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Abstract We develop an integral geometry of stationary Euler equations defining
some function w on the Grassmannian of affine lines in R depending on a putative
compactly supported solution (v; p) of the system and deduce some linear differential
equations for w. We conjecture that w = 0 everywhere and prove that this conjecture
implies that v = 0.
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1 Introduction

In the present paper we introduce and develop a version of integral geometry for the
steady Euler system.
More precisely, the system which we consider is as follows
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for an unknown smooth vector field v = v(x) = (v'(x), v2(x), v3(x)) and an
unknown smooth scalar function p = p(x), x € R3; it expresses the conservation of
fluid’s momentum v ® v + pd;; and reads in a coordinate free form as follows

diviov®v) + Vp =0. 1.2)
Note that if we add to (1.1) the incompressibility condition
divv =0, (1.3)

the system (1.2) and (1.3) describes a steady state flow of the ideal fluid.

A long-standing folklore conjecture states that a smooth compactly supported solu-
tion of (1.2) and (1.3) should be identically zero, and this is known for Beltrami flows;
see Nadirashvili (2014) and also Chae and Constantin (2015). Let us state it explicitly:

Conjecture 1.1 Let (v; p) € Co(R>) be asolution of (1.2)—(1.3). Thenv =0, p = 0.

Note, however, that there do exist nontrivial Beltrami flows slowly decaying at
infinity; see Enciso and Peralta-Salas (2012). Note also that nontrivial compactly
supported solutions of system (1.1) exist, e.g., any spherically symmetric vector field
v is a solution of (1.1) for a suitable pressure p, but we do not know whether the
system

3 .
avi
Yol P o, i=1,23
8)6./' ax,'

which is equivalent to (1.1) and to (1.2) under the additional condition (1.3), admits a
non-trivial compactly supported solution not satisfying (1.3).

Our idea is to separate the study of system (1.1) from the study of Eq. (1.3) using an
integral geometry technique which permits to encode (almost) all information about
a compactly supported solution v of (1.1) in a single scalar function w defined on the
Grassmannian M of affine lines in space. We conjecture that this function w is in fact
identically zero, which can readily be verified for any spherically symmetric solution.
If it were the case, then adding the incompressibility condition (1.3) to the condition
w = 0 we were able to obtain that v = 0 everywhere. In order to proof that w = 0
we deduce a linear differential equation for w on M. Unfortunately, this equation is
not elliptic and admits non-trivial solutions, and therefore, the purported annulation
of w remains conjectural, despite some additional integral geometry arguments going
in the same direction.

More concretely, below we characterize the kernel of (1.1) in terms of integral
transforms of the quadratic forms v/ v/. Thus, given any smooth compactly supported
solution (v; p) of (1.1), we define a smooth function w on the Grassmannian M
classifying lines in space using the X-ray transforms of v’v/ and then derive a lin-
ear differential equation for w. Using a Radon plane transform of w we deduce one
more linear homogeneous differential equation which suggests that w = 0 every-
where. However, we are not able to justify this claim rigorously and we formulate
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Integral Geometry of Euler Equations 399

it as a conjecture; we show that assuming the conjecture and (1.3) one can deduce
Conjecture 1.1. Therefore, we put forth

Conjecture 1.2 Let w be the function on the Grassmannian G 3 of affine lines in R3,
defined below in Sect. 3, which depends on a compactly supported solution (v; p) of
(1.1). Then w = 0 everywhere.

Note, in particular, that this conjecture holds for any spherically symmetric com-
pactly supported vector field v.

Note also that it is possible to prove that the general solution of Eq. (4.5) depends on
two arbitrary (smooth compactly supported) functions (V.A. Sharafutdinov, personal
communication) and therefore to prove Conjecture 1.2 one needs to use some non-
linear argument, e.g. using the fact that the tensor v ® v is of rank 1 as opposed
to the general symmetric tensor of rank 3 which also gives a solution of (4.5) by
constructing the corresponding function w; thus, we can say that we have (at least)
two more independent conditions on w. Unfortunately, we not know how to use this
rank conditions to restrict possible functions w’s. However, there do exist some natural
linear conditions for a suitable tensor which are sufficient to prove Conjecture 1.2, for
instance, system (5.4) which is partially supported by Eq. (5.3).

The rest of the paper is organized as follows: in Sect. 2 we recall some definitions and
results from Sharafutdinov (1994) concerning the X -ray transform of symmetric tensor
fields. In Sect. 3 we define and study a smooth function w € C°° (M) which depends on
a smooth compactly supported solution (v, p) of (1.1). Section 4 contains a description
of two invariant order 2 differential operators on C°°(M) and a differential equation
for w in terms of those operators. In Sect. 5 we define a plane Radon transform for
quadratic tensor fields, prove that it vanishes for some quadratic tensor field connected
with w and explain why this annulation partially confirms Conjecture 1.2. Finally, in
Sect. 6 we deduce Conjecture 1.1 assuming Conjecture 1.2 together with (1.3).

2 Tensor X-ray Transform

We use throughout our paper the integral geometry of tensor fields developed in Shara-
futdinov (1994) and discussed in Nadirashvili et al. (2016) in its three-dimensional
form. Let us give some of its points in our simple situation. For details see Sharafut-
dinov (1994) and Nadirashvili et al. (2016).

In what follows we fix a positive scalar product (x, y), x, y € R". Let

TS = {(x, &) e R x " : [lE] = 1, (x, &) = 0} C R" x (R"\{0})

be the tangent bundle of S"~! ¢ R”.
Given a continuous rank # symmetric tensor field f on R", the X-ray transform of
f is defined for (x, &) € R" x (R"\{0}) by

n e ¢]

Uf)x.§) = Z f Jirin(x +18) &y .. &y dt 2.1

i1yeees ih= —00
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400 N. Nadirashvili, S. Vlddug

under the assumption that f decays at infinity so that the integral converges.

We denote by S(S"; R") the space of symmetric degree % tensor fields with all
components lying in the Schwartz space, and denote by S(TS"~!) the Schwartz
space on TS"~!. Below we consider only tensors from S(S”; R") and functions
from S(TS"~ ). For such f € S(§"; R") we get a C*°-smooth function ¥ (x, £) =
(If)(x, &) on R" x (R™"\{0}) satisfying the following conditions:

Yix, &) =sen(@)" 'Y (x,£) 0#1€R), Yx+1£8) =Y, &), 22)

which mean that (/f)(x, &) actually depends only on the line passing through the
point x in direction &, and we parameterize the manifold of oriented lines in R”
by TS*!'. For x(x,£€) € S(TS""!) we can extend x by homogeneity, setting
x(x, &) = x(x,&/1€I), to the open subset Q N {& # 0} of the quadric

Q={(x,6) eR" xR": (x,&) =0} > TS""!
Conversely, for a tensor field f € S (Sh; R™), the restriction x = ¥|ygi-1 of the

function v = If to the manifold 7S" ! belongs to S(TS"~!). Moreover, the function
Y is uniquely recovered from y by the formula

iephel (x, §) s) -
Y 6) = ] x( e T 2.3)

which follows from (2.2); note that ( HSIIZE HEH) e TS™! ¢ O, and thus the

right-hand side of (2.3) is correctly defined. Therefore, the X-ray transform can be
considered as a linear continuous operator /: S (S": R —S(TS" 1), and now we
are going to describe its image and kernel.

The image of the operator I is described by Theorem 2.10.1 in Sharafutdinov (1994)
as follows.

John’s Conditions. A function x € S(TS"™') (n > 3) belongs to the range of the
operator I if and only if the following two conditions hold:

Loy, =8) = (=) x(x, &)
2. The function € C°(R" x (R"\{0})) defined by (2.3) satisfies the equations

92 92 92 92
< — >< — >¢=0 2.4)
9x;, 0, 9xj, 0&j, 0Xiy 1 08, 0%, 08,

written for all indices 1 <y, j1,...,1ip+1, Jh+1 < N.

Define the symmetric inner differentiation operator d; = o'V by symmetrization
of the covariant differentiation operator V: C*®(§")—s Co°(Th+1),

au,' i

1o-in |

(V)i ipy = Wiy ipsingy = ax: )
Xipg
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Integral Geometry of Euler Equations 401

it does not depend on the choice of a coordinate system.
The kernel of the operator [ is given by (Theorem 2.2.1, (1),(2) in Sharafutdinov
1994).

Kernel of the Ray Transform. Let n > 2 and h > 1 be integers. For a compactly-
supported field f € C(‘;O(Sh; R"™) the following statements are equivalent:

1. If =0;
2. There exists a compactly-supported field v € C(‘)’O(Sh_l; R™) such that its support
is contained in the convex hull of the support of f and

dsv = f. 2.5)

Note also that an inversion formula for the operator I given by Theorem 2.10.2 in
Sharafutdinov (1994) implies that it is injective on the subspace of divergence-free
(=solenoidal) tensor fields.

The 3-Dimensional Case For n = 3 one notes that the tangent bundle 7S? over S?
coincides with the homogeneous space M = G/(RxSO(2)) = G'/(RxO(2)), where
G = R3? x SO(3) is the group of proper rigid motions of R3, while G’ = G - {13}
is the isometry group of R3. Therefore the operator I for n = 3 can be written as
1: S(S"; RH)—SM).

Let us define coordinates on the open subset M,,;, of M consisting of non-horizontal
affine lines. Namely, m = m (y1, y2, @1, @2) is given by a parametric equation for a
current point A on m,

A= (1,20 +ta =1+ o, y2 + ot 1),
where ¢ grows in the positive direction of m and thus the vector ¢ = (a7, a2, 1) defines
the positive direction of m.

We can now rewrite the above general formulas using the coordinates
(1, y2, a1, @2). First we fix the following notation:

k= k@, ) = /1 +af + 05 =1+ |la|? (2.6)

we will use this notation throughout the paper.
Define the diffeomorphism

P: U —>RY (x,y.2,8) = (6,5, 2,86, £2.8) > (0, @) = (y1, 2, 1, &),
on the open set U = T'S? N {& > 0} by

) _& )

&1
MN=x——-z, n=y——2z, o] ay = —. 2.7

& & &

Then (U, ®) is a coordinate patch on M this parametrization was used by F. John in
his seminal paper (John 1938).
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402 N. Nadirashvili, S. Vladut

For a function x € C®(U), we define ¢ € C®(R*) by
p=k"1yod !
These two functions are expressed through each other by the formulas

X(X,y,z,é)zgé’—l(p(x_gl_z 5z & Ez)’

57 & B EH
_ (y, a)ay (y,a)ar  (y,a) a; ay 1
L)y =K (v = s - L 2 o) (28
Py, ) X()’I 22 2 P (2.8)

If a function x € C®(T'S?) satisfies x(—x, —€) = (—1)"x(x, &), then it is
uniquely determined by

o =k""x|y o @' € C®@RY.

For a tensor field f € S (S": R3), the function

o =k""NIf)|y o @ e CRY 2.9)

is expressed through f by the formula

3 o0
o)=Y / foeinO1 ot y2 ot Oy ..o dt,  (2.10)

[1yeens in=1_ro
with a3 = 1, which easily follows from (2.1).
Let
32 32
dardyr a1y

L =gef (2.11)

be the John operator. The main result of Nadirashvili et al. (2016) says that forn = 3,
a function y € S(T'S?) belongs to the range of the operator I for a given & > 0 if and
only if the following two conditions hold:

Lox(=x, =§) = (=1 x(x, §);
2. The function ¢ € C®(R*) defined by (2.8) solves the equation

L'y =o. (2.12)
Thus w Eq. (2.4) for n = 3 are equivalent to Eq. (2.12).
3 Function w

In what follows we fix a compactly supported smooth solution (v, p) € C§° (R3) of
system and define a function w € C§°(M) using the following result.
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Integral Geometry of Euler Equations 403

Lemma 3.1 Let L be an affine plane in R and let vy, be its unit normal, then

f<v,z><v, v)dop =0 a1
L

for any z € L where doy is the area element on L.

Proof We can assume without loss of generality that L = {(x, x2,0)} and vy =
0,0,1) = e3, z = z1e1 + z2e fore; = (1,0,0), e = (0,1,0), e3 = (0,0, 1).
Then we have

/(U,ZHU, vydop = /(Zlvl +Z2U2)U3 dxidx)
L
=Z1/vlv3dx1dxz~|—zg/v2v3dx1dx2.

Note that by Eq. (1.1) withi = 1 and i = 2 there holds

') _a(vlvz) B av'vh _

0x3 ax2 ax1 axy’
I  ae*v')  a??)  ap
0x3 - dx1 dx2 axy’

and thus we get

9 - (')
_— Vv dxldxg = dxldxg = 0,
0x3 0X3

9 ) 2.3
2 /v2v3dx1dx2 =/ WV ridx = 0.
0x3 0x3

Therefore, the compactly supported functions

/vlv3dx1dxz and /v2v3dx1dxz

of x3 on R are constant and thus vanish everywhere which finishes the proof.

For any fixed value of x3, we define the vector field vivd = (—v203, vlv3) on the

plane (x1, x2, x3) with coordinates {x, x>} depending on x3 as on a parameter, where
ut = (—uz, uy) for a vector field u = (uy, u2) on R2; note that below we use this

notation for vector fields on various planes in R3. Then let us set
(0.¢]
F :f (=003, v'v¥) dxs; (3.2)
—0o0

note that F is a compactly supported vector field on the plane IT12 = {(x1, x2, 0)} with
coordinates {xp, x} and (3.1) implies that / F = 0. Indeed, choose x0 = (x?, xg) €
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404 N. Nadirashvili, S. Vladut

R%,0 # £ = (£1, &) € R?, and let L be the 2-plane through the point x parallel to
the vectors};‘ and (0, 0, 1). Then the vector v = (—&1, &, 0) is orthogonal to L and
the vector &, = (—&1, &, a) is parallel to L for every a. By (3.1) we have

f<v,§a><v, vydop =0
L

and thus we get

/ E' + E207 + av)) (=0 + E1v)) doy = 0.
L

Substituting the values a = 0, a = 1 and taking the difference we get the equation
IF =0.
Therefore, by (2.5) we have

dswo = Vwg = —F (3.3)

for a unique compactly supported smooth scalar function wy = wo(x).

Let us fix for a moment a point PO = (x?, xg) eRZ letr Cc s =R%*bea ray
emanating from PY and let ¢, be a unit directional vector of r, then in virtue of (3.3)
we have

f (er, F)ds, = wo(x), x9) (3.4)

r

for the line element ds, of r. Let H C R3 be a half-plane perpendicular to T, with
0H = m(x(g, xg, 0, 0), where m(x?, xg, 0, 0) is the vertical line passing through the
point (x?, x5, 0) € Iy2; therefore, H orthogonally projects onto some ray r emanating
from Py. Let us consider the integral

/ v3(vH, vYdoy = —/(e,, F)ds,
H r

for the area element doyy of H and a suitable unit normal vy to H, then by (3.4) it does
notdepend on H for a fixed point PO = (x?, xg) andafixedline 0 H = m (x?, xg, 0, 0).
Since the choice of a vertical line in R? is arbitrary we see that the following definition
is correct:

Definition 3.2 Define
w = _/ (em, U)("H(m)v v) dUH(in) (3.5
H(m)

where H (m) is a half-plane with 9 H (m) = m and v, is the unit normal to H (m)
such that the basis (e, Vi, Vi (n)) 18 positively oriented for the interior unit normal
vy, to m lying in H (m).
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Integral Geometry of Euler Equations 405

Therefore, w is a compactly supported smooth function on M and it can be written
asw = w(yi, y2, o1, @2) on M,;; moreover, we get

Lemma 3.3 We have

w(y1, y2,0,0) = wo(y1, y2).

Proof Indeed, it is sufficient to verify that
0 o0 d o
I 0y = / ol da, 220 = —f v dos, (3.6)
ay1 —00 0y2 —o0

which is clear, since

o o0
w(s,0,0,0) = —/ v dxidx; = —/ dxlf V203 dxs,
His § —00
o0 o
w(0, 1, 0,0) = / vlo3 dxydx; = / a’x2/ vlo3 dxs
Hy " —00
for the half-planes

His={(x1>6,0,x3)}, Hz,=1{0,x2>pu, x3)}

Now we give two explicit formulas for w which use two specific choices of H (m).

We begin by putting
ki =\/1+a?, k=,/1+0a; (3.7

recall also that k = /1 + a% + a%.

Givenalinem € My, let H(m) and H (m) be the half-planes with the border-line
m which are determined by the following conditions:

(i) H(m) is parallel to xj-axis, H (m), is parallel to xp-axis;
(1) (vi,e)>0,i=1,2,

fore; = (1, 0,0), e; = (0, 1, 0) and the internal normals v; € H(m);,i = 1, 2.
We have then

1 o 1 o]
VH(m), = 0757—5 » VH(m), = _EVOHH ,

and the plane H (m) forms angle B; with the coordinate plane I113 = {x» = 0} where
cos B1 = 1/kp, while the plane H(m), forms angle B, with the coordinate plane
ITy3 = {x1 = 0}, cos B2 = 1/ k1. Note also that we have

1 o ap 1
P 1) = -
ém k(al’az’ ) (k’k’k)
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406 N. Nadirashvili, S. Vladut

for the positive unit directional vector e, of m.

Proposition 3.4 Let do; be the surface area element on H (m); and letl; = y; + x30;
fori = 1,2. Then in the introduced notation we have

i) w= _/ {(em, v) (UH(m)za v)dop
H(m)>

o0 o0
—t/’ ((ems V) (VH s )]s saark1dx2d 3
—o0 JIp

o0 o0
1
/ ﬁ L@ + 00 + )0~ @Dl diads (8)
o

(i) w= —/ (ems V) (VE@m),, v) doy
H(m)

o0 o0
—/ (em> V){VEm)» V)| (31,133 k2 dx1d X3
—o00 J1

© <1 1 2 3 2 3
—/ / z((alv + arv” +v7) (V7 — arv ))|(x1,lz,X3) dxidxs.
—0o0 ll

(3.9)

Proof This is an elementary calculation which we give only for H(m), since the
case of H (m) is completely similar; note only that the choice of normals vg ), and
VH(m), comes from the orientation condition. Let us fix the values of yi, y2, a1, and
an, and let H; D H(m); be an affine plane containing H (m); for i = 1, 2. Then an

equatiog of Hj is of the form axy + bxz + ¢ = 0, and therefore ¢ = —ay,. Since
em € Hj for the vector plane H; parallel to Hi, we get ao + b = 0, and we can
choose a = 1, b = —ay, so the equation takes the form

X2 —x3ap — y2 =0,

and therefore x; = x3a2+y> onthe half-plane H (m);. Since cos 81 = cos arctan oy =
é, we see thatdo| = kp dx1dx3. Then one notes that the orthogonal projection 713 (m)
of m on the coordinate plane I113 = {x = 0} is given by

mi3(m) =3 N Hy = {x1 = y1 + o1x3},
and thus H (m); projects onto
{x1 > y1 +x3001} C iz,

since (v, e2) > 0, which completes the proof.

The formulas (3.8) and (3.9) are somewhat cumbersome and use below only the
following simple consequence.
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Integral Geometry of Euler Equations 407

Corollary 3.5 In the first order of (a1, a2), ignoring terms with total deg, > 2, we
have the following expressions:

o0 o0
w= f (a2v"v? + v 4+ a1 (1) — a1 (VD) gy dX2dx3,  (3.10)

—o0 JIp

o o0
w = f (012(1)3)2 —apvh? — R — a2(v2)2)|<xl,12’x3)dx1dx3. (3.11)
—o0 JIp

This corollary permits to calculate the quantities
" w
¥ 8y5 dory dary

for k + 1 < 1, and in particular, implies the following.
Corollary 3.6 We have

82 o) ) 3.,1
Y 0) = / ((v3)2 — ' —x3M> dxs,  (3.12)
0y00(1 —oo 0x] (0.0.13)
3w el dw3v?)
0) =/ ((U )T = ()" +x3 ) dxz, (3.13)
ay10an oo 0x2 (0.0.3)
32 82 00 9 2.3 P UIUS
Z2 0+ 250 Z/ @) b () dxs.  (3.14)
ayq 93 —oo \  9x1 dxz (0,0,x3)
Proof of (3.12) From (3.10) we have
o0 o0
w(0, y2, a1, 0) =/ @'+ W21 — )21 | (s0y .00y dX2d X3,
—00 Jy2

whence we get

dw(0,0, ay, 0) 00
— 2 = | @+ )% = 032 |y x5.005) 43
a)’Z —00

and, finally,

82w e a(U3vl)
0) = 332 o 1N2 da.
8y28a1( ) /_oo <(v ) = ()" —x3 o [0,0,x3) dx3

The proof of (3.13) is completely similar and that of (3.14) is even simpler.
Taking then the difference of (3.12) and (3.13) we get the following formula:
92w 92w

0) —
dy10az dy20ay

) = / (P + @H% + @ = @HH)0.0.x) dx3.

(3.15)
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408 N. Nadirashvili, S. Vlddug

Indeed, we have

/00 <a(v3v1) 8(v3v2)>
X3 +
o0 dx1 0x2

by parts we get (3.15).

8(v3v1) B(v3v2) _
0x1 -

. 352
o —"(1’;;’3’ )Y by (1.1) and integrating

© x33(p + (v3)?2
dxs = — / 30(p + (v)) dxs
(0,0,x3) —00 dx3 (0,0,x3)

4 Operators P and Ay,

Let us define first an order 2 differential operator P on the space C>(M).
Recall that M = G/(R x SO(2)) = G'/(R x O(2)) for G = R? x SO(3) and
G =G -{xh).

Definition 4.1 Let f € C2(M), mo € M, and let g(mg) = 0 = (0,0,0,0) for
g € G. Then

Pf(mo) =det Lfg(0),
where f,(m) = f(g_l(m)) for any m € M and L is defined by (2.11).
Lemma 4.2 This definition is correct.

Proof We must verify that Lf,(0) = Lf,(0) for any g, 2 € G such that g(mo) =
h(mo) = (0).

We putu = g’lh, F = f,, and thus we have to verify that L F(0) = LF,(0) for
u e RxSO(Q2) = Sty, Sty < G being the stabilizer of the vertical line. It is sufficient
to verify the equality separately for u € R and u € SO(2). It is clear for a vertical
shift # € R since L has constant coefficients; for a rotation u € SO(2) by angle 0 in
the horizontal plane one easily calculates

F,(y1, y2, a1, 0) = F(y1cos0 — yysin6, yo cos + yy sinf, oy cos b

—apsinf, oy cosd + g sinh),

and a simple calculation shows the necessary equation, since we get

92F, (0 92F (0 92F (0 92F(0) 9%F(0
()200529 ()—sin29 ()+000'9( ()— ()>

dpdyy da20y1 da1dy2 da1dyr  dazdy2
32F,(0 32F (0 32F(0 32F(0) 3%F(0
“():cosze ()—sin29 ()—i—cosesine ()— ©) .
da1dy> da1dy2 da20y1 dady;  dandys
The proof is finished.
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Integral Geometry of Euler Equations 409

We can now rewrite (3.15) as follows
o
Pyw = / (p+ @)+ @) = (7)) dxs
—00

= f (p+v* = 2% dxs (4.1)

for the operator Py being P evaluated at 0, which implies that

Pu :/<p+|v|2—2<v,em>2>ds

_ / (p + [0 = 20 ® v) ds = 1 Qo(m) 42)

for the quadratic tensor field Qg = (p + |v|2)8ij —2v ® v and any m € M, since P
is G-invariant; therefore Pw = I Q¢ as functions on M.

We will also use the fiber-wise Laplacian Ay = A, y, acting in tangent planes to
S2: it is defined by the usual formula

3fm)y 32 f(m)
A fom) = dy1? * dy2?

for f € C2(M) and a vertical line m = m(y1, y2,0,0). For any m € M the value
A f (m) is determined by the G-invariance condition as for the operator P above,
and the rotational symmetry of Ay, ,, guarantees the correctness of that definition.
Note that the operators P, Aj; commute and note also that (2.10) implies that for
Qe Cgo(Sh, R3) there holds a commutation rule

I(AQ) = Au(10). (4.3)

Remark 4.1 The algebra Dg/ (M) of the G'-invariant differential operators on M is
freely generated by A s and P? as a commutative algebra, see Gonzalez and Helgason
(1986).

One can also give explicit formulas for P and A}, in our coordinates, namely,

P=k2L+ali—azi, AM=k128—2 +k§a—2 + 2a100 : . (44
dy2 Iy ay7 ay3 ay19y2
Now we deduce the principal linear differential equation for w.
Proposition 4.3 We have
P2w = —4Ayw. 4.5)

Proof We begin with the following simple result.
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Lemma 4.4 If f € Cy° (R3) is a scalar function then P(If) = 0.

Indeed, since P is G-invariant, it is sufficient to verify the equation at a single point
0 € M which follows from (2.12) with 2 = 0.
Lemma 4.4 implies by (4.2) that

P2w=PIQy=PI((p+v|)8; —2v@v) = —2PI(v @ v) (4.6)
for a compactly supported vector field v solving (1.1). Moreover, we have
oo
I(v®v)(y1, y2, a1, 000) = / (H? + 203y 4+ 20703 an) dxs + O(laf?)
—0o0

and thus by (3.14) we get

PI(v®v)(0)=POI(v®v)=2/

—00

0x1 0x2

> (9 (v2v3) d (v1v3)
— dxz = 2Apw(0),
hence PI(v ® v) = 2A ;w everywhere and Prw = —4Apyw by (4.6).

Corollary 4.5 The equation
I1Qo(m) =0, VmeM 4.7

implies Conjecture 1.2.

Indeed, if 7 Qo(m) = 0 then Ayw(m) = —3 P>w(m) = —3 PI1Qo(m) = 0 and
thus w = 0, since w is compactly supported.

Invariant definitions and the second proof of (4.5) Now let us give a description of P
and Ay in terms of the Lie algebra g of G. We have g = s0(3) @ t(3) = R? @ R3 as
vector spaces, where t(3) is 3-dimensional and abelian. Thus, we can write any g € g
as g = (r;5) € s0(3) @ t(3), and the commutators in g are given by

[(r150), (r2; O)]=(r1 x r2;0),  [(0;51), (0;52)] =0, [(r;0), (0;5)]=(0; 7 x'5).

Let (R, R>, R3) be the standard basis of so(3), and (57, Sz, S3) be that of ¢(3).
Consider the following operators on M:

Ay =S} +53+53, P=5SIR + SR+ S3Rs, (4.8)
where we denote simply by g the action on M of an element g € U (g) of the universal

enveloping algebra U (g); therefore, S; acts as the infinitesimal shift in the x;-direction,
and R; as the infinitesimal rotation about x;-axis.

Proposition 4.6 We have A M = Ay and P=r.
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Proof First, the operators Ay and P are G-invariant. Indeed, it follows from the
rotational invariance of the quadratic form x12 + x% + x% that Ay is rotationally
invariant; for translations, the same follows from the commutation rule S;S; = S;S;
fori, j=1,2,3.

To prove the invariance of P under the x3-axis rotation we verify that P and R3
commute which can be shown as follows:

[S1R1, R3] = —S2R1 — S1R2, [S2R2, R3]l = S1Ry + $2Ry,  [S3R3, R3] =0.

Similarly we get its invariance under the x{- and x;-axis rotations and thus its
SO(3)-invariance, while its x3-translations invariance follows from

[S1R, $3] = —=8182, [S2R2, $3]1 = 5152, [S3R3, 53] =0.
Since any line is SO(3)-conjugate to a vertical one, P is G-invariant. Finally, we
have Apr(mg) = Ap(mg), P(mg) = P(mg) for mg = m(0, 0,0, 0)~, which finishes
the proof, since Ay and P are both G-invariant. Indeed, e.g., in P(mg) the terms

S1R1 + $2 Ry give L(0), while S3 Rz vanishes since my is invariant under both S3 and
Rs.

Second Proof of Proposition 4.3 Lett € R, andletl, = m(t, 0, 0, 0) be a vertical line
in the plane IT3; note that ITy3 = |J,cp Ii-

Lemma 4.7 For f € C°(M) we have
f P2 f(l,)dt = / SR f (1) dt. (4.9)
R R
Proof Define the operators A and B by A = S1R1 P, B = S3R3P; then
PP=A+ B+ S$HRP=A+B+ 5R)(S1R| + SR> + S3R3).

Since Af (l;) is a derivative of a function of 7, while B vanishes identically on IT;3,
we get that

/R(Af(lz) + Bf(;))dt = 0.
We have also

SHRSIRI(fU1) = S1S2RR1(fUr) — S38R1(f (1)),

thus the integral of the left-hand side is zero and the same is true for

SH>RIS3R3(f (1) = S3S2RaR3(f (1)) + S1S2R3(f (Ur));

since SRy SH Ry = S%R% we get the conclusion.
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Lemma 4.8 We have
/ng(z,)dt = —4/ w(l,) dt. (4.10)
R R

Proof Let us fix a positive constant ¢ < %, and let lf = (#(0), 0, tan(#), 0) for any 6

with |0| < c; therefore, lf is just the line /; rotated (in the clockwise direction) through
the angle 6 about the origin in the plane I1;3, and for any # we have
2 0 82 0
Ryw(l)lo=0 = Ww(l’ )o=0-

Let e? = (cos#,0, —sinh), eg = (sin @, 0, cos @) then we have

1 o0
6 6 6
w(ly) = — /0 /l:(v,el)(v, 3] (L) s tan6.xy.cz) AX3AX2

by (3.8), and if we put r = x| cosf — x3 sin 6 we get that

/w(le)dt / / (v, e3 Ydx3dxodt
cos 6 Rz

_f (v, ef) (v, €§) dxidxadx;.
x2>0

Therefore, since (v, ef)(v, eg) = vl cos20 + (v1)?% — (v3)2)sm% we have

_82 4 0? 0 6
5962 /l;w(ll )ydt = /x2>0 892((1)’ 6’1)<U, e3>) dxidxrdxs
= —4/ (v, €f) (v, €§)) dx1dxadx3
x>0

and evaluating at 0 = 0 we get a proof of Lemma 4.8.
We can finish now our second proof of (4.5). Indeed, (4.9) and (4.10) imply that

/ Prw(l,)dt = / S3R3w(ly) dt = —4f Sw(ly) dt = —4/ Apw(ly)dt.
R R R R
(4.11)
If we define a function F(x1, x2) on R2 by
F(x1,x2) = P*w(x1,x2,0,0) +4Ayw(x1, x2,0,0),
then the integral of F over the xj-axis vanishes by (4.11). Changing the coordinate

system x1, x» in R?, we get the same for the integral of F over any line in the plane
{x1, x2}. Thus F = 0 by Radon’s theorem, and we get the conclusion.
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Remark 4.2 One can compare (4.5) with results that can be deduced from (2.12) for
h = 2. A simple direct calculation using (4.4) gives for h = 2

P3Y +4PAy Y =0 (4.12)
if y = 10 for Q € C3°(S%, R¥). Applying then (4.12) to = Apyw (which can
be written as Ay w = IQ’ for a certain Q' not given here) we obtain P3Ayw +

4PA%,w = Ay P(P?w + 4Apw) = 0 and thus P(P?w + 4Ayw) = 0 which is
much weaker than (4.5) since the kernel of P is enormous.

However, it is possible to construct a function u € C3°(M) verifying
PAyu=-2Apyw, Apyu=10;
for some Qg € CSO(SZ, R3) and applying (4.12) to ¥ = Apyu = 1 Q1 we get
0= P3Ayu+4A%3, Pu=—2Ay(P*w + 4Ayw),

and thus we reprove (4.5). We can define u similarly to (3.5) as follows
u= [ st (o + G P don G,
H (m)
where dist(P, m) is the distance from a point P € H (m) to m.

5 A Radon Plane Transform

Let us define a Radon tensor plane transform J as follows:
JO(L) = f tr(QL)dor (.1
L

for an affine plane L C R? and Q € C*®(5%; R?) satisfying
10 = CL+[x)7>7%, (5.2)

for some ¢ > 0, where Q) is the restriction onto L; then we get a bounded linear
operator

J: S(5%: RH—SRP?)
for the manifold RP3 parametrizing affine planes L C R3.

Proposition 5.1 We have J Qo(L) = 0.
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Proof We have for any affine plane L C R3 that

JQo(L) = 2/L(” + (v, v)?) dog = 0.

Indeed, setting without loss of generality L = I1, v = e3 we get that

0J 0
Lo (IT12) P </ (p+ (v,v)?) dGL)
x3 \JL

0x3
9 352
_ / Ap+ )
I ax3

) 1,3 9 2.3
=—/ ((vv)+ (UU)>dx1dx2=O.
M 0x1 dx2

Therefore, J Qo(I112) does not depend on x3 and hence equals 0.

Let us explain in what Proposition 5.1 partially confirms (4.7) and thus Conjec-
ture 1.2. One can verify that the condition J Q.'O(L) =0,YVL € RP3is equivalent to
the following equation for the components {g"/} of Q:

3

9241
I N (5.3)

8)6,‘ 3Xj

i,j=1
while I Qog(m) = 0, Ym € M is equivalent to the following system

zaqu a2qii an]]
axiaxj - asz 8x12 5

I<i<j<3 (5.4)
of three equations and their sum gives (5.3).

6 A Uniqueness Theorem

Now we can deduce Conjecture 1.1 from Conjecture 1.2.

Theorem 6.1 Let (v, p) € (CSO(IRS) be a solution of (1.1)—(1.3) and let the corre-
sponding function w vanish everywhere on M then (v; p) = 0 everywhere.

Proof For m € M denote by ¢ a vector parallel to m and by n a vector perpendicular
to m, then the equality w = O implies that

/ (v, t){v,n)ds = 0. 6.1)

Let L C R3bean affine plane; letv, = (vr, v) and v; = v—v, v beits components
normal to L and tangent to L, respectively. Then by (6.1) we have IV = 0 for the
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vector field V = v,v; on L, and hence curly V = 0 for the curl operator curl; on L
which gives

v curly v — (v, VLv,) = —vu0, — (v, VLv,) =0 (6.2)

for the normal component w, of @ = curl v and the gradient operator V;, on L. We
will apply (6.2) to various planes L C R>.

First take L = I1y», then v, = (vl, v2, 0), v, = v,V = v3v, and we get

dv! av? 18v3 28v3
v — =10. (6.3)

3 1 3 3
v eurlp vy — (v, Vo) =v' | — — — )| —v — +
Lo = (v ) (3)62 dx1 0x2 0x1

Let now
Q =qer {u € R v(u) #0, o(u) # 0}

and let D =gr R3\Q. We can suppose that Q is not empty, since otherwise
in a neighborhood of a point xg where the maximum of |v| is attained we have
Av = —curl curl v + Vdiv v = 0 and thus v is harmonic which contradicts the max-
imum principle for harmonic fields. It follows then that v = 0 in this neighborhood
and thus everywhere.

In orthonormal coordinates with v! (1g) = v2(ug) = 0 we get for ug € Q2 that

s (v ?
v’ | — — — ) (up) = 0 and therefore (v, w)(ug) = 0. (6.4)
dx2  dx

Therefore (v, @) = 0 holds everywhere on €2, thus on R? and differentiating this
relation in the v-direction we obtain

(vVv, ) + (vVw, v) = 0; (6.5)

using the commutation law
vV = wVv (6.6)

we get then from (6.5) that
(vVv, ) + (oVv,v) =0. (6.7)

In orthonormal coordinates x1, x», x3 with x| directed along v and x; directed along
w at ug we can rewrite (6.7) as follows

vl dv2
—(up) + — (o) =0, (6.8)
dx2 dx1
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since v(ug) # 0 and w(ug) # 0. Below we always use that coordinate system.
Moreover, since the vector w is directed along x», we get

2 1 2

av! av v
— (ug) = — (up) and therefore — (ug) = — (ug) = 0. (6.9)
0x7 x| dx2 X1

Let then L = IIj3, and thus v; = (v!,0,03), v, = v V = v2v,. Since
v, (ug) = 0, we get from (6.2) and (6.6) that

Iv? v’ 3

—(ug) =0 andhence — (up) =0 and —(ug) =0. (6.10)
9x3 0x2 0x1

Then, differentiating (6.4) with respect to x| and x3 at ug, we get

1 1

0 0
%9 o) =0 and - (ug) =0. 6.11)
0x1 0x3

Now we take L = {x» + x3 = 0}, therefore v, = “Zjil’}, v = (0, %, \%),

2.3 32 2.3 23 . .
v = (U], =, %) and V = & (vl, Ot )B in the orthonormal basis
1

V2 V2
B= {e’l =(1,0,0), e/2 = (0, \/Li’ _~_72>} Since v, (ug) = 0 and the vector vf-(uo)
is directed along e}, we get from (6.2) that

v? v2 v3 v
vl (uo) [ = (o) + ——(uo) — — (o) — —(uo) | =0
ax2 ax3 ax3 0x2

and thus

92 92 3 3
— — - —(0) — — =0.
513 (uo) + oxs (uo) ax3( ) o2 (o)

Therefore by (6.10) we get also

dv? v’
—(up) = — (uo). (6.12)

3)62 3)63

1 2

For L = {x; + x» = 0} we then have v, = %, vy = (%,%,0),
T I 1,2 /12 . .
v, = (% v ’U3) and thus V = % (%,zﬁ)g in the plane basis
B = {(% —\%, 0) , (0,0, 1)}. Since the vector v;-(ug) is directed along (0, 0, 1)

we get from (6.2) and (6.9) that

1 9 2
vl (up) <w2(uo) + 2L(uo) + L(Mo)) =0;
X3 0x3
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therefore, we get by (6.10) that

1

W () = —giwo). 6.13)
x3

If a trajectory y = y (t) of the flow v is parametrized by ¢, i.e. ’fl—’t’ = v, we have in
virtue of (6.6) a differential inequality

lg'(1)] < Clg@)],

for the function g (¢) =gef a)2(y(t)) and a positive constant C. Therefore, if ¢ (0) # 0
then g(¢) # O for any ¢ € R, thus any trajectory of v does not cross 32 = 9D and
hence stays either in Q or in D.

Using (6.9), we see that |v| is constant on any trajectory I of the vector field w and,
conversely, (6.10) and (6.11) imply that w has a constant direction on any trajectory
y of the flow v and therefore y C II, is a plane curve for an affine plane IT, . Set
¢ = w/|w|, then we can define the vector £(y) for any y C € and £(y) L II,,. For
7 € Q2 we get

3
—(@@) =0 (6.14)
3)61

since v(z) is parallel to x1, w(z) is parallel to xo and £(z) = (0, 1, 0); thus (6.11)
implies that

9 1
82573@) =0. (6.15)

Therefore & satisfies the Frobenius integrability condition (£, curl £) = 0 and hence
in a neighborhood of z there exists a smooth function U (x) with VU # 0 parallel to
&. Moreover, U is a first integral of the flow v since dU /dv = 0. Let then S be a level
surface of U containing z, then S is foliated by the trajectories of v and the vector field
£ defines the Gauss map & : § — S2. Since £ is constant on the trajectories of v the
image 8 = £(5) C S? is a curve or a point. Moreover, £ is orthogonal to the axis x|
at £(y) by (6.14), (6.15) and (6.13) implies that y is not a straight line. Thus we can
choose 7’ € y, 7/ # z and get that y is orthogonal at £(y) to some line not parallel to
x1. Therefore rank £(y) = 0, hence rank & = O on S, &€ is constant on S and thus §
is a plane. We see that a neighborhood of z in R is foliated by planes invariant under
the flow v.

Denote by y(s,t) C €2 the trajectory of v passing through z + (0, s, 0), and let
L% be the plane containing y (s, ). Then L? L w(z + (0,s,0)) and the planes L?
are invariant under the flow v and foliate a neighborhood of z in R3. Let A(s, y) for
y € I3 be an affine function on I3 with the graph L? and let [, (y) = g—;‘(O, y) then
[, is an affine linear function. Denote by G a connected component of [113N 2, z € G
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then G is invariant under the flow v. We fix some 7’ € G and set
=1,

then I(7)) = 1.

Let z1, 22 € G, then some neighborhoods of z; and z» in R3 are foliated by the
same set of planes invariant under the flow v and thus the sets of planes L:' and L3
are the same after a reparametrization. Therefore / does not vanish in G and we have
l;, =13, /1, (z1). Set now

ay(s,t)

h(t) = as

|s:0

then #(0) = (0, 1,0) and thus by (6.6) the vector field A is proportional to @ on
y = y(0, t). Since w is orthogonal to I113 on y we get that h(y) = (0,1(y), 0),

9v? 9lnl
ai@) =2 (6.16)
X2 v

for any y € y and [ does not vanish on y.
It follows by (6.16) and (6.12) that

T =70 (6.17)

and since div v = 0 there holds (recall that x; is directed along v(y))

a|v| dlnl d1n ||
— O =-2 ) = ) (6.18)
0x1 dv ov
hence we get that
()| = 53— (6.19)
SAEIES

along the trajectory y for a positive constant C), depending on y. Note also that
equations (6.16)—(6.19) hold for any trajectory of v in G and hence by continuity in
G outside the zero locus of /; in particular, we see that

v(y) #0 forany y € G with [(y) # 0. (6.20)

Letzo € G be a point where the function |v| attains its maximum on G, then
zo € 0G. Indeed, if it is not the case, we have

81)1( ) =0
0x3 =5
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and hence w(zp) = 0 by (6.13) which implies zg € 9G.

Let y; be the trajectory of v starting from z; € dG with v(z;) # 0, then w = 0
on the whole trajectory y; and y; C 9S2. Therefore Vb = v X w = 0 on y;, where
b=p+ %|v|2 is the Bernoulli function (see, e.g., Arnold and Khesin 1998) and we
get

1
Vp = —§V|U|2 on yi. (6.21)

Let y € y; and let e be a unit vector in 113 orthogonal to v(y), then (v, (y), v(y)) =0
for v, = (V,v', V,v3) by (6.13) since w(y) = 0. Therefore (V|v|>(y), e) = 0 and
(6.21) implies that y; is a straight line interval / which is finite since v has a compact
support, v vanishes at its end points and thus /|; = 0 by (6.20).

Let now zg = 0 and continue to assume that x is directed along v(0) # 0 and x3
is directed along w(x) # 0 for some x € G (the direction of w(x) does not depend
on x), then [ is a linear function on I3 vanishing on the xj-axis: I = Cx3 for C # 0.
Denote now D} = B, N{0 < x3} and D, = B, N {0 > x3}, then we have D C G.
Indeed, first note that (D;Ir NoG) U (D, NIG) = ¥ since otherwise the trajectory y;
starting from z; € (D} N 9G) U (D, N dG) leads to a contradiction since Iy, =0.
Moreover, for the trajectory a(f) of v+ = (—v3,vh starting at 0 we have ag(1) € D
for a small + > 0 and «o(t) € D, for asmall < 0. Since @ # 0 on G we get that
|v] strictly decreases along «p by (6.13) (v(0) being parallel to x1) while () stays
in G and since |v| attains at 0 its maximum in G we get that D; (G = ; therefore,
Df cG.

Furthermore, any trajectory y, of v starting from the point (0,0, s) € D} with
0 < s < ¢ and a sufficiently small ¢ > 0 is closed. Indeed, by (6.19) we may assume
that C,, strictly increases as a function of s € (0, ¢) and thus y; with s € (0, ¢)
intersects the interval (0, (0, €)) only once. By the Poincaré—Bendixson theorem we
get that y; either

(i) tends to a limit, or
(i1) tends to a limit cycle p C G, or
(ii1) is closed.

Since (i) contradicts (6.19) and (ii) implies that any trajectory y, with s < a < ¢ tends
to p which contradicts (6.19) as well, we get that (iii) holds. Moreover, any trajectory
starting inside D enters the domain{x3 > §} N G for some fixed § > 0 and the union
A = Jy—y<r ¥s C G is a topological annulus.

Note now that C), tends to zero for s — 0 by (6.19). Any trajectory o of vlinAis
orthogonal to the trajectories y; and thus intersects all y; while |v| strictly decreases
along o by (6.13) since w?>>0o0nG.If 1 € (0, ¢) then

inf |v| > |v(2)]
Ya

for a sufficiently smalls € (0, A) andsome z € y;, while the trajectory o, of v starting
from z intersects y, and |v| strictly decreases along «; which gives a contradiction
and thus finishes the proof.
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7 Vector Analysis’ Framework

Let us briefly discuss Conjectures 1.1 and 1.2 in terms of the vector analysis for com-
pactly supported tensor fields in R3. In this section we suppose that v € Cgo(S L RY).
We can rewrite (1.2) as follows

curl(diviv ® v)) = 0. (7.1)

Proposition 7.1 If (7.1) holds and the corresponding function w € Cg°(M) is every-
where zero on M then

U = W (v) =gef o(curl(v @ v)) =0 (7.2)
for the symmetrization ¥ of the tensor field curl(v ® v), i.e.

a(v/vh) N a(vivh)

2WY = gigm Ejlm

’

X 0Xp

where ;i is the standard permutation (pseudo-)tensor, giving the sign of the permu-
tation (i jk) of (123) and the summation convention applies.

Proof For any fixed value of x1, we define the vector field
Z = vl(vz, v3) = (vlvz, v1v3)

on the vertical plane IT>3(x1) = {x1, x2, x3} with coordinates {x;, x3} depending on
X1 as on a parameter.

We have then I Z(m’) = w,,, (m) = (Vw, v,) foralinem C Ia3(x;), anormal v,
tom and alinem’ L m C Tlp3(x1), thus I Z = 0 and hence the solenoidal component
$Z equals zero, where Z =* Z + PZ is the Helmholtz decomposition of the vector
field Z. Therefore we have

v —curl Z = curl *Z = 0,
thus Wil =0fori =1,2,3 and rotating the coordinate system in each plane {x;, x;}
through the angle % weget WW =0forall 1 <i <j <3.

Moreover, the proof of Theorem 6.1 shows that the conditions W(v) = 0 and
divv = 0 imply v = 0.
Therefore Conjectures 1.1 and 1.2 follow from

Conjecture 7.2 [f curl(div(v ® v)) = 0 then o (curl(v ® v)) = 0.
Another equivalent statement can be formulated as follows
Conjecture 7.3 If I (div(v ® v)) = 0 then PI(v @ v) = 0.

One can also ask whether the condition curl(div(v ® v)) = 0 implies that v is
spherically symmetric, which would grant Conjectures 1.1, 1.2, 7.2 and 7.3.
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