+6+t7T10T11- 12+

7 = (4,5)(8,9)1273T6+7+10 1112+

!

72 = (3,4)(7,8)172+57679+10~

72 = (3,4)(7,8)172+57679+10~

1
7@ = (2,3)(6,7)114+5+8*
73 = (2,3)(6,7)114+5+8* ,
1
7@ = (1,2)(5,6)374+
@ = (1,2)(5,6)3*4* .
1
) = 1+2+ )
) = 1+27F ]
1

76 — |

Fig.4 Algorithmic construction of the bijection onto weighted Delannoy paths

Now, we assume that 2n appears in a 2-cycle in w, say (i, js), where 1 < s < k.
Then (i, j,) = (i, 2n),forsomei € {2, ..., 2n—1}. Then by the symmetry condition,
there is a partnering 2-cycle, which is necessarily of the form (1, i’) for some i’. In
this case, we draw a D-step between (p, g) and (p — 1, ¢ — 1) and we label this step
by i. Then we remove the two cycle (i, 2n) as well as its partner (1,i") from 7. Let

us denote the resulting object by nél). To get rid of the gaps created by the removal
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of two 2-cycles, we renormalize the remaining entries by appropriately subtracting
numbers so that the resulting object, which we denote by 7! has every number
from {1, ..., 2n — 4} appears in it exactly once. It is easy to see that we have a signed
(2(p—1),2(g—1)) involution which corresponds to a ssymmetric (2(p—1), 2(g —1))
clanunder $~'. Now, the label of this diagonal step can be chosen as one the 2(p+g—1)
numbers from {2, ...,2n — 1}. Finally, let us note that there are d,,_1 4,1 possible
ways to extend this labeled diagonal step to a weighted (p, ¢) Delannoy path.

Combining our observations we see that, starting with a random ssymmetric
(2p, 2q) clan, there are exactly

dp—1,g+dpg-1+2(p+qg—1Ddp_14-1 5.1

possible weight Delannoy paths that we can construct. By induction hypothesis the
number (5.1) is equal to ¢ 4. This finishes our proof. u|

Let us illustrate our construction by an example.
Example 5.2 Let y denote the ssymmetric (10, 6) clan
y=4+6—+11+4+ 422 4+ —4 + 6,
and let = denote the corresponding signed involution
7 =(1,14)(3,16)(6,7)(10, 11)2T4-5T8T9T 127137 15T,

The steps of our construction are shown in Fig. 4.

Acknowledgements This work was partially supported by a grant from the Louisiana Board of Regents.
We are thankful to Roger Howe who shared with us his manuscript on K\ G/B-decomposition of classical
groups. We are grateful to the anonymous referee for the very careful reading and for the constructive
suggestions, which improved the quality of our paper.

Appendix

In this appendix, as we promised in the introduction, we outline a method for approx-
imating the number of symmetric (2p, 2g + 1) clans with k pairs, B, p 4. Recall our
notation that A, (x) = Y1_o o, p.gx* and Ay(x) = 7 Bt pgx L

First of all, by multiplying both sides of the recurrence relation (3.8) by x? and
summing over / lead us to the following integral/differential equation

A = Bupg = @+ 1) [ (Ao0) = Bagir p®
—%(AO(X) - ,32q+1,p,qx2‘1+1)

+2(pg +p+q+ 1)/x(Ae(x) — Bag. p.gx*)dx
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—(p+q + Dx2(Ae(x) — Bag.p.g**?)
3
X ’
+7Ae(x) — 4B p.qgx 1.

We get rid of the integrals by taking the derivative with respect to x and then we
reorganize our equation which is now a second order ODE as in

A, (x)—<(2p +2g — Dx? + 2) AL (x) + 4pgxAe(x)
— XA, (x) + (2¢ + DAg(x) = 0.

By applying a similar procedure to the recurrence relation (3.9) and also by using the
fact that 81 5.4 = pPBo, p,q> We obtain our second second order ODE:

x3A:;(x)—((2p +2¢ — Dx* + 2>A;(x) +@4pg+2p —2¢ — DxAy(x)
— XA, (x) 4+ 2pA.(x) = 0.

Note that we the following initial conditions that follow from the definitions of A, (x)
and A, (x):

A (0) = ,BO,p,q and A,(0) =0,
AL(0) = 0and A, (0) = pBo.pg = Bi.pq-

We will reduce our second order system to a first order ODE by setting u(x) := A; (x)
and v(x) := A, (x). Then

x3u/(x) =(2p+29 — 1)x2 +2u(x) —4pgxA.(x) — 2g + 1)Ao(x) + xv(x)

V' (x) = (2p +2g — Dx? +2)v(x) — (4pq + 2p — 2q — DxAy(x)
—2pAc(x) + xu(x)

x3A;(x) = x3u(x)

x3A/0(x) = x3v(x).
We write this system in matrix form
BX = AX)X,

where A(x) the 4 x 4 matrix as in (1.5). Note that our initial conditions become

u(0) 0
_ | v© | _ | pBo,p.

X0 =1 401 = ﬁo’p"’: . 6.1)
A(0) 0
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Once a system of first order ordinary differential equations of this type is given, formal
series solutions can always be obtained by carrying out the computational procedure,
which is outlined in Turrittin (1955). We will use those techniques to solve the above
system of first order ordinary differential equations.

Before proceeding any further let us define the matrices Ag, Ay, . . . by decomposing
the coefficient matrix A(x):

20 0 —(q+1)

o0
02 -2 0
AG) =) Ak = 00 Op 0 X0
k=0 00 0 0
[0 1 —4pg 0
10 0 —M@pg+2g—-2g—-1)|
Tloo o 0 X
00 0 0
[(2g +2g — 1) 0 00
0 Rp+2g—-1)00] »
+ 0 0 00|~
i 0 0 00
(0000
0000 5 . 4
+ 1000 |* +0x" +---
(0100

Since the eigenvalues of the leading matrix A fall into two groups, namely A1 = X, =
0 and A3 = A4 = 2, there exists a normalizing transformation matrix P obtained from
the Jordan canonical form of Ay. More precisely, since

(0000
0000
0020
10002
00 0 1 20 0 —2¢+D][*4 o001
00 1 0 02 -2p 0 0 pl1o0
0l—p 0 00 0 0 0 100
10 0 =2 o0 0 0 1 000

=P 1AyP.

By =

the normalizing transformation X = PY turns our system into

0
SY =By win y©) = | #r 6.2)
0
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where

B(x) = P~'A(x)P

B 0 px’ x3 0
2‘7%1)63 0 0 x3
T M (ot dpx —30) p@p+2g—Dx Qpt2g—Da+2  x—pad
i (2(1+])(22p+2q—l)x2 (p —4pg)x — p(2%+1)x2 e 2q2+1x3 Cp+2q—1x2+2
0000 0 0 00
0000 0 0 00
“loo20| T Ghérn o g ¥
(0002 0 p(1—4g) 10
B 0 0 0 0
0 0 0 0 )
+ X
0 pR2p+2g—1)2p+2g—1 0
| Cotep+2=b 0 0 2p+2g—1
roo » 1 0
24l 0 0 1
+ 2 X0t 0x -
_p(2g+l) 0 0 —p
2g+1) 2g+1
0 —righ 2 g

We denote the coefficient matrix of x* (i =0, 1,2, ...)in B(x) by B;. Thus,
B(x) = By + Bix + Box* + Bsx>.

We will work with a system that is obtained from B(x) by a “shearing” transfor-
mation. Let Q be a formal power series of the form Q = > Q,x" with Q,’s are
some constant matrices of order 4. We assume that our desired solution ¥ = Y (x)
for x3Y’ = BY is of the form Y = QZ for some 4 x 1 column matrix Z = Z(x).
Formally, substituting QZ into x>Y’ = B(x)Y will give us a new ODE:
x3(0Z)=BQZ = x*(Q'Z+ 0Z)=BQZ or x*Z' = (0 'B0+x*0710")Z.
Let C denote the formal power series Y C,x” that is defined by

0 'BOQ+x707'0'=Cc=) C', (6.3)
hence our ODE is equivalent to

7 =CZ. (6.4)

By multiplying both sides of (6.3) with Q and rearranging we obtain a new ODE
whose solution will lead to a solution of (6.5):

x*Q' = 0C - BO. (6.5)
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To solve (6.5) we simply substitute B = Y B.x", Q0 =Y Q,x" and C = Y _ C,x"
and equate the coefficients. Then we get the following relations which we call as our
fundamental recurrences:

(i) 0= QoCo — BoQo;
(i) 0= (QoC1 — B1Qo) +(Q1Co — BoQ1);
(i) (r —=2)Qr2=3i_o(QiCr—i — B, Q;) forr > 2.

We will recursively assign specific values to the matrices Q;,i = 0, 1, 2, ... which will
allow us to solve (6.5). Along the way we will determine the series C(x) = > xic;,
which is what we want to solve in the first place. Indeed, our goal is to choose Q;’s
in such a way that C;’s become block diagonal. To this end, we assume that Q;
(i=0,1,2,...)is a block anti-diagonal matrix:

0 0/
Qi = |:Qi21 Qé ]

for some 2 x 2 matrices Q}z, Ql.21 (i=0,1,2,...).

Step 1. We choose Q¢ = 14, the 4 x 4 identity matrix. It follows from (i) that

0000
C=5=10920
0002
We have a remark in order.
Remark 6.1 Let us point out that, since
QiBy — CoC; = |: v 21 2Q}2:| fori =1,2,... (6.6)
=207 0

by using the fundamental recurrences (ii) and (iii) we will always be able to choose
Qi12 and Qi21 so that C; is of the form

cl o
(18]
! 0 C
where C l.” and C l.22 are 2 x 2 matrices.

Step 2. By (ii) and Step 1, C1 = B1 — Q1Co + BpQ1, so we set

0 0 00 0000
0 0 00 0000
Q1= _eeutiip=b o oo = 1= 0001
0 MOQ 0010
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Step 3. By (iii) and Steps 1,2, Co = By — Q1C1 + B1Q1 — 02Co + BoQ2, so we
set

0 0 00
0 0 00
0) = 0 _p(4p+;‘8q—3) 00
~Ggthie=h o g
00 0 0
— Gy = 00 0 0

002p+29—1 0
00 0 2p+2g—1

In a similar manner, we put

0 0 10
0 0 03
03 = (2q+1)(16[172+16pq—1) 0 00
0 —p(16pq+16q82—8p—16q+1) 00

201 p 0 0

+
—o=|% 0 0 5
0 0-2 9

The above computations are in some sense are our initial conditions. To get a better
understanding of the general case we make a few more preliminary observations and
formal computations.

¢/’ = BY fori =0,1,2,3 and j =1,2 (6.7)

[0 012c?2 0 0

0:C = 0 2 0 ! and  B1Q; = B2 B2 QP (6.8)
_O 12c22 0 0

Q2= Cor| e mois B30 B30l ©2
T o 12022 Bl2p21 glipl2

QiC3 = Qzlcél Qz 0 3 :| and B3 Qi = [Bj228121 B?%l 8112:| (610)
- 1 l l
[0 o2

QiC; = Q%IC}I lO il (6.11)

Finally, since B, = 0, the fundamental recurrence (iii) simplifies to

3 r—1
Cr=0—-202- (Z(Q,_ici — Bi Qr_i)) - (Z Qr_ic,-) . (6.12)
i=4

i=0
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Recall that we started with the system x3X’ = A(x)X which is transformed into
x3Y’ = B(x)Y by conjugating with a constant matrix, and the latter system is trans-
formed into x3Z’ = C(x)Z by the shearing transformation ¥ = Q(x)Z.

Proposition 6.2 Ler C(x) = Y . Cx" and Q(x) = ), Q,x" be as in the previous
paragraph. If r > 4, then we have

|:Q21 3 0 :|
C, = = .
O R

In particular, the system x3Z' = C(x)Z decomposes into two 2 x 2 systems of ODE’s

K = R(x)K, (6.13)
L =Tx)L, (6.14)

where

R(x)=Cy'x* + > 071 5x';

r>4

3
T(x) =) CPx+) (BI'Q2 + B5' 0%, + By' Q2 )x".
o

r>4

Proof Since C, is a block diagonal matrix, recurrence (6.12) combined with equations
(6.7)—(6.11) gives us the desired result. O

What remains is to solving the systems (6.13) and (6.14). The former ODE is
relatively easy since it does not have a singularity anymore. However, the second
ODE (6.14) does have a singularity. Moreover, we still do not know the exact forms of
neither Q'2(x) nor Q2! (x). On the positive side, by taking advantage of the particular
structure of B(x)’s we are able to find recurrences for R(x) and 7T (x).

To find a recurrence for the blocks of Q,’s, we use Proposition 6.2 as well as the
simplified fundamental recurrence (6.12) as follows:

o _[os 0
-
0 BY'Q2, +B3'02,+Bi'0)2,

_ 0 r—20"12, 0 20 0 012, B2
Cle-20t, o ] [-20% o | [-BPOY, -},

12 p22 12 12 12 p22 1112
_ |: 0 Qr—ZBZ :| _ |: _B3 er—3 Qr—3B3 - B3 Qr—3:|
22 H21 21 H12 21 11 22 121 21 H12

—By"0;, —By 0,7, Q;3B3" — B0, —By 0,55

12 21
_Z 0 Qr—i Qi73 0
Llor, o' Jl o oz e mom v aior,
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=202, -20,* - 0,2 B
o le Bzz Q12 3322 + BIIQIZ
i-3 - -
= _Z Q12 (BZIQIZ + BZIQIZ2 +321 Qzl23)
_ 21 21 22 n21 22 H21
=20, +207 +Bi"0,-, + By°0; lele 4 lele +B2'Q
— Q2B+ B2 Y, 0,07, 2
Observe that the diagonal blocks do not give us any new information, however, the
anti-diagonal blocks do. By the equality of the bottom left blocks, we have

207" = - =201, - B 07, - B 071, + 071385 - B 07!

r—1
+> 0L 07 (6.15)

Similarly, the equality of the top right blocks give

20,7 =(r - 2>Q‘2_ - 0.2 B - 02,83 - 0,2 B + B;' 0,2,

6.16
—ZQ (BT Q2 + B3 012, + B3 023). o1

Obviously, these recurrences enable us to write the precise forms of the ODE’s
(6.13) and (6.14). Both of these ODE’s can now be solved by applying suitable shear-
ing transformations leading to a solution of our original equation x3X’ = A(x)X.
However, due to its high computational cost the result is still not better than the
expressions for By, , s that we recorded in Theorem 1.2.
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