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Abstract

In the present paper, we study the existence of infinitely many solutions for p(x, -)-
fractional Kirchhoff-type elliptic equation involving logarithmic-type nonlinearities.
Our approach is based on the computation of the critical groups in the nonlinear
fractional elliptic problem of type p(x, -)-Kirchhoff, the Morse relation combined
with variational methods.
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1 Introduction

Let2/ C RY be an open-bounded set (N > 2). Our objective in this work is to discuss
the existence of infinitely many solutions for p(x, -)-fractional Kirchhoff-type elliptic
equation involving logarithmic-type nonlinearities. The approach is based on Morse’s
theory. More precisely, we combine Morse’s relation with the computation of critical
groups to study the following equation:

{ M (Js px.) (W) A ey U(x) = MuGo)|" @ 2u(x) log [u(x)| + A f (x, u(x)) in U, (1
u=0in RM\U,
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where A is a positive parameter, r € C (U, (1,00)), p : U xU — (1,00) is a
continuous function that verifies the following conditions:

p(y —m,z—m) = p(y,z), forall (y,z,m)eRY x xRV, (2)
p(z,a) = p(a,z), forall (z,a) € RY x RV, 3)
l<p = min_ p(y.2)=<py.2<pt= sup pO,2),

(v,2)eRN xRN (v,2)eRN xRN
(4)

f U xR — R is Carathéodory function with f(x,0) = 0 and satisfies below
conditions:

(B1) There exist « > 0 and a continuous function g : RN = (1, +00), such that

Np(x, x)

and

fxy) <a (1 + |y|q(x)‘1) , ae. xeRY yeR.

(B>) There exists R > 0, such that S g increasing for # > R and is decreasing

[t|PGY)=2¢
fort < —Rforall x e .

(B3) limy_ o0 F\l(lff) = 400, where F(x,t) = fot f(x, s)ds is the primitive of func-

tion f,and r* = SUPyepy F(X) < ¢~ < pr(x).
(B4) There are small constants and R with 0 < r < R, such that

Colt|*™® < B(x)F(x,1) < C3|t|P® forallr <t < R, aex €U,

where C;, C3 are positive constants with0 < C» < C3 < 1, and o, B € C(Z/_l)
with 1 < a(x) < B(x) < p;(x).
(Bs) There exist 8 > p* and some I > 0, such that, for each |«| > I, we have

0 < / Fly,30dy < / Flv.0%dy,
u U B

A; x.) is the fractional p(x, .)-Laplace operator which (up to normalization factors)

may be defined as

A a0 =2 lim uG) —uW)IPED 2 W) —uE) |
Pes) =0 JRN\ B, (o) |x — y|VHspGey) ’

)

for all y € RV, where B, (x) denotes the Ball of center x, and radius €, M : RT —
R is a continuous function called Kirchhoff’s function that satisfies the following
conditions:
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(Bg) There exists m > 0, such that
m < M(t), forallt € R.
(B7) There exists 6 € (0, 1), such that
0tM(t) < M(r) forall 1 € R,
where @ = fot M (s)ds is the primitive of function M, and

J @ / 1 Jux) —u(y) [Py
) N(u) =
s, p(x,) Vsl p(X, y) |X _ y|N+SI7(X»Y)

dxdy,

for all u € WH40-PY) 1),

The operator defined in (5) is used in many branches of mathematics, including cal-
culus of variations and partial differential equations. It has also been applied in a wide
range of physical and engineering contexts, including fluid filtration in porous media,
image processing, optimal control, constrained heating, elastoplasticity, image pro-
cessing, financial mathematics, and elsewhere; for more details, see [7, 12, 31] and
the references therein.

The Kirchhoff-type problem was primarily introduced in [23] to generalize the clas-
sical D’ Alembert wave equation for free vibrations of elastic strings. Some interesting
research by variational methods can be found in [13, 14, 24, 25, 28] for Kirchhoff-type
problems. More precisely, Kirchhoff introduced a famous equation defined as

2 2
9
dx) “_o. ©)

ax2

ou

9%u Py E (L
P | 7 + — —
ot h 2L Jo |ox

that it is related to the problem (1). In (6), L is the length of the string, 4 is the area of
the cross-section, E is the Young modulus of the material, p is the mass density, and
Py is the initial tension. See the paper [23] for more details.

Recently, results on fractional Sobolev spaces and fractional p(x, -)-Kirchhoff-type
problem and their applications have received a lot of attention.

Kaufmann, Rossi, and Vidal [22] first introduced the new class W*:4&)-PC) g4)
defined by

lu(x) — u(y)|PEy)
UxU K(x,y)

WS4 EY) 1) = {u e L1®WU) : dxdy < +oo} :

where ¢ € C(U, (1, 00)) and K(x,y) = |x — y|NTPEY) and proved the existence
of a compact embedding

WA PE) @)y ey 17X 1), forall r € CWU),
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such that 1 < r(x) < p;(x), forall x € U.
For more results on the functional framework, we refer to Bahrouni and Radulescu
[4, 5] who proved the solvability of the following problems:

(—Ape9)’ u) + U197 2u(x) = h(x, u() + AluG)"®"2u(x) inl,
u=0 in RM\U,

using Ekeland’s variational method, and the sub-supersolution method.

For more results concerning the framework, we refer the readers to [1, 2, 4, 5,
21, 22]. The approaches for ensuring the existence of weak solutions for a class of
nonlocal fractional problems with variable exponents were addressed in greater depth
in [1-5,8,9, 11, 12, 21, 22, 25, 30, 32] and the references therein.

In recent years, wide research has been done on fractional p(x, -)-Kirchhoff-type
problem with variable growth. In the case of the p-Laplacian operator, Li et al. used
the concentration compactness principle and Ekelend’s variational principle to study
the existence of multiple solutions for the below equation

M (J[ullP) Apu(x) = auP” + p(x)u™" in L,
u =0 in 99,

where M (1) = a + bt and 0 < y < 1 < p. Recently, in the case p = 2, Cabanillas
Lapain [10] proved an existence result with exponential decay. In addition, the authors
[18] studied the following problem:

M </ A(x, Vu)dx) div(a(x, Vu)) = Ah(x)aa—f(x,u) in €,
u N =0 in 0€2.

In [16], the authors used the Nehari manifold method to prove the below singular
Kirchhoff problem

M ([ fon MOy} (~A)'u = A f (07 + g — 1 in 2,
u >0 in ,
u =0 in RV\Q.

For more recent works, we refer to [17, 19] and references therein.

Motivated by the above research, we prove the existence of infinitely many solutions
of the generalized fractional p(x, .)-Kirchhoff-type problem (1) on the framework of
fractional Sobolev spaces with variable exponent. Our approach uses the variational
tools based on the critical point theory together with Morse theory (critical groups and
local linking argument), in which we consider the energy functional ¢ (9) satisfies the
Cerami condition “(C) condition” (2), which leads to a deformation theorem, then we
compute the critical groups at infinity and critical points 0 associated to ¢. Our first
major result is the following theorem:
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Theorem 1 Under assumption (B1)—(B7). Then, the problem (1) has a weak solution
in WS4®)-r(y) 14y,

Theorem 2 Under assumption (B1)—(37). Then, the problem (1) has an infinitely
many weak solutions in W*4®)-PCY) 1),

The paper is organized as follows: In Sect.2, we collect the main definitions and
properties of generalized Lebesgue spaces and generalized Sobolev spaces and provide
crucial background on Morse’s theory. In Sect. 3, we give the proofs of Theorem 1
by computing the critical groups at infinity and critical points O associated with the
functional energy. Moreover, we use Morse’s relation to establish the problem (1) has
an infinitely many weak solutions.

2 Preliminaries
2.1 Fractional Sobolev space

This section contains results that will be used throughout the document concerning
the Sobolev and generalized Lebesgue spaces. We consider the set

ctU) = {m :U — RT : m is a continuous functionand 1 < m~ < m(y) <m™ < —I—oo} ,
where ¢~ = min__; ¢(x), ¢* = maxq(x).

xel

Definition 1 (see [15]) Let ¢ € CT (/). We define the generalized Lebesgue space
LI™) 4 as usual

LI®WY) = {u : U — R is a measurable function : 3A > 0 : f |$\q(x)dx < oo} .
u

We equip this space with the so-called Luxemburg norm defined as follows:
[0l ¢y = inf {s =00 [ 19 < } .
u

Lemma 1 (Holder’s inequality, see [15]) For every g € C T@RN), the following
inequality holds:

1 1
| f V(YW () dx]| < <—+ )|v|Lq<x)(R~)|w|qu(X)(RN),

forall (v, w) € LI®RN) x L4 (x)(RN) where + ——
‘I(X) q (X)

Lemma?2 (see [15]) Let i{ C RY be a Lipschitz-bounded domain, and g € C(RN).
Then, we have the following statements:

) Birkhauser
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(1) the space (L‘f(x) (RN ) el paeo (]RN)) is a separable, reflexive, and Banach space,
(ii) the space C*°(U) is dense in the space (Lq(x) @), |1 paco (Ll)) .

We start by fixing the fractional exponent s € (0, 1). Let/ be an open-bounded set of
RV, g € CYU),and p : U xU — (1, 0o) is a continuous function satisfies the condi-

tions (2)—(4). We introduce the generalized fractional Sobolev space W*:¢®)-P(¥) ()
as follows:

w(x) — w(y)
N

WPy 1y = Lw e L4 ) :
Blx —y[" "7

€ LP®Y U x UY) for some B > O} .

. _ *xy)
Let [w]*P®Y) = inf E,B >0 f1u %}%dxdy < 1} be the correspond-

ing variable exponent Gagliardo semi-norm. We equip the space W*4®)-P*%Y (14) with
the norm

||W||Wseq(X),p(x,y(L{) = [W]S’p(x'y) + Wl

where (L% ), |.l4x) is the generalized Lebesgue space.

Lemma3 (see [5]) Letd C RY be a Lipschitz-bounded domain, p : U x U -
(1, +-00) be a continuous function that satisfies conditions (2)—(4), and g € C*(U).
Then, W*4®):P&Y (4 is a separable and reflexive Banach space.

Theorem 3 (see [5]) Let U C RN be a Lipschitz-bounded domain, p : U x U —
(1, +-00) be a continuous function satisfies conditions (2)—(4), ¢ € C*(U), and

sp(x,y) < N, p(x,x) < q(x), forall (x,y) € U?,

and £ U — (1, 400) is a continuous variable exponent, such that

PEX) = NP %) > 6 = mine(x) > 1.
N —sp(x, x) xeld

Then, the space W5 4X)-P&Y Yy is continuously embedded in L) (U) and there
exists a positive constant C = C(N, s, p, q,U), such that

|W|LI<X)(u) = C||W||W.s,q<X),p(x,y(u)y forall we Ws'q(x)'p(x’y(u)~

Moreover, this embedding is compact.

Definition 2 [26] Let X be a Banach space and J € c! (X, R). Given ¢ € R, we say
that @ satisfies the Cerami ¢ condition (we denote condition (C;) ), if

(C1): any bounded sequence {u,} C X such that ® (u,) — c and ®' (u,) — 0
has a convergent subsequence,

(C»): there exist constants §, R, 8 > 0, such that

|®' @]l =B Yue @ '(c—8c+8) with [u]>R.

W Birkhauser
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2.2 Critical groups

In this paragraph, we briefly give the basic properties and notions of Morse theory.
Let W be a real Banach space, ¥ € C! (W, R), satisfies the Palais—Smale condition,
and ¢ € R. We consider the following sets:

Ye={weW:¢¥(w) <c}
and
Ky = fwew:wm o],
The critical groups of ¥ at w are defined by
Cr (Y, w) = Hy (YN U,y NU\[W)),

where k € N, U is a neighborhood of w, such that Ky N U = {w}, and H is the
singular relative homology with coefficient in an Abelian group G; see [26] for more
details.

Definition 3 (see [6]) If ¢ satisfies the condition (C) and the critical values of ¢ are
bounded from below by some a < inf ¢ (K), then the critical groups of ¢ at infinity
as

Ci (¢, 0) 1= Hp (W, ¢%), forall k € N.

Theorem 4 (see [27]) Given W is a real Banach space, ¢ € C'(W,R) satisfies the
Palais—Smale condition and is bounded from below. If at least one of its critical groups
is nontrivial, then ¢ has at least three critical points.

Definition 4 (see [27]) Given Y is a Banach space, ¢ € C(Y, R), and 0 is an isolated
critical point of ¥ such that ¢ (0) = 0. We say that ¥ has a local linking at 0 with
respectto Y = VAP W, k = dim V < oo, if there exists p > 0 small, such that

Y =0, ueV; [ull=p;
Y >0, ueW; 0<|ulll=p.

Theorem 5 (see [27]) Given Y is a Banach space, ¥ € C(Y,R). If ¥ has a local
linking at 0 with respect to Y . Then, we get Cy (Y, 0) # O.

Lemma4 (Morse’s relation) (see [26]) If Y is a Banach space, { € CY(Y,R),a,be
R\yr ({KI/,) ,a <b, v~Y((a, b)) contains a finite number of critical points {w; oy
and  satisfies the Palais—Smale condition, then

(1) forall k € Ny, we have y_!_, rank Cy (, u;) > rank Hy (wb, w“);

) Birkhauser
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(2) if the Morse-type numbers y_i_, rank Cy (Y, u;) are finite for all k € Ny and

vanish for all large k € Ny, then so do the Betti numbers rank H (wb, w“) and
we have

Zirank Ci (Y, i) tF =) " rank Hy (wb, w“) *+ A +0)0@) forallt €R,

k>0 i=1 k>0

where Q(t) is a polynomial in t € R with non-negative integer coefficients.

3 Main results

Lemma5 Forevery a > 0. Then, we have
(1) 1“|1og()| < ggorry» forall t € (0, 17;
(2) log(r) < m,for allt > 1.

Proof For (1). We consider the function by g : (0, 1] — R as g(¢r) = t%|log(¢)|. The
function is continuous on (0, 1], and lim,_, ¢ r*|log(#)| = 0. Using a direct compu-
tation, we show that the function g achieves the maximum at ty = exp(_—l) Finally,
we have 19| log(1)| < aexp(l), for all r € (0, 1]. Now, we prove (2). We construct the
following function:

f @) =log(t) — t, forall t €[1, 00).
a

1
exp(1)

Obvious, we prove that the function f achieves the maximum at t* = exp(%), for all
t € [1, 00). Therefore, we get f (1) < f(t*). O

Lemmaé6 Letr : U — (1,00) be a continuous function, such that 1 <r~ <r(x) <
+ < p¥(x), for each x € U. Then, we have the following estimate:

1 |
f ™ log [u(x)|dx < Cmax{|u|r |u|r+} +10g|u|f — ju ®ax,
r(x) u r(x)

forallu € W$40-PY) @)\ {0}, where C = C (|L{|, r, p;"(x)) is a suitable constant.

Proof Let U; = {xelU : |ux)| < |ull}, and Uy = {x €U : [u(x)| > |lu|}. From
Lemma 5 (1) with a = r~, we obtain that

r(x)
reo | ud 1 o+ / (|u|>
/u, oot R gy max{”“” Ml | ul

< .
(r—) exp(1l)

Iul

@)

W Birkhauser
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Estimating the second integral expression. Combining Lemma 3 (2) with Lemma 5,
such that a = ( p;‘)_ — € —r™T, for some sufficiently small € > 0, we have that

f —|u |r(X)]Og |u | SL/ lu |r(x)10g [u |d
u, rx) [[ull r= Ju, [u]]

= 1 a7 ( [ul )(”l) e ’+
© rexp ((p;“)_ fefr+> flull
(PF) —e= r(x)

< - ! | ) ( |ul )

exp ((p2) —e —r“’) ful

1 / .

= (P < dx

min (”u“(p* —ErT Y| () e )exp ((P?)_ —e— r+) r= Jus

C . ~

= S ) (P5) "~

min (a5 07 Yexp ((pi) " —e =) -

C o . ~

= - min (" o)

BXP( )r‘

Cpr—e i

= - max (Jlull”” Jul”").

exp ( — € — r"') r—

(3)
where C e > 0 is constant. From (7), and (8, we deduce that
1
/ ﬁlu(x)V(X) log Ju(x)|dx < C max {||u||’ lull” } + log ||u|l f |u|’(X)dx
i

Definition 5 A measurable functionu € W*4®X):P%Y) (/) is said to be a weak solution
of (1) if

_ (x,y)—2 . _
M ( Sp(x~)(u))/ [u(x) — u(y)|PFY) 2 (u(x) — u(y))(v(x) v(y) Gy

Uxu % — y|NTspGy)

:A/ lu(x)| 2 loglu(x)lu(x)v(x)dx+A/ f(x, u(x)v(x)dx,
u u

forall v e W54®-p&Y) (14).

) Birkhauser
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We consider the functional ¢ : W$4®):P%:¥) (/) — R defined by

() = M (J (u)) — A/ L |u(x)|r(x) log |u(x)| — Llu(x)v(x) dx
. ) u r(x) r(x)
- )\,/ F(x,u(x))dx
u

=Li(uw) — Ly(u) — L3(w).
9

Then, it follows from [5, 22] that L; — L3 € C! (W$4®)-P&¥)¢4), R) and:

(@1 =13 @.v)

lu(x) — u@) P2 (u(x) — uy) (v(x) — v(¥))
=M (‘]&[’(Xv‘)(u)) /L{X * o |x — y|N}j—sP(x,x§/ . - dxdy

— )»/ f(x, u(x))v(x)dx.
u

Our first result is the following Lemma.

Lemma7 Let U C RY be a Lipschitz-bounded domain, A be a parameter pos-
itive, and v : U — (1,00) be a continuous function. Then, we have Ly €
Cct(wsa®-PeN ), R), and

<L,2(u)7V> = )L/u lu(x)|"®~2u(x) log [u(x)|v(x)dx,
forallu,v € W$4X-PXY) 14y,

Proof Letv,u € WS4®-P&Y)(¢f). Foreachx € U, and 0 < 7 < 1. By the definition
of Gateaux-differentiable, we get

<L,2(u), v>
. La(u+1v) = La(u)
=lim ——MM =
t—0 t
1 | <|u + 19176 Tog [u + 1v] — [ul"® log Jul + 75 (ju+ 1[0 — |u|'<XJ)) )
=limAr | — .
1—0 /u r(x) t *

We consider the function defined by K : [0, 1] — R as

lu+ yrv"® log|u + yrv|  |u+ yrv|'®

ko= ) 2x)

According to the mean value Theorem, there exists 8 € (0, 1), such that
K'()®) = K(1) — K(0).

W Birkhauser
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Combining the Lebesgue’s dominated converge theorem with a direct computation,
we have

<L/2(u),v>=)\ /M 0G|~ 2u(x) log [u(0)|v(x)dx.

Using the same method as appear in paper [20], we can easily prove that Ly €
c! (WS»q(X),p(x,y) ), R) . O

Lemma 8 We assume that the conditions (Bs)—(B7) are fulfilled. Then, the functional
¢ satisfies the Palais—Smale condition at level ¢ € R.

Proof Let {u,}nery C WS 9®-P&Y) @f) with £ (u,) — casn — +ooand ¢ (u,) — 0
as n — 4oo in WH40-P&Y)(¢f). Without loss of generality, we assume that
lup Ml ws.q0.p0 @4y = 1. By contradiction, we prove the sequence {u, },en is bounded

in W$4®).PY) (4). Therefore, there exists C > 0, such that

(Cup,uy) < Cllu, ”W&q(xw(w)(z,{) and ¢ (u,) < C.

We combine condition (Bs) with condition (/37), and we have
C + Cllu, ||W5-q(><),p(x.y)(u)
1 4
> ¢(u) = — (¢ ). )
~ 1 1
= M (Js. pe.- 2| — eIy - 9 ) d
(upir) =2 [ (|un(x)| 08 sl = 9 ) dx
luy () — uy ()] PO5Y)

1
— )L/MF(X, Uy (x))dx — r—_M(JS,,,(X,.)(un))/MXM g N FrGe

A A
+ = / lu(x)|" log |uy () |dx + — / £, 1, (x))up (x)dx
r u r u

dxdy

1
> (1 = )M (Js, ey W) Is, pey (Un) — —M (Js.p . (Un))

5 / Uy (%) — Uy, (v)] PO
UxU

|X _ y|N—&-sp(x,x) dXdy

A 1

+— f lu(x)|"® log |u, () |dx — A / —— [u, (39" Tog u, (x)|dx
r= Ju u 7 (x)

. f F (5, n () Uy (O — / F (s, up () dx
r u u

_ p(x,y)
Zm[/ LG —m @I
u

U PXy)  |x —y|Ntspxx)

1 / 0,09 —w P
UxU

r |X _ y|N+sp(x,x)

) Birkhauser



10 Page120f21 A.Ouaziz, A. Aberqi

A A
+ = / uy ()" log [u, ()| dx — — / u, (301" log [u, ()] dx
r u r U

1 1 Pt
=m p__ e ”u"”Wx,q(X),ﬂ(w)(u)'

This is a contradiction as [|uy, || ys.q), Py Uy —> OO From Lemma 3, we get that there
exists u € W$40)-P&Y) (f) and a subsequence of u,, still denoted by u,, that satisfies
the following inequality:

u, > uaeinld,
u,—u weakly in W 40)-P(¥) @14y, (10)
u, — u strongly in L°® @) for 1 < o(x) < p¥(x).

Since W*4®):PXY)(14) is a reflexive space, we deduce that
<§/(un), u, — u> — 0 asn — oo.
Thus, we get that

(Z,(un)y u,; — u>
=2 / Juy 0) 7972 Tog [, () [, () (U (%) — u(x)) dx
u

—X /M I 66, 0(3)) (up (%) = u(x)) dx + +M (s pex,) (Un))

o [u, (%) — Uy (V) PEY 72 (0, (%) — u, (v) (U, (%) — 1, (v) — (u(x) — u(Y))d ;
Uxid |x — y|N+sp(x.x) xdy

asn — oo.
Now, we show that

lim / [y ()" 72 1, (%) (U (%) — Uy (%)) log |uy ()] dx
n— 00 u

= lim / ()" 2u(x) (U, (%) — u(x)) log [u(x)|dx.
n—0o0 u
From (10), it is easy to see that
Jim Ju, )"0 [log [un (o)l = JuGo)"* [logluGe)l| aeinld. (1)

W Birkhauser
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Lety € (0, p¥~ — r™). From Lemma 5, and Theorem 3, we have that

/ u, ()" | Tog [u, (30)||dx = f luy ()" [log |u, (x0)[]dx
u um{‘un(x)‘fl}

+ f 1 GO | log [ ()| dxc
UNflu, (x)|>1}

|| 1

r++y d
= e T yep(D /u o GO e
+
Ul e’

= e Y D)
(12)

where L = sup |[u, || 7 < co. Therefore, the sequence {1u, )" | log lun GO},

is equi-integral in L' /), and uniformly bounded. Combining (12), (11) with Vitali’s
convergence theorem, we have that

lim f 1n )7 | Tog Jup ()] [dx = / GO ™ log luGofldx.  (13)
Similarly, we prove

lim f U [u, GOl 72 1y, (30) | log [y (30)[|dxx = / lux) "™ |log Ju(x)||dx, (14)
n—oo M U
and

lim / n GO U GOl [log [uG) [u()dx = / UG | log Ju(0)]dx.

(15)
From (13), (14), and (15), we have that

lim / 1 GO D2 1, () (uy () — U (30)) log [un (0] dic

n—00 Jy (16)

= lim f (0% 2 u(x) (Un () — u(x)) log Ju(x)|dx.
n—oo u

Combining (16) with the same argument in Lemma 3.1 [1], we get thatu, — u
strongly in W*:4®):PY) 74), O

Remark 1 We assume that the conditions (131)—([37) are fulfilled. Then, the functional
¢ satisfies the (C.) condition.

Proof We use the same technical in Theorem 4 [29] and from Lemma 8, we deduce
that the functional ¢ satisfies the (C,) condition. O
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Now, we compute the critical groups. From Lemma 1, it follows that Cy (¢, oo) make
sense.

Theorem 6 We assume that the functional ¢ satisfies the conditions (1), (B7). Then,
we get Cx (¢, 00) = 0.

Proof Let G(x,t) = f(x,0)t — pTF(x,t) and ¢c; = 1 + SUP 7, g.g) O 1) —

infl;{x[fR;R] G (x, t). From the condition (Hs), we get that

GXx,5) <GEX, 1)+ forallx e/ and0 <s <tort <s < 0. 17
By (17), we get
G(x,t) > —cy whens = 0. (18)

Letu € S' = {ue WI®-PEN @) : |lul| = 1} and ¢ > 1. From Fatou’s Lemma
and condition (B3), we get that

F(x,t F(x,t
too= [ tim EEM g < m [ EEW gy (19)
Y=o |tll|r =00 Jiq |t|r

Using the condition (B37), it is easy to see that
M) < cyt. (20)

By (20) and (19), we have

g(tu) = M (Jy pe o (10)) — A f ()|r|’<x>|u(x)|’<x>|log|ru(x>||dx

1
+)\f z—ltl”x)lu(xﬂ’(x)dx—)\/ F(x, tu(x))dx
u re(x) u

o / JuGo) — u(y) [P
Ypt Jus =y NG

— )»f F(x, tu(x))dx
u

il " F(x, fu(x))
<t <ﬂ’ —L (7)2/ lu() [ dix — /M%dx)

— —oo ast — +00.

<c ") qx

Choosing a < min [inf”u||§1 Z(u);
such that ¢ (tgu) < a. Therefore, if

%ﬁ‘c' } , then for u € S!, there exists 7y > 1,

W Birkhauser
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g(tu) = M (Jy pee, oy (10)) — / ()|r|’<x>|u(x)|’<x>|log|ru(x)||dx

1
+)\f 2—|t|’(x)|u(x)|’(x>dx—)\/ F(x, ru(x))dx
u re(x) u

<a.

Then,

ey 0G0 — u(y)[PEY)
_ y|N+sp(x,Y)

M(Js,p(x,»(fu))/ [t]? dxdy

UxuU |

1
.y / —— 11" u) "™ log |ru(x)||dx
u r(x)

pt
< — |:a + )»/ F(x, tu(x))dxi| .
6 u

Using (18), we get that

l <§/ (tu), tu>

(x,v)
Py W) —u)|?
(M (Js,p(x,,)(tu)) /uxu [t I — Y[ NFopy) dxdy

1 1
- -/ 171" u(x)|"®dx — —A/ f (%, tu)tu)dx)

l(ap —}—p"%/ F(x, tu(x))dx — A / f(x, tu)tu)dx)

d ¢
EC(U)

—_— o~

~

—_—

? (ap® + re1ld)) <

where |U/| denote the measure of the domain ¢/. Thanks to the implicit function the-
orem, there exists a unique 7 € C(S', R), such that (7' (u)u) = a for any u € S'.
We extend T to all of W*:4®)-Px.Y) g4) by

o= ||111|| (uun) forall u € W07 @)\ (0},

Then, Ty € C'(W4®-P&Y @4, R)\{0}, and ¢ (To(u)u) = a. Also, if £ (u) = a, then
To(u) = 1. We define a function T : W400-P&0) ¢f) — R as

Fri) e {To(w, if e = a,
1, if £(u) < a.
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Clearly, Ty € C(WS4®-PEN @), R)NO. Let h : [0, 1] x WH4®-rEN ) —
W$4®)P(Y) (/) be the map defined as

h(t,u) = (1 — Hu + tuTp(u) for all (£, u) € [0, 1] x WHI-PEY 7))\,
Evidently, we have
h(0,u) = u, and h(1,u) = To(u)u € ¢% 1)
From (25), we get
h(t, .)ca =id)ca forallt € [0, 1].
It follows that:
¢“ is a strongly deformation of W*:4®)-P&:Y) 4. (22)

We consider the radial retraction 7 : W*4®)-P%Y) 74) — R defined by

T = ﬁ for allu € W*9™-PY) @)\ {0}.

This map is continuous and 7_]31 = ial|31.Then,S1 is aretract of W*7®)-P0:¥) 1£)\ {0}.
Let i : [0, 1] x W9®-PY) @fy — W$400-PXY) (74) be the map defined as

h(t,u) = (1 —Hu+ 1T (u).
Clearly, we have
h(0,u) =u, h(0,u) and h(l,.) s =ids. (23)
Hence, we refer that
S is a deformation retract of W*:4®)-P(¥) @)\ {0}. (24)
Combining (24) with (22), it follows that:
¢%and S are homotopy equivalent .

Therefore, we have

Hy (Ws,q(X),p(x,y)(u), §a> = H; (Ws’q(")’p("'y)(l/{), Sl) forall k € N.

We already know that the space W*4™)-P%Y)(7f) is an infinite-dimensional Banach
space and S! is a contractible space. See Remark 6.1.13 in [26]. Therefore, it follows
that:
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Cy (¢, 00) = Hy (Ws,q(X),p(x,y)(u)’ §a> — H, (Ws,q(x),p(x,y)(u)’ Sl>
= (0 forall kK € N. (25)

]

Theorem 7 We assume that the conditions (B1)—(B7) are fulfilled. Then, there exists
ko € N, such that Cy,(¢,0) #0

Proof Evidently, the zero function is a critical point of ¢. Since W*4®)-P(Y) 1)
is a separable and reflexive Banach space, from Theorems 2, 3 in [33], there exist

{e}32, C WH4M-PEY @) and { £;}52, € WS 4X)-P&Y) @)*, such that

1, ifn=m,

Su(em) = Sum = {0’ ifn £ m,
WHa-PEY @f) = spanfe; : j = 1,2,...5; WHIOPE )

=span{f;:j=12,...}.

For convenience, we write X; = spanfe;}, ¥y = @l;=l X, and Z; = @;’ozk X;.
Thus, we have W54X-P&Y)qf) = Yi @ Zi. Let u € Y. Since Y is a finite-
dimensional space, we get that for given R > 0, there exists 0 < p < 1 small,
such that

ue Y, lullly, <p=lux)| < Rforallx € U.

Let 0 < r < R. We consider the following sets: U; = {x el : |Jux)| <r},
Uh=xeld:r<pux)| <R},andlz ={xeld:|u(x)| > R}. Weput G(x, 1) =
F(x,t) — pi_|u|°‘("). Obviously, we get that ; NU; and U = U?zli/{,-. We combine
condition (/37) with condition (34), and we obtain that

~ 1
c) = M (Js, peey (W) —/M@m(x)r(’()dx—)\/unx, u(x))dx
< Cids ey (W) = ri, fu )| dx — /u F(x, u(x))dx
1 C
< Crlypey (W) = = /M luGo)|"®dx — 2 /M p—i|u(x)|°‘<x>dx

— A/ G(x, u(x))dx — k[ G(x, u(x))dx — A/ G (%, u(x))dx.
Z//l Z/{Z u»

From Theorem 3, there exists a positive constant, such that

lulzeco U) = Cllullyys.am.pen sy < 2CHullly, < 2Cp.
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If p < %, then |u|jeco w = 1. Since U is compact, there exist a finite sub-covering
{Qj};”zl, such that

U= U§n=1 Q;.
Notice that fbﬁ G(x,u(x))dx — 0 as r — 0. Therefore, we get
" + 1 1
P RTacS) e _
(W = Y- Wi, = R0, — =g, |- [ G0 G0

j=1
<0.

Letu € Z;. Since g(x), r(x) < p¥(x), from Theorem 3, we deduce that there exist
constants c¢; and ¢y, such that

lulprea gy = ctllullysaeo.pmn @y and [ulpseo gy < 2llullysaw.ren gy (26)

Using (26), (Bs), and (57),, we deduce that

t(u) = M (J (u)) — A/ L |u(x)|r(x) log |u(x)| — th(x)'r(x) dx
s u r(x) r(x)
- )\/ F(x, u(x))dx

u

> M (Js,p ) (W) —/ LIu(x)I’(X)d:x:—/\/ F(x, u(x))dx

B s u r(x) TR

= iy ey ) — / uGo Iz - 2.5 / JuGo) 1P dx

rJu B~ Ju

mioopt Lo C3 B
> p_+||u||ws.q(x).p(x.y)(u) - F||u||Ws,z1(x).p(x,y)(U) - ﬂT”u”Ws,q(x),p(x,y)(u)'

Since r—, B~ < pT, we deduce that
Z(u) > Oforallu € Z.
Finally, from Theorem 3, there exists ko € N, such that Cy, (¢, 0) # 0.

Conclusion

By Theorems 6 and 7, we deduce that our problem admits at least three solutions in
WS:4®).Px.Y) 14y, O
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Proof of Theorem 2

Proof We suppose that our problem admits three solutions W*:4)-P&Y) (¢f). That is,
K; = {0, u, v}. From the Morse’s relation, it follows that:

R, if n = m(0),

C,(,0) =
n(¢.0) 0, otherwise ,

where m(0) is a Morse index of 0. See [6] for more details. We use Morse’s relation,
and we get that

D rank Ci (2, 00) X5 + (1 + X)Q(X) =) rank Ci (¢, 0)X* + ) " rank Ci (¢, w) X*
k=0 k=0 k=0

+ Zrank Cr (¢, V)Xk
k>0

=x"O0 423" g x*.
k=0

From (25), it follows that:

1+X)0x) =Xx"0+2% " g x*,
k=0

where B non-negative integer and Q is a polynomial with non-negative integer coef-
ficient. In particular, for X = 1, we have 2a = 142 Zk>0 Bk. Since B € N, we have
that ), Br = +oo leads to a contradiction. Thus, there exist infinitely solutions to
problems (1). O
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