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Abstract
I will survey Henkin—Ramirez reproducing kernels in the weakly pseudoconvex case.
The literature is enormous and I will not try to be complete.
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1 Support surfaces

Let @ C C". Let¢ € 02,z € U(Q).
Suppose (¢, z) : 92 x U(2) — C is a smooth function which is holomorphic
in z.
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We write ®;(z) = ®(¢,2)

Then X, = {z; ®;(z) = 0} is called a support hyper surface if X; N Q={c).

This can be done locally for strongly pseudo-convex domains and gives locally
defined ®.

To get globally defined ®, one can use the 3 techniques (which does not require
supnorm estimates for 3) of Hormander.

Henkin and Ramirez used these, satisfying optimal estimates as far as tangency:

R(P)(2) > cllg —zl?

forzin Q,¢ > 0.
1

These support functions are used in integral formulas where & appears in the

integrals. It is important to have as much control as possible on how close @ is to 0
inside the domain.

2 A key difficulty
A key difficulty appears in the following simple example:
Q={r=u+1>+x> <0}

in C? where z = x + iy and w = u + iv. The natural ® for ¢ = 0 is given from the
complex tangent plane: ®o(z, w) = w. This, however, is very bad because ® = 0 on
the line w = 0, x = 0, i.e., the y-axis, which lies in the boundary. Hence, for points
inside the domain, but close to the y axis, 1/® is too large. In fact, the kernels will
not be integrable.

This is overcome with a trick:

1 1 1 1
2 2 2 2 2 2 N2
= _ + + = = _ + N
X 2()6 o) 2()6 ) 2|Z| ) (%)

Hence, we can write the domain as
o, oo 1 2
r=u+vi+ oz + SRE@H+ -
2 2
Since u = N(w), we get
P (w2) 4?4 L
2 2

Now we change coordinates, 7 = z, w’ = w + %zz

sowe getr = R(w) + W)+ 3lZ/|>+ -

Now we can set ©o(z/, w') = w’

Then on the boundary, we get R(Pg) < (v/)? + %|z’|2 -+ which is optimal.
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3 The Henkin-Ramirez reproducing kernel

The Henkin—Ramirez reproducing kernel was developed to handle strongly pseudo-
convex domains.
We recall the definition of pseudoconvex domains 2 = {r < 0}. The complex

tangent space at p € 92 is given by {r = (t1,...,14,); > %t, = 0}.
I
The Levi form L(p, 1) is }; ; %tﬁj.

The strongly pseudoconvex domains are those for which L(p,t) > 0 for all
complex tangent vectors ¢ 7 0.

For 2 strongly pseudoconvex, Henkin and Ramirez found a holomorphic repro-
ducing kernel using ® as a major building block.

This generalizes the classical Cauchy Integral formula

1
f@ = [ L

271 Jap ¢ — 2

dg
from one complex variable. The @ in this case is { — z.

4 The weakly pseudoconvex case

The next step is to handle more general pseudoconvex domains.

The weakly pseudoconvex domains are those for which L(p, ¢) > 0.

Among weakly pseudoconvex domains, one can have infinitely flat domains. Those
are difficult to analyze. An intermediary case are those of finite type:

If p € 92, and y is a complex curve through p, then one can define the order of
tangency T (p, y) with Q2 of y at p.

We say that the set €2 is of finite type if there is a uniform upper bound on T'(p, y)
as p varies over the boundary and y varies over all curves.

This definition goes back to D’ Angelo [6].

5 The Kohn-Nirenberg example

A serious difficulty in carrying the Henkin—Ramirez reproducing kernel over to the
weakly pseudoconvex case was discovered by Kohn and Nirenberg [16].

A nonessential adjustment was given in:

Fornass [12].

Q = {(z, w) € CX R(w) + |zw|® + |z]® + 1]z*R(*) < 0}, 1 <1 < 9/5.
These domains are pseudoconvex. But there exists no complex curve y through the
origin so that y\{0} lies outside €2;.
In other words, there is no smooth family ® (¢, z) of support surfaces as was used

in the Henkin—Ramirez reproducing kernel in the strongly pseudoconvex case.
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6 The convex case

Then the question is the convex case.

For the convex case, ® can be constructed easily just using the complex tangent
plane. However, to generalize the Henkin—Ramirez reproducing kernel, these are not
good enough in general.

One needs control of tangency of the support surfaces. The problem is with % in
the kernel.

7 Diederich-Wiegerinck F kernel on ellipsoids

Diederich et al. [10].
Here we investigated the case of some simple convex domains of finite type.

. 2n; 2m
Q:{z:x—i—lyeCN;r:ij”'/—i—yjm" <1}

The case when n; = m; was done already a decade earlier by Range [17].

The main new difficulty then arises when some of the n; and m ; are different.

The simplest support surface & = 0 is given by the complex tangent plane. How-
ever, the complex tangent plane has order of tangency 2# ; in the x; direction and 2m ;
in the y; direction. When these are different, we get the same difficulty as we had
earlier for the example u + v*> + x> 4 --- < 0 in C2. There the trick was to change
coordinates so that the order of tangency of ® = 0 is 2 in both the x and y-direction.

The idea used generalizes:

Let us say we have r = u +x% + ... < 0.

We need to have the same order of tangency in the x and y direction. We can write

r=u+x%—eR@0) +eREO) + -

or

r=Nw+ez®) +x0 —eRx +iy)4---
= R(w +€z%) +x0 —e(x® —dxty? + 4%yt — O 4. ..
> R’ +x%(1 —€) +ey® — dex?y* + - -

8
> R’ + (1 — 82e)x® + §Ey6 +.

> R +blz|0 + -

Sowhen w’ = 0, we have r > b|z|®+ - - - making the hypersurface w’ = 0 tangent
to order 6 in all directions.

W Birkhauser



Henkin—-Ramirez kernels Page50f9 98

One has the following explicit formula [10], & = ni + i&:

N
@, 2) = er(z,' —¢j)
=1
' N
=2 [( PR 2) (zk — 80° + 2k — Ck)zmk]

k=1

8 Convex domains of finite type

The next step was to generalize the case of ellipsoids to general convex domains of
finite type. The first d result was obtained by Anne Cumenge.

Cumenge [4].

Cumenge [5].

Later the result was also proved by a different method:

Diederich et al. [7].

The latter was based on the construction of support surfaces:

Diederich and Fornass [8].

Let Q2 be a bounded convex domain with C* boundary of finite type in C".

Let ¢ € 92. We make a coordinate change which moves ¢ to the origin and
which rotates coordinates so that the unit exterior normal points in the positive R (w1)
direction. The coordinate change is denoted by w = £,(z). It has the form w =
Lr(z) = W(¢)(z — ¢) where the unitary matrix W(¢) depends smoothly on ¢ at least
locally.

Let p be a smooth convex defining function for 2. Define r; (w) := p(Kzl(w))
which then for each given ¢ is a defining function for the image of €2 in the new
coordinates. We then get explicit formulas for the support functions &, (w).

m
j 1d/r
. 2 § 2/ 2 ot
(D;-(UJ):3U)1+KU)1—C M oj a'aa () o
j=2 la|=j,01=0

The uniform constant M > 0 is large enough, ¢ > 0 is small enough. We use
the notation o; = 1 for j a multiple of 4, 0; = —1 for j + 2 a multiple of 4 and 0
otherwise.

We then let (¢, 2) = & (£ (2)).

We note that the formula contains terms of all orders up to m. We will discuss this
issue: Say 2is u 4+ x® + - -, s0 0 is of type 6. The type changes along the boundary.
Near a point of type 6, the domain might be given as u + ex> + x° where ¢ — 0 when
one approaches a point of type 6. One needs formulas for ® which vary nicely. And
the domain might also be of the form u + ex? — 8x° + x% where both € and § — 0.
So terms of order 5 need to be included. So this is the reason why the above formula
for @, (w) is so complicated.

We also need estimates on how close the zero set of S is to the boundary.
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Theorem 8.1 (Theorem 2.3 in [8]) Let n; be the unit normal vector to 32 at { € 9.
Let v be a complex tangent vector to 02 at ¢. Define

PLay:]
aolﬂ({’ U) = —B p(é’ + k”)h:o-
OA% N

For points z of the from z = ¢ + un; + Av with u, A € C, we have

R K “ .
M@ o) = 0 - L@@ -ty Y laap@ il

2 j=2 a+B=j

where ¢ is a constant not depending on ¢ or v.
A main tool in the proof is the following Lemma 3.1 in [8]:
Lemma8.2 Let j > 2 be an integer. Then there is an €o(j) > 0, such that for any

homogeneous convex polynomial

Pi(z) = Z ay,e2"z*

k+e=j

in one complex variable and any 0 < € < €(j) we have the following inequality:

. - €lz)
Pj(z) +ojeN(ajoz’)) = S Z lak.¢|, Yz € C.
Proof of this Lemma is again based on the Bruna et al. [3].
This is about convex functions in one real variable: For positive integers m and
0 < T < oo, let C(m, T) denote the set of real polynomials P(t) = Z;'?:O ajt/ onR
such that
eagy=a; =0
e Pisconvex (P"(t) >0)for0 <t <T.

Lemma 8.3 (Bruna-Nagel-Wainger Lemma) there is a constant Cy, independent of
T sothatif P € C(m,T), P(t) = Z?:z a;t’!, then

m
P(t)=Cn Y lajlt!, 0=t <T.
j=2

9 Lineally convex of finite type
A slightly more general condition than convex is lineally convex.

We define first lineally convex domains: €2 is a smooth bounded domain. We say
that Q2 is lineally convex if for every p € 92 the complex tangent plane only touches

the closure of Q2 at the point p.

W Birkhauser
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There is an important characterization of lineally convex, the Behnke—Peschl
condition: Behnke and Peschl [2].

Let r be any defining function of a domain in C": Set L(p, t) to be the Levi form
for a point p in the boundary and a complex tangent vector ¢. Similarly, let

2

9 o
Hp,n =Y it/

— 3z;0z;
ij

The Behnke—Peschl condition is that lineal convexity is equivalent to the condition
NH(p,t)+L(p,t) > 0. (The proof of equivalence was completed by Kiselman [15].)

In addition, we assume that the domains are of finite type.

Then the conclusion in the convex case still holds:

There exist local smooth families of support surfaces given by a ®(z, ¢) which is
holomorphic in z for each fixed ¢ in the boundary of 2. Moreover, the hypersurfaces
Y = {z; ®(z, ¢) = 0} touch the boundary according to the type of the point as for
the convex case.

This was proved in Diederich and Fornzss [9].

10 Reproducing kernels for the Kohn-Nirenberg domains in C2

Forness and Wiegerinck [13].

As observed earlier, the Kohn—Nirenberg domain €2 is not convex, in fact not even
lineally convex. So the above reproducing kernels don’t apply.

I state the result first, then explain the notation.

Theorem 10.1 Let f be a continuous function on 2R, then
3
CLfl(w) = Z/ FOKw, ¢)dg
j=17Fi

is a holomorphic function on Qg. Moreover, if f € A(QR) = C(Qr) N H(QR), then
Clfl=171.

Explanation of notation:

Q= {w=(w,w) € C%Rwp) + P(w) <0}, T = {w e dQ; w; #0}.

Here P is areal valued homogeneous polynomial with AP > 0 when w # 0. Choose
R > 0andlet Qr = QN {JJw|| < R}. We consider the following boundary parts of
IQpR.

e F1 =0QN B0, R)
e F, =3dB(0,R)NQ
e I=FNFkK

) Birkhauser



98 Page8o0f9 J.E. Fornaess

This kind of decomposition was used already by Range and Siu [19]

o Ki(w, ) = (W (w, C)g_;lﬁz — ¥ (w, C)g_;lﬁl) Adg Ad

o Ka(w,0) = (Yi(w, D)y — Y3 (w, ) i) Ad Ade

o K3(w,{) = (Y13 — ¥iv2)do Ade
Here Y = (Y1, ¥) is a Leray map for X, i.e., 1| = (w1 — &)Y + (w2 — &)Y
and wl.z(w, ¢) is a Leray map for d B(0, R).

yiw, ¢) = —(wf—_Rz) where w - ¢ = Y, w;g, w € B(O,R), ¢ € dB(0, R)

The X coordinates:
° 11)1 = wq
o Wy = W(Z1,) = wy + a@)wik — (e/M)G(w)
For ¢ € %, 6y := arg(¢y). Fix &1, and approximate P(wp) near ;. There exists a
unique number & = &(6;) so that P(w1) = R(aw*) + O(w; — ¢11%)
Now define, for ¢ fixed:

Gi(wy) = G, wy) = wik(wy — ¢p)e ™ D

This gives a local support surface valid in a sector around ¢;. From this, one gets a
local Leray map, and then to get the Leray map, one needs to do a patching.

And then one needs careful estimating to show that one actually gets a reproducing
kernel.

11 Concluding remarks

Problem 11.1 If Q is an arbitrary finite type pseudoconvex domain in C2, does there
exists a Henkin—Ramirez reproducing kernel for holomorphic functions?

Problem 11.2 Same question as above in higher dimension.

Remark 11.3 It seems that maybe finding Henkin—Ramirez reproducing kernels for
weakly pseudoconvex domains is more difficult than solving du = f in sup-norm.
This was my impression after first solving du = f for the Kohn—Nirenberg example
and then observing that the technique did not give a reproducing kernel (so this became
a separate research project with Wiegerinck).

Also Range [18] solved du = f, for all finite type pseudoconvex domains in C> and
[14], Grundmeier—Simon—Stensgnes did recently the same in C3, Sup-norm estimates
for du = f in C3, Pure and Applied Mathematics Quarterly (to appear).

Note that the result in C> was obtained by different methods by Fefferman and Kohn
[11].

A similar remark concerns peak functions for finite type pseudoconvex domains
in C2. Those were found by Bedford and Fornaess [1] and was easier than solving
du = f.However, in higher dimension, the peak function problem remains unsolved.
Which one is most difficult? Peak functions or Henkin—Ramirez reproducing kernels
on finite type domains.
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