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Abstract

We study semi-Riemannian hypersurfaces with a canonical principal direction
(CPD) with respect to a nondegenerate closed conformal vector field on a semi-
Riemannian ambient manifold. We give a characterization of such hypersurfaces. In
the case when such hypersurface is a surface with constant mean curvature in a
semi-Riemannian space form, we prove that it has an intrinsic Killing vector field. A
special case of hypersurfaces with a CPD are those with constant angle with respect
to a parallel vector field in the semi-Riemannian ambient. We prove that a surface
with zero mean curvature and constant angle, in a Loretzian ambient of arbitrary
dimension, is necessarily flat. When the surface is timelike and the ambient has non
positive curvature then the surface is totally geodesic. When the surface is spacelike
and the ambient has non negative curvature then the surface is totally geodesic. In
general when the ambient is of dimension three then the surface is always totally
geodesic.
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1 Introduction

It is well known that a hypersurface in a semi-Riemannian ambient does not
necessarily have a principal direction, which is an eigenvector of its shape operator.
Of course spacelike hypersurfaces have a diagonalizable shape operator and so a
basis of principal directions. But for example a timelike or a hypersurface whose
metric have index greater than one could not have one. Let us recall that in
Minkowski three dimensional space there are non trivial flat surfaces with zero
mean curvature with a unique principal direction which is lightlike: For example the
last surface given in the classification Theorem 5.1 of [3]. So it is interesting to
investigate those hypersurfaces with a principal direction, in particular those
hypersurfaces with a special one.

We say that a nondegenerate hypersurface isometrically immersed in a semi-
Riemannian ambient manifold has a canonical principal direction if the tangent part
of a vector field in the ambient is a principal direction. In this manuscript, we ask
this vector field in the ambient to be closed conformal, in particular it could be a
parallel vector field. The first works in the literature about surfaces with a canonical
principal direction with respect to a parallel vector field in the ambient manifold
were [5] and [6]. The Riemannian ambient manifolds in these works are S? x R and
H? x R, respectively. Since then, many other works have appeared: [4, 8, 9]. In [8],
where the authors investigated CPD hypersurfaces with respect to a closed
conformal vector field in a Riemannian ambient manifold. In [14], the authors
extended some results of [8] into a Lorentz ambient. We want to remark the recent
work [2], where the authors consider the concept of canonical vector field with
respect to a radial (which is closed conformal) vector field in semi-Euclidean space.

We should remark that helix or constant angle hypersurfaces (see Definition 3.1)
with respect to a parallel or closed conformal vector field in some semi-Riemannian
ambient manifolds are examples of CPD hypersurfaces as we can check in [10] and
[7]. This latter class of surfaces have been also studied with respect to a Killing
vector field in instead of a parallel or a closed conformal one, see for example [12]
and [11].

We now describe the three main results in this manuscript. In Theorem 2.14, we
give a characterization of CPD semi-Riemannian hypersurfaces with respect to a
closed conformal vector field Z in the ambient. In particular, to have a CPD is
equivalent to: The integral curves of the normalized tangent part T := Z7 /|Z"| of
Z are geodesics of the hypersurface. In Theorem 2.20, we prove that in a CPD
nondegenerate surface with constant mean curvature the vector field fT is closed
conformal and fW is Killing, where W is unitary and orthogonal to 7 and f is an
explicit function on M. This can be interpreted as the surface having some
symmetry. Finally, in Theorem 3.7, we consider nondegenerate surfaces in a
Lorentzian ambient of arbitrary dimension, with zero mean curvature and constant
angle with respect to a parallel vector field. We deduce that. they are flat. We also
have that such surfaces are totally geodesic under any of the following conditions:

e The ambient has dimension three.
e The surface is timelike and the ambient has non positive curvature.
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e The surface is spacelike and the ambient has non negative curvature.

2 Hypersurfaces with a canonical principal direction

Notation 2.1 In this manuscript we assume the next facts and use the following
notation:

All the manifolds, functions, vector fields are of class C*.

N is a semi-Riemannian manifold. Standard references are [13] and also [1].
Z is a vector field on N.

M is a nondegenerate immersed submanifold of N, i. e. the induced metric on
M is nondegenerate.

We denote by D the Levi—Civita connection of N and by V the Levi—Civita
connection of M.

¢ is an unitary vector field orthogonal to M.

A¢ is the shape operator of M in N with respect to the normal vector field &.

o denotes the second fundamental form of M in N.

V- is the normal connection on the normal bundle of M in N.

Z" is the tangent part of Z on M and Z*" its orthogonal part. We will assume that
Z" and Z* are nowhere zero on M and are nondegenerate in the sense that they
are either spacelike or timelike vector fields.

Definition 2.2 Let N be a semi-Riemannian manifold. Let Z be a vector field on N.
We say that Z is a closed conformal vector field, if there exists a function ¢ on N
such that for every Y € X(N) we have the relation

DyZ = Y.

Notation 2.3 In the next results of this section we will assume that:

e Zwill be a nondegenerate closed conformal vector field on the semi-Riemannian
manifold N. So, Z will be either timelike or spacelike.
e M will be a hypersurface of N.

Definition 2.4 Let us consider a nondegenerate hypersurface M C N. We say that a
vector field X on M is a principal direction of M, if A:(X) = xX for some function x
on M.

Remark 2.5 1In general, when the hypersurface M is timelike the principal directions
do not necessarily exist. On other hand, when M is spacelike its shape operator A is
diagonalizable.

Definition 2.6 We say that a nondegenerate hypersurface L of N is umbilical if and
only if the shape operator A" of L satisfies:
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AL(u) =fv,

for some function f on L and for every u € X(L). Here v is a unitary vector field
orthogonal to L.

A direct computation proves the next result.
Lemma 2.7 Let Z be a nondegenerate closed conformal vector field on N.

(1) IfY € X(N) is orthogonal to Z, then Y - |Z| = 0.

(2) The integral curves of Z are geodesics in N.

() If Z is nowhere zero along N then the orthogonal distribution to Z is
integrable with umbilical leaves.

Example 2.8 Of course, parallel vector fields are closed conformal vector fields
with ¢ = 0. But there are closed conformal vector fields which are non parallel.

Let I C R be an open interval. In the semi-Riemannian warped product I x, N
there is a natural closed conformal vector field: the vector field pd;. Here p : I — R
is a C* positive function. 0, is the lift into / x N of the canonical unitary vector
field on the interval 1. We apply the properties of the Levi—Civita connection D of
the above semi-Riemannian warped product. In particular, we apply Proposition 35,
p- 206 of [13]. We have that

o, -
Da,ar=07 DVaz: P

v,

for every vector field V on I x, N tangent to the leaves {r} x N. Therefore,

Dy, (p0;) = (0 - p)3, Dy (pd;) = (V- p)0; + pDv0, = (0, - p)V.

This proves that for every vector field Y on I x, N, Dy(p0;) = (0, - p)Y, i.e. pO, is a
closed conformal vector field.

Lemma 2.9 Let M be a nondegenerate hypersurface of a semi-Riemannian
manifold N. Then we can decompose Z as

Z=2-T+u-¢

where T, £, 1y u are defined by

ZT
T:=—
7]

ZL

¢= 2
7]

o ) :=|Z"|
o w:=|Z"

Proof We can decompose Z in its tangent and normal parts to obtain
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z=7"+Z7"
= 2", 20" T+ (2", z0)| P ¢

=1-T+u- ¢

O

Proposition 2.10 The following equations are valid for the immersed hypersurface
M C N: Let X € X(M), then

(@ @ X=XA)-T+ 74 -VxT —pu-A:X
b)) 0=X(p) -+ -a(X,T)

where

e ¢ € C®(N) such that DxZ = ¢X
o h=Z|- [N =1ZT] and p=12|- 4" =|Z"].

Proof Let X € X(M). Let us compute DyZ using the decomposition of Z in
Lemma 2.9
DxZ = Dx[A- T+ - ¢
= (X 2)T + ADxT + (X - )& + uDx¢é
=X - )T+ AVxT +a(X,T)) + (X - p)& — pA:X.
On other hand, since Z is a closed and conformal vector field, DxZ = ¢ - X. Thus
- X=X-2)T+ X -WeE+AVxT+o(X,T)) — uA:X.
Now, we can take the tangent and normal parts of the above equation to get

¢-X=(X-2)T+ AVxT — pA:X
0= (X pé+2uX,T).

O

Example 2.11 We will see that if M is an umbilical hypersurface of N, then Z7 is a
closed conformal vector field on M.
By Proposition 2.10, we have that for every X € X(M)

A-VxT=-X(A) - TH+u-A:X+¢- X
Equivalently,

Vx(AT) = pAeX + X
Vx(|1ZT| T) = |ZHA:X + X
VxZ' =|Z |AX + ¢X.

Since M is an umbilical hypersurface, there is a function ¥ on M such that
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A:X = kX, for every X € X(M).
We deduce that,

VxZ' =|Z kX + X = (|Z" |k + 9)X.

This proves that ZT is closed conformal on M.

Let us observe that a semi-Euclidean space have parallel vector fields. This imply
that, the semi-Riemannian space forms have closed conformal vector fields because
they are umbilical hypersurfaces in a semi-Euclidean ambient manifold.

Corollary 2.12 Let W € X(M) be a vector field orthogonal to T. Let us define
ue = (&,&) = £1. Then the following equations are valid:

(@) AW—% (W(i) T+ 4 VT — - W]
b) AT = T =0 1 2 gr
u u
© aw,r)=-"1 ¢
@ arm)=-TW.
© G@w..8=-28.,
() <a(T,T),6>=—¥'M¢

(e W) = T ug - (VeT,W).

Proof

(a) In Proposition 2.10 (a), we can take X = W and solve for A;:
1
AW=—-[WQ) - T+ A-VyT —¢ W]
I

(b) Similarly as in (a) above, now we can take X = T

T(Z)—¢ A

AT = T+=-VqT.
Il 1

(c) We apply again Proposition 2.10 (b), taking X = W and solving for o(W,T):

a(W,T) = —@- &

(d) Analogously as in (c) above, now we take X = T

T .

O((T, T) = - ;
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(e) We apply (c) to get

(w 1), == g g = T,

(f) Now, we apply (d) above:
__Tw _ T
T, 1,8 =——F (6 =-—2 e

(g) We can use that Wy T are orthogonal and (b) above.

<O((W7 T)a é> = <WaA5T>

%. [T(A) — @] - (W,T) +£' (W, VrT)
A

LW,

On other side, we have that

L

((W,T), &) = —w, equivalently — @ =—-(W,VT)

and therefore

O

Definition 2.13 We say that a nondegenerate hypersurface M C N has a canonical

principal direction with respect to Z, if the tangent part Z' of Z along M is nowhere
degenerate and it is a principal direction of M.

Our Theorem 2.14 is an extension into a semi-Riemannian context of part of
Theorem 5 in [8] given in a Riemannian context. A similar result is Theorem 2.3 in
[14] for a spacelike hypersurface in a Lorentz ambient.

Theorem 2.14 Let M be a nondegenerate hypersurface of N. Then the following are

equivalent:

(1) M has a canonical principal direction with respect to Z, i.e. T is a principal
direction.

(2) |Z*] is constant along directions tangent to M and orthogonal to T.

(3) The integral curves of T are geodesics of M.

(4) In Zis nowhere zero on M, the function (Z/|Z|, &) is constant in the directions

tangent to M and ortogonal to T.

T Birkhauser



52 Page 8 of 17 A. G. Dinorin, G. Ruiz-Hernédndez

Proof Let W be a vector field in X(M) orthogonal to T. We have the following
implications:
. (D=0
Since T is a principal direction, we have that A;:T = 0 - T. By Corollary 2.12 (b),
we deduce that

T(A)—¢

7
0-T=A:T = T+=-VyT.
U

Solving for VT we get

VT — [M] T

A

Now, we substitute the latter equation in Corollary 2.12 (g):

72
W(u) = u uz - (VeT, W)

:_[“'9_7}:(}')_“"} .iz-ug.<T,W>:o.

u

Therefore
p=|z"|

is constant along the direction W.

* 2=0)
Since u is constant, by Corollary 2.12 (g) we deduce that (VyT,W) =0.
Moreover, since T is unitary, we obtain that (V;T,T) = (1/2) - T(T,T) = 0.
This proves that V;7T = 0.

e )=
We have that VT = 0, so by Corollary 2.12 (b) we get that
T(3) — ) T(2) —
AéT:u.T+ﬁ.vTT:M.T.
It It It
As a consequence, T is a principal direction.
* =4

Let us recall that Z+ = (&, E)(Z, &) E. Thus,
(Z52%) = (&,9(z,9%

So, |Z+] = [(Z,&)|. We deduce that, |Z*|/|Z] = |(Z/|Z],&)|. This says that
(Z]\Z|,¢) = €|Zz*|/|Z|, where € = £1. Let X € X(M) and orthogonal to T.
Therefore, X is also orthogonal to Z. By our assumption (2), X - |Z+| = 0. By
Lemma 2.7, X - |Z| = 0. This implies that

X-(z/1z],¢) = e(x -1Z"]/|z]) = 0.
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e D=2
In a similar fashion, we just have to apply the relation |Z*| = €|Z|(Z/|Z], ¢) and
Lemma 2.7.

O

Definition 2.15 Let F : N — R be a function. We say that F is a transnormal
function if there is a function b : I — R defined on some interval / C R such that

[VF|=boF.

Lemma 2.16 Let F: N — R be a transnormal function. Let VF be a nowhere
zero vector field which is either spacelike or timelike. Then X - (VF,VF) = 0 for
every X € X(N) orthogonal to VF.

Proof By our hypothesis, the level hypersurfaces of F are nondegenerate
hypersurfaces of N orthogonal to VF. Let X € X(N) be orthogonal to VF, in
consequence X is tangent to the level hypersurfaces of F. Now, let us observe that
|(VF,VF)| = (boF)* and that it is nowhere zero. So, (VF,VF) = e(bo F)?,
where ¢ = £1. Therefore,

X - (VF,VF)=2¢(boF)[X-(boF)] =0,
because the function b o F is constant along the level hypersurfaces of F. [

Example 2.177 We use a transnormal function to construct a hypersurface with a
canonical principal direction.

Let F: N — R be a transnornal function such that (VF,VF) + 1 is nowhere
zero along N. We also assume that VF is nowhere zero and it is either spacelike or a
timelike vector field.

We verify that the graph of F given by

M :={p=(x,F(x)) € N x R| x € N},

is a hypersurface in the semi-Riemannian manifold N x R with a canonical prin-
cipal direction with respect to the parallel vector field 0.
We proceed as follows: Let us observe that a unitary vector field orthogonal to M

is defined by ¢ := (VF —0,)/+/|(VF, VF) + 1|. This is true because a basis on the

tangent spaces T,M is given by
X1+ (X1 - F)0y, - -, Xaimn + (Xaimn - F)0},

where X, ..., Xz is any basis of T x N. In particular, if we choose the basis
VF,Y,,..., Y4y for T,N, with Y5, ..., Y4,y orthogonal to VF, the basis for T,M
becomes

T Birkhauser
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VF + <VFa VF>al7 YZ) te YdimN-

Now, it is clear that ¢ is orthogonal to the latter basis of 7,M because 0O, is
orthogonal to VF, Y, ..., Ygimn-

This observation also implies that 9, is linearly dependent of VF 4 (VF, VF)d,.
In particular, a basis for the orthogonal directions to aj and tangent to M is given by
Y27 ey YdlmN'

Finally, we will apply Theorem 2.14 case (4): We need the following
computation,

(0, &) = —1/VI(VF,VF) +1].

By Lemma 2.16, (VF, VF) is constant along the level hypersurfaces of F. Since,
Ys, ..., Ygmn are orthogonal to VF and tangent to N, they are also tangent to the
level hypersurfaces of F. But these directions Y, ..., Y.~ are tangent to M as was
explained above. So, (0, &) is constant along the directions tangent to M and
orthogonal to VF. This proves that the hypersurface M of N=M X R has a
canonical principal direction with respect to Z = 0.

Lemma 2.18 Let M be a semi-Riemannian surface and let f be a function on M. Let
U and V be orthonormal vector fields in X(M), with ey := (V, V). Let us assume
that U is a geodesic vector field on M : VyU = 0. Then the next conditions are
equivalent

(1) fU is a closed conformal vector field on M.
(2) f satisfies

Vf:Oa Uf:EVf<VVU7 V>
(3) fVis a Killing vector field on M.

Proof Since U is a geodesic vector field, ViV = 0. Let us observe that for all
X e xX(M),

Vu(fU) = (U-f)U +fVyU = (U -f)U
and
Vyv(fU) = (V-/)U + evf(VvU, V)V.

From de above equations we deduce that fU is a closed conformal vector field if and
only if V- fand U - f = eyf(VyU, V). This proves the equivalence between (1) and
2).

Another direct computation proves that (2) implies (3).

Let us prove that (3) implies (2):

Since fV is Killing,
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0= (Vy(fV),V) = (V-/)(V,V) = (V-fev.
(U-fev = (VufV),V) = =(Vv(fV), U) = =f(VvV,U) = f(VvU,V).

This finishes the proof. O

Remark 2.19 Let us recall that the mean curvature vector field H of our
nondegenerate surface M in a three dimensional semi-Riemannian manifold N is
given by

2H = e7o(T,T) + ewa(W, W),
where T is as before and 7, W are orthonormal vector fields on M. This implies that

2<Ha é> = €T<OC(T7 T)a é> + €W<OC(W7 W)v §>
= er(Ae(T), T) + ew(Ac(W), W).

When (H, &) is a constant function, we say that M has constant mean curvature
(CMO).

The next Theorem 2.20, is an extension into the semi-Riemannian context of
Lemma 3.4 and part of Theorem 3.6 in [4].

Theorem 2.20 Let M be a nondegenerate surface of the three dimensional either
Riemannian or Lorentzian space form N without umbilical points. Let us assume
that M has a canonical principal direction with respect to Z. If M has constant mean
curvature (CMC) then ———T is closed and conformal vector field and ——W

V [K1—12| V [K1—12|

is a Killing vector field on M, where k| and x, are the principal curvatures in the
orthogonal directions T and W, respectively. We also have that
W'Kl :W~K2:0.

Proof The case when N is a Riemannian space form was considered in Lemma 3.4
and Theorem 3.6 of [4]. So, let us assume that N is a Lorentzian space form. And the
proof in the following lines is an adaptation of Lemma 3.4 of [4].

By Theorem 2.14, T is a principal direction of M and V7T = 0. This latter
condition implies that VW = 0. Since M is nondegenerate, W is also a principal
direction.

We will prove that the function f := \/I—I“\’ U:=T and V:=W satisfy
K1—K2

condition (1) in Lemma 2.18. We proceed as follows.
Let us apply the Codazzi equation in space forms:

VT(A@W) —Aé(VTW) = Vw(AéT) —Ag(VWT).
So we obtain

VT(KQW) = VW(KlT) —Ag(vWT)
(T . Kz)W = (W . Kl)T + 1 VT — VT

Now we apply the metric against 7, in first place, and against W in second place:
Against T:
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0=er(W-xy),

where ey = (T, T). Since M is CMC, Remark 2.19 implies that there is a constant a

such that ez (A:(T),T) + ew(A:(W), W) = a. In our case we have that T and W are

principal directions, so k; + kK, = a. Therefore, we also have that 0 = W - k5.
Against W:

ew(T - ky) = (k1 — 1)V T, W),
where ey = (W, W). Once again, the CMC condition on M implies that

—ewT - 161 = (1K1 — 1) (VwT, W)
and so

T (k1 —Kk2) = =2ew (k) — 1) (VwT, W).
Since M does not have umbilical points, we can write
) — K2| = a(K) — K2),

where ¢ € {—1,+1}. Finally, let us observe that

T ! —T. 1 _ Lol (k1 —x2) (VwT, W)

= €w .
VKL — 1| Vo(k —xk2) 2 (o(ke — 12)*? VK — 12|
1 1

v k1 —xK2| VK1 =]
field on M. U

T is closed conformal and

This proves that, W is a Killing vector

3 Semi-Riemannian submanifolds of constant angle

As we will see in this section, in a semi-Riemannian ambient manifold N, a constant
angle hypersurface with respect to a parallel vector field has a canonical principal
direction. Moreover, Proposition 3.5 of [10] says that, when the ambient is a semi-
Riemannian space form, a constant angle hypersurface with respect to a closed
conformal vector field has a canonical principal direction.

Definition 3.1 Let M be a nondegenerate submanifold of N. Let us assume that N
admits nowhere degenerate a parallel vector field Z. We say that M is a helix
submanifold or that has constant angle with respect to Z if we have that |Z7| = 1 /
= 0 is constant, where Z = ZT + Z+.

Remark 3.2 Let X € X(M). Since Z is parallel, X - (Z,Z) = 2(DxZ,Z) =0, i. e.
(Z,Z) is constant. Moreover, the relation

(2,2) =(z", 2" + (z+,7")

implies that u := |Z*| is also a constant. If we assume that A, u # 0 and using the
equality

W Birkhauser
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zr z+
R N e
we obtain that Z admits the following decomposition:
Z = AT + ué.

Finally, When M is a hypersurface, we have that (Z7,Z") is constant if and only if
(Z/|Z|,v) is constant, where v is any unitary vector field orthogonal to M.

Notation 3.3 In this section, we will assume the next conventions:

Z is a parallel vector field on N.
We have the decomposition Z = AT + ué.
M has constant angle with respect to Z.

[ ]
[ ]
[ ]
e 1 and u are non zero constants.

Proposition 3.4 Let W in X(M). Let us denote p = 1/ . Let us observe that u # 0.
Then

(1) AT =0, ie. T is a principal direction of Ac.
(2) AQVW =p- VWT.
3) p-uT, W)= -Vl
@ p T, T)=-Vzi.
(5) VT =0, i.e. the integral curves of T are geodesics of M.
6) (u(W,T),¢&) =0.
Proof Let X € X(M). Since DxZ = 0, then
= A(VxT + a(X,T)) + u(—A:X + V).
We can take the tangent and normal parts to obtain
{ 0 = AVxT —uA:X
0 = JoX,T)+ uVyé

The items (2) and (3) are direct consequences of the latter two equations. To get
case (4), we have to take W =T in (3).
Now, we can assume that X = T in the first equation above to get

0= AVsT — pA:T.
Let W in X(M), we have that
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(ViT, W) = (/2){AT, W) = (/2)(E,o(T, W))
(1) I)(E — () 2V €) = —(/2)* (€, Vi)
—(1/2)(u/2)* W - (£,&) = 0.

Thus, V7T = 0, which implies that A;T = 0. So, (1) and (5) are valid. It follows
from (1), that (x(W,T), &) = (A:T,X) = 0. This proves (6). O

Definition 3.5 We say that a hypersurface of N is ruled, if the hypersurface has a
non singular foliation by geodesics of N.

Corollary 3.6 If M is a hypersurface then for every vector field W in X(M) we have
that:

(@ oW, T)=0

(b) Vy<=0

(¢) DrT =0, i.e. the integral curves of T are also geodesics of N. Then M is a
ruled hypersurface of N.

Proof

(a) By Proposition 3.4 (6), we have that (az(W,T),&) =0. Since M is a
hypersurface, ¢ generates T-M. Therefore a(W,T) = 0.

(b) By (a) above, we have that o(W, T) = 0 for every vector field W in X(M). By
Proposition 3.4 (3), we obtain that

Vié=—p-a(T,W) =0

(c) By (a), we know that o(W,T) =0 for every vector field W in X(M). In
particular, o(7,T) =0. By proposition 3.4 (5), V7T =0. So, by Gauss
formula for D;T we have that

DTT = VTT + O((T7 T) =0.

O

The next result is a generalization of part of Theorem 3.1 and Theorem 3.2 in
[15], which are in a Riemannian context.

Theorem 3.7 Let us assume that N is a Lorentzian manifold with dim(N) >3 and
that M? is a surface with zero mean curvature.

(@) Then M is flat. Moreover, if dim(N) = 3, then M is totally geodesic.
(b) If M is timelike and N has non positive curvature then M is totally geodesic.
(¢c) IfM is spacelike and N has non negative curvature then M is totally geodesic.

Proof Let us take X in X(M) unitary and orthogonal to 7. Let us recall that, since M

has zero mean curvature, we have that exo(X,X) + era(T,T) = 0, where ex =
(X,X) and er = (T, T).
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(a) To prove that M is flat, we have to verify that

(i) V7T = 0: By Proposition 3.4 (5) we have that VT = 0.
(i) VxT = 0: Let us observe that

(VxT,T) = (1/2) X{T,T) =0.
Moreover, By Proposition 3.4 (2),
(VxT,X) = (1/p) (AX,X) = (1/p) (2(X,X), &) = —exer(«(T, T), &) = 0.
This implies that Vx7T = 0.
(iii)) VxX =0: Since X and T are orthogonal then
0=X(X,T)=(VxX,T) + (X,VxT).
In consequence,
(VxX,T) = —(X,VxT) =0.

Since X is unitary, (VxX,X) = (1/2) X(X,X) =0.
Therefore VyX = 0.
(iv) VrX = 0: We have the following equalities
<VTXa T> = T<X7 T> - <Xa vTT> =0.

Thus VTX =0.

Now, let us consider the case when dim(N) = 3. Let us assume that {X, 7} is an
orthonormal frame in X(M). By hypothesis, M is a hypersurface of N. By
Corollary 3.6 (a), «(X,T) =0 and «(7T,T) = 0. So, a(X,X) = —exera(T,T) = 0.
Thus o = 0, i.e. M is totally geodesic.

(b) Let X be in X(M) which is unitary and orthogonal to 7. Thus we have an
orthonormal frame on M. By (a) above, we have that M is flat and therefore
RAT =0.

We now apply Gauss equation:

0= (RAT,X)
= (RNT,X) — (a(T,X), (X, T)) + («(T, T), (X, X)).

We obtain the equality
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<R17V‘XT7 X> = <(Z(T,X), OC(X7 T)> - <OC(T, T)? (Z(X,X)).

Since M has zero mean curvature, we have the condition
a(X,X)+ o(T,T) =0, equivalently «(X,X) = —o(T,T). Thus

(RIT,X) = (T, X), (X, T)) + (T, T), (T, T)).

Let us recall that M is a timelike surface, which means that the orthogonal
subspace TM* is spacelike. So,

((T, X), a(X, T)) + (o(T,T), (T, T)) >0.

The other hypothesis says that N has non positive curvature, i.e.
(R}, T, X) <0. Therefore

2 2
(T, X)|| + [|«(T, T)||” = 0.

This implies that «(7,X) = 0 and «(7T,T) = —o(X,X) = 0. This finishes the
proof of (a).
(c) The proof is analogous to that of (b), by just reversing the above inequalities.

O
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