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Abstract

In the present paper, the differential, integro-differential and partial differential
equations satisfied by the 2-iterated 2D Appell polynomials are obtained via the
factorization method. Results for certain 2D hybrid families related to the Appell
polynomials are derived. Further, corresponding results for certain mixed type and
2-iterated members of these families are obtained.
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1 Introduction

The theory of Appell and Sheffer polynomials [1, 2] arise in numerous problems of
applied mathematics, theoretical physics, approximation theory and several other
mathematical branches. Many authors expressed and studied these polynomials via
different approaches. Blasiak et al. [3] construct explicit representations of the
Heisenberg—Weyl algebra and established a link between the monomiality principle
and the umbral calculus. Dattoli and Zhukovsky [4] and Dattoli et al. [5] obtained
the series expansion and connection coefficients for particular expressions of Appell
polynomials, respectively. He and Ricci [6], derived the differential equation of the
Appell polynomials via the factorization method. Multidimensional extensions of
the Bernoulli and Appell polynomials are defined and corresponding equations are
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obtained in [7]. By using this method, differential, integro-differential and partial
differential equations satisfied by the extended 2D Bernoulli and Euler polynomials
are obtained in [8]. Moreover, corresponding results for the Hermite-based Appell
polynomials are established in [9]. This methodology is additionally reached out to
determine the integro-differential equations for the hybrid, 2D extraordinary and
mixed type polynomials identified with the Appell family, see for instance [10-14].
Further, the factorization method was extended via k-times shift operators and a set
of finite order differential equations for the Appell polynomials are obtained in [15].

Recently, Subuhi and Raza [16] introduced and studied the 2-iterated Appell
polynomials defined by the generating function:

AOADe =3 A0 (1

n=0

and obtained their multiplicative and derivative operators, differential equations and
operational rules. For certain special cases of A;(f) and A,(t), the 2-iterated Ber-
noulli, 2-iterated Euler and Bernoulli-Euler (or Euler-Bernoulli) polynomials are
defined as [16]:

2 S n
o) e =y @

QiJ%iWW% @)

and

(emzi 1) =3 pEd) % (4)

In the present paper, we take use of the 2-iterated 2D Appell polynomials, which are
constructed as the discrete Appell convolution of the Gould—Hopper based Appell
polynomials, i.e., the multiplicative operator of Gould—Hopper based Appell
polynomials is inserted in the generating function of Appell polynomials, which on
further simplification gives the desired generating function. Thus, 2-iterated 2D
Appell polynomials are defined by means of the following generating function:

. 0 . tl’l
A1(0)A ()" = " AN (x,y) —
1() 2( )e ; n (xvy)n!7 (5)
where
o,k 0,
A (1) :ZA,{E and A, (1) :ZB,{F (6)
k=0 : k=0 :

These polynomials satisfy the following relations:
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0 < ; 0 ; n! ;

Ay = na 5 (), S AP ) = s AN, ()
We derive the differential, integro-differential and partial differential equations
satisfied by these polynomials. It is worth to consider certain special cases of
generating function (5)

In the case A(t) =1 and A,(t) = A(r), we obtain the bivariate Appell
polynomials [7] and in the case y =0, the 2-iterated 2D Appell polynomials
reduce to the 2-iterated Appell polynomials [16]. Taking A (t) = A(¢) (of the Appell
polynomials) and corresponding to suitable choices of A;(#) (of the Bernoulli, Euler
and Hermite polynomials), the generating functions for the 2D Bernoulli-Appell,
2D Euler—-Appell and 2D Hermite—Appell polynomials are obtained as:

t xt+yt! > () 1
A(t)—e’—le —;BA,, (x,y)a, (8)
AW =3 Al ) ()
e+ 1 e SN ]
and
2y : "
A t xt77+yt’ — A(]) o
(1)e ;H Dy, (10)
respectively.
Again for A;(t) = Ay (1) = 745, Ai(t) = Ax(t) = 225 and A, (1) = Ay (1) = e’T’z’

we obtain the generating functions of the 2-iterated 2D Bernoulli, 2-iterated 2D
Euler and 2-iterated 2D Hermite polynomials as:

t 2 v o) oy I
(—et - 1) et :Z; BL“(x,y)a, (11)
2 ze”*y’j :iEmj(X y)ﬁ (12)
e +1 e SR 1
and
. 0 . I
R W 0
n=0 :
respectively.

Further, for suitable combinations of A;(¢) and A,(¢), we obtain the generating
functions of the 2D Bernoulli—Euler (or Euler—Bernoulli), 2D Hermite—Bernoulli (or
Bernoulli-Hermite) and 2D Hermite—Euler (or Euler—Hermite) polynomials as:
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2t xt+yt) - () "

(—62t1>e _;EBn (x)a, (14)
! xtferyt/

(1) EZHB (53) (15)

and

2 2 t"
(et+ ) xt—L +vt ZHE X y 7' (16)

respectively.
Note that the Gould—-Hopper polynomials H/ (x, y) are of great importance, since
these polynomials are the solutions of the generalized heat equation

2 i ery) =2 H ) (17)
oy M7 Ox/ o7
H/(x,0) =x". (18)

In the following Lemma, we obtain an explicit form of the Gould—Hopper poly-
nomials in terms of the 2-iterated 2D Appell polynomials:

Lemma 1.1 For the Gould—Hopper polynomials, the following expansion formula
holds true:

Hi(x,y) = Zomzo< )( ) 217 (%, )t (19)

where

B 00 lk B 00 m
M= a5, A () =D b (20)
= K m=0 ™

Proof Dividing both sides of generating function (5) by A;(#)A,(¢) and applying the
Cauchy product rule, we get the desired result. [

Moreover, we have the following addition theorem for the 2-iterated 2D Appell
polynomials:

Theorem 1.2 For the 2-iterated 2D Appell polynomials, the following addition
theorem holds true:

Al (x,y) = Z <” ) (- A (x + 2,y). (21)

k=0 k
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Proof Rewriting generating function (5) as:

A (DA (1)e (wt2)ryt! ,—at ZALz xy)—, (22)

n=

which on making use of generating function (5) and expanding the exponential
function in the Lh.s gives

n

> , I3
=> Al(x,y) = (23)

n=0

NgE

[2]» tn - (_Zt k
An J(X—'—Z,y)*'z
n! —o

i
o

Application of the Cauchy product gives the desired result. O

The article is organized as follows. In Sect. 2, the recurrence relations and shift
operators for the 2-iterated 2D Appell polynomials are derived. Further, the
differential, integro-differential and partial differential equations for this family are
established. In Sect. 3, the recurrence relations, shift operators, differential, integro-
differential and partial differential equations for the 2D Bernoulli-Appell, 2D
Euler—Appell and 2D Hermite—Appell polynomials are established. In Sect. 4,
results for certain hybrid members of these families are obtained. Finally, in
Appendix the corresponding results for certain 2-iterated members are considered.

2 Main results

First, we derive the recurrence relation and obtain the expressions for the shift
operators by proving the following result:

Theorem 2.1 The 2-iterated 2D Appell polynomials A[ b (x,y) satisfy the following
recurrence relation:

(x + og + Bo)AL (x,y) +Z< )rxk+ﬁk (%, y)
(24)

: n! 21 _ Al
+]ymAn+l—j(xay) - ArH—l ()C, y)7

where the coefficients {ou}icy, and {Pi}ien, are given by:

/ 00 /

(1) ,(1)
(1) Zakﬁ 2(1) ;Bkk' (25)
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" (o + By) .
L i=x g+ By +Z%D’; +pyD; (27)
N 28
WLy =-D,7D,, (28)
Jr
JL=(x+ oo + Bo) + (akki'ﬁk)Dl /)ka +jyD; (G- )Dly , (29)
k=1 :
where
D - 0 Do 0
X T axa y - ay

Proof Differentiating generating function (5) with respect to ¢ and equating the
coefficients of same powers of ¢, recurrence relation (24) is obtained.

Again, differentiating both sides of generating Eq. (5) with respect to x and
equating the coefficients of same powers of 7, we get

0

AT ) = n Al (), (30)
Ox
which yields expression (26) of the lowering operator £, and we can write
_ 2]
L APy b = AR ). (31)

Using the operator £, we have

AP Y) = [ gLy AR ) |
that is

n;,;(x, y) = MDkA[z]‘i(x, y). (32)

n' X n

Similarly, we have the following expression:

ALZJ]:II j(x y) ‘C;+2 jX‘C;+3fj"‘X[’;j| {A[Z] ()C y)}

that is
. —i1) . .
A ey = P gy, (33)

n+1—j n!

Inserting expressions (32) and (33) in recurrence relation (24), it follows that:
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(o +
x+ao+ﬁo+z : ﬁk)DkJrJyD’
=1

(A} =y, 6

which yields expression (27) of the raising operator £, and we can write

2
L ARy | = AR (). (35)
Further, differentiation of generating function (5) with respect to y gives

n!
(n =)

Making use of Eq. (30) in above equation, it follows that

. 0 )
APY(x,y) = @A,?“(x, ). (36)

D, AP (x,y) = n D' 41 (x,), (37)
which yields expression (28) of the lowering operator £, and we can write

oL Ay b = A o). (38)
Using the lowering operator £, , we have

(n—k)!

[2]’]( ) = l D)(lej)kDf,ALz]‘i(x,y) (39)
and
I’l—i—l—]' 12 i .
AT (x,) :(n—!)Dx(/ VDI AR (x, y). (40)

Inserting expressions (39) and (40) in recurrence relation (24), it follows that:

JLE = x a4 By + Z“" Php-nwpt 4 jyp it (AP}
:ALJ]ﬁl (x7 y)7
(41)
which yields expression (29) of the raising operator yﬁj and we can write
LAy b = AR ). (42)
O

Remark 2.1 Applying the factorization identity
L Ly (A[Z]"(x y)) Lzl‘j(x,y)

and in view of the expressions (26) and (27), we deduce the following consequence
of Theorem 2.1.

T Birkhauser
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Corollary 2.1  The 2-iterated 2D Appell polynomials A[ ]J(x,y) satisfy the following
differential equation:

<(x + o + Bo)Dx + i%dﬁ“ +jyDJ — n>A,[3N(x,y) =0.  (43)
k=1 :

Remark 2.2 Making use of factorization identity

yc:ﬂy {A (xy} AZ]J(XY)

and in view of the expressions (28) and (29), we deduce the following consequence
of Theorem 2.1.

Corollary 2.2  The 2-iterated 2D Appell polynomials A[ ]’(x,y) satisfy the following
integro-differential equation:

(x + oo + ﬁO)Dy + ZMD(FJV‘DEH +ij(i*1)2Di*1
rer S ! ’ (44)

9D, UV D] — (n+ D) AR (x, ) = 0.

Remark 2.3 Differentiation of Eq. (44), (j — 1)(n — 1) times w.r.t. x yields the
following partial differential equation satisfied by the 2-iterated 2D Appell

polynomials A,[lz]‘j(x7 y):
(e a0+ B)DI™ 0Dy (= 1) (n — 1)DY VD1,
+Z Oﬂk'i‘ﬁk (1) (1= 4) Dk+l

DYV 4+ jyDpYDIDI — (n 4 1 )DQ*””)AEU(x,y) =0, n>j.
(45)

In the next section, the recurrence relation, shift operators, differential, integro-
differential and partial differential equations satisfied by certain hybrid families
related to the Appell polynomials are obtained.

3 Results for certain hybrid 2D families

Choosing A (1) = A(t) and Ay(1) = 75
(8) of the 2D Bernoulli-Appell polynomials sAY (x,y).

in Eq. (5), we obtain generating function

W Birkhauser
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Following the same lines of proof as in Theorem 2.1, we obtain recurrence
relation, shift operators, differential, integro-differential and partial differential

equations satisfied by the 2D Bernoulli-Appell polynomials BA,([ ) (x,y).

Theorem 3.1 The 2D Bernoulli-Appell polynomials BA,(,j ) (x,y) satisfy the following
recurrence relation:

BAELI—)H (x,y) = (x + o0 — E)BASLI) (x,y) + ;<k>“kBAg)k(x’y)

|

Bk i . n. i
- Z( > o Aglk(xvy) +J}’mBA£{llfj(xa ¥);
(46)

where the coefficients {“k}kezvo are given by Eq. (25), By are the Bernoulli numbers
and the shift operators are given by the following expressions:

1
xﬁ; 5:_Dx; (47)

n
L ::Haofgia_/w,;ii Bl pé i, (48)

P £ (k+1)!
B B

WL ::;D; D, (49)
VL =x+ o ——+Z ZBk+ (l)pufj)kaJr wD-U-D"pi1 (50
- 0 +1)' X y Iy, y ( )

The 2D Bernoulli-Appell polynomials BA,(Z) (x,y) satisfy the following differential,
integro-differential and partial differential equations:

<<x+cxo——) +Z Dk“

B .
- Z s k+1 +.]yDj n> BAzjl(xay) = 07

n—1

Bk+l

( —j)ka+1 + D (-1 Dg,_l
k=0
+jyD; G-1? D —(n+1)DI” )BA,([')(x,y) =0

X

and

T Birkhauser
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I .
((x +ag — 5) pU=Ve=Up 4 (n—1)(j — 1)DY-D=D-1p

+ Z )(1— n+k)Dk+1
(53)

.)L

Bkl N (l—n V=) e . D (i)
_Z U peponth ptt 4 ipU=06-0 it jypl=Die= pJ

~(n+ 1)fo >")BAS{> (v.3) =0, n 2},

respectively.
Taking A;(r) = A(r) and A,(1) =

generating function (9) of the 2D Euler—Appell polynomials EA,(,j ) (x,y).

Following the same lines of proof as in Theorem 2.1, we obtain recurrence
relation, shift operators, differential, integro-differential and partial differential
equations satisfied by the 2D Euler—Appell polynomials.

ﬁ in generating function (5), we obtain

Theorem 3.2 The 2D Euler—-Appell polynomials EAn(i)(x, y) satisfy the following
recurrence relation:

1 . n n X
A 9) =(x o0 3 ) e 3) + D0 ( ) oAl
k=1
+- ZSkEAn L(5,) (54)

+J7y mEAnJrlfj(xa ¥),
where the coefficients {“k}kezvo are given by Eq. (25), ¢ are the Euler numbers and
the shift operators are given by the following expressions:

1
xﬁ; ::_Dx; (55)
n
£ (x ot +§:%Dk+lig—"Dk+ij"*1 (56)
e 2 okl 2kl x
L pi-i 57
}’En D D ( )

1 . 1 . , ,
WL (x + oy — —> + 3 K plikpk 4 SN E pkpk 4 jyp G- pi,
k

. 2 — k! 24~ k!
(58)
The 2D Euler—Appell polynomials EAg)(x, y) satisfy the following differential,

integro-differential and partial differential equations:

W Birkhauser
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1 1 Ek . ; i
((x—l—oco——)D +Z D E;HDﬁ“ +JyD;—n>EA,’1(x,y)=0,

(59)
x -+ o _l D +i%D(l—j)ka+l
Y RS TR
+ - Z ka+] +JD (-1 Di71 (60)
g
3D, D] — (n+ D) 5] (x,y) = 0
and
1 : .
<<x + o — 2>D§/1><”1>Dy +(n—1)(— HDINE=D-Ip
+Z )(1— n+k)Dk+l
(61)
I8 (1) (1-n - o
+22k'D( A(1- +k)Dk+l DU ’D’ !4 jypi1 ">D)],
k=1
respectively.

2

Further, taking A(t) = A(¢) and A,(¢) = ¢ 7 in Eq. (5), we obtain generating

function (10) of the 2D Hermite—Appell polynomials HAY (x,y).

Following the same lines of proof as in Theorem 2.1, we deduce the recurrence
relation, shift operators, differential, integro-differential and partial differential
equations satisfied by 2D Hermite—Appell polynomials.

Theorem 3.3 The 2D Hermite—Appell polynomials HA,(,i) (x,y) satisfy the following
recurrence relation:

HASL(XJ) =(x + 00) yAY (x,y JrZ( )OCkHAn 1 (x,y)
| (2)

; s 0) 0)

—yA . —ngA

+Jy (I’l _]+ l)'H n+1,j(-x7y) ngy ,171(x,y>7

where the coefficients {“k}kezvo are given by Eq. (25) and the shift operators are

given by the following expressions:

1
L =—D, (63)
n

T Birkhauser
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L =x 4y — D 4 jyDl! +Z D (64)

- 1pi 65

WLy =-D,7D,, (65)

£+ —X+OC()— (1 —j)(n— I)Dn ]+]yD G—-1) D/ +Z —j)(n— k)Dy k. (66)

k=

The 2D Hermite—Appell polynomials satisfy the following differential, integro-dif-
ferential and partial differential equations:

((x + 09)D, — D" + jyD! + Z D" krl n) #AY) (x,y) = 0, (67)

<(X+060)D D( —j)(n— an+Z —] ) (n— k)Dn —k+1 +]D_ - D]_
(68)
+yD; U D) — (n+ 1D )HA3><x,y> =0
and
((x +ag)DY VDD 4 (j— 1) (n — 1)DY D=1
+ D(] 1)(k— an k+1
Z )
+JD)(J D(n ]D{v _,_]yD)(Ci*l)("ﬁi)D;'
—(n+ 1)DY=n D;')HA,@ (x,y) =0,
respectively.

In the next section, we consider certain 2D hybrid special polynomials and derive
the recurrence relation, shift operators and differential equations for these mixed-
type polynomials.

4 Examples

Example 4.1 Taking A(tf) = - in the generating function (10), we obtain the

e'—1

following generating function of the 2D Hermite—Bernoulli polynomials HB,(f ) (x,y):

ex (t t2+ tf) BY) (x )tn
Xt —— = —.
p 3 y HD; (X, y l

p— (70)

Proceeding on the same lines as in the previous section, certain results for the 2D

W Birkhauser
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Hermite—Bernoulli polynomials can be obtained and these results are mentioned in
the following Table 1.

Example 4.2 Taking A(t) =% in generating function (10), we obtain the

following generating function of the 2D Hermite—Euler polynomials HE(’ (x,¥):

2 n

t ; ; t
exp (xt—Eert/) :HE,(l’)(x,y)—'. (71)
n!

e+ 1

Proceeding on the same lines as in the previous section, the recurrence relation, shift
operators, differential, integro-differential and partial differential equations of the
2D Hermite—Euler polynomials can be obtained. We mention these results in the
following Table 2.

Note Taking y = 0 in the generating functions (70) and (71) of the 2D Hermite—
Bernoulli and 2D Hermite—Euler polynomials, we can obtain the corresponding

results for the Hermite—Bernoulli polynomials HB,SI ) (x) and Hermite-Euler polyno-
mials yES (x) respectively.

Table 1 Results of the 2D Hermite—Bernoulli polynomials ;BY) (x,y)

Recurrence ; 2\ 5.,
relation HBE:’L(XJ) (x=1),BY (x,y) = >4 1( > kk+|(1) B(/) (6,y)
+iy ("—.’;irl)!HBr(l]il—j(x7y) - ”HB,(,’) ().
Shift L= %Dx,
operators ., | )
L= (1) =D D = S B ok,
vLy ==1DIFD,,
yLy = (x=3) = DYIDL! - jyD{ 7 Bl plisieb prk,
Differential

equation ((X -9, — D+ jyDi -5 ?2111()11) D — "> uBY (x,y) = 0.

Integro- Bl
differential | (x =)Dy = DI pr — 57| Berl) pll=pn—b pr-ke
equation
+D; DI 4 DL D)~ (n + I)U;‘>HB,@ (x.y) = 0.
Partial ) ) ) o
differential | (x = 5DV VD, + (= 1)(n — 1)DY~V0D71D, 4 jpY= D) pJ!
equation

+]yD(1 1)(n—j) j Zk 1 + D(} 1)(k— I)Dn k+1 Dl‘z _ (n+ I)Dﬁ’l)")HBE{)(X,y) =0.

T Birkhauser
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Table 2 Results of the 2D Hermite—Bernoulli polynomials ;EY (x,y)

Recurrence ()
relation By (6,y) = (

x—3) ED (x,y) +1 304 1( )‘ckHE:(zl)k(x ¥)

Y G /+1)'HE%1 S y) - "HE;SI)l(X ¥)-
Shift operators L= % Dy,

n

L= (x=1) =D+ yDiTt + 43T Dk

vLy ::%D)]c Dy,
yc;r = (X—%) _ (1 —j)(n— an 1+j_)D(1 j) D/ 1+ Zk lFle —j)(n— A)Dn k'
Differential
equation (x =)Dy — D!+ jyDI + 1570wttt — | ED) (x,y) = 0.
Integro-
differential (x =3)Dy = DIy + 33T DI Dy
equation
+D U=V DI+ jyD U D — (n + I)Df;‘)HE&” (x,y) =0.
Partial ) ) )
differential (x =) DYNEID, + (= 1)(n = 1DV DIDy + 33 DYV DDk
equation

+DY~ DNt 4 jyD=V=DD] — Dt — (n + 1)D§i‘>">HEnU) (x,y) = 0.

The results established in Sect. 2 are general and include new families of the 2D
special polynomials related to the Appell polynomials. Results for certain hybrid
members of these families are mentioned in this section. we consider results for the
2-iterated members of these families in the Appendix.

Appendix

I. Taking A(t) = ;-5 in generating function (8) of the 2D Bernoulli-Appell

polynomials, we obtain the following generating function of the 2-iterated 2D
Bernoulli-polynomials B2 (x, y):

t 2 vd - 2] f"
(Gop) e =B 1)

n=0
The results for the 2-iterated 2D Bernoulli polynomials are given in the following
Table 3.
1. Taking A(r) = ;3¢
polynomials, we obtain generating function of the 2-iterated 2D Euler polynomials
E(x,y):

in generating function (9) of the 2D Euler—Appell

W Birkhauser
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Table 3 Results for the 2-iterated 2D Bernoulli polynomials B,[lz]J (x,)

Recurrence 2 ; 2)j 2
oon B = (- 08 ) 25 () BB ) ety B ).
Shift operators £, =1 ip,,
L= (=) + D =25 e Dk,
vL, :==1iD7D,,
VL= (x— 1) 4+ yDy U0 D — 230 Bl pl-ikpk
Differential )
equation (x =)Dy +jyD] =237 1 + Dﬁ“ -n BLZ]J(XJ):O-
Integro- Bl (1 i
differential (x = 1)Dy =237, ety DY R+ jp U D!
equation
FE7ERTY I . .
+yD; =" D] — (n+ 1)D]; 1>B,[12“(x,y) =0.
Partial
differential | (x= DDYVID, 4 (= 1)(n = DY VDD, DY D
equation
+jyDYV=Ip] — 2 37 Bt DU A=t DR — (- 1) DY~ )Bm (x,y) =0.

n

2\ L &
(et+1> . ZE a0 (73)

n=0

The 2-iterated 2D Euler polynomials are given in the following Table 4.
III. Taking A(t) = ¢t in generating function (10) of the 2D Hermite—Appell
polynomials, we obtain the generating function of the 2-iterated 2D Hermite-

polynomials H, 2l (x,y):

. "
HZ(x,y) o (74)

NgE

exp(xt — > +y#) =

Il
=}

n

The results for the 2-iterated 2D Hermite polynomials are given in the following
Table 5.

Note that, for y =0 the results obtained in this paper coincide with the
corresponding recurrence formulas and differential equations for the 2-iterated
Appell polynomials.

T Birkhauser
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Table 4 Results for the 2-iterated 2D Euler polynomials ELZ]J (x,)

Recurrence 2],/ 2],
relation EHJI (x,y) = (¢ = DEPY (x,y) + Y4, ( )FkEL]k(x )+ gy mEHII jY).
Shift operators L, = ﬁDx,
Ly = (= 1)+ 0 DY D
vL, ==1DI5D,,
VLF = (= 1) + S & DD 4 jyp G- it
Differential
equation (x = 1)De + Y0 E DI +jyD] —n E2(x,y) = 0.

Integro-differential ; . s o
equation (x = DDy + 34 5 DIDI 4D D+ jyD 7Y D)

~(n+ I)DLI)EE”()C,y) =0
Partial differential

equation ((xl)D,g_l)("_l)Der("l)(l DDY-DE=DTID, 4 3T D Dl

DYDY 4 DD TD] — (0 + 1>Dyl>">3,[3w<x,y> 0. nzj

Table 5 Results of the 2-iterated 2D Hermite polynomials H,[f” (x,¥)

2]j ; . nl 2]j
Recurrence 2 (x, y) = xH(x,y) = 2H2 (x,9) + v G Hatt (6, )-
relation

Shift operators L := % Dy,
L =x—2D,+jyD7!,
vLy ==1iD\7D,,

VL = x = 2D(DE 4 jyD U= D!

Differential ) )
equation xDy —2D2 + jyDi — n |HP (x,y) = 0.
differential xDy — 2D =KD 4 iD= pint 4 jyD U=V DI — (n+ 1)DI7! | HPY (x,y) = 0.
equation

Partial

differential <xl))((jl)(nl)D'v + (Vl _ 1)(] _ 1)D£j—])(n—l)—lD ZD(I J)(1 )H»A)DIH»I
equation

DY NIt 4 jyDYNID] — (n 4 1)D¥'”"> H(x,y) =0, n>j.
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