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Abstract

In this paper, we introduce new types of (y, F)-contraction mappings by involving
rational expressions and establish two new fixed point theorems for this class of
mappings in the setting of b-metric spaces. Furthermore, our results allow us to
deduce, extend and improve some previous works in the existing literature. Along
with these, some illustrative examples are also constructed in the support of our
obtained fixed point theorems. As applications of our results, we investigate suffi-
cient criteria for the existence and uniqueness of solution for certain types of
nonlinear integral equations.
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1 Introduction

The concept of b-metric space was introduced by Bakhtin [4] (see also Czerwik
[11]) as a generalization of the usual metric by providing an axiom which is weaker
than the triangle inequality. Later on, b-metric theory has undergone a great
development and therefore a lot of fixed point results in the setting of b-metric
spaces have been investigated by many authors (see, e.g,
[6-9, 13, 15, 16, 20, 24, 26, 28, 33, 34, 39].

One of the noteworthy generalizations of the celebrate Banach contraction
principle [5] is due to Wardowski [42]. He introduced a new contraction based on
an auxiliary function F fulfilling certain conditions, called F-contraction and proved
a new fixed point theorem. Subsequently, several interesting modifications and
extensions dealing with the original result of Wardowski have been elaborated in
various ways by many mathematicians. For an exhaustive review concerning F-
contractions, the reader may consult [23] and references therein.

Contractive conditions involving rational forms were firstly initiated by Dass and
Gupta [14], Jaggi [22] and Khan [25] (revised by Fisher [18]). Over the last few
years, many interesting variants for rational contractions have been provided in
various frameworks, see, for example, [2, 19, 30-32] and references therein.

In this paper, we initiate two new types of contractions, called in this order (y, F)
-Dass—Gupta-contraction of type (A) and (y, F) -Dass—-Gupta-contraction of type
(B). These contraction mappings involving both (y, F)-contraction of Wardowski
[43] and the rational expression appeared in [14] are therefore used to establish two
new fixed point theorems in the setting of b-metric spaces. Through the first one, we
did a lot of improvements in Theorem 3.2 of Lukacs and Kajant6 [29] and we have
generalized Theorem 4.3 in [31] in the context of b-metric spaces. In addition, we
have obtained the Dass—Gupta fixed point theorem in a complete b-metric space
which led to improve greatly Corollary 3.7 in [34]. Our second fixed point theorem
is based on (y, F) -Dass—Gupta-contraction of type (B) and it is proved with less
conditions imposed on the function F. Actually, this latter theorem can allow us to
derive many fixed point results of Dass—Gupta type mappings. Besides, examples
are provided to justify the validity of the presented results. As applications, we
utilize our obtained results to study the existence of the unique solution for
nonlinear Fredholm and Volterra integral equations. At the end of this paper, we
pose two questions should be of interest to readers as well as ourselves in the near
future.

2 Preliminaries

Throughout this paper, N, Ng = N U {0} and R denote the set of all positive
integers, the set of all natural numbers and the set of all real numbers, respectively.

In this section, we collect some known theoretic results and prerequisites which
will be needed in the sequel. In the rest of the paper, unless otherwise stated, X
stands for a nonempty set and the Picard sequence of a mapping 7 : X — X based
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on an arbitrary xo € X is defined by x, = Tx,—1 = T"xp for all n € N, where 7"
means the n-fold composition of T with itself.

For the sake of completeness, we should first recall the Dass—Gupta fixed point
theorem in connection with our main results.

Theorem 1 ([14]: Dass—Gupta fixed point in metric spaces) Let (X, d) be a
complete metric space and T : X — X be a mapping. Suppose that there exist o, § €
[0,1) with o+ <1 such that

(v, Ty)(1 + d(x, Tx))
1 +d(x,y)

for all x,y € X. Then T has a unique fixed point x* € X and for any x € X the
sequence {7"x} converges to this fixed point.

d(Tx,Ty) <o(x,y) + ﬁd

2.1 Background and some recent fixed point results on b-metric spaces

We first recall the definition of a b-metric space, as follows.

Definition 1 (See [4] and [12]) Let X be a nonempty set and let s > 1 be a given real
number. A mapping ¢ : X x X — [0,00) is said to be a b-metric if, for all
x,¥,z € X, the following conditions hold: (b;) o(x,y) = 0 if and only if x = y;(b2)
o(x,y) = a(y,x);(bs) o(x,z) <slo(x,y) + a(y,z)].The pair (X,0) is called a b-
metric space with coefficient s > 1.

Definition 1 allows us to remark that every metric space is a b-metric space with
coefficient s = 1, but the converse does not hold (see [1, 4, 16]). In other words, the
classical metric spaces are properly included in the class of b-metric spaces.

In what follows, we recall the following interesting examples.

Example 1 (See [39]) Let (X,d) be a metric space and let the mapping oy :
X x X — [0,00) be defined by

oa(x,y) = (d(x,y))’ forall x,y € X,

where p > 1 is a fixed real number. Then (X, 64) is a b-metric space with coefficient
s=2"1

Example 2 Let O0<p<1 and let

2(0,1]) = {u 01— R: /01|u(t)|pdt<oo},

together with the functional ¢ : L7([0, 1]) x L”([0, 1]) — [0, 00) given by

o(,v) = (/01 u(t) — v(t)|pdt>ll) for all u,v € £2([0, 1]),

. . . . 1
is a b-metric space with coefficient s = 2.
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Example 3 The space [,(R) with 0<p <1, where

L,(R) = {(xn) CR: f:|x,,|p<oo},

n=1

together with function o : [,(R) x [,(R) — [0, 00) defined by

o(r,y) = (im —ym)" for all x = (x,), = () € p(R),

. . . . 1

is a b-metric space with coefficient s = 27 L

Remark 1 1t is worth noting that the two last examples are also given in [6] and

many others (see for instance [8, 9]), but the coefficient of b-metric mentioned
.. 1 . .

therein is s = 2r. After an elementary calculation, we have realized that the

suitable coefficient is s = 2! (see also [28 Example 1.1]). For the sake of
readability, we give the basic inequalities have allowed us to obtain the desired
coefficient.

First, we use

(a+ b)Y <a” + b

for any a,b > 0 and O<p<1.
Next, we apply the following inequality (obtained by the convexity of the
function #—1", t € Rand r > 1)

(a+b) <2 Yd +b")

1
for any a,b > 0 with r = —and O<p < 1.
p
Hence, we can prove that inequality (b3) for the two aforementioned examples is

satisfied with coefficient s = 2!%71.

Now, we sum up the notions of convergence, Cauchy sequence and completeness
in the setting of h-metric spaces.

Definition 2 (See [7-9]) Let (X, 0) be a b-metric space with coefficient s > 1. Then

a sequence {x,} in X is called:(a) convergent if and only if there exists x € X such

that lim o(x,,x) = 0 and in this case we write lim x, = x; (b) Cauchy if and only if
n—oQo n—oo

lim o (x,,x,) = 0.

n,m—0o00

Definition 3 (See [7-9]) The b-metric space (X,qg) is said complete if every
Cauchy sequence in X converges in X.

What follows lemma will be required for the proof of one of our results.

Lemma 1 ([40, Lemma 11]) Let (X, d) be a b-metric space with coefficient s > 1.
Let {x,} be a sequence in X. Assume that
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{d(xp, Xn41)} € U{O iy > 1+log, s}
Then {x,} is Cauchy.

It is well known from [3, Example 3.10] that a b-metric fails to be continuous in
general. The following example illustrates also this fact.

Example 4 (See [16 Example 2.13]) Let X = [0,00). Let 6 : X X X — [0,00) be a
mapping defined by
_ [ d(xy), xy#0,
O'(.X, y) -
4d(x,y), xy =0,

where d(x,y) = |x — y|. Then the following hold:

(1) (X,o0) is a complete b-metric space with coefficient s = 4;
(2) o is not a metric on X;
(3) o is not continuous in each variable.

The following lemma plays a crucial role to overcome the absence of the
continuity of a b-metric.

Lemma 2 (See [33, Lemma 1.7]) Let (X,0) be a b-metric space with coefficient
s> 1 and let {x,} be a sequence in X such that

lim 6(x,, x,41) = 0.

n—oo

If {x,} is not a Cauchy sequence in (X, o), then there exist ¢ > 0 and two sequences
{m(k)} and {n(k)} of positive integers such that the following items hold:

<liminf <l < sg;
&S III;ILIOI.} G(Xm(k) y xn(k)) S 15{1’1 sup a(xm(k),x,,(k>) S S€]

§ < lillgiorgfo(xm(k) Xn(t)+1) <11msup & (% 141) < 5%
¢ <liminf 0 (Xpgey 41, X)) <M SUP 6 (Xpa) 11, Xnr)) < 5763
N k—o0 k—00

& .. . . 3
— <liminf o (X1, Xa)+1) <HMSUP 0 (X1, Xy 1) < 8¢
S k—00 k—00

In what follows, we recall two famous fixed point results in the framework of b-
metric spaces.

Theorem 2 (See [17, Theorem 2.1]: Banach fixed point in b-metric spaces). Let
(X,0) be a complete b-metric space with coefficient s>1 and T : X — X be a
mapping such that for all x,y € X and some k € [0, 1),
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o(Tx,Ty) <ko(x,y)

Then T has a unique fixed point x* € X and the sequence {7"x} converges to this
fixed point for all x € X.

In the paper [34], Samet extended the Dass—Gupta fixed point theorem (see
Theorem 1) to b-metric spaces as follows:

Theorem 3 ([34, Corollary 3.7]) Let (X,0) be a complete b-metric space with
coefficient s> 1 and T : X — X be a mapping. Assume that there exist o, § € [0, 1)
with as + f<1 such that

a(y, Ty)(1 + a(x, Tx))
1+a(x,y)

o(Tx, Ty) <ao(x,y) + B

for all x,y € X. Then T has a unique fixed point x € X and the sequence {7"x}
converges to this fixed point.

2.2 F-contractions and some related fixed point results

In 2012, Wardowski [42] defined the so-called F-contraction as follows:

Definition 4 Let (X,d) be a metric space. A mapping T : X — X is called an F-
contraction if there exist F € F and t > 0 such that for all x,y € X,

d(Tx,Ty) > 0 = 1+ F(d(Tx, Ty)) <F(d(x,y)), (1)

where F is the family of all functions F : (0,00) — R satisfying the following
conditions:(F;) F is strictly increasing;(F,) For each sequence {a,} of positive
numbers, the following holds:

lim o, = 0 ifandonlyif lim F(o,) = —o0;

n—oo

(F3) There exists k € (0, 1) such that lim+ockF(oc) =0.

oa—0
Example 5 (See [42]) Let o € (0,00). The following functions Fi(a) =Ina,
—1
Fa(or) = Ino + o, F3(o) = —= and F4(2) = In(o> + o) belong to the family F.

e

Remark 2 Taking F(o) =Ino in (1), one can get a Banach contraction (see [42,
example 2.1]).

Wardowski established the following result.

Theorem 4 ([42, Theorem 2.1]) Let (X,d) be a complete metric space and let
T : X — X be an F-contraction. Then T has a unique fixed point x* and for every
Xo € X the sequence {T"xo} converges to x*.

In 2018, Wardowski [43] fine-tuned the class of contractions F by introducing
the concept of (y, F)-contraction on a metric space. The author substitute a function
 for the positive constant 7 and relaxed some assumptions on the mapping F.
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Definition 5 (See [43]) Let (X, d) be a metric space. A mapping 7 : X — X is said
to be a (y, F)-contraction if there exist two functions F : (0,00) — R and y:
(0,00) — (0, 00) satisfying the following conditions:

1. F satisfies (F1);

2. (Fb): lim_o+ F(t) = —o0;

3. (Hp): liminf,_.+ x(z) > 0 for all £>0;

4. y(d(x,y)) + F(d(Tx,Ty)) <F(d(x,y)) for all x,y € X with Tx # Ty.

Additionally, Wardowski [43] proved the following theorem.

Theorem 5 ([43, Theorem 2.1]) On a complete metric space (X,d), every (y,F)-
contraction mapping has a unique fixed point.

Very recently, Vujakovi¢ et al. [41] improved Theorem 5 by using only the first
condition (F).

Remark 3 Notice that condition (F%) is weaker than condition (F,). However, the
next lemma allows us to drop definitively condition (F5) (see also Lemma 2.4 in
[29D).

Lemma 3 ([35, Lemma 3.2]) Let F : (0,00) — R be a nondecreasing function and
{t.} a sequence of positive real numbers such that lim,_. F(t,) = —co. Then
lim, o t, = 0.

Example 6 Let F),F; : (0,00) — R be given by : Fi(¢#) =In(r + 1) and F,(¢) =

1
1 for all t € (0, 00). It is clear that F; and F, belong to the class F but do not
satisfy condition (F%).

Recently, Lukdcs and Kajanto [29] introduced the following class of functions to
work in b-metric spaces.

We denote by F* the family of all functions F : (0,00) — R satisfying both
conditions (F;) and (F3).

Definition 6 (See [29, Definition 2.7]) Let s> 1 and 7 > 0. We say that F € F*
belongs to F . if it is also satisfies

(Fs.) if inf F = —o0 and x,y,z € (0,00) are such that t + F(sx) <F(y) and
T4 F(sy) < F(z) then

T+ F(s°x) <F(sy).

Remark 4 1In [29, Proposition 2.8], Lukacs and Kajant6 claimed that if F is a
nondecreasing function, then (F; ;) is equivalent to the following one (denoted by
(F4) in [10, Definition 3.1]):

(F4) Lets>1.If {o,} C (0,00) is a sequence such that T + F(so;,) < F(oty—1)
for all n € N and some t > 0, then © + F(s"a,) < F(s" 'a,_;) for all n € N.

T Birkhauser
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In addition, the authors in [29] proved the following result in the setting of b-
metric spaces.

Theorem 6 ([29, Theorem 3.2]) Let (X,0) be a complete b-metric space with
coefficient s> 1 and let T : X — X be a mapping. If there exist t > 0 and F € F,
such that for all x,y € X the inequality o(Tx, Ty) > 0 implies

(F)  ©+ F(sa(Tx, Ty)) < F(a(x,y)),

then T has a unique fixed point x* and for every xy € X the sequence {7"x(}
converges to x*.

3 Main results

Henceforth, we denote by £ the family of all functions y : (0,00) — (0, 00) which
satisfy the following condition:

liminf y(r) > 0 for all n > 0. (H)
t—n

Example 7 (See [16, Example 3.3] and [37, Example 2.2])

(a) Let y > 0 be a fixed real number and y,(t) = y for all ¢ € (0,00). Then
1 € L.

(b) Let y,(¢) = ot for all ¢t € (0,00), where 6 > 0. Then y, € L.

(c) Let y5(r) = € for all 7 € (0,00). Then y3 € L.

Remark 5 1t is easy to see that condition (H) is slightly weaker than condition (Hy)
given in Definition 5. For instance, we can observe that 3> does not satisfy condition
(Hp) since lim (i)nf 12() = 0.

t—0T

Definition 7 Let (X,0) be a b-metric space with coefficient s > 1. The mapping
T : X — X is said to be a (y, F) -Dass—Gupta-contraction of type (A) if there exist
two functions F : (0,00) — R and y : (0,00) — (0,00) such that for all x,y € X
with o(Tx, Ty) > 0, the following condition is satisfied:

1(a(x,y)) + F(a(Tx, Ty)) < F(m(x,y)), 2)

where

a(y, Ty)(1 + a(x, Tx))}-

m(x,y) = max{a(x,y), T+ o)

Remark 6 Clearly, if T is a (), F)-Dass—Gupta-contraction of type (A) with F is a
nondecreasing function, then we get

a(Tx, Ty) <m(x,y) (3)
for all x,y € X with Tx # Ty.

W Birkhauser
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Our first fixed point result is the following.

Theorem 7 Let (X,0) be a complete b-metric space with coefficient s> 1 and
T :X — X be a (3, F) -Dass—Gupta-contraction of type (A). Assume that:

(H,) F is nondecreasing;

(Hz) X< L;

1
(H3) there exists k € (0 —) such that li%lﬁockF () =0.

"1 +1log, s
Then T has a unique fixed point x* and for every xo € X the sequence {T"xo}
converges to x*.

Proof Let xy € X be an arbitrary point and {x,} be the Picard sequence based on x.
If there exists ng € Ny, such that x,, = x,,11, then x,, is the fixed point of T. If
X, # x,11 for all n € Ny, we get

0y = (X, Xp11) = 6(Tx,—1,Tx,) >0 for all n € N.

Then we can apply the contractive inequality (2) with x = x,,_; and y = x,,. Hence,
we obtain

1(0(Xn—1,%)) + F(0(Xp, Xn11))

o S )

= F(max{c(x,—1,%1), 0(Xn, Xn11)})

for all n € N.
Equivalently, (4) takes the form

x(0n-1) + F(0,) < F(max{o,_1,0,}). (5)
If there exists m € N such that
max{am_]:am} = Oy
Then from (5), we deduce that
F(om) <y(om-1) + F(om) <F(om),
a contradiction. Hence, for all n € N,
max{e,_1,0,} = 0p_1. (6)
In view of (5), (6) and the monotonicity of F, we get
0,<0,_; forallne N.

The last inequality implies that {g,} is a strictly decreasing sequence of positive
numbers. Therefore, there exists ¢ >0 such that

T Birkhauser
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limo, =ot. (7)

n—oo

First, we prove that ¢ = 0. We argue by contradiction, i.e., we suppose that ¢ > 0.
On the other hand, via (5) and (6), we obtain the following chain of inequalities

F(0,) <F(0n-1) — x(0n1)
<F(0n-2) — x(0n-2) — 7(0n-1)
<. (8)

n—1

<Floo) ~ Y 1(o)).
i=0

By virtue of assumption (H,) and (7), there exist n; € N and p > 0 such that
y(a,)>u forall n>n.

Consequently, inequality (8) can be written in the following form

n—1 n—1

Flo) <Floo) — Y (e = Y 1(a))

i=0 i=n

< F(oy) - Zz(m) o

<Floo) - S u

— Floo) — (n—m)n

for all n>n;.
Using (7), (9) and the monotonicity of F, we obtain

F(o)<F(0,) <F(09) — (n—mny)u for all n>ny. (10)
Letting n — oo in (10), one gets
F(o) < — o0,

a contradiction. Thus ¢ = 0, that is,

lim ¢, = 0%. (11)
Next, by (H3) and (11), there exists k € <0’T0g2s) such that
lim ¢*F(c,) = 0. (12)

n—oo

By (9), we obtain

W Birkhauser
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0<d*(n—n)u<d*F(ap) — 6*F(c,) forall n>n;. (13)
Owing to (11), (12) and (13), we get

lim a’;(n —np)p =0,

which implies

lim no* = 0.

n—oo

Therefore, there exists n, € N such that
o, < nt  for all n >ns.

Hence,
{O’n} = {O—(xilaxn+1)} S 0(1’!7%) (14)

1
Since % > 1 +1log, s in (14), Lemma 1 allows us to deduce that {x,} is a Cauchy

sequence. By the completeness of (X, a), {x,} converges to some x* in X, that is,

lim o(x,,x") = 0. (15)
Now, we will prove that x* is a fixed point of 7, that is, 7x* = x*. Arguing by
contradiction, i.e., a(x*,Tx*) > 0. Then, in view of (15), there exists n3 € N such
that

* T k.
O'(me*)g G(X el ), Vn2n3 (16)
2s
On the other hand, using (b3), we get
o(x*, Tx*) <so(x*, Tx, ) + sa(Tx,, Tx"). (17)

Utilizing (16), the inequality (17) gives

1
o (Tx,, Tx") > B (o(x", Tx") — so(x*, Txy))
1 * * *
=—0o(x",Tx") — o(x", X41) (18)
s
> o(x*, Tx*) >0,
2s

for all n > nj.
By (18), the contractive inequality (3) can be applied with x = x* and y = x,,.
Hence, (17) turns into
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a(x*, Tx") <so(x*,Tx,) + so(Tx,, Tx").
= so(x*, Tx,) + so(Tx*, Tx,).
<so(x", Tx,) + sm(x*, x,) (19)

1+ o(x*, Tx*)}

_ SG(X*,er—l) —+ smaX{O'(x*7xn)a Op 1+ O'(X*,xn)

for all n > ns.
Tending with n — oo in (19) and using together (11) and (15), we get
o(x*, Tx*) <0,

a contradiction. Consequently, x* is a fixed point of 7, that is, Tx* = x*.
Finally, we prove the uniqueness of the fixed point of 7. Assume that x* and y*
are two different fixed points of 7, i.e., Tx* = x* # y* = Ty*. Thus

a(Tx", Ty") = a(x*,y*) > 0. (20)
From (20), the contractive inequality (2) (with x = x* and y = y*) yields
2(0(x",y) + Fla(x",y7)) < F(a(x",y%)).

It is a contradiction since y(o(x*,y*)) > 0. Thus, we conclude that x* = y*, which
completes the proof. Ul

Remark 7 If s = 1, then condition (H3) coincides with condition (F3).

In the case of metric spaces, i.e., for s = 1, Theorem 7 reduces to the following
result.

Corollary 1 Let (X, d) be a complete metric space and let T be a self-mapping on X.
Assume that there exist a nondecreasing function F :(0,00) — R satisfying
condition (F3) and y € L such that for all x,y € X with d(Tx, Ty) > 0, the following
condition holds

x(d(x,y)) + F(d(Tx, Ty)) < F(ma(x,y)),

where

ma(x,y) = max{d(x7y),d(y7 Ty)(1 +d(x, Tx))}.

1 4+d(x,y)

Then T has a unique fixed point x* and for every xo € X the sequence {7"xo}
converges to x*.

Corollary 2 Let (X,0) be a complete b-metric space with coefficient s> 1 and
T : X — X be a mapping. Assume that there exist two functions F : (0,00) — R and
7 :(0,00) — (0,00) such that for all x,y € X with o(Tx,Ty) > 0, the following
condition holds

W Birkhauser
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1(o(x,y)) + F(a(Tx, Ty)) < F(a(x,y)). (21

Furthermore, assume that (H;), (H,) and (H3) are satisfied. Then T has a unique
fixed point x* and for every xy € X the sequence {7"xy} converges to x*.

Proof The desired result follows immediately through the fact that o (x,y) <m(x,y)
and the monotonicity of F. U

Remark 8 Corollary 2 improves Theorem 6 on several sides. Indeed, the
contractive condition (F) from Theorem 6 implies the contractive condition (21)
since s > 1 and F is nondecreasing. Moreover, condition (F; ;) from Theorem 6 is
omitted and the constant 7 is replaced by a function y in Corollary 2. Besides these,
the strictness of the monotonicity of F is not necessary. It is worth mentioning that
Corollary 2 does not completely improve Theorem 6 since condition (F3) is weaker
than condition (H3). However, we will show in Example 9 that Corollary 2 is more
convenient in use than Theorem 6.

Remark 9 As in Theorem 6, Corollary 2 has been also proved without condition
(F%). In addition, and contrary to what was done in the work [29], we did not use
Lemma 3 to drop the aforementioned condition.

If, in Theorem 7, we take F(#) = In(¢) and y(z) = y for some y > 0, one can
recover the following result in the setting of b-metric spaces.

Corollary 3 (See [31, Theorem 4.3 with Remark 4.4-(1)]) Let (X, o) be a complete
b-metric space with coefficient s > 1 and 7 : X — X be a mapping satisfying

o(Tx, Ty) < Jm(x,y) (22)

for all x,y € X, where 4 € [0,1). Then T has a unique fixed point x* € X and for any
Xp € X the sequence {7"xp} converges to x*.

Remark 10

(1) The constant A appeared in Corollary 3 is given by A =e¢"% € [0, 1).
(2) We note also that Theorem 2 is easily deduced from Corollary 3.

Now, we deduce the Dass—Gupta fixed point theorem in the setting of b-metric
spaces.

Corollary 4 (Dass—Gupta fixed point in b-metric spaces). Let (X, a) be a complete
b-metric space with coefficient s> 1 and T : X — X be a mapping. Suppose that
there exist a, f € [0,1) with o+ <1 such that for all x,y € X,

a(Tx, Ty) <M(x,y),

where
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a(y, Ty)(1 + a(x, Tx))
1+0(x,y) '

M(x,y) = ao(x,y) + (23)

Then T has a unique fixed point x* and for every xo € X the sequence {7"xo}
converges to x*.

Proof 1t is easy to see that M(x,y) < Aim(x,y), where A = o+ f§ with o, § € [0, 1)
and o + < 1. Hence, the conclusion follows immediately from Corollary 3. [

Remark 11

(i) Corollary 4 is an improvement of Theorem 3 due to Samet [34] since the
condition as + <1 is relaxed to the following one o + f<1.

(i) If s =1, Corollary 4 recovers Dass and Gupta’s fixed point theorem (see
Theorem 1).

Corollary 5 Let (X,0) be a complete b-metric space with coefficient s> 1 and
T : X — X be a mapping. Assume that there exist two functions F : (0,00) — R and
7 :(0,00) — (0,00) such that for all x,y € X with o(Tx,Ty) > 0, the following
condition holds

2(a(x,y)) + F(a(Tx, Ty)) <F(M(x,y)),

where M(x,y) is given by (23) with o, f € [0,1) with o + < 1. Furthermore, we
suppose that F is nondecreasing. Then T has a unique fixed point x* and for every
xo € X the sequence {T"xo} converges to x*.

Proof Since F is nondecreasing, we obtain
a(Tx, Ty) <M(x,y)

for all x,y € X with Tx # Ty. It is clear that the above inequality also holds when
Tx = Ty. Hence, the desired result follows immediately from Corollary 4. O

Remark 12 1t is worth mentioning that the conclusion of Corollary 5 can not be
deduced if « + = 1.

Example 8 Let
1
X = {xnzﬁ, ne N}.

Let us consider the functional ¢ : X x X — [0,00) given by a(x,y) = (x —y)*.
According to Example 1, it is easy to see that (X, o) is a complete b -metric space
with coefficient s = 2. Let us define the mapping 7 : X — X as follows

Xp—1, if x=x,,n>2,
Tx = .
X1, if x = x;.

First, we are going to show that 7 does not satisfy the contractive condition (22) in
Corollary 3. Indeed, this fact is checked through the following:
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Tx,, T o —x)? 2 _p—2)?
fim S ) _ g Goc Z0 ) mmn =)
n=oo m(Xy, X1) om0 (x, — xp) n—=00 (p2 4+ —2)

Hence, we cannot use Corollary 3.
Next, we will show that T is a (y, F)-Dass—Gupta-contraction of type (A). Now,
we observe that for every n,k € N,

0(Txpii, Txy) >0 (k>2An=1)V(ke NAn>1).
Case 1. For every k>2 and n = 1, we have
0 (Txs1, Tt ) — m(xirr, 1) <0 (X, X1) — 0(Xes1,%1)
= (% _xl)z_(karl —)61)2
B (k2+k—2>2_<k2+3k)2
2 2
=—(k+1)(k* +2k— 1)

1
o(xegr,x1) + 17

< -21< —

Case 2. For every k € N and n > 1, the following holds
0Tk Txn ) — mM(Xnix, Xn) < O(Xnpk—1, Xn-1) — O (Xntky Xn)

= (xil+k—l - x11—])2_(x11+k - xn)2
2

:%((2n+k— D= @n+k+1))

= —kK*(2n+k)
1

<5< -—
0 (Xniks X)) + 1

From the above cases, T is a (y,F) -Dass—Gupta-contraction of type (A) with

1
7(t) = 7 and F(t) = ¢ for all + > 0. In addition, all the conditions of Theorem 7
are satisfied. Hence, T has a unique fixed point x* = x; = 1. Also, we observe that

the function F does not satisfy condition (F}).
Remark 13 Example 8 shows that Theorem 7 is a real generalization of Corollary 3.

Example 9 Let

1
X = xnzw—,nGN [GR{)
{ 27 /n } 10}

Let o:X X X — [0,00) be the mapping defined by o(x,y) = (x —y)>. As in
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Example 8, we can see that (X, o) is a complete b -metric space with coefficient
s = 2. Let us consider the mapping 7 : X — X defined by

Xpi1, fx=x,, neN,
Tx = .
0, ifx=0.

First, we will show that Theorem 6 is not applicable.

On the contrary, let us suppose that all the conditions of Theorem 6 are fulfilled.
Therefore, there exist a nondecreasing F : (0,00) — R and 7 > 0 such that for
x =Xx,,n € N and y = 0, we have

T4 F(20(Tx,,T0)) < F(a(x,,0)),
which leads to
T+ F(2x,,)<F(x}) forallneN. (24)
Let us put o, = x2, . By Remark 4, (24) implies that
T+ F(2"0,) <F (2" 'o,_y) foralln € N.
If we set r, = 2"w,,, one can write

)4
S

n=1 n

[F(rnfl)_F(rn)]v pENa

p
=1

which implies

fg%(mo) _F(n)), peN,

(1) o5

By condition (F3), there exists k € (0, 1) such that

1 1
lim kF(p )_0.
P (p+1) +1

or, equivalently

Consequently,

1 1 nkoo 1
lim —F(p—) — tim 2D kF(ﬂ ) = 0.

Letting p — oo in (25), we obtain 7 <0, a contradiction. Thus, the contractive
condition (F) from Theorem 6 is not satisfied.
Next, we are going to show that T'is a (y, F)-Dass—Gupta-contraction of type (A).
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Let us consider the following cases:
Case 1. If x = x,,n € N and y = 0, we have

\/G(Txn, T0) — \/a(xn,O) =Xp11 — X

n
——— Xy — Xy
2(n+1)

(51

~(5-1) Vet

Case 2. If x = x,4 and y = x, for every n, k € N. Bearing in mind that{x, }
decreasing sequence, the following holds:

neN 1Isa

\/G(Tanw Tx) — \/O'(ka,xn) = i1 = X1 | = sk — X

= Xp+1 — Xn — Xntk+1 T Xntk

n n+k
:< 2(n+1)_1>x"_< 2(n+k+l)_1>x"+k
( m - 1) (xn - Xn+k)

1
<|—=—1)|x% — X,
‘(ﬁ )l e

1

:(ﬁ_l)m.

In view of the above cases, it is easy to see that T'is a (y, F)-Dass—Gupta-contraction

1
of type (A) with y(t) = <1 - \/§> Vtand F(t) = /t for all t > 0. Moreover, all the

conditions of Corollary 2 are satisfied. Hence, T has a unique fixed point x* = 0.
Notice that the function F does not satisfy condition (F%).

IN

Motivated by Remark 12, we will attempt to study Corollary 5 in the case when
o+ p=1

Definition 8 Let (X,0) be a b-metric space with coefficient s> 1. A mapping
T : X — X is called to be a (y, F)-Dass—Gupta-contraction of type (B) if there exist
a nondecreasing function F : (0,00) — R and y € £ such that for all x,y € X with
d(Tx, Ty) > 0, the following condition is satisfied:

2(0(x,y)) + F(o(Tx, Ty)) < F (Rop(x,)), (26)

where
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a(y, Ty)(1 + o(x, Tx))
I+a(x,y)

Rap(x,y) = ao(x,y) + B (27)

and o, f are nonnegative real numbers.

Remark 14 Obviously, we derive from Definition 8 that every T which is a (y, F)-
Dass—Gupta-contraction of type (B) satisfies the following condition

o(Tx, Ty) <Ry p(x,y) (28)
for all x,y € X with Tx # Ty.

Let s > 1 be a given real number. For convenience, we set
1
B.g = {(oc,ﬁ) eR?:0<a< —,0<B<l,a+pf= 1}.
s

Now, we are ready to state and prove our second fixed point result of Dass—Gupta
type mappings. The proof used herein is essentially inspired by the technique
developed in [16, Theorem 3.26].

Theorem 8 Let (X,0) be a complete b-metric space with coefficient s> 1 and
T : X — X be a (y, F)-Dass—Gupta-contraction of type (B) with (o, ) € B, p. Then
T has a unique fixed point x* and for every xo € X the sequence {T"xo} converges to

*

X

Proof By similar reasoning as in the proof of Theorem 7, one can assume without
loss of generality that x, # x,. for all n € Ny. Consequently,

on = 0(Xp, Xp41) = 0(Txy—1,Tx,) >0 forall n e N.
Hence, by applying the contractive inequality (26) with x = x,,_; and y = x,,, we get
y(,-1) + F(0,) <F(ag,—1 + fo,) forall n € N. (29)
Using the monotonicity of F and the fact that y(r) > 0,Vr > 0, we get
0,<00,_1 + fo, forall n e N. (30)
By assumptions of the theorem, (30) becomes
0,<0,_; forallneN. (31)

Thus, {0,} is a strictly decreasing sequence of positive numbers and thereby there
exists ¢ >0 such that

limo, =0".

n—odo
Now, we show that ¢ = 0 (for convenience, we use a different method to the one
established in Theorem 7). Arguing by contradiction, we assume that ¢ > 0. Since F

is nondecreasing, the right limit of F' exists, that is,
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limF(t) = F(r+0) = F(r") for all r € (0,0). (32)

t—rt

On the other hand, by substituting (31) into (29) through the monotonicity of F and
o+ f =1, we obtain

y(on—1) + F(6,) <F(0o,—1) forallne N. (33)
Keeping in mind (32) and letting n — oo in (33), one gets

liminf () <liminf y(o,_;)

t—o™t n—oo

< lim (F(0,-1) — F(a,))
=F(c")—F(c")
= O’

which contradicts (). Hence,

limo, = 07. (34)
Next, we will prove that {x,} is a Cauchy sequence. Suppose on the contrary, i.e.,
{x,} is not a Cauchy sequence. From (34) and the first statement of Lemma 2, there
exist ¢ > 0 and two sequences {m(k)}, {n(k)} of positive integers such that
e< li]r(n inf a(xm(k) , xn(k)) <lim sup a(xm(k),xn(k)) < se.
-0 k—00
Consequently, there exists k; € N such that {a(xm<k),xn(k))} is bounded for all

k>k; and hence it has a convergent subsequence. Therefore, there exist a real

number ;1 and a subsequence {k(j)};-,, of {k};, such that

Jim o (ene(, Xateii) = 1 (35)
with
0<e< 11]2 g)lf 7 (Xt s Xn(h)) <1< hiris;lp 0 (Xim(k)» Xa(r)) < s. (36)

1
Taking into account the condition that o < — with the fact that u > 0, the following
s

equation
Bs*t? + 257t — u(l — otsz) =0, teR, (37)

admits a positive root, denoted by g;.
Since g; > 0, (34) implies that there exist j; > ky,j> > k; such that
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(omx(i)) Xma(y+1) <gs - for all j> i,

Q
3
=
t../.
Il
Q

T (38)
Taih(j)) = O (Gna(i)s Xna(y 1) < g5 for all j>jo.

Using (35) and the fact that g; > 0, it follows that there exists j;3 > k| such that

7 (ki) Xnh()) S e+ gy forall j > js. (39)

On the other hand, using (b3), we obtain

& (Xm(x(j) Xn(k(i))
<86 (Xn(u())» Xm(k())+1) F 5 (Xom(h ()15 k(7))
<86 (Xn(()» Xm(k(7))+1) + 570 (Xom(k ()15 Xn(k()+1)
+s U(Xn k(7)) Xolk( >+1)

= $Tm(a(j)) + 570 (Xm(k(i)) 15 Xn(k(j))+1) + 5> Tua())

for all j > k.
This implies

& (Xon(k () 41> Fn(k()+1)

= siz (0 Comte) X)) = 9Fmie(s) = 5 Onas) .
for all j > k.
Taking limit inferior as j — oo in (40) with (34) and (35), we get
Hminf o (e 1 Xy 1) = sﬁz (41)
Then, by virtue of (41) and g, > 0, there exists j4 > k; such that
0 (onie(y) 15 ki) 1) > =g for all j> . (42)

Having in mind that g; is a positive root of the equation given by (37), we have

1 1
s—z—qszs—z(l—ocsz)—qszﬂq3+qs>o. (43)

Accordingly, inequalities (42) and (43) allow us to obtain
o (Txma(j))> Txni(jyy) >0 for all j > js. (44)

Putting uj = o(xm(k(j)>,xn(k(j))) and Vi = a(x,n(k(j))+1,xn<k(j))+1), it follows through
(44), that the contractive inequality (26) with x = x,,(j)) and y = x, ;) takes the
form
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1+ Om(k(j . .
X(uj) + F(vj) <F (rxuj + Bou()) <TL(]>))> for all j > jg. (45)
j

We set N = max{ji,j2,j3,j4}. Then, using (38), (39), (42), (43) and (45) with
1 4+u; > 1, a+ f =1 and the monotonicity of F, we get
u
1)+ F(5-a) <P+ a) + Ball +a)
= F(“:u + g5+ /361%)
H 2
- Flo 0 -0)
ou+ 5 ( os ) q.

U
-r(-a)

2 1
for all j > N.

Consequently, the last inequality implies that y(u;) <0, for all j >N, which is a
contradiction. Then, {x,} is a Cauchy sequence. Since (X, o) is a complete b-metric
space, there exists x* in X such that

lim o(x,,x") = 0. (46)

n—oo

Following the same steps as those used in the proof of Theorem 7, we obtain that
there exists ny € N such that for all n> ny,

o(Tx,, Tx") > 0. (47)

Through (47), the contractive inequality (28) can be applied with x = x* and y = x,,.
Thus we have

o(x*, Tx*) <so(x*,Tx,) + so(Tx,, Tx")
=sa(x*,Tx,) + so(Tx*, Tx,)
<so(x*, Tx, ) + SRy p(x", x,) (48)

1+ o(x*, Tx*)

= so'(x*,xn+1) + sao-(x*’x”) + SﬁO’n m

for all n > ny.
Next, passing to the limit as n — oo in (48) and using together (15) and (34), we
obtain

a(x*, Tx") <0,

which is a contradiction. Therefore, x* is a fixed point of 7, i.e., Tx* = x*.
To prove the uniqueness, we assume that x* and y* are two distinct fixed points of
T, ie., Tx* = x* #y* = Ty*. Then
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o(Tx", Ty") = a(x*,y") > 0. (49)

Using (49) and the fact that F is nondecreasing, the contractive inequality (26) (with
x =x* and y = y*) yields

2o, y7)) + Fla(x",y")) < F(aa(x",y"))
<F(o(x",y7),

which is a contradiction since y(o(x*,y*)) > 0. Thus, the fixed point of T is unique
and the proof is finished. ([

Remark 15 Theorem 8 is proved without conditions (F%), (Hz) and the strictness of
the monotonicity of F.

1
As a corollary of Theorem 8, taking y(fr) = In(t + o+ 1) (with 0<a< S—z) and
F(t) = In(t), we obtain the following result.

Corollary 6 Ler (X,0) be a complete b-metric space with coefficient s> 1 and
T : X — X be a mapping such that

Rap(x,y)

o(Tx,Ty) < ————"———
( R a(x,y) +a+1

where (a, f) € B, p. Then T has a unique fixed point x* and for every xo € X the
sequence {T"x(} converges to x*.

Remark 16 One can list further consequences of Theorem 8 by varying the
mappings F and y suitably such as in the above corollary.

1
Example 10 Let X = [g,S] and the mapping d : X x X — [0, 00) defined by

max{x,y}, x#y,

d(x’y):{ 0, x=y

for all x,y € X. Then (X,d) is a complete metric space (see [21]).
Let 0 : X X X — [0, 00) be the mapping defined as follows

o(x,y) = (d(x,y))* forx,y € X.

In view of Example 1, (X, o) is a complete b-metric space with coefficient s = 2.
Let T : X — X be a mapping given by

1

, X € [5,3)U(3,5],
Tx =

, x=3.

W N W] —

First, we observe that
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o(Tx,Ty):g S0o Kx:sAye [%,3)u(3,5]) v (y:3/\x€ [%,3)u(3,5})}

Let x,y € X and denote

B 70(y, Ty)(1 + o(x, Tx))
e A N e O

1 1
Next, in both cases {(x=3/\y € [5,3)U (3,5])\/ <y: 3Ax€E [573) U(3,5]>},

we easily obtain

1 1
Ryj) > go(6y) = (max{x. 3} > ¢
On the other hand, we have
O'(X,y) (_l)q_l ((—])‘L’.])O’(Tx’ Ty)< O'()C,y) +O'(TX Ty)
26 2(a(Tx, Ty))? 2 - 26 ’
25 4
<Z4+_-<2 50
<%t S (50)
1
< Rig(x,y) + Resle)
88

for all x,y € X with o(Tx,Ty) > 0 and g € N.
The last inequality in (50) holds through the following inequality:
1

h—f—EzZ for all & > 0.

4 9
Keeping in mind that o(Tx, Ty) = 9 <1 and Ry;(x,y) = 3> 1, one can consider

t
1 (0,00) — (0,00) given by y(r) = % and F : (0,00) — R defined as follows

(1=t (=141

2 b
F(l‘) 2t . 2
t+;, if > 1.

if 0<t<1, ¢gé€ Ny,

Hence, T is a (y, F) -Dass—Gupta-contraction of type (B) and all the conditions of

1 7
Theorem 8 are satisfied for o = 3 and = 3 Therefore, T has a fixed point x*

1
(which is g). Notice that F does not satisfy condition (F}) when ¢ is even and does

not satisfy condition (H3) when ¢ is odd.
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4 Applications
4.1 An application to a nonlinear Fredholm integral equation

In this subsection, we apply Corollary 2 to guarantee the existence and uniqueness
of a solution for a kind of nonlinear Fredholm integral equation.

Let W = C([0,1];[0,00)) be the space of all nonnegative continuous functions
defined on [0, 1] and the mapping d : W x W — [0, 00) given by

doo(x,y) = sup |x(t) — y(¢)] forall x,y € W.

t€[0,1]

For some p > 1, we define

0o (x,5) = (ds(x,9)) = s?p]|x(t) —y()]P forall x,y € W. (51)
0,1

By Example 1, (W, 0,,) is a complete b-metric space with coefficient s = 2!,
In this application we deal with the following nonlinear Fredholm integral
equation:

u(t) = / Gl ru()dr, we W, 1 e 0.1, (52)
0
where f : [0, 1] x [0,00) — R and
Glt.r) = {t(l —r), 0<t<r<l,
r(l—1), 0<r<t<l.

Theorem 9 Suppose the following hypothesis holds:
(A) For all r € [0,1] and for all z,w € [0, 00),

|f(r7Z) —f(r,w)| S:uer|Z - W|a
where

4

G-

Then the integral equation (52) has a unique solution in W.

=

Proof Let T :(W,0,) — (W,04) be the mapping defined as follows

(Tu)(t) = /0 G(t,r)f (ryu(r))dr, ue W, rel0,1].

First, we easily observe that T is well defined. We set
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p . 11
q:=——>1, thatis, —4+-—-=1.
p—1 P q
Next, assume that u,v € W with Tu # Tv and ¢ € [0, 1]. Using Holder inequality and
assumption (A), one gets

|(Tu) (1) = (Tv) ()" < ( /0 | Gz, r)qdr>§ /0 llf(hu(r)) —f(r,v(r))I"dr

1 9 pl
< #P< sup / G(t, r)qdr> / e’ |u(r) — v(r)|Pdr
t€[0,1] JO 0

. (54)

1 7 rl
<o (u,v) sup/ G(t,r)1dr /e’”dr
t€[0,1] JO 0

P

—7'[1[)000(”")) e — u l r)idr 3
= ( 1)<sp]/0 G(L)d).

p t€[0,1

It is easy to obtatin that

1 q
(1 —t

/ G(t,r)dr = #d-n

0 qg+1

and so

1
sup/ G(t,r)'dr =
0

t€[0,1]

Hence, (54) turns into
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<wxnuwmp<”@“””wprp1’h

P ——+ 127
-1
Was(u,v) 1 1
= (" — 1) T3
p p
i)
—1
1 oo (u, 1
woly) (o) ;
22p p p p—1
)
-1
Goo(u,v)(ef — 1) 1

< 0o (u,v)(1 —e™?)
= 000 (U, V) — 000 (u,v)e™.
Taking the supremum with respect to ¢ € [0, 1], we get
Ooo (T, TV) < 000 (U, V) — o0 (u,v)e ™,
or, equivalently,
Ooo(U,v)e P + 050 (Tu, Tv) < 600 (u, v).

Hence, all the assumptions of Corollary 2 are fulfilled for F(¢) = ¢ and y(t) = e Pt
for all # > 0. Therefore, T has a unique fixed point u* in C([0, 1]; [0, 00)). O

Example 11 Let r € [0,1], u € W and u given by (53). It is easy to see that the
function f given by
_ pe'u

frou) =4,

satisfies assumption (A).

4.2 An application to a nonlinear Volterra integral equation

In this subsection, we apply Corollary 6 to prove the existence and uniqueness of a
solution for the following nonlinear Volterra integral equation:

X(t) = h(f) + /O G rx()dr, tel (55)

where I =1[0,4] with >0, f:IxR—R, G:IxI—R and h:1— R are
mappings.
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Let X = C(I; R) be the set of all continuous functions x : I — R. For any x €
C(I; R) and fixed arbitrary 7 > 0, we define the following norm

[l = sup e™|x(7)].
tel

As it is mentioned in the paper [36], the space (X, |.||,) is a Banach space. Hence, X
endowed with the metric d; associated to the aforementioned norm, given by

d.(x,y) = supe "|x(r) — y(r)] forall x,y € X,

tel

is a complete metric space.
Next, we define

0:(x,y) = (de(x,y))’= supe " (x(t) — y(1))* forallx,y eX. (56

tel

Obviously, by Example 1, (X,0,) is a complete b-metric space with coefficient
s =2.

Theorem 10 Assume that the following assumptions hold:
(Ay) his a continuous function;

(A2) G is a continuous function and there exist T > 0 and K > 0 such that

t
sup/ |G(t, r)|e?"dr <K; (57)
0

tel

(A3)  the function fis continuous and there exists a constant o € (0, JT) such that
for all » € I and for all z,w € R,

Velz —w|
Ky\/1+a+ (z—w)

|f(V,Z) —f(V,W)|§

2 (58)

Then the integral equation (55) has a unique solution in X.
Proof Let T : (X,0,) — (X,0.) be the mapping defined as follows:
t
(Tx)(r) = h(r) —|—/ G(t,n)f(r,x(r))dr, x€X, t€l
0
Clearly, under the hypotheses of the theorem, T is well defined (i.e., if x € X then

Tx € X).
Let x,y € X such that Tx # Ty. By assumptions (A,) and (A3), one can get
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|(Tx) (1) — (Ty)(1)] < /OtIG(t, IS (rsx(r)) = f(r,y(r))|dr

Vi [ (1) = (1)
< = |G(t?r)| dr
<l Vot () =5

t o T ,Tr
S\/?&/|G(t,r ‘x(r) y(r)‘e € dr

" Jum+ ()

d.(

i (%) /|Gtr|e”dr
K \/1+a+0.(x,y)

d,
i (xy Sup/|Gtr|e‘:rt
K \/1+ o+ 0.(x,y) el

Vade(x,y)e”
1—|—oc—|—of(x,y).

IA

IN

IN

This leads to

2 21t *0« (X, y)
(TR0 = T e ™ < 2o

Taking the supremum on ¢ € I, we deduce that

o0:(x,y)
Tx, T —_ 59
7T ) < Ty o] (59)
which further implies that
T
o.:(Tx, Ty) < p(57)

or(x,y) +a+1’

where

o:(y, Ty)(1 + a.(x, Tx))
1+ 0.(x,y)

R;,/)’(x7y) = OCGT()C,y) + ﬂ

with the constant 8 to be chosen such that f € (0,1) and o+ ff = 1.
Consequently, all the conditions of Corollary 6 are fulfilled. Hence, the integral
equation (55) has a unique solution in X = C(I; R) O

The following example illustrates the results of Theorem 10.

Example 12 In this example, we present an application of Theorem 10. More
precisely, we consider an application to Damped Spring-Mass system in engineering
problems. Let m > O be the mass of the spring. Herein, we deal with critical damped
motion of a spring subjected to some given external force f. Then such type of
system is governed by the following initial value problem (see [38]):
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d®u  kdu
— = I1=102
dt2 m dr f(ta u(t))’ (S [Oa TC]’ (60)

u(0) =0, «'(0) =a,

where k > 0 is the damping constant, a € R.
Let us choose the function f as follows

1
flt,u) = Qmax{sin(t),%}, tel, uelCl;R).
The initial boundary problem (60) is equivalent to the following integral equation
(see again [38]).

t
u(t) = / Gt (rou(r)dr, 1€l (61)
0
where G : I X I — R is the Green’s function given by

t—r)et=", 0<r<t<2
Glt.r) = (t—r)e , <r<t<2m,
0 0<1<r<2m,

7

where © > 0 being a constant, calculated in terms of m and k.

Note that the existence of a solution u € C*(I; R) of problem (60) is equivalent to
the existence of a fixed point u € C(I; R) of the integral equation (61).

Now, we check that the hypotheses in Theorem 10 are satisfied. Indeed,
hypothesis (A) is immediately satisfied with h() =0 for all 7 € I.

Notice that the Green’s function G is continuous and nonnegative on I x I.
Moreover, after routine calculations, we obtain

' 2
sup/ G (1, r)|e"dr = sup - = 2m2.
0

tel tel

Consequently, hypothesis (A,) is satisfied with K = 272
Now, we check the condition (A3). For arbitrary z, w € R and using the following
basic inequality (see [27])

|max{a,b} — max{c,d}| < max{|la — c|,|b —d|}, a,b,c,d € R,

we obtain
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1
1(2) W) < g max (i), 1 21} — maxfsingr), 1 121)
! d
< _
— 8n? max{O, 1+22 1+w?
i
8m2 [1+22 1+w?

1z =it = Jawl]

— 812 (1+22)(1+w?)

1 Jz = wi|1 = Jaw]]

8 T+ 2)(1+ ) /(L + 2)(1 + w?)
1 |z — w||1 — |zw]]

- @\/(I—FZW)Z\/l—F%(Z—W)z

1 |z — w]|
NG
214/ 8 2+(Z—W)2

1 |z —wl
<— .
212/8 %—l—(z—w)z

1
Thus, assumption (Asz) is satisfied with o = g and K = 27%. Consequently, all the

conditions of Theorem 10 are fulfilled. Hence, the integral equation (61) has a
solution in C(I; R). Consequently, the problem (60) has a solution u € C*(I; R).

We finally ask the following questions:
Question 1. Does Theorem 7 hold if condition (H3) is replaced with condition

(F3)? i.e., does the conclusion of Theorem 7 remains true for any k € [#gﬂ, 1)?

Question 2. Does the conclusion of Theorem 8 remains true for any o € [si27 1)?
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