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Abstract
This paper deals with non-self-adjoint second-order Differential Operators with two
constant delays si, i ¼ 1; 2 which are less than half the length of the interval. We
consider the case when 2p

5 � si � p
2 and potentials qk are functions from L2½sk ; p�,

k ¼ 1; 2. We study the inverse spectral problem of recovering operators from their
spectral characteristics. Four boundary value problems are considered and we prove
that delays and potentials are uniquely determined from their spectra.
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1 Introduction

The main results in the inverse spectral problems for classical Sturm–Liouville
operators can be found in the monographs [1, 2]. Some of the main methods in the
inverse problem theory for classical Sturm–Liouville operators turned out to be
unsuitable for operators with delays. In this paper, we use the method of Fourier
coefficients. This method is based on the determination of direct relations between
Fourier coefficients of the potential or functions containing the potential, and Fourier
coefficients of some known function. Some of the results of the inverse spectral
problem for Sturm–Liouville operators with a delay can be found in [3–10]. Studying
of the spectral problems for Differential Operators with two or more constant delays
is of recent origin and some of the results can be found in [11–16]. One of the
interesting features of the case with two (and more) delays is the requirement of
specifying the spectra for two (and accordingly more) different differential equation.
Negative answer to the question whether one can find an appropriate inverse problem
statement involving only one equation can be found in [17]. The paper [18] is
devoted to the studying of direct problems for operators with N constant delays. In
what follows, we always take i ¼ 0; 1 and k ¼ 1; 2.

We consider the boundary value problems Di;k

� y00ðxÞ þ q1ðxÞyðx� s1Þ þ ð�1Þiq2ðxÞyðx� s2Þ ¼ kyðxÞ; x 2 ½0; p�; ð1:1Þ

y0ð0Þ � hyð0Þ ¼ 0; ð1:2Þ

y0ðpÞ þ HkyðpÞ ¼ 0; ð1:3Þ

where
2p
5

� s2 � s1\
p
2
, h;Hk 2 R, H1 6¼ H2, and k is a spectral parameter. We

assume that q1, q2 are complex valued potential functions from L2½0; p� such that
q1ðxÞ ¼ 0 as x 2 ½0; s1Þ and q2ðxÞ ¼ 0 as x 2 ½0; s2Þ.

We study the inverse spectral problem of recovering operators from the spectra of
Di;k and generalize the results from the paper [3] which deals with operators with one

constant delay from the interval
2p
5
;
p
2

� �
to the operators with two constant delays

from the same interval.
Let ðkn;i;kÞ1n¼0 be the eigenvalues of the boundary value problems Di;k . The inverse

problem is formulated as follows.
Inverse problem 1: Given ðkn;i;kÞ1n¼0 find delays sk , parameters h;Hk , and

potential functions qk .
The organization of the paper is the following. In Sect. 2, we study the spectral

properties of the boundary value problems Di;k . In Sect. 3, we prove that delays and
parameters are uniquely determined by the spectra. Then we prove that the
potentials are uniquely determined by the system of two Volterra linear integral
equations.
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2 Spectral properties

It can be easily shown that the differential Eq. (1.1) under the initial condition (1.2)
along with the normalizing condition yð0Þ ¼ 1 and conditions qkðxÞ ¼ 0 as x 2
½0; skÞ is equivalent to the integral equation

yiðx; zÞ ¼ cos xzþ h

z
sin zxþ 1

z

Z x

s1

q1ðtÞ sin zðx� tÞyðt � s1; zÞ dt

þ ð�1Þi
z

Z x

s2

q2ðtÞ sin zðx� tÞyðt � s2; zÞ dt:
ð2:1Þ

Here and in the sequel, we take k ¼ z2. By the method of steps, it can be easily
verified that the solution of the integral equation (2.1) on the interval ð2s1; p� is

yiðx; zÞ ¼ cos zxþ h

z
sin zxþ 1

z

�
bð1Þsc ðx; zÞ þ ð�1Þibð2Þsc ðx; zÞ

�

þ h

z2

�
bð1Þs2 ðx; zÞ þ ð�1Þibð2Þs2 ðx; zÞ

�

þ 1

z2

�
bð1Þs2cðx; zÞ þ bð2Þs2cðx; zÞ þ ð�1Þibð1;2Þs2c ðx; zÞ þ ð�1Þibð2;1Þs2c ðx; zÞ

�

þ h

z3

�
bð1Þs3 ðx; zÞ þ bð2Þs3 ðx; zÞ þ ð�1Þibð1;2Þs3 ðx; zÞ þ ð�1Þibð2;1Þs3 ðx; zÞ

�
ð2:2Þ

where the integral terms in this equation are given by

bðkÞsc ðx; zÞ ¼
Z x

sk

qkðtÞ sin zðx� tÞ cos zðt � skÞ dt;

bðkÞs2 ðx; zÞ ¼
Z x

sk

qkðtÞ sin zðx� tÞ sin zðt � skÞ dt;

bðkÞs2cðx; zÞ ¼
Z x

2sk

qkðtÞ sin zðx� tÞbð2Þsc ðt � sk ; zÞ dt;

bðk;lÞs2c ðx; zÞ ¼
Z x

s1þs2

qkðtÞ sin zðx� tÞbðlÞsc ðt � sk ; zÞ dt; ðl ¼ 1; 2; k 6¼ lÞ;

bðkÞs3 ðx; zÞ ¼
Z x

2sk

qkðtÞ sin zðx� tÞbð2Þs2 ðt � sk ; zÞ dt;

bðk;lÞs3 ðx; zÞ ¼
Z x

s1þs2

qkðtÞ sin zðx� tÞbðlÞs2 ðt � sk ; zÞ dt; ðl ¼ 1; 2; k 6¼ lÞ:
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Denote

Di;k ¼ Fi;kðzÞ ¼ y0iðp; zÞ þ Hkyðp; zÞ
From (2.2), we obtain

Fi;kðzÞ ¼
�
� zþ hHk

z

�
sin pzþ ðhþ HkÞ cos pzþ bð1Þc2 ðzÞ þ ð�1Þibð2Þc2 ðzÞ

þ h

z

�
bð1Þcs ðzÞ þ ð�1Þibð2Þcs ðzÞ

�
þ Hk

z

�
bð1Þsc ðzÞ þ ð�1Þibð2Þsc ðzÞ

�

þ Hkh

z2

�
bð1Þs2 ðzÞ þ ð�1Þibð2Þs2 ðzÞ

�

þ 1

z

�
bð1ÞcscðzÞ þ bð2ÞcscðzÞ þ ð�1Þibð1;2Þcsc ðzÞ þ ð�1Þibð2;1Þcsc ðzÞ

�

þ h

z2

�
bð1Þcs2ðzÞ þ bð2Þcs2ðzÞ þ ð�1Þibð1;2Þcs2 ðzÞ þ ð�1Þibð2;1Þcs2 ðzÞ

�

þ Hk

z2

�
bð1Þs2cðzÞ þ bð2Þs2cðzÞ þ ð�1Þibð1;2Þs2c ðzÞ þ ð�1Þibð2;1Þs2c ðzÞ

�

þ Hh

z3

�
bð1Þs3 ðzÞ þ bð2Þs3 ðzÞ þ ð�1Þibð1;2Þs3 ðzÞ þ ð�1ÞðiÞbð2;1Þs3 ðzÞ

�

where

bðkÞcs ðzÞ ¼
Z p

sk

qkðtÞ cos zðp� tÞ sin zðt � skÞ dt;

bðkÞc2 ðzÞ ¼
Z p

sk

qkðtÞ cos zðp� tÞ cos zðt � skÞ dt;

bðkÞcscðzÞ ¼
Z p

2sk

qkðtÞ cos zðp� tÞbðkÞsc ðt � sk ; zÞ dt;

bðk;lÞcsc ðzÞ ¼
Z x

s1þs2

qkðtÞ cos zðp� tÞbðlÞsc ðt � sk ; zÞ dt; ðk 6¼ lÞ;

bðkÞcs2ðzÞ ¼
Z p

2s2

qkðtÞ cos zðp� tÞbðkÞs2 ðt � sk ; zÞ dt;

bðk;lÞcs2 ðzÞ ¼
Z x

s1þs2

qkðtÞ cos zðx� tÞbðlÞs2 ðt � sk ; zÞ dt; ðk 6¼ lÞ:

Here, for the sake of simplifying the above-given equations for Fi;kðzÞ, we write (z) as
the argument of the functions instead of ðp; zÞ .

To simplify further consideration, we define the so-called transitional function ~qi
as follows:
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~qiðtÞ ¼

q1

�
t þ s1

2

�
þ ð�1Þiq2

�
t þ s2

2

�
; t 2

�
s1
2
; p� s1

2

�
;

ð�1Þiq2
�
t þ s2

2

�
; t 2

�
s2
2
; s2

�
[
�
p� s1

2
; p� s2

2

�
;

0; t 2
�
0;
s2
2

�
[
�
p� s2

2
; p

�
:

8>>>>>>><
>>>>>>>:

Let us also define the function

KiðtÞ ¼ Kð1ÞðtÞ þ Kð2ÞðtÞ þ ð�1ÞiKð1;2ÞðtÞ þ ð�1ÞiKð2;1ÞðtÞ;
where

KðkÞðtÞ ¼ qkðt þ skÞ
Z t

sk

qkðsÞ ds� qkðtÞ
Z p

tþsk

qkðsÞ ds

�
Z p

tþsk

qkðs� tÞqkðsÞ ds; t 2 ½sk ; p� sk �;

KðkÞðtÞ ¼ 0; t 2 ½0; skÞ [ ðp� sk ; p�;

Kðk;lÞðtÞ ¼ qk

�
t þ s1 þ s2

2

�Z t

sl

qlðsÞ ds� ql

�
t � sk

2
þ sl

2

�Z p

tþs1þs2
2

qkðsÞ ds

�
Z p

tþs1þs2
2

ql

�
s� t � sk

2
þ sl

2

�
qkðsÞ ds; t 2

�
s1 þ s2

2
; p� s1 þ s2

2

�
;

and

Kðk;lÞðtÞ ¼ 0; t 2
�
0;
s1 þ s2

2

�
[
�
p� s1 þ s2

2
; p

�
:

Moreover, if we introduce the notations

J ðkÞ1 ¼
Z p

sk

qkðtÞ dt; J ðkÞ2 ¼
Z p

2sk

qkðtÞ
�Z t�sk

sk

qkðsÞ ds
�
dt;

J ðk;lÞ2 ¼
Z p

s1þs2

qkðtÞ
�Z t�sk

sl

qlðsÞ ds
�
dt

and the functions

~ai;cðzÞ ¼
Z p

0
~qiðtÞ cos zðp� 2tÞ dt; ~ai;sðzÞ ¼

Z p

0
~qiðtÞ sin zðp� 2tÞ dt;

ki;sðzÞ ¼
Z p

0
KiðtÞ sin zðp� 2tÞ dt; kcðzÞ ¼

Z p

0
KiðtÞ cos zðp� 2tÞ dt;

ui;sðzÞ ¼
Z p

0
UiðtÞ sin zðp� 2tÞ dt; ucðzÞ ¼

Z p

0
UiðtÞ cos zðp� 2tÞ dt

where the functions Ui in the last two equations are defined as
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UðtÞ ¼ U ð1ÞðtÞ þ U ð2ÞðtÞ þ ð�1ÞiU ð1;2ÞðtÞ þ ð�1ÞiU ð2;1ÞðtÞ
we can easily show that the following relations hold:R p�sk

sk
KðkÞðtÞ dt ¼ �J ðkÞ2 ;

R p�sk
sk

U ð2ÞðtÞ dt ¼ J ð2Þ2 ;R p�s1þs2
2

s1þs2
2

Kðk;lÞðtÞ dt ¼ �J ðk;lÞ2 ;
R p�s1þs2

2
s1þs2

2

U ðk;lÞðtÞ dt ¼ J ðk;lÞ2 :

8<
: ð2:3Þ

Here we note that the functions U ðk;lÞðtÞ differ from functions Kðk;lÞðtÞ only with the
sign in front of the third integral in (2.3).

Using the aforementioned notations and relations given with (2.3), we can rewrite
the characteristic functions Fi;kðzÞ as follows

Fi;kðzÞ ¼
�
� zþ hHk

z

�
sinpzþ ðhþ HkÞ cos pz

þ 1

2

�
~ai;cðzÞ þ Ji;cðzÞ

�þ h

2z

�� ~ai;sðzÞ þ Ji;sðzÞ
�

þ Hk

2z

�
~ai;sðzÞ þ Ji;sðzÞ

�þ hHk

2z2
�
~ai;cðzÞ � Ji;cðzÞ

�
þ 1

4z

�
J2;i;sðzÞ � ui;sðzÞ

�� h

4z2
�
J2;i;cðzÞ þ ki;cðzÞ

�
� Hk

4z2
�
J2;i;cðzÞ � ui;cðzÞ

�� hHk

4z3
�
J2;i;sðzÞ þ ki;sðzÞ

�

ð2:4Þ

where

Ji;cðzÞ ¼ J ð1Þ1 cos zðp� s1Þ þ ð�1ÞiJ ð2Þ1 cos zðp� s2Þ;
Ji;sðzÞ ¼ J ð1Þ1 sin zðp� s1Þ þ ð�1ÞiJ ð2Þ1 sin zðp� s2Þ;

J2;i;cðzÞ ¼J ð1Þ2 cos zðp� 2s1Þ þ J ð2Þ2 cos zðp� 2s2Þ
þ ð�1Þi�J ð1;2Þ2 þ J ð2;1Þ2

�
cos zðp� s1 � s2Þ;

J2;i;sðzÞ ¼J ð1Þ2 sin zðp� 2s1Þ þ J ð2Þ2 sin zðp� 2s2Þ
þ ð�1Þi�J ð1;2Þ2 þ J ð2;1Þ2

�
sin zðp� s1 � s2Þ:

The functions Fi;kðzÞ have one singular point z ¼ 0. It can be easily proved that z ¼ 0
is an apparent singularity. Also, the functions Fi;kðzÞ are entire in k of order 1/2.
Indeed, it is well known that the functions sin zp and cos zp are entire of order 1/2.
Since any entire function has the form of f ðzÞ ¼ P1

n¼0 anz
n and we can determine its

order as lim sup
n!1

n ln n

� ln janj, we conclude that every given function in (2.4) has the same

order as the functions sin zp and cos zp. Further, using (2.4) and a well-known
method (see [1]), we obtain the asymptotic formulas for the eigenvalues ðkn;i;kÞ1n¼0 of
the boundary value problems Di;k as
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kn;i;k ¼ n2 þ 2ðhþ HkÞ
p

þ J ð1Þ1

p
cos ns1 þ ð�1ÞiJ ð2Þ1

p
cos ns2 þ oð1Þ; n ! 1: ð2:5Þ

Now, by Hadamard’s factorization theorem, from the spectra of Di;k , we can con-
struct the characteristic functions Fi;kðzÞ. The next lemma holds.

Lemma 1 The specification of the spectrum ðkn;i;kÞ1n¼0 of the boundary value
problems Di;k uniquely determines the characteristic functions Fi;kðzÞ by the formulas

Fi;kðzÞ ¼ p
�
k0;i;k � z2

�Y1
n¼1

kn;i;k � z2

n2
: ð2:6Þ

3 Main results

In this section, we prove that the delays and the parameters are uniquely determined
by the spectra.

Lemma 2 The delays sk , the integrals J ðkÞ1 , and the sums hþ Hk are uniquely
determined by the eigenvalues ðkn;i;kÞ1n¼0.

Proof Let us consider the sequences qn;k ¼
1

2

�
kn;0;k þ kn;1;k

�
and

rn ¼ 1

2

�
kn;0;1 � kn;1;1

�
. From (2.5), we have

qn;k ¼ n2 þ 2

p
ðhþ HkÞ þ J ð1Þ1

p
cos ns1 þ oð1Þ

and

rn;i ¼ J ð2Þ1

p
cos ns2 þ oð1Þ

as n ! 1. Obviously, the delays s1, s2 and integrals J ð1Þ1 , J ð2Þ1 can be determined

from sequences
�
qn;k

�1
n¼0

and
�
rn
�1
n¼0

in the same way as for the operators with one
delay (see [9]). Lemma is proved.

Lemma 3 Parameters h and Hk are uniquely determined by the eigenvalues
ðkn;0;kÞ1n¼0.

Proof Functions J 01;cðzÞ and J 01;sðzÞ are known by virtue of Lemma 2. Since the

characteristic functions are uniquely determined by the spectra, by writing k ¼� 4mþ 1

2

�2
in (2.6), we can define the functions
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F�
0;kðmÞ ¼ F0;k

� 4mþ 1

2

�þ 4mþ 1

2
� 1

2
J0;c

� 4mþ 1

2

�� Hk þ h

4mþ 1
J0;s

� 4mþ 1

2

�
:

Then, using the form of the characteristic functions F0;k given in (2.4), we get

h ¼ 1

2
lim
m!1

4mþ 1

H2 � H1

�
F�
0;2ðmÞ � F �0;1 ðmÞ

�
:

Thus, we determine Hk from hþ Hk and prove the lemma. h

To recover the potential functions from the spectra, we should transform the
characteristic functions (2.4). For this purpose, we use the method of integration by
parts in (2.4) once in the integrals denoted by ~ai;sðzÞ, ~ai;cðzÞ, usðzÞ, and ucðzÞ, and
twice in the integrals denoted by kcðzÞ and ksðzÞ. This is how the following function
appears

K�
i ðtÞ ¼ Kð1Þ�ðtÞ þ Kð2Þ�ðtÞ þ ð�1ÞiKð1;2Þ�ðtÞ þ ð�1ÞðiÞKð2;1Þ�ðtÞ;

where

KðkÞ�ðtÞ ¼
R t
sk
KðkÞðuÞ du; t 2 ½sk ; p� sk �;

0; t 2 ½0; skÞ [ ðp� sk ; p�;

(

and

Kðk;lÞ�ðtÞ ¼
R t
s1þs2

2
Kðk;lÞðuÞ du; t 2 � s1 þ s2

2
; p� s1 þ s2

2

	
;

0; t 2 �
0;
s1 þ s2

2

� [ �
p� s1 þ s2

2
; p
	
:

8><
>:

One can show that the following relations holdZ p�sk

sk

� Z t

sk

KðkÞðuÞ du� dt ¼ �ðp� 2skÞJ ðkÞ2 ;

Z p�s1þs2
2

s1þs2
2

� Z t

p�s1þs2
2

ðKð1;2ÞðuÞ þ Kð2;1ÞðuÞÞ du� dt
¼ �ðp� s1 � s2Þ

�
J ð1;2Þ2 þ J ð2;1Þ2

�
:

Then we obtain the characteristic functions in the form
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Fi;kðzÞ ¼
�� zþ Hkh

z

�
sin pzþ ðhþ HkÞ cos pz

þ 1

2

�
~ai;cðzÞ þ Hk

z
~ai;sðzÞ

�� h

�
~qð1Þi;c ðzÞ þ

Hk

z
~qð1Þi;s ðzÞ

�

� 1

2

�
u�i;cðzÞ þ

Hk

z
u�i;sðzÞ

�
þ h

�
k��i;cðzÞ þ

Hk

z
k��i;s ðzÞ

�

þ Ji;cðzÞ
2

þ 2hþ Hk

2z
Ji;sðzÞ

þ 1

2z

�
1þ ðp� 2sÞh� Hkh

z2

�
J2;i;sðzÞ

þ Hkhðp� 2sÞ
2z2

J2;i;cðzÞ

ð3:1Þ

where

~qð1Þi;c ðzÞ ¼
Z p�s2

2

s2
2

�Z t

s2
2

~qiðsÞds
�
cos zðp� 2tÞ dt;

~qð1Þi;s ðzÞ ¼
Z p�s2

2

s2
2

�Z t

s2
2

~qiðsÞds
�
sin zðp� 2tÞ dt;

u�i;cðzÞ ¼
Z p�s2

s2

�Z t

s2

UiðsÞds
�
cos zðp� 2tÞ dt;

u�i;sðzÞ ¼
Z p�s2

s2

�Z t

s2

UiðsÞds
�
sin zðp� 2tÞ dt;

k��i;cðzÞ ¼
Z p�s2

s2

�Z t

s2

K�
i ðsÞds

�
cos zðp� 2tÞ dt;

k��i;s ðzÞ ¼
Z p�s2

s2

�Z t

s2

K�
i ðsÞds

�
sin zðp� 2tÞ dt

and

ðp� 2sÞJ2;i;sðzÞ ¼
X2
k¼1

ðp� 2skÞJ ðkÞ2 sin zðp� 2skÞ

þ ð�1Þiðp� s1 � s2Þ
�
J ð1;2Þ2 þ J ð2;1Þ2

�
sin zðp� s1 � s2Þ;

ðp� 2sÞJ2;i;cðzÞ ¼ �
X2
k¼1

ðp� 2skÞJ ðkÞ2 cos zðp� 2skÞ

� ð�1Þiðp� s1 � s2Þ
�
J ð1;2Þ2 þ J ð2;1Þ2

�
cos zðp� s1 � s2Þ:

Since we have the transformed version of the characteristic functions (2.4), we are
now ready to recover the potential functions from the spectra. To do this, first we
need to define the functions
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AiðzÞ ¼ 2

H2 � H1

�
H2Fi;1ðzÞ � H1Fi;2ðzÞ

�þ 2z sinpz� 2h cos pz

� Ji;cðzÞ � 2h

z
Ji;sðzÞ

and

BiðzÞ ¼ 2z

H2 � H1

�
Fi;2ðzÞ � Fi;1ðzÞ

�� 2h sin pz� 2z cos pz� Ji;sðzÞ:

From (3.1), we obtain

AiðzÞ ¼ ~ai;cðzÞ � 2h~qð1Þi;c ðzÞ � u�i;cðzÞ þ 2hk��i;c ðzÞ þ aiðzÞ; ð3:2Þ

BiðzÞ ¼ ~ai;sðzÞ � 2h~qð1Þi;s ðzÞ � u�i;sðzÞ þ 2hk��i;s ðzÞ þ biðzÞ ð3:3Þ
where

aiðzÞ ¼ 1þ ðp� 2sÞh
2z

J2;i;sðzÞ ð3:4Þ

and

biðzÞ ¼
hðp� 2sÞ

z
J2;i;cðzÞ � h

z2
J2;i;sðzÞ: ð3:5Þ

The two below-given equations hold:

b0;i ¼lim
z!0

biðzÞ ¼ 0;

a0;i ¼lim
z!0

aiðzÞ ¼
X2
k¼1

�
hðp� 2skÞ2 þ ðp� 2skÞ

�
J ðkÞ2 sin zðp� 2skÞ

þ ð�1Þi�hðp� s1 � s2Þ2 þ ðp� s1 � s2Þ
��

J ð1;2Þ2 þ J ð2;1Þ2

�
� sin zðp� s1 � s2Þ:

If we put z ¼ m, m 2 N into (3.2) and (3.3) and denote

A2m;i ¼ 2m

p
ð�1ÞmAiðmÞ; B2m;i ¼ 2

p
ð�1Þmþ1BiðmÞ;

a2m;i ¼ 2

p
ð�1ÞmaiðmÞ; b2m;i ¼

2

p
ð�1Þmþ1biðmÞ

, we obtain

A2m;i ¼ 2

p
~a2m;i � 4

p
h~qð1Þ2m;i;c �

2

p
u�2m;i;c þ

4

p
hk��2m;i;c þ a2m;i ð3:6Þ
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B2m ¼ 2

p
~b2m;i � 4

p
h~qð1Þ2m;i;s �

2

m
u�2m;i;s þ

4

p
hk��2m;i;s þ b2m;i ð3:7Þ

where

~a2m;i ¼
Z p

0
~qiðtÞ cos 2mt dt;

~b2m;i ¼
Z p

0
~qiðtÞ sin 2mt dt;

u�2m;i;s ¼
Z p�s2

2

s2
2

�Z t

s2
2

Uiðt2Þdt2
�
sin 2mt dt;

u�2m;i;c ¼
Z p�s2

2

s2
2

�Z t

s2
2

Uiðt2Þdt2
�
cos 2mt dt;

k��2m;i;c ¼
Z p�s2

s2

�Z t

s2

K�
i ðt2Þdt2

�
cos 2mt dt;

k��2m;i;s ¼
Z p�s2

s2

�Z t

s2

K�
i ðt2Þdt2

�
sin 2mt dt:

Further, we have

A0;i ¼ 2

p
lim
m!0

AiðmÞ ¼ 2

p
~a0;i � 4

p
h~qð1Þ0;i;c �

2

p
u�0;i;c þ

4

p
hk��0;i;c þ a0;i: ð3:8Þ

Since sequences fa2m;ig, fb2m;ig, fA2m;ig, and fB2m;ig belong to the space l2, by
virtue of Riesz–Fischer theorem, there exist functions fi and ui from L2½0; p� such
that

fiðtÞ ¼ A0;i

2
þ
X1
m¼1

A2m;i cos 2mt þ B2m;i sin 2mt; t 2 ½0; p�

and

uiðtÞ ¼
a0;i
2

þ
X1
m¼1

a2m;i cos 2mt þ b2m;i sin 2mt; t 2 ½0; p�

hold. Now multiplying (3.8) with 1
2, (3.6) with cos 2mt, (3.7) with sin 2mt, and then

summing up from m ¼ 1 to m ¼ 1, we get the system of integral equations

~qiðtÞ � 2h

Z t

si
2

~qiðsÞ ds�
Z t

s2

UðsÞ dsþ 2h

Z t

s2

K�ðsÞ dsþ uiðtÞ ¼ fiðtÞ: ð3:9Þ

Substituting functions U and K� into (3.9), we obtain
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~qiðtÞ � 2h

Z t

s2
2

~qiðsÞ ds�
Z t

s2

U ð2ÞðsÞ ds�
Z t

s1

U ð1ÞðsÞ ds

� ð�1Þi
Z t

s1þs2
2

�
U ð1;2ÞðsÞ þ U ð2;1ÞðsÞ� ds

þ 2h

Z t

s2

Kð2Þ�ðsÞ dsþ 2h

Z t

s1

Kð1Þ�ðsÞ ds

þ ð�1Þi
Z t

s1þs2
2

�
Kð1;2Þ�ðsÞ þ Kð2;1Þ�ðsÞ� ds

þ uiðtÞ ¼ fiðtÞ:

ð3:10Þ

From (3.4) and (3.5), we have

uiðtÞ ¼ J ð1Þ2 Sð1ÞðtÞ þ J ð2Þ2 Sð2ÞðtÞ þ ð�1Þi�J ð1;2Þ2 þ J ð2;1Þ2

�
Sð1;2ÞðtÞ

where

SðkÞ ¼ p� 2sk
p

�
hðp� 2skÞ þ 1

�� 2
�
hðp� 2skÞ þ 1

�
p

X1
m¼1

sin 2msi
m

cos 2mt

� 2hðp� 2skÞ
p

X1
m¼1

cos 2msi
m

sin 2mt � 2h

p

X1
m¼1

sin 2msi
m2

sin 2mt

and

Sð1;2ÞðtÞ ¼ p� s2 � s1
p

�
hðp� s2 � s1Þ þ 1

�
� 2

�
hðp� s2 � s1Þ þ 1

�
p

X1
m¼1

sinmðs2 þ s1Þ
m

cos 2mt

� 2hðp� s2 � s1Þ
p

X1
m¼1

cosmðs2 þ s1Þ
m

sin 2mt

� 2h

p

X1
m¼1

sinmðs2 þ s1Þ
m2

sin 2mt:

Further, we have
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X1
m¼1

sin 2ma

m
cos 2mt ¼

�a; t 2 ða; p� aÞ;
p=2� a; t 2 ð0; aÞ [ ðp� a; pÞ;
p=4� a; t ¼ a; t ¼ p� a;

8><
>:

X1
m¼1

cos 2ma

m
sin 2mt ¼

�t; t 2 ð0; aÞ;
p=2� t; t 2 ða; p� aÞ;
p� t; t 2 ðp� a; pÞ;

p=4� a; t ¼ a;

�p=4þ a; t ¼ p� a;

8>>>>>><
>>>>>>:

and

X1
m¼1

sin 2ma

m2
sin 2mt ¼

ðp� 2aÞt; t 2 ð0; aÞ;
aðp� 2tÞ; t 2 ða; p� aÞ;

ðp� 2aÞðt � pÞ; t 2 ðp� a; pÞ;
ðp� 2aÞa; t ¼ a;

�ðp� 2aÞa; t ¼ p� a:

8>>>>>><
>>>>>>:

Then we get

SðkÞðtÞ ¼

0; t 2 ð0; skÞ [ ðp� sk ; pÞ;
1þ 2hðt � skÞ; t 2 ðsk ; p� skÞ;

1=2; t ¼ sk ;

1=2þ hðp� 2skÞ; t ¼ p� sk ;

8>>><
>>>:

ð3:11Þ

and

Sð1;2ÞðtÞ ¼

0; t 2
�
0;
s1 þ s2

2

�
[
�
p� s1 þ s2

2
; p

�
;

1þ 2h
�
t � ðs1 þ s2Þ=2

�
; t 2

�
s1 þ s2

2
; p� s1 þ s2

2

�
;

1=2; t ¼ ðs1 þ s2Þ=2;
1=2þ hðp� s1 � s2Þ; t ¼ p� ðs1 þ s2Þ=2:

8>>>>>>><
>>>>>>>:

ð3:12Þ
Now, after summing and subtracting integral equations (3.10) and then introducing
substitution of variables, we get the system of integral equations
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q1ðxÞ � 2h

Z x

s1

q1ðuÞ du�
Z x

s2þs1
2

U ð2Þ�u� s1
2

�
du�

Z x

3s1
2

U ð1Þ�u� s1
2

�
du

þ 2h

Z x

s2þs1
2

Kð2Þ��u� s1
2

�
duþ 2h

Z x

3s1
2

Kð1Þ��u� s1
2

�
du

þ J ð1Þ2 Sð1Þ
�
x� s1

2

�þ J ð2Þ2 Sð2Þ
�
x� s1

2

�
¼ 1

2

�
f0
�
x� s1

2

�þ f1
�
x� s1

2

��
ð3:13Þ

and

q2ðxÞ � 2h

Z x

s2

q2ðuÞ du�
Z x

s2þs1
2

�
U ð1;2Þ�u� s2

2

�þ U ð2;1Þ�u� s2
2

��
du

þ 2h

Z x

s2þs1
2

�
Kð1;2Þ��u� s2

2

�þ Kð2;1Þ��u� s2
2

��
du

þ �
J ð1;2Þ2 þ J ð2;1Þ2

�
Sð1;2Þ

�
x� s2

2

�
¼ 1

2

�
f0
�
x� s2

2

�� f1
�
x� s2

2

��
:

ð3:14Þ

Notice that each integral Eqs. (3.13) and (3.14) contains both potential functions q1
and q2. To prove uniqueness of the solutions of integral equations, we reduce integral
Eqs. (3.13) and (3.14) to the linear integral equations of Volterra type. For that
purpose, we will prove that all functions containing q2 in integral equation (3.13) are
known, as well as all functions containing q1 in integral equation (3.14).

However, it turns out not to be true in general and depends on the relations

between delays. In integral Eqs. (3.13) and (3.14) there are unknown integrals J ð1Þ2 ,

J ð2Þ2 , J ð2;1Þ2 , J ð1;2Þ2 . Although they are not known, we show that they do not exist in the
integral equations on certain sub-intervals created at the beginning and at the end of
½sk ; p�. After solving integral equations on these intervals, depending on the case we
consider, we will reveal that all integrals or some of them are known. Then, after
solving the integral equations on certain intervals, we prove that the remaining
integrals are known.

It is well known that the point 2p5 is a point that separates linear and nonlinear cases
of the boundary value problem. The boundary value problem becomes linear on the
right side of this point and becomes non-linear on the left. Furthermore, the point 2p

5

is a point of separation in terms of the uniqueness of the solution of the boundary
value problem. On the right side of 2p

5 , the boundary value problem has a unique
solution, while this is not the case on the left (see [19–21]).

This is the motivation behind the following process. First, we show that the
integral equations (3.13) and (3.14) have unique solutions on certain sub-intervals of
½sk ; p�:
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Theorem 1 Let qk 2 L2½sk ; p�, qkðxÞ ¼ 0 as x 2 ½0; skÞ. If 2
5 p� s2\s1\ p

2, then

integral equation (3.13) has a unique solution q1 on intervals

�
s1; s2 þ s1

2

�
and�

pþ s1
2 � s2; p

�
, and integral equation (3.14) has a unique solution q2 on intervals�

s2; s2 þ s1
2

�
and

�
p� s1

2 ; p

�
.

Proof From (3.11) and (3.12), we have

Sð1Þ
�
x� s1

2

�
¼

0; t 2 � s1
2
;
3s1
2

� [ �
p� s1

2
; pþ s1

2

�
;

1þ 2h
�
x� 3s1

2

�
; t 2 � 3s1

2
; p� s1

2

�
;

1=2; t ¼ 3s1
2

;

1=2þ h
�
p� 2s1

�
; t ¼ p� 3s1

2
;

8>>>>>>>>>><
>>>>>>>>>>:

Sð2Þ
�
x� s1

2

�
¼

0; t 2 � s1
2
; s2 þ s1

2

� [ �
p� s2 þ s1

2
; pþ s1

2

�
;

1þ 2h
�
x� s2 � s1

2

�
; t 2 �

s2 þ s1
2
; p� s2 þ s1

2

�
;

1=2; t ¼ s2 þ s1
2
;

1=2þ hðp� 2s2Þ; t ¼ p� s2 þ s1
2
;

8>>>>>>>><
>>>>>>>>:

and

Sð1;2Þ
�
x� s2

2

�
¼

0; x 2 � s2
2
; s2 þ s1

2

� [ �
p� s1

2
; pþ s2

2

�
;

1þ 2h
�
x� s2 � s2

2

�
; x 2 �

s2 þ s1
2
;p� s1

2

�
;

1

2
; x ¼ s2 þ s1

2
;

1

2
þ hðp� s1 � s2Þ; x ¼ p� s1

2
:

8>>>>>>>>><
>>>>>>>>>:

Now we consider the following cases:
Case 1. If x 2 �

s2; s2 þ s1
2

	
we have Sð1;2Þ

�
x� s2

2

� ¼ 0 and from (3.14) we
obviously get the Volterra linear integral equation

q2ðxÞ ¼ 1

2

�
f0
�
x� s2

2

�� f1
�
x� s2

2

��þ 2h

Z x

s2

q2ðuÞ du

which has a unique solution on
�
s2; s2 þ s1

2

	
.

Case 2. Let x 2 �
p� s1

2 ; p
	
in (3.14). Then we both have Sð1;2Þ

�
x� s2

2

� ¼ 0 and
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Z x

s2þs1
2

U ðk;lÞ�u� s2
2

�
dt ¼

Z x

s2þs1
2

Kðk;lÞ��u� s2
2

�
dt; x 2 �

p� s1
2
; p
	
:

Since, Z x

s2

q2ðuÞ du ¼
Z p

s2

q2ðuÞ du�
Z p

x
q2ðuÞ du ¼ J ð2Þ1 �

Z p

x
q2ðuÞ du

we obtain integral equation

q2ðxÞ ¼ g1ðxÞ � 2h

Z p

x
q2ðuÞ du ð3:15Þ

where

g1ðxÞ ¼ 1

2

�
f0
�
x� s2

2

�� f1
�
x� s2

2

��þ 2hJ ð2Þ1 :

Integral equation (3.15) has a unique solution on
�
p� s1

2 ; p
	
.

Case 3. On the interval
�
s1; s2 þ s1

2

�
, we have Sð1Þ

�
x� s1

2

� ¼ Sð2Þ
�
x� s1

2

� ¼ 0.
Then integral equation (3.13) becomes a linear integral equation of Volterra type with
a kernel equal to one which has a unique solution q1 on

�
s1; s2 þ s1

2

�
.

Case 4. In the same way as in Case 2 using Sð1Þ
�
x� s1

2

� ¼ Sð2Þ
�
x� s1

2

� ¼ 0 on�
pþ s1

2 � s2; p
	
, we obtain the unique solution q1 of integral equation (3.13) on

interval
�
pþ s1

2 � s2; p
	
. The theorem is proved.

Now, let us show that the integrals J ð1Þ2 , J ð2Þ2 , J ð2;1Þ2 , and J ð1;2Þ2 are known. The next
lemma holds.

Lemma 4 Integrals J ð1Þ2 , J ð2Þ2 , J ð2;1Þ2 and J ð1;2Þ2 are determined by potentials q2 on�
s2; s2 þ s1

2

� [ �
p� s1

2 ; p
	
and q1 on

�
s1; s2 þ s1

2

� [ �
pþ s1

2 � s2; p
	
.

Proof The arguments of J ð2Þ2 belong to the intervals
�
2s2; p

� � �
p� s1

2 ; p
�
and�

s2; p� s2
� � �

s2; sþ s1
2

�
, so J ð2Þ2 is known. In the same way, we get that arguments

of J ð1Þ2 belong to the intervals ð2s1; pÞ �
�
pþ s1

2 � s2; p
	
and ðs1; p� s1Þ �

�
s1; sþ

s1
2

�
and integral J ð1Þ2 is known, too. Argument of q2 in the integral J ð2;1Þ2 belongs to

the interval ðs1 þ s2; pÞ �
�
p� s1

2 ; p
	
. Consequently, integral J ð2;1Þ2 is known.

Argument of q1 in the integral J ð1;2Þ2 belongs to the interval ðs1 þ s2; pÞ ��
pþ s1

2 � s2; p
	
and argument of q1 to the interval ðs2; p� s1Þ �

�
s2; s2 þ s1

2

�
and

then integral J ð1;2Þ2 is known. Then, in further considerations, we take that summand

J ð1Þ2 Sð1Þ
�
x� s1

2

�þ J ð2Þ2 Sð2Þ
�
x� s1

2

�
in integral equation (3.13) and summand�

J ð1;2Þ2 þ J ð2;1Þ2

�
Sð1;2Þ

�
x� s2

2

�
in integral equation (3.14) are known.

Now we come to our main result and prove that Inverse problem 1 has a unique
solution.
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Theorem 2 Let qk 2 L2½sk ; p�, qkðxÞ ¼ 0 for x 2 ½0; skÞ and 2p
5 � s2\s1 � p

2. The
four spectra of the boundary value problem Di;k uniquely determine delays sk ,
parameters h;Hk , and potential functions qk.

Proof Taking Lemma 1, Lemma 2, and Theorem 1 into account, it remains to show
that integral equations (3.13) and (3.14) have unique solutions q1 on the interval�
s2 þ s1

2
; pþ s1

2
� s2

�
and q2 on the interval

�
s2 þ s1

2 ; p� s1
2

�
, respectively.

Case 1. Let x 2 �
s2 þ s1

2 ;
3s1
2

	
. From (3.13), we get the integral equation

q1ðxÞ � 2h

Z s2þs1
2

s1

q1ðuÞ du� 2h

Z x

s2þs1
2

q1ðuÞ du

�
Z x

s2þs1
2

U ð2Þ�u� s1
2

�
duþ 2h

Z x

s2þs1
2

Kð2Þ��u� s1
2

�
du

¼ 1

2

�
f0
�
x� s1

2

�þ f1
�
x� s1

2

��� J ð1Þ2 Sð1Þ
�
x� s1

2

�� J ð2Þ2 Sð2Þ
�
x� s1

2

�
:

One can easily show that arguments of the potential q2 appearing in the functionZ x

s2þs1
2

U ð2Þ�u� s1
2

�
du

belong to the intervals ½2s2; s1 þ s2� �
�
p� s1

2 ; p
	
, ½s2; s1� �

�
s2; s2 þ s1

2

	
,

½2s2; p� �
�
p� p

2 ; p
	
, and ½s2; p� s2� �

�
s2; s2 þ s1

2

	
. We have the same for the

function
R x
s2þs1

2
Kð2Þ��u� s1

2

�
du: Then we get the integral equation

q1ðxÞ ¼ g2ðxÞ þ 2h

Z x

s2þs1
2

q1ðuÞ du ð3:16Þ

where

g2ðxÞ ¼ 1

2

�
f0
�
x� s1

2

�þ f1
�
x� s1

2

��þ
Z x

s2þs1
2

U ð2Þ�u� s2
2

�
du

� 2h

Z x

s2þs1
2

Kð2Þ��u� s2
2

�
duþ 2h

Z s2þs1
2

s1

q1ðuÞ du

� J ð1Þ2 Sð1Þ
�
x� s1

2

�þ J ð2Þ2 Sð2Þ
�
x� s1

2

�
is a known function. Integral equation (3.16) has a unique solution q1 on�
s2 þ s1

2 ;
3s1
2

	
.

Case 2. For x 2 �
3s1
2 ; p� s1

2

	
, from (3.14) we get

Recovering differential operators... Page 17 of 21 68



q1ðxÞ � 2h

Z 3s1
2

s1

q1ðuÞ du� 2h

Z x

3s1
2

q1ðuÞ du

�
Z 3s1

2

s2þs1
2

U ð2Þ�u� s1
2

�
du�

Z x

3s1
2

U ð2Þ�u� s1
2

�
du

�
Z x

3s1
2

U ð1Þ�u� s1
2

�þ 2h

Z 3s1
2

s2þs1
2

Kð2Þ��u� s1
2

�
du

þ 2h

Z x

3s1
2

Kð2Þ��u� s1
2

�
duþ 2h

Z x

3s1
2

Kð1Þ��u� s1
2

�
du

¼ 1

2

�
f0
�
x� s1

2

�þ f1
�
x� s1

2

��� J ð1Þ2 Sð1Þ
�
x� s1

2

�
� J ð2Þ2 Sð2Þ

�
x� s1

2

�
:

In the same way as in Case 1 one can show that functionsZ x

3s1
2

U ð2Þ�u� s1
2

�
du and

Z x

3s1
2

Kð2Þ��u� s1
2

�
du

are known as well as the functionsZ x

3s1
2

U ð1Þ�u� s1
2

�
du and

Z x

3s1
2

Kð1Þ��u� s1
2

�
du:

Then, we get the integral equation

q1ðxÞ ¼ g3ðxÞ þ 2h

Z x

3s1
2

q1ðuÞ du ð3:17Þ

where

g3ðxÞ ¼ 1

2

�
f0
�
x� s1

2

�þ f1
�
x� s1

2

��þ
Z x

s2þs1
2

U ð2Þ�u� s2
2

�
du

� 2h

Z x

s2þs1
2

Kð2Þ��u� s2
2

�
duþ 2h

Z 3s1
2

s1

q1ðuÞ du

� J ð1Þ2 Sð1Þ
�
x� s1

2

�� J ð2Þ2 Sð2Þ
�
x� s1

2

�
is a known function. Integral equation (3.17) has a unique solution q1 on�
3s1
2 ; p� s1

2

	
.

Case 3. In the same way we show that integral equation (3.13) has a unique
solution on

�
p� s1

2 ; pþ s1
2 � s2

	
.

Case 4. Finally, we prove that the integral equation (3.14) has a unique solution q2
on

�
s2 þ s1

2 ; p� s1
2

	
. Notice that the potential q1 is known. From (3.14) we get
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q2ðxÞ � 2h

Z s2þs1
2

s2

q1ðuÞ du� 2h

Z x

s2þs1
2

q1ðuÞ du

�
Z x

s1þs1
2

�
U ð1;2Þ�u� s2

2

�þ U ð2;1Þ�u� s2
2

��
du

þ 2h

Z x

s2þs1
2

�
Kð1;2Þ��u� s2

2

�þ Kð2;1Þ��u� s2
2

��
du

¼ 1

2

�
f0
�
x� s2

2

�� f1
�
x� s2

2

��

� �
J ð1;2Þ2 þ J ð2;1Þ2

�
Sð1;2Þ

�
x� s2

2

�
:

It can be easily shown that the arguments of the potential q2 in the functionZ x

s2þs1
2

U ð2;1Þ�u� s2
2

�
belong to the interval ½s2; p� s1� �

�
s2; s2 þ s1

2

	
and arguments of the potential q2 in

the function Z x

s2þs1
2

U ð1;2Þ�u� s2
2

�
du

belong to the interval ½s1 þ s2; p� �
�
p� s1

2 ; p

�
: So, we get the integral equation

q2ðxÞ ¼ g4ðxÞxþ 2h

Z x

s2þs1
2

q2ðuÞ du ð3:18Þ

where

g4ðxÞ ¼ 1

2

�
f0
�
x� s2

2

�� f1
�
x� s2

2

��þ 2h

Z s2þs1
2

s2

q1ðuÞ du

þ
Z x

s2þs1
2

�
U ð1;2Þ�u� s2

2

�þ U ð2;1Þ�u� s2
2

��
du

� �
J ð1;2Þ2 þ J ð2;1Þ2

�
Sð1;2Þ

�
x� s2

2

�
� 2h

Z x

s2þs1
2

�
Kð1;2Þ��u� s2

2

�þ Kð2;1Þ��u� s2
2

��
du

is a known function. Integral equation (3.18) has a unique solution on�
s2 þ s1

2 ; p� s1
2

	
. Thus, the theorem is proved.
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