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Abstract
In this paper, we introduce new types of v;Fð Þ-contraction mappings by involving

rational expressions and establish two new fixed point theorems for this class of

mappings in the setting of b-metric spaces. Furthermore, our results allow us to

deduce, extend and improve some previous works in the existing literature. Along

with these, some illustrative examples are also constructed in the support of our

obtained fixed point theorems. As applications of our results, we investigate suffi-

cient criteria for the existence and uniqueness of solution for certain types of

nonlinear integral equations.
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1 Introduction

The concept of b-metric space was introduced by Bakhtin [4] (see also Czerwik

[11]) as a generalization of the usual metric by providing an axiom which is weaker

than the triangle inequality. Later on, b-metric theory has undergone a great

development and therefore a lot of fixed point results in the setting of b-metric

spaces have been investigated by many authors (see, e.g.,

[6–9, 13, 15, 16, 20, 24, 26, 28, 33, 34, 39].

One of the noteworthy generalizations of the celebrate Banach contraction
principle [5] is due to Wardowski [42]. He introduced a new contraction based on

an auxiliary function F fulfilling certain conditions, called F-contraction and proved

a new fixed point theorem. Subsequently, several interesting modifications and

extensions dealing with the original result of Wardowski have been elaborated in

various ways by many mathematicians. For an exhaustive review concerning F-
contractions, the reader may consult [23] and references therein.

Contractive conditions involving rational forms were firstly initiated by Dass and

Gupta [14], Jaggi [22] and Khan [25] (revised by Fisher [18]). Over the last few

years, many interesting variants for rational contractions have been provided in

various frameworks, see, for example, [2, 19, 30–32] and references therein.

In this paper, we initiate two new types of contractions, called in this order v;Fð Þ
-Dass–Gupta-contraction of type Að Þ and v;Fð Þ -Dass–Gupta-contraction of type

Bð Þ. These contraction mappings involving both v;Fð Þ-contraction of Wardowski

[43] and the rational expression appeared in [14] are therefore used to establish two

new fixed point theorems in the setting of b-metric spaces. Through the first one, we

did a lot of improvements in Theorem 3.2 of Lukács and Kajántó [29] and we have

generalized Theorem 4.3 in [31] in the context of b-metric spaces. In addition, we

have obtained the Dass–Gupta fixed point theorem in a complete b-metric space

which led to improve greatly Corollary 3.7 in [34]. Our second fixed point theorem

is based on v;Fð Þ -Dass–Gupta-contraction of type Bð Þ and it is proved with less

conditions imposed on the function F. Actually, this latter theorem can allow us to

derive many fixed point results of Dass–Gupta type mappings. Besides, examples

are provided to justify the validity of the presented results. As applications, we

utilize our obtained results to study the existence of the unique solution for

nonlinear Fredholm and Volterra integral equations. At the end of this paper, we

pose two questions should be of interest to readers as well as ourselves in the near

future.

2 Preliminaries

Throughout this paper, N, N0 ¼ N [ 0f g and R denote the set of all positive

integers, the set of all natural numbers and the set of all real numbers, respectively.

In this section, we collect some known theoretic results and prerequisites which

will be needed in the sequel. In the rest of the paper, unless otherwise stated, X
stands for a nonempty set and the Picard sequence of a mapping T : X ! X based
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on an arbitrary x0 2 X is defined by xn ¼ Txn�1 ¼ Tnx0 for all n 2 N; where Tn

means the n-fold composition of T with itself.

For the sake of completeness, we should first recall the Dass–Gupta fixed point

theorem in connection with our main results.

Theorem 1 ([14]: Dass–Gupta fixed point in metric spaces) Let (X, d) be a
complete metric space and T : X ! X be a mapping. Suppose that there exist a;b 2
½0; 1Þ with aþ b\1 such that

d Tx; Tyð Þ� a x; yð Þ þ b
d y; Tyð Þ 1þ d x; Txð Þð Þ

1þ d x; yð Þ

for all x; y 2 X. Then T has a unique fixed point x� 2 X and for any x 2 X the

sequence {Tnx} converges to this fixed point.

2.1 Background and some recent fixed point results on b-metric spaces

We first recall the definition of a b-metric space, as follows.

Definition 1 (See [4] and [12]) Let X be a nonempty set and let s� 1 be a given real

number. A mapping r : X � X ! ½0;1Þ is said to be a b-metric if, for all

x; y; z 2 X, the following conditions hold: b1ð Þ r x; yð Þ ¼ 0 if and only if x ¼ y; b2ð Þ
r x; yð Þ ¼ r y; xð Þ; b3ð Þ r x; zð Þ� s r x; yð Þ þ r y; zð Þ½ �.The pair X; rð Þ is called a b-
metric space with coefficient s� 1.

Definition 1 allows us to remark that every metric space is a b-metric space with

coefficient s ¼ 1, but the converse does not hold (see [1, 4, 16]). In other words, the

classical metric spaces are properly included in the class of b-metric spaces.

In what follows, we recall the following interesting examples.

Example 1 (See [39]) Let X; dð Þ be a metric space and let the mapping rd :
X � X ! ½0;1Þ be defined by

rd x; yð Þ ¼ d x; yð Þð Þp
for all x; y 2 X;

where p[ 1 is a fixed real number. Then X; rdð Þ is a b-metric space with coefficient

s ¼ 2p�1:

Example 2 Let 0\p\1 and let

Lp 0; 1½ �ð Þ ¼ u : 0; 1½ � ! R :

Z 1

0

u tð Þj jpdt\1
� �

;

together with the functional r : Lp 0; 1½ �ð Þ � Lp 0; 1½ �ð Þ ! 0;1½ Þ given by

r u; vð Þ ¼
Z 1

0

u tð Þ � v tð Þj jpdt

� �1
p

for all u; v 2 Lp 0; 1½ �ð Þ;

is a b-metric space with coefficient s ¼ 2
1
p�1:
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Example 3 The space lp Rð Þ with 0\p\1; where

lp Rð Þ ¼ xnð Þ 	 R :
X1
n¼1

xnj jp\1
( )

;

together with function r : lp Rð Þ � lp Rð Þ ! 0;1½ Þ defined by

r x; yð Þ ¼
X1
n¼1

xn � ynj jp
 !1

p

for all x ¼ xnð Þ; y ¼ ynð Þ 2 lp Rð Þ;

is a b-metric space with coefficient s ¼ 2
1
p�1:

Remark 1 It is worth noting that the two last examples are also given in [6] and

many others (see for instance [8, 9]), but the coefficient of b-metric mentioned

therein is s ¼ 2
1
p. After an elementary calculation, we have realized that the

suitable coefficient is s ¼ 2
1
p�1 (see also [28 Example 1.1]). For the sake of

readability, we give the basic inequalities have allowed us to obtain the desired

coefficient.

First, we use

a þ bð Þp\ap þ bp

for any a; b[ 0 and 0\p\1:
Next, we apply the following inequality (obtained by the convexity of the

function t 7!tr; t 2 R and r [ 1)

a þ bð Þr\2r�1 ar þ brð Þ

for any a; b[ 0 with r ¼ 1

p
and 0\p\1:

Hence, we can prove that inequality b3ð Þ for the two aforementioned examples is

satisfied with coefficient s ¼ 2
1
p�1.

Now, we sum up the notions of convergence, Cauchy sequence and completeness

in the setting of b-metric spaces.

Definition 2 (See [7–9]) Let X; rð Þ be a b-metric space with coefficient s� 1. Then

a sequence xnf g in X is called: að Þ convergent if and only if there exists x 2 X such

that lim
n!1

r xn; xð Þ ¼ 0 and in this case we write lim
n!1

xn ¼ x; bð Þ Cauchy if and only if

lim
n;m!1

r xn; xmð Þ ¼ 0.

Definition 3 (See [7–9]) The b-metric space X; rð Þ is said complete if every

Cauchy sequence in X converges in X.

What follows lemma will be required for the proof of one of our results.

Lemma 1 ([40, Lemma 11]) Let X; dð Þ be a b-metric space with coefficient s� 1.
Let xnf g be a sequence in X. Assume that
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d xn; xnþ1ð Þf g 2
[

O n�cð Þ : c[ 1þ log2 sf g:

Then xnf g is Cauchy.

It is well known from [3, Example 3.10] that a b-metric fails to be continuous in

general. The following example illustrates also this fact.

Example 4 (See [16 Example 2.13]) Let X ¼ ½0;1Þ. Let r : X � X ! ½0;1Þ be a

mapping defined by

r x; yð Þ ¼
d x; yð Þ; xy 6¼ 0;

4d x; yð Þ; xy ¼ 0;

�

where d x; yð Þ ¼ x � yj j: Then the following hold:

(1) X; rð Þ is a complete b-metric space with coefficient s ¼ 4;

(2) r is not a metric on X;
(3) r is not continuous in each variable.

The following lemma plays a crucial role to overcome the absence of the

continuity of a b-metric.

Lemma 2 (See [33, Lemma 1.7]) Let X; rð Þ be a b-metric space with coefficient
s� 1 and let xnf g be a sequence in X such that

lim
n!1

r xn; xnþ1ð Þ ¼ 0:

If xnf g is not a Cauchy sequence in X; rð Þ, then there exist e[ 0 and two sequences

mðkÞf g and nðkÞf g of positive integers such that the following items hold:

e� lim inf
k!1

r xmðkÞ; xnðkÞ
� �

� lim sup
k!1

r xmðkÞ; xnðkÞ
� �

� se;

e
s
� lim inf

k!1
r xmðkÞ; xnðkÞþ1

� �
� lim sup

k!1
r xmðkÞ; xnðkÞþ1

� �
� s2e;

e
s
� lim inf

k!1
r xmðkÞþ1; xnðkÞ
� �

� lim sup
k!1

r xmðkÞþ1; xnðkÞ
� �

� s2e;

e
s2

� lim inf
k!1

r xmðkÞþ1; xnðkÞþ1

� �
� lim sup

k!1
r xmðkÞþ1; xnðkÞþ1

� �
� s3e:

In what follows, we recall two famous fixed point results in the framework of b-
metric spaces.

Theorem 2 (See [17, Theorem 2.1]: Banach fixed point in b-metric spaces). Let
X; rð Þ be a complete b-metric space with coefficient s� 1 and T : X ! X be a

mapping such that for all x; y 2 X and some k 2 ½0; 1Þ,
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r Tx; Tyð Þ� kr x; yð Þ:

Then T has a unique fixed point x� 2 X and the sequence {Tnx} converges to this

fixed point for all x 2 X.

In the paper [34], Samet extended the Dass–Gupta fixed point theorem (see

Theorem 1) to b-metric spaces as follows:

Theorem 3 ([34, Corollary 3.7]) Let X; rð Þ be a complete b-metric space with
coefficient s� 1 and T : X ! X be a mapping. Assume that there exist a; b 2 ½0; 1Þ
with as þ b\1 such that

r Tx; Tyð Þ� ar x; yð Þ þ b
r y; Tyð Þ 1þ r x; Txð Þð Þ

1þ r x; yð Þ

for all x; y 2 X. Then T has a unique fixed point x 2 X and the sequence {Tnx}
converges to this fixed point.

2.2 F-contractions and some related fixed point results

In 2012, Wardowski [42] defined the so-called F-contraction as follows:

Definition 4 Let X; dð Þ be a metric space. A mapping T : X ! X is called an F-
contraction if there exist F 2 F and s[ 0 such that for all x; y 2 X;

d Tx; Tyð Þ[ 0 ) sþ F d Tx; Tyð Þð Þ�F d x; yð Þð Þ; ð1Þ

where F is the family of all functions F : 0;1ð Þ ! R satisfying the following

conditions: F1ð Þ F is strictly increasing; F2ð Þ For each sequence anf g of positive

numbers, the following holds:

lim
n!1

an ¼ 0 ifandonlyif lim
n!1

F anð Þ ¼ �1;

F3ð Þ There exists k 2 0; 1ð Þ such that lim
a!0þ

akF að Þ ¼ 0:

Example 5 (See [42]) Let a 2 0;1ð Þ. The following functions F1 að Þ ¼ ln a;

F2 að Þ ¼ ln aþ a; F3 að Þ ¼ �1ffiffiffi
a

p and F4 að Þ ¼ ln a2 þ að Þ belong to the family F .

Remark 2 Taking F að Þ ¼ ln a in (1), one can get a Banach contraction (see [42,

example 2.1]).

Wardowski established the following result.

Theorem 4 ([42, Theorem 2.1]) Let X; dð Þ be a complete metric space and let
T : X ! X be an F-contraction. Then T has a unique fixed point x� and for every
x0 2 X the sequence Tnx0f g converges to x�.

In 2018, Wardowski [43] fine-tuned the class of contractions F by introducing

the concept of v;Fð Þ-contraction on a metric space. The author substitute a function

v for the positive constant s and relaxed some assumptions on the mapping F.
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Definition 5 (See [43]) Let X; dð Þ be a metric space. A mapping T : X ! X is said

to be a v;Fð Þ-contraction if there exist two functions F : 0;1ð Þ ! R and v :
0;1ð Þ ! 0;1ð Þ satisfying the following conditions:

1. F satisfies F1ð Þ;
2. ðF0

2Þ: limt!0þ F tð Þ ¼ �1;

3. ðH0Þ: lim inft!eþ v tð Þ[ 0 for all e� 0;

4. v d x; yð Þð Þ þ F d Tx; Tyð Þð Þ�F d x; yð Þð Þ for all x; y 2 X with Tx 6¼ Ty.

Additionally, Wardowski [43] proved the following theorem.

Theorem 5 ([43, Theorem 2.1]) On a complete metric space X; dð Þ, every v;Fð Þ-
contraction mapping has a unique fixed point.

Very recently, Vujaković et al. [41] improved Theorem 5 by using only the first

condition F1ð Þ.

Remark 3 Notice that condition ðF0
2Þ is weaker than condition ðF2Þ. However, the

next lemma allows us to drop definitively condition ðF0
2Þ (see also Lemma 2.4 in

[29]).

Lemma 3 ([35, Lemma 3.2]) Let F : 0;1ð Þ ! R be a nondecreasing function and
tnf g a sequence of positive real numbers such that limn!1 F tnð Þ ¼ �1: Then

limn!1 tn ¼ 0:

Example 6 Let F1;F2 : 0;1ð Þ ! R be given by : F1 tð Þ ¼ ln t þ 1ð Þ and F2 tð Þ ¼

� 1

t þ 1
for all t 2 0;1ð Þ: It is clear that F1 and F2 belong to the class F but do not

satisfy condition ðF0
2Þ.

Recently, Lukács and Kajántó [29] introduced the following class of functions to

work in b-metric spaces.

We denote by F� the family of all functions F : 0;1ð Þ ! R satisfying both

conditions F1ð Þ and F3ð Þ.

Definition 6 (See [29, Definition 2.7]) Let s� 1 and s[ 0: We say that F 2 F�

belongs to F s;s if it is also satisfies

(Fs;s) if inf F ¼ �1 and x; y; z 2 0;1ð Þ are such that sþ F sxð Þ�F yð Þ and

sþ F syð Þ�F zð Þ then

sþ F s2x
� �

�F syð Þ:

Remark 4 In [29, Proposition 2.8], Lukács and Kajántó claimed that if F is a

nondecreasing function, then (Fs;s) is equivalent to the following one (denoted by

F4ð Þ in [10, Definition 3.1]):

F4ð Þ Let s� 1. If anf g 	 0;1ð Þ is a sequence such that sþ F sanð Þ�F an�1ð Þ
for all n 2 N and some s[ 0; then sþ F snanð Þ�F sn�1an�1ð Þ for all n 2 N:
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In addition, the authors in [29] proved the following result in the setting of b-
metric spaces.

Theorem 6 ([29, Theorem 3.2]) Let X; rð Þ be a complete b-metric space with
coefficient s� 1 and let T : X ! X be a mapping. If there exist s[ 0 and F 2 F s;s

such that for all x; y 2 X the inequality r Tx; Tyð Þ[ 0 implies

ðFÞ sþ F sr Tx; Tyð Þð Þ�F r x; yð Þð Þ;

then T has a unique fixed point x� and for every x0 2 X the sequence Tnx0f g
converges to x�.

3 Main results

Henceforth, we denote by L the family of all functions v : 0;1ð Þ ! 0;1ð Þ which
satisfy the following condition:

lim inf
t!gþ

v tð Þ[ 0 for all g[ 0: ðHÞ

Example 7 (See [16, Example 3.3] and [37, Example 2.2])
(a) Let v[ 0 be a fixed real number and v1 tð Þ ¼ v for all t 2 0;1ð Þ. Then

v1 2 L.
(b) Let v2 tð Þ ¼ dt for all t 2 0;1ð Þ, where d[ 0. Then v2 2 L.
(c) Let v3 tð Þ ¼ et for all t 2 0;1ð Þ. Then v3 2 L.

Remark 5 It is easy to see that condition (H) is slightly weaker than condition ðH0Þ
given in Definition 5. For instance, we can observe that v2 does not satisfy condition

ðH0Þ since lim inf
t!0þ

v2 tð Þ ¼ 0.

Definition 7 Let X; rð Þ be a b-metric space with coefficient s� 1. The mapping

T : X ! X is said to be a v;Fð Þ -Dass–Gupta-contraction of type Að Þ if there exist

two functions F : 0;1ð Þ ! R and v : 0;1ð Þ ! 0;1ð Þ such that for all x; y 2 X
with r Tx; Tyð Þ[ 0; the following condition is satisfied:

v r x; yð Þð Þ þ F r Tx; Tyð Þð Þ�F m x; yð Þð Þ; ð2Þ

where

m x; yð Þ ¼ max r x; yð Þ; r y; Tyð Þ 1þ r x; Txð Þð Þ
1þ r x; yð Þ

� �
:

Remark 6 Clearly, if T is a v;Fð Þ-Dass–Gupta-contraction of type Að Þ with F is a

nondecreasing function, then we get

r Tx; Tyð Þ\mðx; yÞ ð3Þ

for all x; y 2 X with Tx 6¼ Ty.
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Our first fixed point result is the following.

Theorem 7 Let X; rð Þ be a complete b-metric space with coefficient s� 1 and
T : X ! X be a v;Fð Þ -Dass–Gupta-contraction of type Að Þ. Assume that:

ðH1Þ F is nondecreasing;
ðH2Þ v 2 L;

ðH3Þ there exists k 2 0;
1

1þ log2 s

� �
such that lim

a!0þ
akF að Þ ¼ 0:

Then T has a unique fixed point x� and for every x0 2 X the sequence Tnx0f g
converges to x�.

Proof Let x0 2 X be an arbitrary point and xnf g be the Picard sequence based on x0.
If there exists n0 2 N0, such that xn0 ¼ xn0þ1, then xn0 is the fixed point of T. If
xn 6¼ xnþ1 for all n 2 N0, we get

rn :¼ r xn; xnþ1ð Þ ¼ r Txn�1; Txnð Þ[ 0 for all n 2 N:

Then we can apply the contractive inequality (2) with x ¼ xn�1 and y ¼ xn. Hence,

we obtain

v r xn�1; xnð Þð Þ þ F r xn; xnþ1ð Þð Þ

�F max r xn�1; xnð Þ; r xn; xnþ1ð Þð1þ r xn�1; xnð ÞÞ
1þ r xn�1; xnð Þ

� �� �

¼ F max r xn�1; xnð Þ; r xn; xnþ1ð Þf gð Þ

ð4Þ

for all n 2 N.

Equivalently, (4) takes the form

v rn�1ð Þ þ F rnð Þ�F max rn�1; rnf gð Þ: ð5Þ

If there exists m 2 N such that

max rm�1;rm

	 

¼ rm:

Then from (5), we deduce that

F rmð Þ\v rm�1ð Þ þ F rmð Þ�F rmð Þ;

a contradiction. Hence, for all n 2 N;

max rn�1; rnf g ¼ rn�1: ð6Þ

In view of (5), (6) and the monotonicity of F, we get

rn\rn�1 for all n 2 N:

The last inequality implies that rnf g is a strictly decreasing sequence of positive

numbers. Therefore, there exists r� 0 such that
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lim
n!1

rn ¼ rþ: ð7Þ

First, we prove that r ¼ 0. We argue by contradiction, i.e., we suppose that r[ 0.

On the other hand, via (5) and (6), we obtain the following chain of inequalities

F rnð Þ�F rn�1ð Þ � v rn�1ð Þ

�F rn�2ð Þ � v rn�2ð Þ � v rn�1ð Þ

� � � �

�F r0ð Þ �
Xn�1

i¼0

v rið Þ:

ð8Þ

By virtue of assumption H2ð Þ and (7), there exist n1 2 N and l[ 0 such that

v rnð Þ� l for all n� n1:

Consequently, inequality (8) can be written in the following form

F rnð Þ�F r0ð Þ �
Xn1�1

i¼0

v rið Þ �
Xn�1

i¼n1

v rið Þ

�F r0ð Þ �
Xn�1

i¼n1

v rið Þ

�F r0ð Þ �
Xn�1

i¼n1

l

¼ F r0ð Þ � n � n1ð Þl

ð9Þ

for all n� n1:
Using (7), (9) and the monotonicity of F, we obtain

F rð Þ�F rnð Þ�F r0ð Þ � n � n1ð Þl for all n� n1: ð10Þ

Letting n ! 1 in (10), one gets

F rð Þ� �1;

a contradiction. Thus r ¼ 0, that is,

lim
n!1

rn ¼ 0þ: ð11Þ

Next, by H3ð Þ and (11), there exists k 2 0;
1

1þ log2 s

� �
such that

lim
n!1

rk
nF rnð Þ ¼ 0: ð12Þ

By (9), we obtain
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0� rk
n n � n1ð Þl� rk

nF r0ð Þ � rk
nF rnð Þ for all n� n1: ð13Þ

Owing to (11), (12) and (13), we get

lim
n!1

rk
n n � n1ð Þl ¼ 0;

which implies

lim
n!1

nrk
n ¼ 0:

Therefore, there exists n2 2 N such that

rn � n�1
k for all n� n2:

Hence,

rnf g ¼ r xn; xnþ1ð Þf g 2 Oðn�1
kÞ: ð14Þ

Since
1

k
[ 1þ log2 s in (14), Lemma 1 allows us to deduce that xnf g is a Cauchy

sequence. By the completeness of X; rð Þ, xnf g converges to some x� in X, that is,

lim
n!1

r xn; x�ð Þ ¼ 0: ð15Þ

Now, we will prove that x� is a fixed point of T, that is, Tx� ¼ x�. Arguing by

contradiction, i.e., r x�; Tx�ð Þ[ 0. Then, in view of (15), there exists n3 2 N such

that

r xn; x�ð Þ� r x�; Tx�ð Þ
2s

; 8n� n3: ð16Þ

On the other hand, using b3ð Þ, we get

r x�; Tx�ð Þ� sr x�; Txnð Þ þ sr Txn; Tx�ð Þ: ð17Þ

Utilizing (16), the inequality (17) gives

r Txn; Tx�ð Þ� 1

s
r x�;Tx�ð Þ � sr x�; Txnð Þð Þ

¼ 1

s
r x�; Tx�ð Þ � r x�; xnþ1ð Þ

� r x�; Tx�ð Þ
2s

[ 0;

ð18Þ

for all n� n3.

By (18), the contractive inequality (3) can be applied with x ¼ x� and y ¼ xn.

Hence, (17) turns into
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r x�; Tx�ð Þ� sr x�;Txnð Þ þ sr Txn; Tx�ð Þ:

¼ sr x�; Txnð Þ þ sr Tx�;Txnð Þ:

\sr x�; Txnð Þ þ sm x�; xnð Þ

¼ sr x�; xnþ1ð Þ þ smax r x�; xnð Þ; rn
1þ r x�; Tx�ð Þ
1þ r x�; xnð Þ

� �
ð19Þ

for all n� n3.

Tending with n ! 1 in (19) and using together (11) and (15), we get

r x�; Tx�ð Þ� 0;

a contradiction. Consequently, x� is a fixed point of T, that is, Tx� ¼ x�.
Finally, we prove the uniqueness of the fixed point of T. Assume that x� and y�

are two different fixed points of T, i.e., Tx� ¼ x� 6¼ y� ¼ Ty�. Thus

r Tx�; Ty�ð Þ ¼ r x�; y�ð Þ[ 0: ð20Þ

From (20), the contractive inequality (2) (with x ¼ x� and y ¼ y�) yields

v r x�; y�ð Þð Þ þ F r x�; y�ð Þð Þ�Fðr x�; y�ð ÞÞ:

It is a contradiction since v r x�; y�ð Þð Þ[ 0. Thus, we conclude that x� ¼ y�, which
completes the proof. h

Remark 7 If s ¼ 1, then condition ðH3Þ coincides with condition ðF3Þ.

In the case of metric spaces, i.e., for s ¼ 1, Theorem 7 reduces to the following

result.

Corollary 1 Let X; dð Þ be a complete metric space and let T be a self-mapping on X.
Assume that there exist a nondecreasing function F : 0;1ð Þ ! R satisfying
condition ðF3Þ and v 2 L such that for all x; y 2 X with d Tx; Tyð Þ[ 0; the following
condition holds

v d x; yð Þð Þ þ F d Tx; Tyð Þð Þ�F md x; yð Þð Þ;

where

md x; yð Þ ¼ max d x; yð Þ; d y; Tyð Þ 1þ d x; Txð Þð Þ
1þ d x; yð Þ

� �
:

Then T has a unique fixed point x� and for every x0 2 X the sequence Tnx0f g
converges to x�.

Corollary 2 Let X; rð Þ be a complete b-metric space with coefficient s� 1 and
T : X ! X be a mapping. Assume that there exist two functions F : 0;1ð Þ ! R and
v : 0;1ð Þ ! 0;1ð Þ such that for all x; y 2 X with r Tx; Tyð Þ[ 0; the following
condition holds
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v r x; yð Þð Þ þ F r Tx; Tyð Þð Þ�F r x; yð Þð Þ: ð21Þ

Furthermore, assume that ðH1Þ, ðH2Þ and ðH3Þ are satisfied. Then T has a unique

fixed point x� and for every x0 2 X the sequence Tnx0f g converges to x�.

Proof The desired result follows immediately through the fact that r x; yð Þ�mðx; yÞ
and the monotonicity of F. h

Remark 8 Corollary 2 improves Theorem 6 on several sides. Indeed, the

contractive condition (F) from Theorem 6 implies the contractive condition (21)

since s� 1 and F is nondecreasing. Moreover, condition (Fs;s) from Theorem 6 is

omitted and the constant s is replaced by a function v in Corollary 2. Besides these,

the strictness of the monotonicity of F is not necessary. It is worth mentioning that

Corollary 2 does not completely improve Theorem 6 since condition ðF3Þ is weaker
than condition ðH3Þ. However, we will show in Example 9 that Corollary 2 is more

convenient in use than Theorem 6.

Remark 9 As in Theorem 6, Corollary 2 has been also proved without condition

ðF0
2Þ. In addition, and contrary to what was done in the work [29], we did not use

Lemma 3 to drop the aforementioned condition.

If, in Theorem 7, we take F tð Þ ¼ ln tð Þ and v tð Þ ¼ v for some v[ 0; one can

recover the following result in the setting of b-metric spaces.

Corollary 3 (See [31, Theorem 4.3 with Remark 4.4-(1)]) Let X; rð Þ be a complete

b-metric space with coefficient s� 1 and T : X ! X be a mapping satisfying

r Tx; Tyð Þ� km x; yð Þ ð22Þ

for all x; y 2 X, where k 2 ½0; 1Þ. Then T has a unique fixed point x� 2 X and for any

x0 2 X the sequence {Tnx0} converges to x�.

Remark 10

(1) The constant k appeared in Corollary 3 is given by k ¼ e�v 2 ½0; 1Þ.
(2) We note also that Theorem 2 is easily deduced from Corollary 3.

Now, we deduce the Dass–Gupta fixed point theorem in the setting of b-metric

spaces.

Corollary 4 (Dass–Gupta fixed point in b-metric spaces). Let X; rð Þ be a complete
b-metric space with coefficient s� 1 and T : X ! X be a mapping. Suppose that
there exist a; b 2 ½0; 1Þ with aþ b\1 such that for all x; y 2 X,

r Tx; Tyð Þ�M x; yð Þ;

where
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M x; yð Þ ¼ ar x; yð Þ þ b
r y; Tyð Þ 1þ r x; Txð Þð Þ

1þ r x; yð Þ : ð23Þ

Then T has a unique fixed point x� and for every x0 2 X the sequence Tnx0f g
converges to x�.

Proof It is easy to see that Mðx; yÞ� kmðx; yÞ, where k ¼ aþ b with a; b 2 ½0; 1Þ
and aþ b\1. Hence, the conclusion follows immediately from Corollary 3. h

Remark 11

(i) Corollary 4 is an improvement of Theorem 3 due to Samet [34] since the

condition as þ b\1 is relaxed to the following one aþ b\1:
(ii) If s ¼ 1, Corollary 4 recovers Dass and Gupta’s fixed point theorem (see

Theorem 1).

Corollary 5 Let X; rð Þ be a complete b-metric space with coefficient s� 1 and
T : X ! X be a mapping. Assume that there exist two functions F : 0;1ð Þ ! R and
v : 0;1ð Þ ! 0;1ð Þ such that for all x; y 2 X with r Tx; Tyð Þ[ 0; the following
condition holds

v r x; yð Þð Þ þ F r Tx; Tyð Þð Þ�F M x; yð Þð Þ;

where M x; yð Þ is given by (23) with a; b 2 ½0; 1Þ with aþ b\1. Furthermore, we

suppose that F is nondecreasing. Then T has a unique fixed point x� and for every

x0 2 X the sequence Tnx0f g converges to x�.

Proof Since F is nondecreasing, we obtain

r Tx; Tyð Þ�M x; yð Þ

for all x; y 2 X with Tx 6¼ Ty: It is clear that the above inequality also holds when

Tx ¼ Ty: Hence, the desired result follows immediately from Corollary 4. h

Remark 12 It is worth mentioning that the conclusion of Corollary 5 can not be

deduced if aþ b ¼ 1.

Example 8 Let

X ¼ xn ¼ n n þ 1ð Þ
2

; n 2 N

� �
:

Let us consider the functional r : X � X ! 0;1½ Þ given by r x; yð Þ ¼ x � yð Þ2:
According to Example 1, it is easy to see that X; rð Þ is a complete b -metric space

with coefficient s ¼ 2: Let us define the mapping T : X ! X as follows

Tx ¼
xn�1; if x ¼ xn; n� 2;

x1; if x ¼ x1:

�

First, we are going to show that T does not satisfy the contractive condition (22) in

Corollary 3. Indeed, this fact is checked through the following:
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lim
n!1

r Txn; Tx1ð Þ
m xn; x1ð Þ ¼ lim

n!1

xn�1 � x1ð Þ2

xn � x1ð Þ2
¼ lim

n!1

n2 � n � 2ð Þ2

n2 þ n � 2ð Þ2
¼ 1:

Hence, we cannot use Corollary 3.

Next, we will show that T is a v;Fð Þ-Dass–Gupta-contraction of type Að Þ. Now,
we observe that for every n; k 2 N,

r Txnþk; Txnð Þ[ 0 , k � 2 ^ n ¼ 1ð Þ _ k 2 N ^ n[ 1ð Þ:

Case 1. For every k � 2 and n ¼ 1; we have

r Txkþ1; Tx1ð Þ � m xkþ1; x1ð Þ� r xk; x1ð Þ � r xkþ1; x1ð Þ

¼ xk � x1ð Þ2� xkþ1 � x1ð Þ2

¼ k2 þ k � 2

2

� �2

� k2 þ 3k

2

� �2

¼ � k þ 1ð Þ k2 þ 2k � 1
� �

� � 21� � 1

r xkþ1; x1ð Þ þ 1
:

Case 2. For every k 2 N and n[ 1; the following holds

r Txnþk; Txnð Þ � m xnþk; xnð Þ� r xnþk�1; xn�1ð Þ � r xnþk; xnð Þ

¼ xnþk�1 � xn�1ð Þ2� xnþk � xnð Þ2

¼ k2

4
2n þ k � 1ð Þ2� 2n þ k þ 1ð Þ2

� �

¼ �k2 2n þ kð Þ

� � 5� � 1

r xnþk; xnð Þ þ 1
:

From the above cases, T is a v;Fð Þ -Dass–Gupta-contraction of type Að Þ with

v tð Þ ¼ 1

1þ t
and F tð Þ ¼ t for all t[ 0. In addition, all the conditions of Theorem 7

are satisfied. Hence, T has a unique fixed point x� ¼ x1 ¼ 1: Also, we observe that

the function F does not satisfy condition ðF0
2Þ.

Remark 13 Example 8 shows that Theorem 7 is a real generalization of Corollary 3.

Example 9 Let

X ¼ xn ¼ 1

2
n�1
2

ffiffiffi
n

p ; n 2 N

( )
[ 0f g:

Let r : X � X ! 0;1½ Þ be the mapping defined by r x; yð Þ ¼ x � yð Þ2: As in
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Example 8, we can see that X; rð Þ is a complete b -metric space with coefficient

s ¼ 2: Let us consider the mapping T : X ! X defined by

Tx ¼
xnþ1; if x ¼ xn; n 2 N;

0; if x ¼ 0:

�

First, we will show that Theorem 6 is not applicable.

On the contrary, let us suppose that all the conditions of Theorem 6 are fulfilled.

Therefore, there exist a nondecreasing F : 0;1ð Þ ! R and s[ 0 such that for

x ¼ xn; n 2 N and y ¼ 0; we have

sþ F 2r Txn;T0ð Þð Þ�F r xn; 0ð Þð Þ;

which leads to

sþ F 2x2nþ1

� �
�F x2n

� �
for all n 2 N: ð24Þ

Let us put an ¼ x2nþ1. By Remark 4, (24) implies that

sþ F 2nanð Þ�F 2n�1an�1

� �
for all n 2 N.

If we set rn ¼ 2nan, one can write

Xp

n¼1

s�
Xp

n¼1

F rn�1ð Þ � F rnð Þ½ �; p 2 N;

which implies

s� 1

p
F r0ð Þ � F rp

� �� �
; p 2 N;

or, equivalently

s� 1

p
F 1ð Þ � F

1

p þ 1

� �� �
: ð25Þ

By condition F3ð Þ, there exists k 2 0; 1ð Þ such that

lim
p!1

1

p þ 1ð Þk
F

1

p þ 1

� �
¼ 0:

Consequently,

lim
p!1

1

p
F

1

p þ 1

� �
¼ lim

p!1

p þ 1ð Þk

p

1

p þ 1ð Þk
F

1

p þ 1

� �
¼ 0:

Letting p ! 1 in (25), we obtain s� 0; a contradiction. Thus, the contractive

condition Fð Þ from Theorem 6 is not satisfied.

Next, we are going to show that T is a v;Fð Þ-Dass–Gupta-contraction of type Að Þ.
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Let us consider the following cases:

Case 1. If x ¼ xn; n 2 N and y ¼ 0, we have
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
r Txn; T0ð Þ

p
�

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
r xn; 0ð Þ

p
¼xnþ1 � xn

¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

n

2 n þ 1ð Þ

r
xn � xn

� 1ffiffiffi
2

p � 1

� �
xn

¼ 1ffiffiffi
2

p � 1

� � ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
r xn; 0ð Þ

p
:

Case 2. If x ¼ xnþk and y ¼ xn for every n; k 2 N. Bearing in mind that xnf gn2N is a

decreasing sequence, the following holds:

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
r Txnþk; Txnð Þ

p
�

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
r xnþk; xnð Þ

p
¼ xnþkþ1 � xnþ1j j � xnþk � xnj j

¼ xnþ1 � xn � xnþkþ1 þ xnþk

¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

n

2 n þ 1ð Þ

r
� 1

 !
xn �

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
n þ k

2 n þ k þ 1ð Þ

r
� 1

� �
xnþk

�
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

n

2 n þ 1ð Þ

r
� 1

 !
xn � xnþkð Þ

� 1ffiffiffi
2

p � 1

� �
xnþk � xnj j

¼ 1ffiffiffi
2

p � 1

� � ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
r xnþk; xnð Þ

p
:

In view of the above cases, it is easy to see that T is a v;Fð Þ-Dass–Gupta-contraction

of type Að Þ with v tð Þ ¼ 1� 1ffiffiffi
2

p
� � ffiffi

t
p

and F tð Þ ¼
ffiffi
t

p
for all t [ 0. Moreover, all the

conditions of Corollary 2 are satisfied. Hence, T has a unique fixed point x� ¼ 0:
Notice that the function F does not satisfy condition ðF0

2Þ.

Motivated by Remark 12, we will attempt to study Corollary 5 in the case when

aþ b ¼ 1.

Definition 8 Let X; rð Þ be a b-metric space with coefficient s� 1. A mapping

T : X ! X is called to be a v;Fð Þ-Dass–Gupta-contraction of type Bð Þ if there exist
a nondecreasing function F : 0;1ð Þ ! R and v 2 L such that for all x; y 2 X with

d Tx; Tyð Þ[ 0, the following condition is satisfied:

v r x; yð Þð Þ þ F r Tx; Tyð Þð Þ�F Ra;b x; yð Þ
� �

; ð26Þ

where

Fixed point theorems for... Page 17 of 32 40



Ra;b x; yð Þ ¼ ar x; yð Þ þ b
r y; Tyð Þð1þ r x; Txð ÞÞ

1þ r x; yð Þ ð27Þ

and a; b are nonnegative real numbers.

Remark 14 Obviously, we derive from Definition 8 that every T which is a v;Fð Þ-
Dass–Gupta-contraction of type Bð Þ satisfies the following condition

r Tx; Tyð Þ\Ra;bðx; yÞ ð28Þ

for all x; y 2 X with Tx 6¼ Ty.

Let s� 1 be a given real number. For convenience, we set

Ba;b ¼ a; bð Þ 2 R2 : 0\a\
1

s2
; 0\b\1; aþ b ¼ 1

� �
:

Now, we are ready to state and prove our second fixed point result of Dass–Gupta

type mappings. The proof used herein is essentially inspired by the technique

developed in [16, Theorem 3.26].

Theorem 8 Let X; rð Þ be a complete b-metric space with coefficient s� 1 and
T : X ! X be a v;Fð Þ-Dass–Gupta-contraction of type Bð Þ with a; bð Þ 2 Ba;b. Then

T has a unique fixed point x� and for every x0 2 X the sequence Tnx0f g converges to
x�.

Proof By similar reasoning as in the proof of Theorem 7, one can assume without

loss of generality that xn 6¼ xnþ1 for all n 2 N0. Consequently,

rn ¼ r xn; xnþ1ð Þ ¼ r Txn�1; Txnð Þ[ 0 for all n 2 N:

Hence, by applying the contractive inequality (26) with x ¼ xn�1 and y ¼ xn, we get

v rn�1ð Þ þ F rnð Þ�F arn�1 þ brnð Þ for all n 2 N: ð29Þ

Using the monotonicity of F and the fact that v tð Þ[ 0; 8t[ 0, we get

rn\arn�1 þ brn for all n 2 N: ð30Þ

By assumptions of the theorem, (30) becomes

rn\rn�1 for all n 2 N: ð31Þ

Thus, rnf g is a strictly decreasing sequence of positive numbers and thereby there

exists r� 0 such that

lim
n!1

rn ¼ rþ:

Now, we show that r ¼ 0 (for convenience, we use a different method to the one

established in Theorem 7). Arguing by contradiction, we assume that r[ 0. Since F
is nondecreasing, the right limit of F exists, that is,
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lim
t!rþ

F tð Þ ¼ F r þ 0ð Þ ¼ F rþð Þ for all r 2 0;1ð Þ: ð32Þ

On the other hand, by substituting (31) into (29) through the monotonicity of F and

aþ b ¼ 1, we obtain

v rn�1ð Þ þ F rnð Þ�F rn�1ð Þ for all n 2 N: ð33Þ

Keeping in mind (32) and letting n ! 1 in (33), one gets

lim inf
t!rþ

v tð Þ� lim inf
n!1

v rn�1ð Þ

� lim
n!1

F rn�1ð Þ � F rnð Þð Þ

¼ F rþð Þ � F rþð Þ

¼ 0;

which contradicts (). Hence,

lim
n!1

rn ¼ 0þ: ð34Þ

Next, we will prove that xnf g is a Cauchy sequence. Suppose on the contrary, i.e.,

xnf g is not a Cauchy sequence. From (34) and the first statement of Lemma 2, there

exist e[ 0 and two sequences mðkÞf g; nðkÞf g of positive integers such that

e� lim inf
k!1

r xmðkÞ; xnðkÞ
� �

� lim sup
k!1

r xmðkÞ; xnðkÞ
� �

� se:

Consequently, there exists k1 2 N such that r xmðkÞ; xnðkÞ
� �	 


is bounded for all

k � k1 and hence it has a convergent subsequence. Therefore, there exist a real

number l and a subsequence k jð Þf gj� k1
of kf gk� k1

such that

lim
j!1

r xmðk jð ÞÞ; xnðk jð ÞÞ
� �

¼ l ð35Þ

with

0\e� lim inf
k!1

r xmðkÞ; xnðkÞ
� �

� l� lim sup
k!1

r xmðkÞ; xnðkÞ
� �

� se: ð36Þ

Taking into account the condition that a\
1

s2
with the fact that l[ 0, the following

equation

bs2t2 þ 2s2t � l 1� as2
� �

¼ 0; t 2 R; ð37Þ

admits a positive root, denoted by qs.

Since qs [ 0, (34) implies that there exist j1 � k1; j2 � k1 such that
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rmðk jð ÞÞ ¼ r xmðk jð ÞÞ; xmðk jð ÞÞþ1

� �
� qs for all j� j1;

rnðk jð ÞÞ ¼ r xnðk jð ÞÞ; xnðk jð ÞÞþ1

� �
� qs for all j� j2:

ð38Þ

Using (35) and the fact that qs [ 0, it follows that there exists j3 � k1 such that

r xmðk jð ÞÞ; xnðk jð ÞÞ
� �

� lþ qs for all j� j3: ð39Þ

On the other hand, using b3ð Þ, we obtain

r xmðk jð ÞÞ; xnðk jð ÞÞ
� �

� sr xmðk jð ÞÞ; xmðk jð ÞÞþ1

� �
þ sr xmðk jð ÞÞþ1; xnðk jð ÞÞ

� �
� sr xmðk jð ÞÞ; xmðk jð ÞÞþ1

� �
þ s2r xmðk jð ÞÞþ1; xnðk jð ÞÞþ1

� �
þs2r xnðk jð ÞÞ; xnðk jð ÞÞþ1

� �
¼ srmðk jð ÞÞ þ s2r xmðk jð ÞÞþ1; xnðk jð ÞÞþ1

� �
þ s2rnðk jð ÞÞ

for all j� k1.
This implies

r xmðk jð ÞÞþ1; xnðk jð ÞÞþ1

� �

� 1

s2
r xmðk jð ÞÞ; xnðk jð ÞÞ
� �

� srmðk jð ÞÞ � s2rnðk jð ÞÞ
� � ð40Þ

for all j� k1.
Taking limit inferior as j ! 1 in (40) with (34) and (35), we get

lim inf
j!1

r xmðk jð ÞÞþ1; xnðk jð ÞÞþ1

� �
� l

s2
: ð41Þ

Then, by virtue of (41) and qs [ 0, there exists j4 � k1 such that

r xmðk jð ÞÞþ1; xnðk jð ÞÞþ1

� �
[

l
s2

� qs for all j� j4: ð42Þ

Having in mind that qs is a positive root of the equation given by (37), we have

l
s2

� qs �
l
s2

1� as2
� �

� qs ¼ bq2
s þ qs [ 0: ð43Þ

Accordingly, inequalities (42) and (43) allow us to obtain

r Txmðk jð ÞÞ; Txnðk jð ÞÞ
� �

[ 0 for all j� j4: ð44Þ

Putting uj ¼ r xmðk jð ÞÞ; xnðk jð ÞÞ
� �

and vj ¼ r xmðk jð ÞÞþ1; xnðk jð ÞÞþ1

� �
, it follows through

(44), that the contractive inequality (26) with x ¼ xmðk jð ÞÞ and y ¼ xnðk jð ÞÞ takes the

form

40 Page 20 of 32 O. Zahi, H. Ramoul



v uj

� �
þ F vj

� �
�F auj þ brn k jð Þð Þ

1þ rm k jð Þð Þ
1þ uj

� �� �
for all j� j4: ð45Þ

We set N ¼ max j1; j2; j3; j4f g. Then, using (38), (39), (42), (43) and (45) with

1þ uj [ 1, aþ b ¼ 1 and the monotonicity of F, we get

v uj

� �
þ F

l
s2

� qs

� �
�F a lþ qsð Þ þ bqs 1þ qsð Þð Þ

¼ F alþ qs þ bq2
s

� �
¼ F alþ l

s2
1� as2
� �

� qs

� �

¼ F
l
s2

� qs

� �

for all j�N.

Consequently, the last inequality implies that v uj

� �
� 0, for all j�N, which is a

contradiction. Then, fxng is a Cauchy sequence. Since ðX; rÞ is a complete b-metric

space, there exists x� in X such that

lim
n!1

r xn; x�ð Þ ¼ 0: ð46Þ

Following the same steps as those used in the proof of Theorem 7, we obtain that

there exists n4 2 N such that for all n� n4,

r Txn; Tx�ð Þ[ 0: ð47Þ

Through (47), the contractive inequality (28) can be applied with x ¼ x� and y ¼ xn.

Thus we have

r x�; Tx�ð Þ� sr x�; Txnð Þ þ sr Txn; Tx�ð Þ

¼ sr x�;Txnð Þ þ sr Tx�; Txnð Þ

\sr x�; Txnð Þ þ sRa;b x�; xnð Þ

¼ sr x�; xnþ1ð Þ þ sar x�; xnð Þ þ sbrn
1þ r x�; Tx�ð Þ
1þ r x�; xnð Þ

ð48Þ

for all n� n4.

Next, passing to the limit as n ! 1 in (48) and using together (15) and (34), we

obtain

r x�; Tx�ð Þ� 0;

which is a contradiction. Therefore, x� is a fixed point of T, i.e., Tx� ¼ x�.
To prove the uniqueness, we assume that x� and y� are two distinct fixed points of

T, i.e., Tx� ¼ x� 6¼ y� ¼ Ty�. Then
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r Tx�; Ty�ð Þ ¼ r x�; y�ð Þ[ 0: ð49Þ

Using (49) and the fact that F is nondecreasing, the contractive inequality (26) (with

x ¼ x� and y ¼ y�) yields

v r x�; y�ð Þð Þ þ F r x�; y�ð Þð Þ�Fðar x�; y�ð ÞÞ

�Fðr x�; y�ð ÞÞ;

which is a contradiction since v r x�; y�ð Þð Þ[ 0. Thus, the fixed point of T is unique

and the proof is finished. h

Remark 15 Theorem 8 is proved without conditions ðF0
2Þ, H3ð Þ and the strictness of

the monotonicity of F.

As a corollary of Theorem 8, taking v tð Þ ¼ ln t þ aþ 1ð Þ (with 0\a\
1

s2
) and

F tð Þ ¼ ln tð Þ, we obtain the following result.

Corollary 6 Let X; rð Þ be a complete b-metric space with coefficient s� 1 and
T : X ! X be a mapping such that

r Tx; Tyð Þ� Ra;b x; yð Þ
r x; yð Þ þ aþ 1

;

where a; bð Þ 2 Ba;b. Then T has a unique fixed point x� and for every x0 2 X the

sequence Tnx0f g converges to x�.

Remark 16 One can list further consequences of Theorem 8 by varying the

mappings F and v suitably such as in the above corollary.

Example 10 Let X ¼ ½1
3
; 5� and the mapping d : X � X ! 0;1½ Þ defined by

d x; yð Þ ¼
max x; yf g; x 6¼ y;

0; x ¼ y:

�

for all x; y 2 X. Then X; dð Þ is a complete metric space (see [21]).

Let r : X � X ! 0;1½ Þ be the mapping defined as follows

r x; yð Þ ¼ d x; yð Þð Þ2 for x; y 2 X:

In view of Example 1, X; rð Þ is a complete b-metric space with coefficient s ¼ 2:
Let T : X ! X be a mapping given by

Tx ¼

1

3
; x 2 ½1

3
; 3Þ [ 3; 5ð �;

2

3
; x ¼ 3:

8><
>:

First, we observe that
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r Tx; Tyð Þ ¼ 4

9
[ 0 , x ¼ 3 ^ y 2 ½1

3
; 3Þ [ 3; 5ð �

� �
_ y ¼ 3 ^ x 2 ½1

3
; 3Þ [ 3; 5ð �

� �
 �
:

Let x; y 2 X and denote

R1
8;
7
8

x; yð Þ ¼ 1

8
r x; yð Þ þ 7

8

r y; Tyð Þ 1þ r x; Txð Þð Þ
1þ r x; yð Þ :

Next, in both cases x ¼ 3 ^ y 2 ½1
3
; 3Þ [ 3; 5ð �

� �
_



y ¼ 3 ^ x 2 ½1

3
; 3Þ [ 3; 5ð �

� �
�;

we easily obtain

R1
8
;7
8

x; yð Þ� 1

8
r x; yð Þ ¼ 1

8
max x; yf gð Þ2 � 9

8
:

On the other hand, we have

r x; yð Þ
26

þ �1ð Þq�1

2 r Tx; Tyð Þð Þ2
þ �1ð Þqþ1ð Þr Tx; Tyð Þ

2
� r x; yð Þ

26
þ r Tx; Tyð Þ

� 25

26
þ 4

9
� 2

�R1
8
;7
8

x; yð Þ þ 1

R1
8
;7
8

x; yð Þ

ð50Þ

for all x; y 2 X with r Tx;Tyð Þ[ 0 and q 2 N0:
The last inequality in (50) holds through the following inequality:

h þ 1

h
� 2 for all h[ 0:

Keeping in mind that r Tx; Tyð Þ ¼ 4

9
\1 and R1

8
;7
8

x; yð Þ� 9

8
[ 1, one can consider

v : 0;1ð Þ ! 0;1ð Þ given by v tð Þ ¼ t

26
and F : 0;1ð Þ ! R defined as follows

F tð Þ ¼
�1ð Þq�1

2t2
þ �1ð Þqþ1ð Þt

2
; if 0\t� 1; q 2 N0;

t þ 1

t
; if t[ 1:

8>><
>>:

Hence, T is a v;Fð Þ -Dass–Gupta-contraction of type Bð Þ and all the conditions of

Theorem 8 are satisfied for a ¼ 1

8
and b ¼ 7

8
: Therefore, T has a fixed point x�

(which is
1

3
). Notice that F does not satisfy condition ðF0

2Þ when q is even and does

not satisfy condition H3ð Þ when q is odd.
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4 Applications

4.1 An application to a nonlinear Fredholm integral equation

In this subsection, we apply Corollary 2 to guarantee the existence and uniqueness

of a solution for a kind of nonlinear Fredholm integral equation.

Let W ¼ C 0; 1½ �; 0;1½ Þð Þ be the space of all nonnegative continuous functions

defined on 0; 1½ � and the mapping d : W � W ! 0;1½ Þ given by

d1 x; yð Þ ¼ sup
t2 0;1½ �

x tð Þ � y tð Þj j for all x; y 2 W :

For some p[ 1, we define

r1 x; yð Þ ¼ d1 x; yð Þð Þp¼ sup
t2 0;1½ �

x tð Þ � y tð Þj jp for all x; y 2 W : ð51Þ

By Example 1, W ; r1ð Þ is a complete b-metric space with coefficient s ¼ 2p�1:
In this application we deal with the following nonlinear Fredholm integral

equation:

u tð Þ ¼
Z 1

0

G t; rð Þf r; u rð Þð Þdr; u 2 W ; t 2 0; 1½ �; ð52Þ

where f : 0; 1½ � � 0;1½ Þ ! R and

G t; rð Þ ¼
t 1� rð Þ; 0� t� r � 1;

r 1� tð Þ; 0� r � t � 1:

�

Theorem 9 Suppose the following hypothesis holds:
(A) For all r 2 0; 1½ � and for all z;w 2 0;1½ Þ,

f r; zð Þ � f r;wð Þj j � ler z � wj j;

where

l :¼ 4

1

p
þ 1

p � 1

� �1
p

e

:
ð53Þ

Then the integral equation (52) has a unique solution in W.

Proof Let T : W ; r1ð Þ ! W ; r1ð Þ be the mapping defined as follows

Tuð Þ tð Þ ¼
Z 1

0

G t; rð Þf r; u rð Þð Þdr; u 2 W ; t 2 0; 1½ �:

First, we easily observe that T is well defined. We set
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q :¼ p

p � 1
[ 1; that is;

1

p
þ 1

q
¼ 1:

Next, assume that u; v 2 W with Tu 6¼ Tv and t 2 0; 1½ �. Using Hölder inequality and

assumption (A), one gets

Tuð Þ tð Þ � Tvð Þ tð Þj jp �
Z 1

0

G t; rð Þq
dr

� �p
q
Z 1

0

f r; u rð Þð Þ � f r; v rð Þð Þj jpdr

� lp sup
t2 0;1½ �

Z 1

0

G t; rð Þq
dr

 !p
qZ 1

0

epr u rð Þ � v rð Þj jpdr

� lpr1 u; vð Þ sup
t2 0;1½ �

Z 1

0

G t; rð Þq
dr

 !p
qZ 1

0

eprdr

¼ lpr1 u; vð Þ
p

ep � 1ð Þ sup
t2 0;1½ �

Z 1

0

G t; rð Þq
dr

 !p
q

:

ð54Þ

It is easy to obtatin that

Z 1

0

G t; rð Þq
dr ¼ tq 1� tð Þq

q þ 1

and so

sup
t2 0;1½ �

Z 1

0

G t; rð Þq
dr ¼ 1

q þ 1

1

22q
¼ 1

p
p�1

þ 1

1

22
p

p�1

:

Hence, (54) turns into
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Tuð Þ tð Þ � Tvð Þ tð Þj jp � lpr1 u; vð Þ
p

ep � 1ð Þ 1
p

p � 1
þ 1

1

2
2p

p�1

2
64

3
75

p�1

¼ lpr1 u; vð Þ
p

ep � 1ð Þ 1

p

p � 1
þ 1

� �p�1

1

22p

� 1

22p

lpr1 u; vð Þ
p

ep � 1ð Þ 1

p

p � 1
þ 1

� �p�1

� r1 u; vð Þ ep � 1ð Þ

ep
p

p � 1
þ 1

� � 1

p

p � 1
þ 1

� �p�1

� r1 u; vð Þ 1� e�pð Þ

¼ r1 u; vð Þ � r1 u; vð Þe�p:

Taking the supremum with respect to t 2 0; 1½ �; we get

r1 Tu; Tvð Þ� r1 u; vð Þ � r1 u; vð Þe�p;

or, equivalently,

r1 u; vð Þe�p þ r1 Tu; Tvð Þ� r1 u; vð Þ:

Hence, all the assumptions of Corollary 2 are fulfilled for F tð Þ ¼ t and v tð Þ ¼ e�pt
for all t [ 0. Therefore, T has a unique fixed point u� in C 0; 1½ �; 0;1½ Þð Þ. h

Example 11 Let r 2 0; 1½ �, u 2 W and l given by (53). It is easy to see that the

function f given by

f r; uð Þ ¼ leru

1þ u
;

satisfies assumption (A).

4.2 An application to a nonlinear Volterra integral equation

In this subsection, we apply Corollary 6 to prove the existence and uniqueness of a

solution for the following nonlinear Volterra integral equation:

x tð Þ ¼ h tð Þ þ
Z t

0

G t; rð Þf r; x rð Þð Þdr; t 2 I; ð55Þ

where I ¼ 0; k½ � with k[ 0, f : I � R ! R, G : I � I ! R and h : I ! R are

mappings.
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Let X ¼ C I;Rð Þ be the set of all continuous functions x : I ! R. For any x 2
C I;Rð Þ and fixed arbitrary s[ 0, we define the following norm

xk ks¼ sup
t2I

e�stjx tð Þj:

As it is mentioned in the paper [36], the space ðX; :k ksÞ is a Banach space. Hence, X
endowed with the metric ds associated to the aforementioned norm, given by

ds x; yð Þ ¼ sup
t2I

e�st x tð Þ � y tð Þj j for all x; y 2 X;

is a complete metric space.

Next, we define

rs x; yð Þ ¼ ds x; yð Þð Þ2¼ sup
t2I

e�2stðx tð Þ � y tð ÞÞ2 for all x; y 2 X: ð56Þ

Obviously, by Example 1, X; rsð Þ is a complete b-metric space with coefficient

s ¼ 2.

Theorem 10 Assume that the following assumptions hold:

ðA1Þ h is a continuous function;

ðA2Þ G is a continuous function and there exist s[ 0 and K [ 0 such that

sup
t2I

Z t

0

G t; rð Þj jes r�tð Þdr �K; ð57Þ

ðA3Þ the function f is continuous and there exists a constant a 2 ð0; 1
4
Þ such that

for all r 2 I and for all z;w 2 R;

f r; zð Þ � f r;wð Þj j �
ffiffiffi
a

p
z � wj j

K

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ aþ ðz � wÞ2

q : ð58Þ

Then the integral equation (55) has a unique solution in X.

Proof Let T : X; rsð Þ ! X; rsð Þ be the mapping defined as follows:

Txð Þ tð Þ ¼ h tð Þ þ
Z t

0

G t; rð Þf r; x rð Þð Þdr; x 2 X; t 2 I:

Clearly, under the hypotheses of the theorem, T is well defined (i.e., if x 2 X then

Tx 2 X).
Let x; y 2 X such that Tx 6¼ Ty. By assumptions ðA2Þ and ðA3Þ, one can get
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Txð Þ tð Þ � Tyð Þ tð Þj j �
Z t

0

G t; rð Þj j f r; x rð Þð Þ � f r; y rð Þð Þj jdr

�
ffiffiffi
a

p

K

Z t

0

G t; rð Þj j x rð Þ � y rð Þj jffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ aþ x rð Þ � y rð Þð Þ2

q dr

�
ffiffiffi
a

p

K

Z t

0

G t; rð Þj j x rð Þ � y rð Þj je�sresrffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ aþ x rð Þ � y rð Þð Þ2e�2sr

q dr

�
ffiffiffi
a

p

K

ds x; yð Þffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ aþ rs x; yð Þ

p
Z t

0

G t; rð Þj jesrdr

�
ffiffiffi
a

p

K

ds x; yð Þestffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ aþ rs x; yð Þ

p sup
t2I

Z t

0

G t; rð Þj jes r�tð Þdr

�
ffiffiffi
a

p
ds x; yð Þestffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

1þ aþ rs x; yð Þ
p :

This leads to

ð Txð Þ tð Þ � Tyð Þ tð ÞÞ2e�2st � ars x; yð Þ
1þ aþ rs x; yð Þ :

Taking the supremum on t 2 I, we deduce that

rs Tx; Tyð Þ� ars x; yð Þ
1þ aþ rs x; yð Þ ; ð59Þ

which further implies that

rs Tx; Tyð Þ�
Rs

a;b x; yð Þ
rs x; yð Þ þ aþ 1

;

where

Rs
a;b x; yð Þ ¼ ars x; yð Þ þ b

rs y; Tyð Þð1þ rs x; Txð ÞÞ
1þ rs x; yð Þ

with the constant b to be chosen such that b 2 ð0; 1Þ and aþ b ¼ 1.

Consequently, all the conditions of Corollary 6 are fulfilled. Hence, the integral

equation (55) has a unique solution in X ¼ C I;Rð Þ h

The following example illustrates the results of Theorem 10.

Example 12 In this example, we present an application of Theorem 10. More

precisely, we consider an application to Damped Spring-Mass system in engineering

problems. Let m[ 0 be the mass of the spring. Herein, we deal with critical damped

motion of a spring subjected to some given external force f. Then such type of

system is governed by the following initial value problem (see [38]):
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d2u

dt2
þ k

m

du

dt
¼ f t; u tð Þð Þ; t 2 I ¼ 0; 2p½ �;

u 0ð Þ ¼ 0; u0 0ð Þ ¼ a;

8<
: ð60Þ

where k[ 0 is the damping constant, a 2 R.

Let us choose the function f as follows

f t; uð Þ ¼ 1

8p2
maxfsin tð Þ; uj j

1þ u2
g; t 2 I; u 2 C I;Rð Þ:

The initial boundary problem (60) is equivalent to the following integral equation

(see again [38]).

u tð Þ ¼
Z t

0

G t; rð Þf r; u rð Þð Þdr; t 2 I ð61Þ

where G : I � I ! R is the Green’s function given by

G t; rð Þ ¼ t � rð Þes t�rð Þ; 0� r � t � 2p;

0; 0� t� r � 2p;

(

where s[ 0 being a constant, calculated in terms of m and k.

Note that the existence of a solution u 2 C2 I;Rð Þ of problem (60) is equivalent to

the existence of a fixed point u 2 C I;Rð Þ of the integral equation (61).

Now, we check that the hypotheses in Theorem 10 are satisfied. Indeed,

hypothesis A1ð Þ is immediately satisfied with h tð Þ ¼ 0 for all t 2 I:
Notice that the Green’s function G is continuous and nonnegative on I � I.

Moreover, after routine calculations, we obtain

sup
t2I

Z t

0

G t; rð Þj jes r�tð Þdr ¼ sup
t2I

t2

2
¼ 2p2:

Consequently, hypothesis A2ð Þ is satisfied with K ¼ 2p2.
Now, we check the condition A3ð Þ: For arbitrary z;w 2 R and using the following

basic inequality (see [27])

max a; bf g �max c; df gj j � max a � cj j; b � dj jf g; a; b; c; d 2 R;

we obtain
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f r; zð Þ � f r;wð Þj j � 1

8p2
maxfsin rð Þ; zj j

1þ z2
g �maxfsin rð Þ; wj j

1þ w2
g

����
����

� 1

8p2
max 0;

zj j
1þ z2

� wj j
1þ w2

����
����

� �

¼ 1

8p2
zj j

1þ z2
� wj j
1þ w2

����
����

� 1

8p2
z � wj j 1� zwj jj j
1þ z2ð Þ 1þ w2ð Þ

¼ 1

8p2
z � wj j 1� zwj jj jffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

1þ z2ð Þ 1þ w2ð Þ
p ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

1þ z2ð Þ 1þ w2ð Þ
p

� 1

8p2
z � wj j 1� zwj jj jffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

1þ zwð Þ2
q ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

1þ 1
2

z � wð Þ2
q

� 1

2p2
ffiffiffi
8

p z � wj jffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2þ z � wð Þ2

q

� 1

2p2
ffiffiffi
8

p z � wj jffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
9
8
þ z � wð Þ2

q :

Thus, assumption A3ð Þ is satisfied with a ¼ 1

8
and K ¼ 2p2. Consequently, all the

conditions of Theorem 10 are fulfilled. Hence, the integral equation (61) has a

solution in C I;Rð Þ. Consequently, the problem (60) has a solution u 2 C2 I;Rð Þ.

We finally ask the following questions:

Question 1. Does Theorem 7 hold if condition ðH3Þ is replaced with condition

ðF3Þ? i.e., does the conclusion of Theorem 7 remains true for any k 2 ½ 1
1þlog2 s ; 1Þ?

Question 2. Does the conclusion of Theorem 8 remains true for any a 2 ½ 1
s2
; 1Þ?
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29. Lukács, A., Kajántó, S.: Fixed point theorems for various types of F-contractions in complete b-
metric spaces. Fixed Point Theory. 19(1), 321–334 (2018)
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