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Abstract A serious problem encountered during the min-
ing of association rules is the exponential growth of their
cardinality. Unfortunately, the known algorithms for min-
ing association rules typically generate scores of redundant
and duplicate rules. Thus, we not only waste CPU but also
encounter difficulties saving, managing and using the results
of these algorithms. The present paper focuses on the dis-
covery of association rules in which the left-handed and
right-handed sides contain in two user-supplied maximum
single constraints. If the constraints appear on or differ from a
lattice of closed itemsets (together with their typically under-
sized generators and supports) that have been mined and
saved once, we quickly extract the corresponding frequent
sub one. Using an equivalence relation based on the closure of
the two rule sides, the association rule set with maximum sin-
gle constraints is partitioned into disjoint equivalence classes.
Without loss of generality, it is necessary to consider min-
ing each class independently. This helps avoid the wasteful
generation of numerous candidates, reduces the burden of
storing the support and confidence of rules in the same class
and establishes a foundation for mining algorithms in par-
allel and distributed environments. In each class, the rules
are represented as unique and explicit via the corresponding
closed itemsets and generators. Due to the low cardinality
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and size of the generators, mining based on these represen-
tations, which does not generate duplicates, is very efficient.
In the present paper, all these theoretical results are proven
mathematically and used to construct the MAR_MaxSC
algorithm. The efficiency of MAR_Max SC compared with
post-processing methods for mining association rules with
maximum single constraints is then verified on several char-
acteristic databases.

Keywords Association rules - Frequent itemsets - Closed
frequent itemsets - Closed lattice - Generators - Constraints

1 Introduction

Mining association rules is useful for applications that exam-
ine how often two or more items of interest co-occur. For
example, in market basket analysis, we find that the set of
milk, bread and eggs occur in 80% of all transactions. This
customer behavior gives us clues regarding the store place-
ment of milk, bread and eggs. Further, we can discover rules
such as “the proportion of customers who buy eggs among
those who bought milk and bread is 90%”. This rule can be
applied toward marketing strategies; for example, the promo-
tion of milk and bread to increase the sale of eggs. Formally,
the problem of mining association rules [2] is stated as fol-
lows: Given database 7 = (O, A, R), m = | A| (where | A|
is the cardinality of A), n = |©O] and minimum support and
confidence thresholds sg,co € (0; 1], the task is to mine
association rules satisfying sg, co. This problem can be solved
in two steps: (1) extracting the frequent itemsets with sg and
(2) generating association rules from these sets for cg.

The method used to solve the above second step is sim-
ple. We first enumerate all the nonempty, proper subsets of
Z: ¥ C X C Z. Then, we obtain association rules of the
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form X — Z\X, compute their confidences and filter out
those satisfying cg. Hence, most researchers concentrate on
mining frequent itemsets (step 1). The Apriori method pro-
posed in [1] and a similar independently developed approach
[27] were the first algorithms proposed for mining frequent
itemsets. Apriori and its variants (Apriori-Hybrid [1], DHP
[30]) show reliable performance on sparse databases with
simple itemsets such as market databases; however, on com-
plex databases such as those consisting of bio-sequences and
telecommunication networks, they typically generate numer-
ous candidates or require several database passes. Recently,
algorithms based on frequent pattern trees (FP trees) have
been developed [15,20], wherein the original database is
compressed into an FP-Tree or similar tree structure. Using
the divide-and-conquer and depth-first search methods, all
the large itemsets are mined from the frequent 1-itemsets
without requiring a second database pass. However, in inter-
active or incremental mining systems, where users often
change the minimum support required as well as insert
new transactions into the original database, FP-Tree-inspired
structures are unsuitable because the trees must be rebuilt. All
these algorithms work with horizontal formatted databases.
In addition, the Eclat algorithm proposed by [39] executes
a transaction identification set (tidset) intersection approach
using a vertical data format. A modification of Eclat with
“diffsets” called Declat [40] is often applied to solve fre-
quent itemset mining tasks. For an experimental comparison
between several of the frequent itemset mining algorithms,
see [18].

The search space of frequent itemsets is frequently vast
and grows exponentially with the number of items. In addi-
tion, the generation of frequent itemsets produces significant
duplication. In particular, a low minimum support thresh-
old can generate a huge number of frequent itemsets. For
example, a frequent itemset with m items might produce
2m=1 gubsets. Hence, mining databases that produce several
long, frequent itemsets is an impossible task due to its associ-
ated computational and storage requirements. An alternative
approach is to utilize condensed, lossless representations of
frequent itemsets. These representations both reduce CPU
and memory requirements and enable the efficient manage-
ment and storage of the results generated. Two types of
condensed representations are maximal and closed itemsets
(and their generators). The GenMax algorithm described
in [19] mines maximal itemsets using a tidset intersec-
tion approach. An Apriori-based alternative algorithm called
MaxMiner [10] uses extremely effective itemset pruning with
a support lower bound. Other examples can be found in
[11,17]. Having low cardinality, maximal itemsets can be
used to reproduce all the frequent itemsets. Unfortunately,
we only know their lower support bounds. In addition, the
generation of frequent itemsets from maximal itemsets may
result in an intractable number of duplicates. Thus, maxi-
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mal itemsets are unsuitable for association rule mining from
frequent itemsets. Hence, it is necessary to find an objec-
tive solution. Indeed, the mining of closed itemsets (which is
based on the lattice theoretic framework of formal concept
analysis [16,23,38]) has received great attention for two rea-
sons. First, the number of closed frequent itemsets is greater
than the number of maximal frequent itemsets while typi-
cally being orders of magnitude lower than the total number
of frequent itemsets. Thus, their discovery can help purge
redundant itemsets. Second, the set of all closed frequent
itemsets is a condensed representation because we can deter-
mine whether an itemset X is frequent as well as the exact
support of X. In other words, we can generate all the fre-
quent itemsets based on the closed frequent itemsets. This
generation is very effective if we also use closed frequent
itemset generators. Charm_L [42], MinimalGenerator [41],
Touch [34] and GenClose [8] are some typical algorithms for
mining them.

Constraint-based association rule mining A serious problem
encountered during the mining of frequent itemsets and asso-
ciation rules is that, in the worst case (0 < sp =cg < 1/|n|),
the cardinalities of frequent itemset class FS(sp) and asso-
ciation rule set ARS(sp, co) can become unwieldy (e.g.,
Max(#FS(sp)) = 2™ — 1 = O2™), Max(#ARS(sp, ¢p))
= 3" —2m 4+ 1 = O@3M)). In addition, their genera-
tion typically produces an intractable number of duplicates
(included in both candidates and solutions) that must then be
eliminated. Thus, we not only waste computational and stor-
age resources, but it is difficult to save, manage and use the
results generated. Hence, in the interest of increased practi-
cality, it is preferable to mine a suitable number of association
rules subjected to user constraints.

One common rule mining approach is to filter the gen-
erated rule set via constraints on ‘interestingness’ measures
until its size becomes manageable [12,24,35]. An alternative
approach is to use inference methods to prune association
rules that can be derived from other rules [14,25]. Zaki [41]
proposes an algorithm for mining the “most general” rules
with minimal antecedents and consequents (in terms of the
subset relation) in a collection of rules with identical support
and confidence. The rule for listing all the remaining rules is
given in [37]. Pasquier et al. [32] and Tin et al. [36] concen-
trate on methods to discover rules with minimal antecedents
and maximal consequents in rule classes with identical clo-
sures.

Several recent studies have focused on the discovery of fre-
quent itemsets and association rules based on constraints (the
reader is referred to [29] for details). Indeed, [28] added con-
straints such as monotone, anti-monotone, etc., to the mining
process. The problem of integrating Boolean constraints,
referring to the presence or absence of items in rules, was
considered by [35]. In contrast, [10] proposed mining with
a minimum “improvement” threshold. They also considered
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association rules with constraints in their right-handed sides.
The concept of tree boundaries has been proposed to reduce
the running times of the aforementioned mining methods. In
addition, algorithms for mining multi-dimension association
rules are given in [26].

1.1 Problem statement

We have recently concentrated on frequent itemset and asso-
ciation rule mining with frequently modified constraints,
which directly involve support and confidence thresholds in
addition to items. For example, online users who know fre-
quent keyword sets contained in a class of keyword sets on a
given subject might be interested in association rules between
two given subjects. In [4,5], we solved the problem of finding
frequent itemsets that are contained in a set given constraint
C or contain at least one of its items. Hai et al. [21] applied
double constraints to the problem. The discovery of associ-
ation rules with various constraint types (the two-side union
contained in a constraint, the intersection of a rule side with
a constraint is not empty, the left-handed and right-handed
sides contain two constraints, respectively) is considered in
[6,9,22].

The present paper focuses on the mining of association
rules based on maximum single constraints on both rule sides,
which is stated as follows. Given four thresholds, minimum
support sg, maximum support s;, minimum confidence cg
and maximum confidence cq, such that 0 < sgp < s; <
I, 0 < ¢p <cy <1 and two nonempty constraint itemsets
in accordance with the two rule sides: @ C L;,R;, C A,
the task is to discover the association rules r : L' — R’
whose support and confidence are sandwiched by two pairs,
(80, 81), (co, ¢1), and whose sides are contained in L; and R,
respectively. More formally, we need to determine the set

ARSc1,, cr, (80,81, €0, ¢1) = {r: L' = R" ARS(s0, co)
| supp(r) < sy, conf(r) <c¢;,L" CL;,R" TRy},

where ARS(sg,co) ={r: L' >R |@#L R CALN
R' =2, =L"+R/, sy < supp(r), co < conf(r)} includes
the association rules r with the standard meaning (the support
of r and its confidence are written as supp(r) and conf(r)). For
st =c¢; = land L; = Ry = A, we return the traditional
mining problem. For smaller values of s; and greater values
of ¢cp, we receive robust rules from unusual itemsets that are
valuable in special cases.

1.2 Related work and approach

The traditional approach to generating association rules
solves the problem in two phases: (1) discover frequent
itemsets with constraints and (2) generate association rules
with constraints from them. Srikant et al. [35] proposed a

three-phase algorithm to mine association rules with item
constraints. Apriori-based generation creates candidates con-
taining given constraint items. A database pass allows for
the computation of the supports of all the subsets of frequent
itemsets with constraints. These frequent itemsets, together
with their subsets and supports, are used to enumerate all the
constrained association rules. However, similar to the dif-
ferent variants of the Apriori algorithm, it produces a large
number of frequent itemset candidates as well as duplicates
(D1, D2). Han et al. [20] introduced the idea of integrating
constraints into the initialization of FP-trees. Pei et al. [33]
proposed the concept of convertible constraints and com-
bined them with FPGrowth for mining constrained frequent
itemsets. Unfortunately, if the constraints change, the algo-
rithms must be re-executed. Hence, they are unsuitable for
user-interactive systems.

Post-processing approach In this approach, the constrained
rule set ARScy,, cr, (S0, 51, €o, €1) is discovered after the
following two phases are completed: (1) determining the set
of association rules without constraints ARS(sg, ¢o) and (2)
checking and filtering out those of the formr : L' — R’
satisfying the constraints, i.e., supp(r) < si, conf(r) < ¢
andL’ CL;,R’ CR;.

As discussed in the Introduction, we can identify ARS
(s0, co) by (1) finding the frequent itemset class FS(sg) using
algorithms such as Apriori, dEclat or FPGrowth, and then
(2) for each S’ € FS(sp), listing all the rulesr : L” — R’ €
ARS(s0,¢p), with & # L' ¢ S',R’ = S/\L' (using the
algorithms proposed by [3] or [31]). However, we encounter
the same aforementioned difficulties when using this method.

A more efficient method, which mines ARS(sg, ¢o), is
based on a lattice LC of frequent closed itemsets [7,32,36,
37,41]. Rather than extracting all the frequent itemsets, we
only extract the closed itemsets and determine the resulting
lattice structure. Based on this lattice, the set ARS(sg, co)
is split into disjoint equivalence classes of identical closures
of left-hand-side and two-side unions. The elements in each
class have identical support and confidence and are computed
once. Using frequent closed itemset generators (lattice LCG),
[32] proposed algorithms for mining rule classes. However,
these algorithms generated redundancies and duplicates. In
[7,36,37], we completely pruned the generation of dupli-
cates using unique rule representations (based on effective set
techniques) in each class. We also discovered rules wherein
the two-side union of each rule adheres to a given con-
straint (see [6]). This approach is very efficient because (1)
we compute LCG once (using well-known algorithms such
as CHARM_L and MinimalGegenators), and (2) it is suit-
able for use with frequently modified support and confidence
thresholds.

Because the cardinality of ARScL, cRr, (S0, S1, €0, C1) is
typically small compared with ARS(so, cp), these post-
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processing algorithms consume significant computing reso-
urces to both discover the rules of ARS(sg, ¢p) and filter out
(using set operators) those in ARScL,, cr, (S0, 81, €0, C1).
Even in special cases, this solution set can be empty. In
addition, if online users modify the support and confi-
dence constraints, ARS (sg, ¢p) must be re-computed, which
decreases the speed of mining. Because the size and cardi-
nality of ARS(sp, cg) with sp = co = 1/n are prohibitive,
it becomes too complicated to mine and maintain.

1.3 Our approach

We use the lattice LCG of closed itemsets and generators
because the cardinality of closed itemsets is typically orders
of magnitude smaller than that of the total itemsets FS(sp)
(approximately 100 times smaller, as shown in [42]), and the
ratio of the number of generators to the number of closed
itemsets is approximately 1:2 (see [34]; thus, we only mine
and save the lattice once. The frequent sub-lattice LCG, with
respect to the frequent closed itemsets satisfying specified
constraints, can be quickly extracted from £CG whenever
constraints emerge or change. To considerably decrease the
number of duplicated candidates, it is necessary to parti-
tion the association rule set into disjoint classes. Using an
equivalence relation on the closures of the two rule sides,
(L = h() € S = h(” +R)), the constrained associa-
tion rule set ARScr,, cr, (S0, S1, Co, €1) is partitioned into
disjoint equivalence rule classes ARE L,. cr, (L, S) foreach
(L, S)inNFCScr,. cr, (50, 51, co, c1) , which contains all
the closed itemset pairs satisfying the constraints. This prunes
most of the duplicates produced during the generation of
candidate rules and reduces the storage of the support and
confidence of rules in the same class. In addition, it is also
lays a foundation for designing efficient algorithms in par-
allel and distributed environments. The rules in each rule
class, AR; Li.CR (L, S), are uniquely represented via the
two closed itemsets L, S and their corresponding sets of gen-
erators G(L), G(S). These representations help us understand
the rule structure and prevent duplicates. We propose an algo-
rithm called M ARpqxsc, Which mines a complete set of
constrained rules in a negligible amount of time compared
with post-processing methods.

1.4 Organization

The remainder of the paper is organized as follows. Section
2 covers the basic concepts of frequent itemset mining, asso-
ciation rule mining and closed itemset lattices. In Sect. 3, we
first describe the partitioning of the constrained association
rule set followed by the structure and unique representa-
tion of the rules of identical classes via closed itemsets and
their generators. Based on theoretical results, the efficient
MAR_MaxSC algorithm is proposed to completely and non-
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repeatedly mine a complete set of association rules given
specific constraints. Section 4 describes the performance of
the proposed algorithm compared with two post-processing
algorithms. Finally, the conclusions of the study and future
work are given in Sect. 5.

2 Preliminaries

Let 7 = (O, A, R) be a binary database where O is
a nonempty set of objects (transactions), .4 are attributes
(items) appearing in the objects and R is a binary relation on
O x A. A subset A of A is called an itemset. We consider the
operator X : 2924 from the class of all object sets to the
class of all itemsets and the operator 0 : 2429 from the
class of all itemsets to the class of all object sets as follows:

VO,A: 3#0C O, & #AC A NO)
={ae A|(o,a) € R, 0o € O}, p(A)
={oe€O|(0,a)R, Va e A},

(per convention: A(@) = A, p(@) = O). Itemset 1(O) is
the common itemset of all the objects in O, and pP(A) is the set
of the objects included in A. We define the closure operator
h on 2 as the union mapping of ) and p: h = '\ o 0. Then,
h(A) = n(P(A)) is called the closure of A. Itemset A is a
closed itemset if and only if h(A)=A [31].

The support of an itemset A is defined as the frequency
of occurrence of the objects containing A, supp(A) =
[p(A)|/|O|. The minimum and maximum support thresh-
olds are designated sp and s, respectively, with0 < 1/n <
so <s; < landn = |O|. We only consider the non-trivial
items in A, A¥ = {a € A : supp({a})so}. The class of all
closed itemsets is referred to as CS. As the normal subset
containment relation “2” on the subsets of .4 generates an
order < on CS, LC = ({(S, supp(S)|S € CS}, <) is the
lattice of closed itemsets together with their support, which is
represented by a Hass diagram. If the support of a nonempty
itemset A (for A € AF) is greater than or equal to sp and
less than or equal to s, i.e., sp < supp(A) < s;, A is called
a frequent itemset. By convention, s; is identical to 1. Let
FS(sp,s1) ={L': d#L C A, so < suppll) < s1}
and FCS(sg,s1) = FS(so,s1) NCS be the classes of all
the frequent and closed itemsets, respectively.

For two nonempty itemsets G,A: d A#G C A C A,G
is called a generator [32] of A if and only if! h(G) = h(A)
and (h(G') C h(G), VG' : @ # G’ C G). We denote
G(A) as the class of all generators of A. Because G(A) is
not empty and finite [8] and |G(A)| = k, all its elements
can be numbered as follows: G(A) = {Gy, Gy, ..., Gi}. Let

1 We write “if and only if” as simply “iff”.
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LCG = ({< S,supp(S), G(S) > |S € CS}, <) be the
lattice of all the closed itemsets together their generators and
supports, and let FLCG(so, s1) = ({< S, supp(S), G(S) >
| S € FCS(s0,s1)}, <) be the sub lattice of the frequent
itemsets.

For frequent itemset S’ € FS(sg, S1), We remove a proper,
nonempty subset I’ of S” (& # L' C S') and assign
R’ = S/\L'. Thus, an implication r : L’ — R’ is called
a rule created by L', R’ (or L/, §"). The support and confi-
dence of r are defined as supp(r) = supp(S’) and conf(r) =
supp(S’)/supp(L’), respectively. For the given minimum and
maximum confidences ¢y, ¢c1(0 < ¢g <c¢; < 1), we con-
sider r to be an association rule iff sp < supp(r) < s; and
co < conf(r) < cy. Whens; = 1 and ¢; = 1, we return
the traditional concept of an association rule. The set of all
association rules satisfying the thresholds of sg, sy, co, ¢1 is
written as

ARS(S(), s1,co,c))={r:L"—= R :L" R #* O,

L'NR =2, +R' % € FS(s0, 81), co < conf(r) <c;}.

The set of all rules that satisfy the two constraint itemsets
Li, Ry C A, is denoted by

ARScL,, cr, (80,81, ¢0,¢1) = {r: L' — R’
€ ARS(s0. s1.¢o,c1) L €L, R" SRy}
This also refers to the class of association rules with

maximum single constraints, the association rule set with
constraints or the constrained association rule.

3 Mining association rules based on maximum
single constraints

3.1 Partitioning an association rule set with maximum
single constraints

3.1.1 Rough partitioning

To considerably decrease the number of duplicated candi-
dates, it is necessary to partition the association rule set
into disjoint classes using a suitable equivalence relation.
Based on the beautiful properties of operator h on lattice
LCG, we propose the following two equivalence relations on
FS(sg,s1) and ARS(sg, s1, ¢o, €1):

Definition 1 (Two equivalence relations on FS(sg, s1) and
ARS (0, 51, 0, C1))-

(@) YA, B € FS(50.51). A ~4 B & h(A) = h(B).
(b) Vri : Ly — Ry € ARS(s¢, s1,c¢p,c1), k=1,2,
ry ~y 126 [h(L1) =h(L2)and h(L{+Ry)

=h(Ly + Ry)]

It follows from Definition 1 that ~ 4 and ~; are two equiva-
lencerelations. Let[L]4 = {L' CL:L" # @,h(L’) =L}
be the equivalence class of the frequent closed itemsets hav-
ing the same closure L where L € FCS(sp, s1). ForL, S €
FCS(sp,s1), @ %= L < S, supp(S)/supp(L) € [co;c1l,
the class AR(L,S) = {r : L'’ - R'|L' € [L]4. R #
g, L'NR ' =@,S =L "+ R’ € [S]4} contains the rules
r: L' — R’ suchthath(L') =L, h(L’ +R") = S.

Remark 1 (a) Using the properties of 4, it is simple to show
that VL € FCS(so, s1), supp(L’) = supp(L), VL' €
[L] 4. In other words, every frequent itemset of the same
class [L] 4 has identical support supp(L).

(b) For every r : L' — R ARS(so, s1,co, c1), We
denote L = h(L"), S =L +R,S = h(5). We
then have:g # L C S,supp(S’) = supp(S) €
[s0, 511, conf (r) = supp(S") /supp(L") = supp(S)/sup
p(L) € [co,c1] and (L, S) € NFCS (sg, 51, co, €1),
where

NFCS (so, 1, ¢0,c1) = (L, S) € CS?|
S e fCS(So, Sl),
@ #L C 8, supp(S)/supp(L) [co, c1]}.

Consider (L, S) € NFCS(so, 51, co, c1). Thus, every
rule in equivalence class AR (L, §) hasidentical support
and confidence, supp(S), supp(S)/supp(L), respec-
tively. This fact considerably reduces the storage of the
support and confidence of frequent itemsets and associ-
ation rules.

(c) Thefollowingis a partition of the set ARS (50, 51, co, C1):

ARS (50, 51, €0, C=2(L,8)e N FCS(s0,51,c0,c1) AR(L, S).

As ARScy, cr, (50, 51, co, c1) S ARS(s0, s1, co, c1),
it is straightforward to construct the following rough par-
tition on the rule set with constraints ARScy, . cr, (50, S1
, €0, C1).

Proposition 1 (Roughly partitioning the constrained asso-
ciation rule set). We have

ARScL,. cr, (50, 51, o, €1)

= 2:(L,S)e./\/']:CS(so,sl ,co,cl)ARng, CR; (L,S),

where ARcp, cp,(L,S) ={r: L' - R € AR(L,S) |
L' S LR R}

Based on this rough partition (obtained from the lat-
tice FLCG of frequent closed itemsets), association rules
with constraints can be discovered in two steps. For each
pair (L, S) € NFCS (s0, 51, o, c1), the rules » : L' —
R’ in AR(L, S) are non-repeatedly listed using the two
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Object Items
1 a c e g i
2 a c h i
3 a d f h i
4 b ¢ e i
5 a c e i
6 b ¢ e i
7 a c f h i

(a) Example database T

(b) The lattice of frequent closed itemsets (underlined) together with their

generators (italicized) and support (superscripted).

Fig. 1 a Example database and b lattice of frequent closed itemsets and their generators

derivation functions FS(L), FS(S\L');, proposed by [9].
Then, we check whether the rules satisfy two constraints,
L' € Ly and R* C R;. The rules passed over by the
check are retained. The corresponding algorithm is named
PP_MAR_MaxSC_2.1tis worth noting that there are many
instances of constraints where the corresponding constrained
rule set ARScy,, cr, (50, 51, co, c1) is empty, as well as
many closed itemset pairs (L, S) € N FCS(so, 51, co, 1) in
which the corresponding classes with constraints ARcy,,, cr,
(L, §) are empty. Moreover, despite the fact that @ #
ARcp,.cr, (L, S) < AR(L, S), the size of AR(L, S)
might remain prohibitive and contain numerous redundant
rules.

Example 1 (Illustrating the weakness of PP_MAR_Max
SC_2). In the remainder of the paper, we always consider the
database 7 in Fig. la. Given s1 = 5/7,¢c9o = 1/3 and ¢| =
0.9. For s9 = 1/7, Charm_L and MinimalGenerators
produce the lattice of frequent closed itemsets and their
generators and support shown in Fig. 1b. We can see that
PP_MAR_MaxSC_2 exploits |INFCS(so, 51, co, c1)| =
19 rule classes and generates 302 rules in ARS (5o, 51, €0, €1);
however, it is unaware that these rules only satisfy the con-
straints of support and confidence.

(a) For the maximum single constraints of L; = ¢, R| =
i, ARSng,gRl (s0, S1, co, c1) = D!

(b) Given L1 = ceg, Ry = ai, there are only two (per
19) rule classes with respect to two pairs, (cegi, acegi)
and (ci, aci), that contain association rules satisfying
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the constraints, and their cardinality is only 12+2=14
(per 302)! Moreover, AR (cegi, acegi) includes 45
rules but we can only retrieve 12 of these desired rules,
ARcr, cr, (cegi, acegi) = {e - a,e — ai,ce —
a,ce — ai,eg — a, ge — ai,ceg — a,ceg —
ai,g —> a, g > ai,cg —> a,cg — ai}!

(c) For L1 = a, Ry = cfhi, there are only two rule classes
containing the rules with constraints ARcy, cr, (ai,
acfhi) = {a - cf,a — cfi,a — cfh,a —
cfhi,a — ch,a — chi}and ARcy, cg,(ai,afhi) =
fa - f,a - fi,a - h,a — hi,a - fh,a —

fhil.

To overcome the above shortcomings, we propose two
necessary condition groups. The first group addresses the
nonemptiness of ARScy,, cr, (S0, S1, co, c1). The second
group eliminates the specific pairs (L, S) € N FCS(so, 51, co
, c1) for which the correspondingruleclass AR, cr, (L, S)
is empty. Next, we describe the rules of ARcr, cr,(L,S)
(for pairs (L, S) € NFCS (s0, 51, co, c1) that pass the
above condition) via A”R}L L.CR, (L, S). Based on this
description, a smoother partition of ARScy,, cr, (50, 51, co,
c1) is proposed.

3.1.2 Necessary conditions for the nonemptiness of
ARScr,,cr, (50, 51, co, c1) and ARcp, cr, (L, S)

We denote the following:

.ST =L iUR|,C; =L,
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sq = max(so; co.supp(C1)), s{ = s1;
S'=L'+R, S =h(),Ss: =SNS5,

Gs:(S) = {Sk € G(91Sk < 87}
L FCScsi(sg,s) = {Ssp = SN S}IS

€ FCS(sy, 1), Gs: (S) # Tk
.56 = 56(8) = supp(S)/ci1, s; = s1(S)

= min(l; supp(S)/co),

L=h(L).Le,=LNC; =LNC,

Gey(L) = (Li € G(L)|Li  C1}, FCSce, (s, 5))
={Lc, =LNC|L € FCS(sy, s1), Ge, (L) # @},
FScrey =L S Lc|L #2, k(L) = h(Le)h:

RF=RI (L) =(SNRO\L, FS (SSI*\L/)L/ .
SRy

={R'|9 #R S R{,h(L'+R) = h(Ssp)};
NFCScr,, cr (50,51, c0.c1) = {(L, S) € CSzlss;f

e FCSQST(SS,ST), @ #L CS, Le, € FCSce, (s), s
Y(L, §) e NFCScL,.cr, (50, 51,0, C1),
ARE cr (L, )= {r:L' - R'|L' € FSci,.
R € FS(Ss\L)p crr)-
Proposition 2 (Necessary conditions for the nonemptiness

of ARScL,, cr, (50,81, co, €1), ARcL,, cr, (L, S), and a
different representation of ARcr,,, cr, (L, S)).

(@ Ifr: L' - R € ARScL,.cr, (50,51, co, C1) # D

- (L,S) € NFCS(so,s1,c0,c1),F € ARQLI, CR,
(L,S) #@withL =h(L),S =h(L'+ R') and
— the following necessary conditions are satisfied:

5o < 87, supp(Sy) < s7. (Hy)

Henceforth, we always assume that (H1) is satisfied.
(b) Foreach (L,S) € NFCS(sg, s1, co, 1),
— Foranyr: L' — R' € ARcy, cgr,(L,S) # @:

Ssr € FCScs: (55, 81), Ley € FCSccy (595 51)

L e fSELCI’R/ € }—S(SST‘\L/)L’,ERT'

Then, (L,S) € NFCScy, cr,(s0,51,c0,c1) # &

and ARcr, cr,(L,S) € ARE, (L, S).

- ARcr,, cr (L, S) S ARScL,, cr, (50, 51, Co, €1)-
(c) For each (L,S) € NFCScyr, cr,(s0,51,c0,c1) #

@,3L" € FScy, and

ARE, (L, S) = ARcr, cr (L, ).

Proof (a) Ifr : L' - R’ € ARScyr,. cr, (50,51, o, €1),
wehave L', R" # &, LNR' =@, =L +R', L' C
L, R CRy.

Denote L = h(L'),S = h(L' + R’). Because L' # &,

O #LCSGHL=w2,CL ChL)Ch(L)=02),

supp(S) = supp(S") € [so, s1l, supp(S)/supp(L) =

supp(S") /supp(L’) = conf(r) [co, c1]. Thus, (L, S) €

NFCS (s0, s1,co, c1) andr € ARcp, cr,(L, S).
Moreover, S € S}, L' € LNC = L¢ C

C1,supp(Cy) < supp(L’), supp(C1).co < supp(L’).co

supp(S’) and s§ < supp(S’) = supp(S) < sj. Hence,

sg < sy and supp(SY) < supp(S’) <s7.

L —

(b) For every (L, S) € NFCS(so, s1,co, c1), Vr :

R € ARcp, cr/(L, S), we have & # L C
SSL,R #2, L'NR =2, h(L') = L, h(§') =
S, so = supp(S") = supp(S) =< s1, co =
supp(S)/supp(L) <cy and R C Ry, L' C L.
It is easy to know that L' € FScy., as L' € L¢, € L
and L = h(L") = h(Lc¢,). In addition, supp(S)/c1 <
supp(L') = supp(L) < supp(S)/co, s, < supp(L’) <
s;, § 2 Sgr 2 S = L'+ R and supp(Cy).co <
supp(L").co < supp(S") = supp(S). Then, sj <

supp(S) < sfand h(S') = h(Ssr) = S.

Take L; € G(L) S G(L), Sk € G(§) < G()
(as G(L') # @, G # @ [8]). We have L; C
L' S C,S €8 < S ie, Go(L) # @, Gs:(S) #
@,Lc, € FCScc, (s 57), Ssr € FCScs:(sg.sy) or
(L, S) e NFCScL,.cr, (50, $1, o, C1)-

Moreover, the factthat R" = S"\L' € (S\L)NR; = R
meansthatR’e]—'S(SST\L’)L/ERT, r e ARE, g (L, S)
and ARcr, cr (L, S) € ARE, (L, S).

As co < conf(r) = supp(S')/supp(L") = supp(S)/
supp(L) < c1, we have r € ARScr, cr, (50, 1, €0, C1).
Therefore, ARcp, cr (L, S) < ARScL,. cr, (50,51,
€0, €1)-

(c) Indeed, for (L, S) € NFCScy,.cr, (50,51, co, C1), We
have L¢, € FCScc, (), s1).3IL; € G(L) : L; € C;
with L' = L;,@ Cc L; € L'.Then, L; = L C
Le, €L, L = h(L;) = h(L") = h(Lc,). Hence,
L e ngLCI # J.

As (L, S) € ./\/:FCSQLI, cr, (50,51, ¢c0,c1) € NFCS
(s0, 51, o, €1), statement (b) shows that ARcr, cg, (L, S)
- ARJCFLI’ CR (L, §). Thus, we must prove the reverse, i.e.,
ARE, g (L, ) S ARcr, cr (L, S).

Infact,becauseVr : L’—>R’ € ARELLQRI (L, S),L', R
75 g, L (S :FSQLCI’ R’ € fS(SST\L/)L/,QRT’ we have
L' € Le, € G h(L)) = h(Lcy). R € Rf = (SN
RO\L'R|, L' "R' = &, h(L' + R = h(Ssz). Because
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1. FCS_¢,(s0,51) =
2. if ((sg>s1) or (supp(Cy) > s1)) then return &;

3. for each (<L, supp(L), G(L)> € LCGS) do
4. if (s < supp(L) <sj) then

FCS_c,(sg,51) MFCS_FromlLattice (LCG, Cq, Sp, S1):

5 if (3 Li € G(L) and Lic Cy) then {

6. Le, = LNGy;

7. Ge,(L) = {LieGL) | LicC};

8 FCSc, (s0,51) = FCS_c,(s0,51) + <Lc,, supp(Lc,) =supp(L), G¢, (L)>;
9. )

10. return FCSc, (S¢,51);

Fig. 2 The MFCS_FromLattice procedure

SST € fCSQST(ngST)v LC1 (S fCSECI (S(/),Si), E|L,' S
GL):L; € Cp,38 €G(S): S € St,ie,Li € Lc,
L, L =h(L;)=h(L¢c,) =h(L')and §; € Sg+ €S, § =
h(Sk) = h(Ssr) = h(S'). Then,r € ARcp, cr, (L, S),ie.
ARE, g (L, $) S ARcr cr (L, S) # 2. O

Consequence 1 (The necessary and sufficient condition for
the nonemptiness of ARScr,, cr, (50, 51, €0, €1))-

(a) If at least one condition of (Hp)is violated, then
ARSng,gRl(SO, 81, €0,C1) = &.

(b) r:L'>R" € ARScy,.cr, (50, 51, o, C1) # & & there
exists (L,S) € NFCScpr, cr,(s0,51,c0,¢1), L' €
ngLCl R € fS(SST\L/)L’,gRT’ andr : L' — R €
ARE, g (L, S) #2.

Based on Proposition 2 and Consequence 1, we thus have
a partition of ARScy,, cr, (50, S1, o, c1) that is smoother
than that in Proposition 1.

3.1.3 Smoothly partitioning the association rule set with
maximum single constraints

Theorem 1 (Smoothly partitioning the constrained associa-
tion rule set) Assuming that (H1) is satisfied, we have

ARScL,, cr, (50, 51, co, €1)
+
= Z(L,S)ENfCSng,gkl (SO,SI-,COJI)ARQLL CR; (L’ S)

This partition establishes a foundation for independently
mining each equivalence rule class ARéLlchl (L, S).
Thus, it represents an original instance of using equivalence
relations to obtain algorithms in parallel and distributed
environments.

Example 2 (Illustrating the emptiness of ARScy,, cr, (s0,
s1,co, c1) when at least one necessary condition given in
(Hyp) is not satisfied, and that of ARcr, cr,(L, S) when
(L,S) ¢ NFCScyr,, cr, (50, 51, co, c1)).

@ Springer

(a) In Example 1(a), ARScr,,cr, (50, 51, c0,C1) = @.
Indeed, S} = ci,Cy = c,s = 5/7,supp(S}) =
6/7. As the condition supp(S7) < sj is violated, we
immediately conclude that ARScy,,. cr, (50, 51, €0, C1)
= @ without generating |[ARS(1/7, 5/7, 1/3, 0.9) =
302 rules and then eliminating all of them.

(b) For the constraints given in Example 1(b), we first find
that most of the frequent closed itemset pairs (L, S) of
NFCS(so, 51, cg, c1) are redundant, i.e., they are not in
NFCScr,, cr, (50, 51, co, 1) = {(cegi, acegi), (ci,
aci)}. For example, there are 17 redundant pairs (per
19) that contain no association rules satisfying the con-
straints. Let us consider pair (L, S) = (cegi, bcegi)
in N FCS(so, 1, co, c1). It is easy to see that § €
FCS(sy,s7) as s5 = 1.33/Tsupp(S) = 2/7 <
s = 5/7. However, because G(S) = {b} and {b}
¢ Ssr =8N ST = cegi, the necessary condition
SST € fCSgST (55, s7) is not satisfied, i.e., (L, S) ¢
NFCScy, cr, (50, 51, co, c1)). Hence, we immediately
conclude that ARcy, cr,(cegi, bcegi) = & with-
out listing all the rules of AR(cegi, bcegi). If the
necessary condition tests are executed for all pairs of
NFCScr, cr, (50,51, c0,c1), we can prune 17 rule
classes, i.e., we avoid the generation of 254(302 —
|AR (cegi, acegi)| — |AR(ci, aci)| = 302 — 45 —
3) (302 — |AR(cegi, acegi)| — |AR(ci, aci)| =
302 — 45 — 3) corresponding redundant rule candidates.
Observing the satisfied rule classes, we see that they
retain many redundant candidates that are duplicates or
were missed by the constraints. Through Example 3, we
will show that all the redundant rule candidates can be
completely pruned.

The M FCS_FromLattice(LCG®, Cy, s, s) procedure sho-
wnin Fig. 2 finds the class FCScc, (s)), s1) of frequent closed
itemsets satisfying the constraints from £CG*—the sub lat-
tice of £LCG with root S. To determine ]:CSEST (55, 57), we
call the procedure with the input parameters LCG, ST, s; and
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s7. More formally, FCScs: (s5, s7) = MFCS_FromLat {R' = Ry+R, 4R IRk € Ryin,

tice(LCG, S, s, s7). For example, if S = acfhi, the sub R, € Ryx. R S R,

lattice £LCG* is drawn by the lines of red color in Fig. 1b. (Rj ¢ Rk+Ry, (x)
Itis important to note that for (L, S) € N FCScr, cr, (50, VR;€Rpmin : 1<j<k), R' # @}, if Rmin # @

s1, co, c1), thetwosidesof eachruler : L’ — R’ ofruleclass %] if Rmin =@

ARE, g (L, S) ={r: L' — R|L € FScr¢,, R €
FS(Ss:\L") 1 cr:} have notyetbeen explicitly represented,
and their generation can contain numerous duplicates and
redundant candidates.

3.2 Non-repeatedly producing all association rules
satisfying the constraints in each class
+
'ARSLl, SRy (L,S)

For (L, §) € NFCScr, cr,(s0,51,c0,c1), based on
the two generator sets G(L) and G(S), we propose a
unique, explicit representation for the constrained rules
inARY L,.cr, (L. S). This representation leads to the dis-
tinct and complete production of all the constrained rules
in each rule class, which is described in the algorithm
MAR_MaxSC_OneClass.

3.2.1 The unique structure and representation of the
equivalence class of frequent sub itemsets restricted
on X with upper bound Z

The unique structure and representation of the equivalence
class of frequent sub itemsets restricted on X with upper
bound Z; proposed in this section are used to make the
unique structure and representation for the right-hand R’ €
fS(S\L’)L/,gRT and left-hand sides L' € .FSQLCI of the
rules 7 : L'— R’ in each class.ARngLl,gR1 (L, S).

Forany X, Y, Z| A,

XNY=0,09#7Z1CY (Hp)

(where Z; is an upper bound, X is a restriction). Let us call,
FSY)xcz, ={R'|9R' C Z|,h(X + R) = h(X + Y)}

(Note that if X N Y = @ and Z; C Y, then the necessary
conditionto FS(Y)x,cz, # QisthatY # @, Z1 # &, XN
Zy =g, withY =QgororZ) =JorXNZ #I,we
have FS(Y)x,cz, = 9.)

Rmin = Minimal{Ry = Sy\X, Sy € G(X+7Y), R, C

Ry N\Re, ifk=2
Zl}’R]Z/EURjERmin,jfkRj,RU’kE{ U \ Rk ifk>

with Ry € Rmin, R— x = Z1\R},, Then, we denote

FS*V)x,cz, =

@, ifk=1"

Proposition 3 (Uniquely representing frequent itemsets in
fS(Y)ngzl # O by 7:5*(Y)x,gzl). vVX,Y,Z1 C A :
XNY=0,0+£7Z,CY:

(a) The frequent itemsets in FS*(Y)x, cz, are distinctly
enumerated.

b) FSWx,cz, = FS*YV)x.cz-

(© FS*"Y)xczy, # 9 & Gx4+z/(X +Y) # @.
(H3)

Proof (a) We establish this by the method of contradiction.
Assume that there exist two identical sets R'!, R’ in
FS*(Y)x.cz,, so that R = RZ iedky > k >
LR/ = Zy + Rkj + R;(j + R;j, Rkj € Rnmin, Rl/c_,- C
Rusj, Ry C R-y;,¥j = 1,2 Then, Ry, C Ry, +
R//q + Ry, = R, —i—R,’(2 + Ry, Because R, "R S Ry, N
R_ i, € Riy,NR_ j, = @ and Ry, Ry,, are two different
minimal elements of Rnin, we have Ry, C Ry, + R,’Q,

which contradicts the selection of R,’cz ),
(b) . “C”: First, we consider the case that Ryin # <.
For RFS(Y)x.cz, # 9, R € Z1, R # @. As R C
ZT, CY, YNX =0, wehave RNX =@, § =
X+ R,hS) =h(X+Y), XCSC X+Y.
From §' # &, take Sy € G(S') C G(X + Y) (see [8)),
Sk € S, wehave R, = S;)\X € S'\X = R' C Z,.
LetB={R; =S\X: S €G(S), R €7}, C =
{Ri=S\X: S €eG(X+Y), Rf, CZ}.Thus, R, € B.
Since B, C arefiniteand @ # B C C, there exists a minimal
set Ryin,s' = Minimal(B) # &, Ryin = Minimal(C) #
. Thus, we always acquire the minimum index k of sets R;

in Ryin s Minimal(B).

On the contrary, assume that Ry ¢ Rmin. Then, 3R; €
Rmin : R; C R, with R} = S;\X, §; €
GX+Y)and h(S;) = h(X +7Y), §§ € XUS; =

X+Rj C X+ R € X+R =8C X+Y, h(X+Y) =
h(S;) = h(S’). Hence, S; € G(§), R; < S"\X =
R’ € Zi, Rj € BN Rpin. We then have R; € Rpin,s'
and R; C Ry € Rpin,g. This is impossible as the
assumption is that Ry is the minimal set in B! Therefore,
Ry € Rmin # a.

This implies that, if Rpi, =
SFS*Y)x,cz,-

We also have S =S¢ + S/, for S = S\S.
It follows from §* © X that S = X + Ry + R, +
R = X+ R,withR = R+ R +R, R =
SA\X Rmin, R, = (S\X)NRf, = [(S\X)\SIN

@, FSY)x,cz, =

@ Springer
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REY < RENSe € REWRe = Ryy (as Re N

[(S\X\Sk] € R\Sk = 9), R = (S)\X)\RK, < (S'\X)

\R}, € Z\R}, = R_.

We now suppose that IR ; = S;\X Ruin : 1 < j < kand
R; C Rk+R,/c.Thus,h(Sj) =h(X+Y), R; CZ, §; C
XUS;=X+R; CX+R+R € X+R =8¢
X+Y, h(X+Y) = h(Sj) = h(S). Then, S; € G(S)
and R; € B N Rpyin. Hence, R; € Rpyin,s, i€, j < k:
a contradiction on how to choose index k! We can conclude
that R’ € FS*(Y)x.cz,-

“2”: Forany R' € FS§*(Y)x,cz,, R' = R + R, + R}
where Ry = Sy\X € Rnin, Sk € G(X+Y), h(S) =
h(X+7Y),Rx S Z1, R' # @. Furthermore, R, € Ry €
/1, R; C R_ € Z;. Then, RC Zi C YandR' NX =
@. Otherwise, because X +Y DX+ R DX+ R, = XU
St D Sk, wehave h(Sy) = h(X+R) = h(X+7).
Hence,” FS(Y)x.cz,-

(©)+Rmin #2 <3AS€G(X+Y) 1 Ry = S \X S Z; (¢c.1)
& IS eG(X+Y):5E X+Z1(0orGx 42, (X+Y))#D (¢.2)

Infact,if Sg\X € Z1, 8 € XUSy = X+ Ry € X+ 7
(as XNZ; = @).Incontrast, if Sy € X+ Z1, Sk \X € Z;.
+If FS*(Y)x.cz, # 9 , Rmin # @ . We immediately
have (c.2).

+ Suppose that (c.2) is true. Thus, Rpin # <. For R*
Z1, we have @ # R* C Y. Take an arbitrary Ry =
SI\X € Rmin: Sk € GX+Y), Sk € X+Y, Ry €
7, = R*.Then, Sy C S{UX = X+R; € X+R* C X+Y.
This implies that /(X +Y) = h(Sx) = h(X + R*). Hence,
IR* € fS(Y)X,§Z| = fS*(Y)X,gzl # J. O

This concludes the proof of Proposition 3, which implies
the following remark.

Remark 2 (a) If Ruyin
FS*(Y)x,cz,-
®) Ix+2,(X+Y) #0 & 3§ € GX+Y): S <

X+Z1 & Rnin # 9.

(c) Let us consider VR’ € FS*(Y)x.cz, such that R’ =
Ry + R, + R . If 3R’ = @, then 35; € G(X +
Y): Ry = S \X = &.Therefore, Sy € X € X+Y
and A(X +Y) = h(X) = h(Sg). Furthermore, Ry, =
{(Ri=2}, Rui= R, =@, R_| = Z| #0
and R = R < R_;. Hence, R' is empty if
hX +Y) = h(X) and Rpin = {& }. Then, R’ €
FS*Y)xcz, © @ CRC Z1 #92.

For practical purposes, when computing Rpin, wWe consider
the following two cases:

£ @

# @, FSY)x cz,

o If Rpyin = (@ },thenRy | =R, =0, R_ 1 =2, # @
and

FS*Vxczy = (R12 #R = R, Ry C Zi}

@ Springer

={R|@R < Z1}
o If Ryin = {2 }:

FS*Y)xcz, = {R' = Re + R]/( + R, | Rk € Ruin,
R, € Ruk, R S R_k, (Rj & Rk + Ry,
VRj € Rmin: 1 < j <k)}.

It is worth noting that, in this case, we are not required to
check whether R’ # @ in generating R’ because it is always
true.

(d) (The advantage of ™ for exponentially decreasing
redundancy). Assume that we are currently forming the
sets R’. Starting with Ry, we grow subsets R, C Ry k
and then R;” € R to complement R’; if ® is incor-
rect, it is unnecessary to consider the approximately
QIRUNRL] _ 1y supersets R” of R, (R, C R” S Ry )
and add all (2!8-#ly subsets R, of R_to R’. Essen-
tially, we have eliminated approximately (2!Rvc\Rel —
1).(2!R-#1y redundant subset candidates for R’. Next,
we consider the remaining sets R}’ C Ry x (such that
R, ¢ R} € Ryy) or the subsequent sets Ri in Ruin.
Using the necessary and sufficient condition (*), we can
perfectly eliminate duplicates when generating the rules
r: L' — R in each class ARcy,, cg, (L, S) based
solely on minimal sets or generators. Due to their low
cardinality and size, the algorithms applied during this
generation are fast and efficient.

(e) (Modifying the computation of the upper bound sets
Ry and R_ j of R,’( and R;”, respectively). We can see
that, for each k > 1, the operations of R][‘fl = Rll‘fz U
Ri—1, Rux = Rj;"\Ryand R_x = Z;\R¥, must be
executed on sets that are potentially non-disjoint. To con-
serve calculation time, it is important to observe that

Ry = [(R;\Rk—1) + Ri—11\Re
= (Ry k-1 + Ri—1)\Rx,

R_ i = R_—1\Ri,Vk > 2 and Ry 1
=2, R =Z\R).

Tn other words, Ry ;= { (Ruk—1+Re—D\Rg, if k>2

2, if k=1
R — | Rek=1\Re, if k=2
“F T\ Z\Ry, if k=1

Thus, for each k > 2, we compute the disjoint union
Ruk = Ruj—1 + Ri—1 where Ry x—1 C Ry, % and the dif-
ference R_ y = R_ y—1\Rxwhere R_ y_1 € Z1, Ry C R’l‘].
It is readily apparent that this new calculation is faster than
the old one.
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For special values of ¥, X and Z; in FS(Y)x.cz,, we
have two structures, FScr, and FS(Ss:\L) 1/ cgs-

3.2.2 Structure and unique representation of the FScp .,
and FS(Ssy \L/)L',ERT itemsets

Suppose that (L, S) eNFCScyr,. cr,(s0,51,c0,c1)

Sst€FCSesi(s3.57)s @# L C S, Lo, € FCSec,(sh.57)
and L' € FScycre,- As Le, € FCScc, (s(, s]), we have
Ge,(L) #2,3L; € G(L) : @ C L; € Le,andLe, # @.

Corollaryl1 VL, C; C A ifLc, = LNCy # @ and
Ge, (L) # @, then G(L¢,) = Gc, (L).

Structure and unique representation of the itemsets of
FScrey For Y = L¢e,, X = @and Z; = L¢,. As
Lc, € FCScc,(sy,s7), we know from Corollary 1 that
Gc, (L) = G(L¢) #@DandVL; € G¢(L) 1 @ C L; <
Lc,. Thus,

FS(Lc)w, cre, =L@ #L S Loy, h(L') = h(Lc,)}
= ngLCl .

Based on the representation of Rpin in FS*(Y)x.cz,,
Kmin = Minimal{L;, L; € Gc,(L)} = Gc,(L), Ly =

LWL, if i >2 :
ULiGe, (L) k<iLi;Lu.i {@I’J ' ifi— | L-i=La/Ly

and

FSeLe, =(L'=Li+Li+L{ILi € Gc, (L),
L CLyi, Ly CL_;, (L ¢ Li + L},

Vg € Ge,(L): 1 <k<i), L'#2} (1)

Because G¢, (L) # @ and L¢, # @, it follows from Propo-
sition 3(c) that .FS;LC #+ .
= 1

Structure and unique representation of the itemsets of
}—S(SST\L/)L’,QR;‘ For Y ESST\L/, X=L,Zi=R} =
(SNR\L':Z; < Y.Based on the fact that Sgx € FCScs:
(s5»s7) and Corollary 1, we have G (SST) = Gs:(S) # @.
Then,

FSSsi\L)cry = {R'19 # RS R, h(L'+R)
= h(Ssp).
Wedenote Rmin=Minimal{Re =Sk\L', Sx €Gs:(S), Ri S
Rk—l\R lfk > 2
. _ ks =
RT}’ RU = URjeRminijkRj”RU)k - {Qf] ifk =1 ,
Ry = RI(L'+ RE) = (SO RD\(L'+ Rf) and

FS*(Ss:\L)1/.cr: = (R’ = Ri + Ri. + R |Rk € Rumin,

R, € Ry, Ry S R,
(Rj & Ri+ R, VR; € Ruin : 1 < j <k), R # ).
(2)

By Proposition 3(c), fS*(SST\L/)L’,gRT # D & [GLur,
(8) # @ and (SN R)\L' # @ ]. In fact, for VS, € G(S),
we have S C L'+ (SNRD\L = (SNR)YL" =
SN (L'UR) & S € L'URjasS CS.

The following is a consequence of Proposition 3.
Consequence 2 (Unique representation and distinct gener-
ation of the two sides of the rules in ARELI’ R, (L, S)).
Y(L, S) € NFCSng, gRl(S(),sl,Co,Cl)_: -

(a) The itemsets in }—S*(SST\L/)L’.QRT and fSéLC] are
generated distinctly.

(b) FSSs\L 1 cry = FS (Ss\L)pr cprs FSere, =
]:SELCI'

© FSt, #9.

&) YL'FSE,, o then  FS*Ss\L)ucry # 2
[G1/ug, () # @ and (SN R)\L' # 2].

The general procedure M FS_RestrictMaxSC(Y, X, Z,
G(X 4+ Y)) completely and distinctly generates the itemsets
of F§*(Y)x,cz, (shown in Fig. 3)

FS*(Y)x,cz,
= MFS_RestrictMaxSC (Y, X, Z;, G(X+7Y)).

Based on Remark 2, we can add Lines 4—7 to the procedure.
Furthermore, at Line 21, we do not check if Ry + R’ + R,: *
? (because it is obvious). The special cases of this procedure
produce the results shown in Table 1.

In each rule class, cases 1 and 2 are used to dis-
tinctly enumerate the left-hand sides L’ of .7-'8; Le, and
the right-hand sides R'of FS8*(Ss:\L")/ RS respectively.
Moreover, cases 3 and 4 give us two efficient procedures
for generating L' FS(L) and R'"FS(S\L'), in each class
AR(L, S) (used in [9]). They are also used to generate
the rules via the PP_MAR_MaxSC_2 post-processing
approach as discussed in Sect. 3.1.1.

3.2.3 Structure and unique representation of rule class
ARE, g (L,S)

ForV(L, S) € NFCScy,. cr, (50, 51, co, 1), let us denote
AREL, cr (L. §) ={r:L'>R|L e FSE . .
R € fS*(sz\L/)L/,gRI*},

{L' e }-SELCI | GLur, (S) # @
and (SNRO\L' # 2 }.

Suff_FStp. (S, R) =
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FS*(Vxcz, MFS_RestrictMaxSC(Y,X, Z1, GX+Y))://Z, =Y
L FS*Vxez, =9;
// testing the necessary conditions for the nonemptiness of FS*(Y) x 7, -
/*2.if (XY = D) or // can be deleted for association rule mining, as (L, S) € NFCS_;, g, (So, S1, Co, €1).
(Z1 = D)) // can be deleted for association rule mining, as Z; = (S7R,)|L’# Jin Line 3 of Fig. 4
thenreturn &; */  //in general, we need such conditions!
3. if ((Rmin = Minimal{Ry, = S, \X | S eG(X+Y), R, =Z1}) = &) thenreturn &; //Gx7, (X + V)=
4. if (Rypin = {9}) then { // Remark 2.c
5. foreach (R” | JcR”cZ;) do
6. FS*"Nxcz, = FS*Vx ez, +{R"}
7.}
8. else
9. { Ry=G;Ryop=T;R_o=Zy; // Remark Z.e
10.  for (k=1; Ry € Rypin; k++) do {
11. Ryk = (Ryx-1+Rk-1)\Ry;
12. for each (R'y = Ryy) do {
13. IsDuplicate = false;
14. for =1; Rj € Rmin, j <k; j++) do
15. if (Rj< R +R’y) then {
16. IsDuplicate = true; break;
17. }
18. if (not(IsDuplicate)) then {
19. R_x=R_1\R;
20. for each (R < R_x) do //for Ryin # {0} we surely know that Ry, +R'}, + Ry =&
21. FS*Vxez, = FS*(Vxez, + R+ R+ RY )
22. }
23. } // end for each R'j,
24, }// end for k
25.}
26.return FS*(YV)xcz,;

Fig. 3 The MFS_Restrict MaxSC procedure

Table 1 Special results of FS*(Y)x,cz,

Case Y X Z gX+Y) Result set

1 Lc, %) L, g(LC]) fSELCl

2 Ss\L' L' Ri  G(Ss) FS*(Ss:\L 1.y
3 L g A G(L) FS(L)

4 S\L' L A G(s) FSS\L

The following consequence is deduced from Consequence 2.

Consequence 3 (Necessary and sufficient conditions for the
nonemptiness of ARZ L. CR (L, S) and its representation)
Y(L, S) € NFCScy,, cr, (50, 51, co, c1):

(a) The rules in ARZLI,ERI (L, S) are enumerated non-
repeatedly.

@ Springer

(b) ARE, g (L, S) = ARE; g (L, S).
© ARE,, cp, (L. S) # @ & Suff FSE . (S.R) #
%]

@) ARE,, cg, (L, S) = ZL/esuff_Fs&CI SRpir L —
R :R e FS*(Ssp\L)y/ cpe -

Remark 3 For fS*(SST\L’)L/ERT, ifS=LegG),IL
= L € [L]Then, Z; = (LN R)\L' = & and
]-"S*(SST\L’)L/ERT = ! Hence, when L = S, we always
assume that L ¢ G(L).

The MAR_MaxSC_OneClass algorithm given in Fig. 4
distinctly generates all the association rules with the con-
straints ‘ARZLl, cr, (L, S) for each pair (L, S) € NFC
Sci,, <r, (S0, 51, €0, €1)-

Example 3 (Illustrating the advantage of distinctly generat-
ing all the rules in ARZLI, CR (L, SYby MAR_MaxSC_
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ARE, &, (L,S)

ARGk, (L, S) =G
. F§L,. = MFS_RestrictMaxSC(Lc,, D, L¢,, G(Lc,));

=l
R: = (SAR)\L;
foreach R'e FS§*(Ss;\L")y c; do

-}
. return CAR;LIERI (L,S);

MAR_MaxSC_OneClass (L¢,, G(Lc,), Ry, Ss:, G(Ss:), S)

. foreach (L' e TS;LCI and (SNR)\L' =) do{ //Line 2 in Fig. 3 can be deleted

1
2

3

4.

5. FS*(Ss:\L") /. cp: = MFS_RestrictMaxSC(Ss;\L', L', R}, G(Ss:))
6

7 ARYy #,(L,S) = AR, g (L,S) + {rL'>RY;

8

9

Fig. 4 The MAR_MaxSC_OneClass algorithm

OneClass). Let us consider the mining of association rules

with constraints on database 7 with s9 = 1/7,s57 =
5/7,¢c0=1/3,c0 =0.9
(a) For the constraints Ly = ceg, Ry = ai, we have

S} = ceagi, C; = ceg, sy = 1.33/7,sf = 5/7 and
supp(ST) = 2/7. Then, ARScy,, cr, (50, 51, co, €1) #
& . Now, consider the rule class with respectto (L, §) =
(cegi, acegi) € NFCS(so,s1,co,c1) in Example
1(b): G(L) = {e, g}, G(S) = {ae, ag}, supp(L)
4/7 and supp(S) = 2/7. We have SS;ﬂ:ceagi
fCSgST(sE)“,ST) as § e FCS(sy,s7) and QST(S)
{ae, ag} # @.Furthermore, because s, = supp(S)/ci
= 2.22/7, s} min(1; supp(S)/co) = 6/7,s0 L €
FCS(sg, s1)- In addition, Ge, (L) = {e,g} # @.
Then, Lc, = ceg € FCScc, (s, sy). First, we con-
sider the formation of F, Sz Le, (Line 4). For L; = e,

m m

because L%] =e, Ly; = Dand L_; = cg, we
have the following left-hand sides: e + @ + &, e +
S+c, e+ T+ g, e+ I+ cg. For L1 = g, we
have L%] = eg, Lys = eand L_, = c. Hence, the
MFS_RestrictMaxSC procedure generates the new
left-hand sides g + @ + &, g + @ + c. Note that we did
not generate g +e+J, g+e+cagainasL; C g+e.
Next, we concentrate on the generation of the right-hand
sides in accordance with left-hand side e (at Line 5).
We have R = ai and Ggr(S) = f{ae, ag}. Hence,
Rmin = {a}.Fora, wehave R}, =a, Ry = @,R_| =
ai\(e+a) =i. MFS_Restrict MaxSC distinctly gen-
erates all the right-hand sides in 7:5*(55;* \L/)L’,gRT: a,
ai. Thus, we receive two rules: e—a, e—ai. Continu-
ing with the left-hand sides of ce, eg, ceg, g and gc,
we receive ten additional rules of AR*g L. cr (L. S)
without any duplicates (see Example 1(b) for the full
results).

(b) For the constraints Ly = a, Ry = cfhi, we have
S} =acfhi,Cy =a,s; =1.66/7,s{ =5/Tand supp

(ST) = 2/7. Thus, ARSQLI, gRl(SO, S1,€0,C1) # D .
Let (L, §) = (ai, acfhi) € NFCS(so,s1,co,c1)
with G(L) = {a},G(S) = {cf, ch}, supp(L) =
5/7, and supp(S) = 2/7. We have Sgx = acfhi €
FCScg: (55, s7) because S € FCS(sj, s7) andQSI*(S) =
{cf,ch} # @. As s{ = supp(S)/c1 =2.11/7 and 5] =
min(1; supp(S)/co) = 6/7, wehave L € FCS(s), sé).
Furthermore, G¢, (L) = {a}# ©@. Then, L¢, = a €
FCScc, (sy, s7) - For G| = a, because L%] =a, Ly =
@ and L_| = o, we have ]—"SELC1 = {a}. Next,
we generate all the rules with the same left-hand side
a (Line 5). We have R} = cfhi and QST(S) =
{cf, ch}. Thus, Rmin = {cf, ch}. For c¢f, we have
R}, = cf.Ry,y =@ and R_| = cfhi\(a + cf) = hi.
Next, M FS_Restrict MaxSC generates the right-hand
sidesof cf + I+ 9, ¢f + D +1i, ¢f + I+ h and
cf +@+hi (in ]—"S*(SST\L’)L/ERT) without any dupli-
cates. Therefore, we have four rules: a — cf, a —
cfi,a — cfh,a — cfhi. For ch, we have R% =
¢fh,Rys = f,R_1 = cfhi\(a + c¢fh) = i. Then,
MFS_RestrictMaxSC derivesch+93+9, ch+2+i.
The right-hand sides of ch + f + &, ch + f + i are
not generated again as cf C ch + f. Finally, we have
.A’R’&Ll’gRl(L, S) ={a - c¢f, a > cfi, a —>
cfh, a — cfhi, a — ch, a — chi}.

Example 3 implies that our algorithm solely derives the
association rules satisfying the constraints of ARE Li. CR
(L, S) without generating duplicates and redundant candi-

dates in AR(L, S).

3.3 Completely and distinctly deriving all the
association rules with the constraints of
ARSELl, CRy (505 51, €05 €1)

Theorem 2 follows from Theorem 1 and Proposition 3 as fol-
lows. Based on it, the M AR_Max SC algorithm is proposed
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ARSL, R, (S0, S1, €0, €1)

1
2. if (sg>s; or cy>cy) then return J;

3. S1=L1URy; G =Ly Ry =Ry;

4. sy =max(sy; ¢o.supp(Cy)), s1 =5q;

5. FCS s;(sq,51) = MFCS_FromlLattice (LCG, S, Sg, S1);
6

7

8

9

So = supp(Ss;)/c1; s1 = min(1; supp(Ss;)/co);

14. return ARS_;, g, (So,51,Co)C1);

MAR_MaxSC (s, S1,¢Co, €1, L1, Ry, LCG)

ARSc1, R, (S0, 51, Co, €1) = & // check the necessary conditions for the nonemptiness of ARS 1, r, (S0, S1,Cos€1)-

for each (<Sg;, supp(Ss;), Gs; (S)> € FCSs: (S0, 51)) do {

FCScc,(s0,51) = MFCS_FromlLattice (LCGS, Cy, Sp, S1);
for each (<L¢,, supp(Lc,), G¢, (L)> € FCS ¢, (s9,51)) do {

10. ARLy, r, (L, S) = MAR_MaxSC_OneClass(L¢,, Gc, (L), Ry, Ss;, Gs; (5), S);
11. ARS1, R, (S0, S1, €0, €1) = ARS_, g, (S0, S1, €0, €1) + ARG, &, (L, S);
12.  }

13. }

Fig. 5 The MAR_MaxSC algorithm

(see Fig. 5) to efficiently mine the set of all association rules
with maximum single constraints ARScy,,, cr, (50, 51, €0, €1)
from lattice £CG.

Theorem 2 (Completely and distinctly deriving all the con-
strained association rules of ARScr,, cr, (50, 51, €0, €1)).
Suppose that (Hy) is satisfied. We have

ARScL,, cr, (50, 51, Co, 1)

= * L’S 9
Z(LS)eNfcsgL].gR,(so,sl,co,cl)A cticr (L 5)
*
L =
where ARE | g, (L, S) Z/eSuff_FSéLc
|

(S,RD{r:L' - R :R € fS*(SST\L’)L/, C RY}.

4 Experimental results

We compare the performance of three methods for min-
ing association rules with constraints as follows. The first
method, PP_MAR_MaxSC_1, includes three phases: (a)
using d Eclat to mine frequent itemsets, (b) integrating the
constraints into the Gen_Rules [31] algorithm to gener-
ate rule candidates, and (c) post-processing to filter out
the rules satisfying the constraints. The two remaining
methods consist of first mining the lattice £LCG of closed
itemsets together with their generators with Charm_L and
MinimalGenerators and then executing the PP_MAR
_MaxSC_2 and MAR_MaxSC algorithms, respectively.
The source code (in Ct+) for dEclat, Charm_L and
MinimalGenerators can be downloaded from http://www.
cs.rpi.edu/~zaki/wwwnew/pmwiki.php/Software/Software#
patutils (converted to C*). The PP_MAR_MaxSC_2 and
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Table 2 Database characteristics

Database # Items # Transactions Average length
Connect 129 67,557 43
Mushroom 119 8124 23
Pumsb 7117 49,046 74
Chess 75 3196 37

MAR_MaxSC algorithms are also coded in C*. The experi-
ments were carried out on an i5-2400 CPU 3.10 GHz @ 3.09
GHz PC with 3.16 GB of main memory. Four benchmark
databases in the FIMDR (Frequent Itemset Mining Dataset
Repository, http://fimi.cs.helsinki.fi/data/) were used in the
experiments (Table 2).

We fixed the maximum support and confidence thresh-
olds at 1 (as per tradition). For each database and given
minimum support, we chose the set Af of all frequent
items. Ten pairs of maximum constraints (L, R1), were ran-
domly retrieved from A% of sizes |L{| = p1% |AF | and
IRI| = p1% * |AF|. We set py = 30% and pr = 70%
for Connect, Pumsb and Chess, and p; = 8%, p» = 58%
for Mushroom (we achieved similar results for different val-
ues of pi, p2). We executed the three methods on each
database (DB) with two given minimum supports M S (%)
and confidences MC (%) and noted the average running
times of ten constraint pairs, 7_MaxSC_1(DB, M S, MC),
T _MaxSC_2(DB,MS, MC) and T _MaxSC(DB,
MS, MC),calledT_MaxSC_1,T_MaxSC_2and T_Max
SC. All three methods finished their executions on Mush-
room, Chess and Pumsb; however, after 12-h running on
Connect, PP_MAR_MaxSC_1 did not halt.


http://www.cs.rpi.edu/~zaki/wwwnew/pmwiki.php/Software/Software#patutils
http://www.cs.rpi.edu/~zaki/wwwnew/pmwiki.php/Software/Software#patutils
http://www.cs.rpi.edu/~zaki/wwwnew/pmwiki.php/Software/Software#patutils
http://fimi.cs.helsinki.fi/data/
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Fig. 6 Average running times
of the three methods on

The average running times on
Mushroom (MS = 30%)

The average runningtimeson
Mushroom (MS =25%)

Mushroom 100.00 — .
100 - o Fy A A A A A
——T-MaxSC-2
A 10.00 —
. 5 ——T-MaxSC-1 - T-MMaxSC
%) —
E‘ —8—T-MaxSC g 1.00 A T-MaxSC-1
£
E 1 ——T-MaxsC-2 S —————
0.10
— ———a—a—
0 0.01
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Minimum confidence Minimum confidence
Fig. 7 Average running times The average runningtimes The average runningtimes
of the three methods on Chess on Chess (MS=78%) on Chess (MS=74%)
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e e e e}
—————————
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Fig. 8 Average running times The average runningtimes The average runningtimes
of the three methods on Pumsb on Pumsb (MS =88%) on Pumsb (MS = 86%)
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i * * 4 % 4 ——T-MaxSC-2
100.0
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Minimum confidence

Figures 6, 7, 8 and 9 show the average running times of
the three methods on several characteristic experiments.

Table 3 shows the RTj, RT» running time ratios (average
on different minimum confidences) of two post-processing
methods compared with our method for each (DB, MS)

pair. More concretely, for (Chess, 78), we have RT} =
T _MaxSC_1(Chess, 78, MC) ,~__
T_MaxSC(Chess,78,MC) /7_2452

ZMCE{70,65,60,55,50,45,40}

T_MaxSC_2(Chess, 78, MC)

and RT2 = 3 4/¢c(70,65.60,55,50,45,40) T HaxSC(Chess 78 31C)
/7 = 10.2. Thus, our MAR_Max SC method is 245 and 10

faster than the post-processing methods using PP_MAR_
MaxSC_1and PP_MAR_MaxSC_2, respectively.

The reason is as follows. Two post-processing methods
(PP_MAR_MaxSC_1 and PP_MAR_MaxSC_2) con-
sume significant times to generate large amounts of rule

Minimum confidence

candidates, however, most of them do not satisfy the max-
imum single constraints. Indeed, we find that the percent
ratios of the numbers of redundant candidate rules to the
total of all rules generated by PP_MAR_MaxSC_1 and
PP_MAR_MaxSC_2 are both 99%, approximately, for all
above experiments.

5 Conclusions and future work

Two serious problems encountered during the mining of
association rules with maximum single constraints are that
(1) their cardinality grows exponentially, and the known
algorithms for mining them typically generate numerous
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Fig. 9 Average running times
of PP_MAR_MaxSC_2 and
MAR_MaxSC on Connect

The average running times
on Connect (MS= 87%)

The average running times
on Connect (MS=283%)

100 1000
¢ ¢ ¢ ¢ ¢ ¢ —
—+—T-MaxsSC-2
- ——T-MaxsC-2 100
z =
5 = _
§ 10 —8—T-MaxSC g ——T-MaxSC
E F 10 W*
0.1 c1
70 55 50 40 35 30 65 55 45 40 35 30

Minimum confidence

Table 3 Running time reduction ratios

DB MS (%) Thresholds of MC (%) RT; RT»
Chess 78 70, 65, 60, 55, 50, 245.2 10.2
45, 40
76 311.9 10.2
74 273.1 7.4
72 266.9 6.0
70 286.2 5.7
Connect 89 70, 65, 60, 55, 50, 7.7
45, 40, 35, 30
87 22.9
85 384
83 53.0
Pumsb 88 70, 65, 60, 55, 50, 969.8 35
45, 40, 35
86 2470.9 6.4
Mushroom 30 70, 65, 60, 55, 50, 572.3 4.0
45, 40, 35, 30
25 2738.1 9.1

redundancies and duplicates and (2) their constraints are fre-
quently modified. We generate a solution to this problem
with a mathematical approach. Starting with a lattice LCG of
closed itemset and their generators, which are suitable for use
with frequently modified constraints, we efficiently extract
the corresponding frequent sub itemsets. Based on this lat-
tice, a proposed suitable equivalence relation partitions the
set of association rules with maximum single constraints into
disjoint equivalence classes. We then use the closed itemsets
and their generators (of generally low cardinality) to uniquely
represent the rules in each class. After studying our results,
we propose using the M AR_Max SC algorithm to distinctly
and completely produce all the constrained rules in each rule
class.

Our approach can be adapted to process on big data
because it can be exploited in parallel and distributed envi-
ronments. In the future, we will get bigger data sets to test
the approach. As an interesting extension, we plan to adapt

@ Springer
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a Hadoop Map/Reduce framework. In addition, it is impor-
tant for us to apply our approach to mining problems with
additional types of constraints.

Open Access This article is distributed under the terms of the Creative
Commons Attribution 4.0 International License (http://creativecomm
ons.org/licenses/by/4.0/), which permits unrestricted use, distribution,
and reproduction in any medium, provided you give appropriate credit
to the original author(s) and the source, provide a link to the Creative
Commons license, and indicate if changes were made.
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