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Abstract
In the present paper, the differential, integro-differential and partial differential

equations satisfied by the 2-iterated 2D Appell polynomials are obtained via the

factorization method. Results for certain 2D hybrid families related to the Appell

polynomials are derived. Further, corresponding results for certain mixed type and

2-iterated members of these families are obtained.
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equation

Mathematics Subject Classification 45J05 � 65Q30

1 Introduction

The theory of Appell and Sheffer polynomials [1, 2] arise in numerous problems of

applied mathematics, theoretical physics, approximation theory and several other

mathematical branches. Many authors expressed and studied these polynomials via

different approaches. Blasiak et al. [3] construct explicit representations of the

Heisenberg–Weyl algebra and established a link between the monomiality principle

and the umbral calculus. Dattoli and Zhukovsky [4] and Dattoli et al. [5] obtained

the series expansion and connection coefficients for particular expressions of Appell

polynomials, respectively. He and Ricci [6], derived the differential equation of the

Appell polynomials via the factorization method. Multidimensional extensions of

the Bernoulli and Appell polynomials are defined and corresponding equations are
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obtained in [7]. By using this method, differential, integro-differential and partial

differential equations satisfied by the extended 2D Bernoulli and Euler polynomials

are obtained in [8]. Moreover, corresponding results for the Hermite-based Appell

polynomials are established in [9]. This methodology is additionally reached out to

determine the integro-differential equations for the hybrid, 2D extraordinary and

mixed type polynomials identified with the Appell family, see for instance [10–14].

Further, the factorization method was extended via k-times shift operators and a set

of finite order differential equations for the Appell polynomials are obtained in [15].

Recently, Subuhi and Raza [16] introduced and studied the 2-iterated Appell

polynomials defined by the generating function:

A1ðtÞA2ðtÞext ¼
X1

n¼0

A½2�
n ðxÞ tn

n!
ð1Þ

and obtained their multiplicative and derivative operators, differential equations and

operational rules. For certain special cases of A1ðtÞ and A2ðtÞ, the 2-iterated Ber-

noulli, 2-iterated Euler and Bernoulli–Euler (or Euler–Bernoulli) polynomials are

defined as [16]:

t

et � 1

� �2
ext ¼

X1

n¼0

B½2�
n ðxÞ tn

n!
; ð2Þ

2

et þ 1

� �2

ext ¼
X1

n¼0

E½2�
n ðxÞ tn

n!
ð3Þ

and

2t

e2t � 1

� �
ext ¼

X1

n¼0

B EnðxÞ
tn

n!
: ð4Þ

In the present paper, we take use of the 2-iterated 2D Appell polynomials, which are

constructed as the discrete Appell convolution of the Gould–Hopper based Appell

polynomials, i.e., the multiplicative operator of Gould–Hopper based Appell

polynomials is inserted in the generating function of Appell polynomials, which on

further simplification gives the desired generating function. Thus, 2-iterated 2D

Appell polynomials are defined by means of the following generating function:

A1ðtÞA2ðtÞextþyt j ¼
X1

n¼0

A½2�;j
n ðx; yÞ tn

n!
; ð5Þ

where

A1ðtÞ ¼
X1

k¼0

Ak
tk

k!
and A2ðtÞ ¼

X1

k¼0

Bk
tk

k!
: ð6Þ

These polynomials satisfy the following relations:
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o

ox
A½2�;j

n ðx; yÞ ¼ n A
½2�;j
n�1ðx; yÞ; o

oy
A½2�;j

n ðx; yÞ ¼ n!

n � jð Þ! A
½2�;j
n�jðx; yÞ: ð7Þ

We derive the differential, integro-differential and partial differential equations

satisfied by these polynomials. It is worth to consider certain special cases of

generating function (5)

In the case A1ðtÞ ¼ 1 and A2ðtÞ ¼ AðtÞ, we obtain the bivariate Appell

polynomials [7] and in the case y ¼ 0, the 2-iterated 2D Appell polynomials

reduce to the 2-iterated Appell polynomials [16]. Taking A1ðtÞ ¼ AðtÞ (of the Appell
polynomials) and corresponding to suitable choices of A2ðtÞ (of the Bernoulli, Euler
and Hermite polynomials), the generating functions for the 2D Bernoulli–Appell,

2D Euler–Appell and 2D Hermite–Appell polynomials are obtained as:

AðtÞ t

et � 1
extþyt j ¼

X1

n¼0

B AðjÞ
n ðx; yÞ tn

n!
; ð8Þ

AðtÞ 2

et þ 1
extþyt j ¼

X1

n¼0

E AðjÞ
n ðx; yÞ tn

n!
ð9Þ

and

AðtÞext�t2

2þyt j ¼
X1

n¼0

H AðjÞ
n ðx; yÞ tn

n!
; ð10Þ

respectively.

Again for A1ðtÞ ¼ A2ðtÞ ¼ t
et�1

, A1ðtÞ ¼ A2ðtÞ ¼ 2
etþ1

and A1ðtÞ ¼ A2ðtÞ ¼ e
�t2

2 ,

we obtain the generating functions of the 2-iterated 2D Bernoulli, 2-iterated 2D

Euler and 2-iterated 2D Hermite polynomials as:

t

et � 1

� �2
extþyt j ¼

X1

n¼0

B½2�;j
n ðx; yÞ tn

n!
; ð11Þ

2

et þ 1

� �2

extþyt j ¼
X1

n¼0

E½2�;j
n ðx; yÞ tn

n!
ð12Þ

and

ext�t2þyt j ¼
X1

n¼0

H½2�;j
n ðx; yÞ tn

n!
; ð13Þ

respectively.

Further, for suitable combinations of A1ðtÞ and A2ðtÞ, we obtain the generating

functions of the 2D Bernoulli–Euler (or Euler–Bernoulli), 2D Hermite–Bernoulli (or

Bernoulli–Hermite) and 2D Hermite–Euler (or Euler–Hermite) polynomials as:
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2t

e2t � 1

� �
extþyt j ¼

X1

n¼0

E BðjÞ
n ðxÞ tn

n!
; ð14Þ

t

et � 1

� �
ext�t2

2
þyt j ¼

X1

n¼0

H BðjÞ
n ðx; yÞ tn

n!
ð15Þ

and

2

et þ 1

� �
ext�t2

2
þyt j ¼

X1

n¼0

H EðjÞ
n ðx; yÞ tn

n!
; ð16Þ

respectively.

Note that the Gould–Hopper polynomials Hj
nðx; yÞ are of great importance, since

these polynomials are the solutions of the generalized heat equation

o

oy
H j

nðx; yÞ ¼ o j

ox j
H j

nðx; yÞ; ð17Þ

H j
nðx; 0Þ ¼xn: ð18Þ

In the following Lemma, we obtain an explicit form of the Gould–Hopper poly-

nomials in terms of the 2-iterated 2D Appell polynomials:

Lemma 1.1 For the Gould–Hopper polynomials, the following expansion formula
holds true:

H j
nðx; yÞ ¼

Xn

k¼0

Xk

m¼0

n

k

� �
k

m

� �
A
½2�;j
n�kðx; yÞak�mbm; ð19Þ

where

A�1
1 ðtÞ ¼

X1

k¼0

ak
tk

k!
; A�1

2 ðtÞ ¼
X1

m¼0

bm
tm

m!
: ð20Þ

Proof Dividing both sides of generating function (5) by A1ðtÞA2ðtÞ and applying the
Cauchy product rule, we get the desired result. h

Moreover, we have the following addition theorem for the 2-iterated 2D Appell

polynomials:

Theorem 1.2 For the 2-iterated 2D Appell polynomials, the following addition
theorem holds true:

A½2�;j
n ðx; yÞ ¼

Xn

k¼0

n

k

� �
ð�zÞkA

½2�;j
n�kðx þ z; yÞ: ð21Þ
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Proof Rewriting generating function (5) as:

A1ðtÞA2ðtÞeðxþzÞtþyt j

e�zt ¼
X1

n¼0

A½2�;j
n ðx; yÞ tn

n!
; ð22Þ

which on making use of generating function (5) and expanding the exponential

function in the l.h.s gives

X1

n¼0

A½2�;j
n ðx þ z; yÞ tn

n!

X1

k¼0

ð�ztÞk

k!
¼
X1

n¼0

A½2�;j
n ðx; yÞ tn

n!
: ð23Þ

Application of the Cauchy product gives the desired result. h

The article is organized as follows. In Sect. 2, the recurrence relations and shift

operators for the 2-iterated 2D Appell polynomials are derived. Further, the

differential, integro-differential and partial differential equations for this family are

established. In Sect. 3, the recurrence relations, shift operators, differential, integro-

differential and partial differential equations for the 2D Bernoulli–Appell, 2D

Euler–Appell and 2D Hermite–Appell polynomials are established. In Sect. 4,

results for certain hybrid members of these families are obtained. Finally, in

Appendix the corresponding results for certain 2-iterated members are considered.

2 Main results

First, we derive the recurrence relation and obtain the expressions for the shift

operators by proving the following result:

Theorem 2.1 The 2-iterated 2D Appell polynomials A
½2�;j
n ðx; yÞ satisfy the following

recurrence relation:

ðx þ a0 þ b0ÞA½2�;j
n ðx; yÞ þ

Xn

k¼1

n

k

� �
ðak þ bkÞA

½2�;j
n�kðx; yÞ

þ jy
n!

ðn � j þ 1Þ!A
½2�;j
nþ1�jðx; yÞ ¼ A

½2�;j
nþ1ðx; yÞ;

ð24Þ

where the coefficients fakgk2N0
and fbkgk2N0

are given by:

A
0

1ðtÞ
A1ðtÞ

¼
X1

k¼0

ak
tk

k!
and

A
0

2ðtÞ
A2ðtÞ

¼
X1

k¼0

bk

tk

k!
ð25Þ

and the shift operators are given by the following expressions:

xL�
n :¼ 1

n
Dx; ð26Þ
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xLþ
n :¼x þ a0 þ b0 þ

Xn

k¼1

ðak þ bkÞ
k!

Dk
x þ jyDj�1

x ; ð27Þ

yL�
n :¼ 1

n
D1�j

x Dy; ð28Þ

yLþ
n :¼ðx þ a0 þ b0Þ þ

Xn

k¼1

ak þ bkð Þ
k!

Dð1�jÞk
x Dk

y þ jyD�ðj�1Þ2
x Dj�1

y ; ð29Þ

where

Dx :¼
o

ox
; Dy :¼

o

oy
:

Proof Differentiating generating function (5) with respect to t and equating the

coefficients of same powers of t, recurrence relation (24) is obtained.

Again, differentiating both sides of generating Eq. (5) with respect to x and

equating the coefficients of same powers of t, we get

o

ox
A½2�;j

n ðx; yÞ ¼ n A
½2�;j
n�1ðx; yÞ; ð30Þ

which yields expression (26) of the lowering operator xL�
n and we can write

xL�
n A½2�;j

n ðx; yÞ
n o

¼ A
½2�;j
n�1ðx; yÞ: ð31Þ

Using the operator xL�
n , we have

A
½2�;j
n�kðx; yÞ ¼ xL�

kþ1 xL�
kþ2::: xL�

n

� �
A½2�;j

n ðx; yÞ
n o

;

that is

A
½2�;j
n�kðx; yÞ ¼ ðn � kÞ!

n!
Dk

x A½2�;j
n ðx; yÞ: ð32Þ

Similarly, we have the following expression:

A
½2�;j
nþ1�jðx; yÞ ¼ xL�

nþ2�j xL�
nþ3�j::: xL�

n

h i
A½2�;j

n ðx; yÞ
n o

;

that is

A
½2�;j
nþ1�jðx; yÞ ¼ ðn � j þ 1Þ!

n!
Dj�1

x A½2�;j
n ðx; yÞ: ð33Þ

Inserting expressions (32) and (33) in recurrence relation (24), it follows that:
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x þ a0 þ b0 þ
Xn

k¼1

ðak þ bkÞ
k!

Dk
x þ jyDj�1

x

" #
A½2�;j

n ðx; yÞ
n o

¼ A
½2�;j
nþ1ðx; yÞ; ð34Þ

which yields expression (27) of the raising operator xLþ
n and we can write

xLþ
n A½2�;j

n ðx; yÞ
n o

¼ A
½2�;j
nþ1ðx; yÞ: ð35Þ

Further, differentiation of generating function (5) with respect to y gives

n!

ðn � jÞ!A
½2�;j
n�jðx; yÞ ¼ o

oy
A½2�;j

n ðx; yÞ: ð36Þ

Making use of Eq. (30) in above equation, it follows that

Dy A½2�;j
n ðx; yÞ ¼ n Dj�1

x A
½2�;j
n�1ðx; yÞ; ð37Þ

which yields expression (28) of the lowering operator yL�
n and we can write

yL�
n A½2�;j

n ðx; yÞ
n o

¼ A
½2�;j
n�1ðx; yÞ: ð38Þ

Using the lowering operator L�
n , we have

A
½2�;j
n�kðx; yÞ ¼ ðn � kÞ!

n!
Dð1�jÞk

x Dk
y A½2�;j

n ðx; yÞ ð39Þ

and

A
½2�;j
nþ1�jðx; yÞ ¼ ðn þ 1� jÞ!

n!
D�ðj�1Þ2

x Dj�1
y A½2�;j

n ðx; yÞ: ð40Þ

Inserting expressions (39) and (40) in recurrence relation (24), it follows that:

yLþ
n :¼ x þ a0 þ b0 þ

Xn

k¼1

ak þ bk

k!
Dð1�jÞðkÞ

x Dk
y þ jyD�ðj�1Þ2

x Dj�1
y

" #
A½2�;j

n ðx; yÞ
n o

¼A
½2�;j
nþ1ðx; yÞ;

ð41Þ

which yields expression (29) of the raising operator yLþ
n and we can write

yLþ
n A½2�;j

n ðx; yÞ
n o

¼ A
½2�;j
nþ1ðx; yÞ: ð42Þ

h

Remark 2.1 Applying the factorization identity

xLþ
nþ1 xL�

n

�
A½2�;j

n ðx; yÞ
	
¼ A½2�;j

n ðx; yÞ

and in view of the expressions (26) and (27), we deduce the following consequence

of Theorem 2.1.
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Corollary 2.1 The 2-iterated 2D Appell polynomials A
½2�;j
n ðx; yÞ satisfy the following

differential equation:

ðx þ a0 þ b0ÞDx þ
Xn

k¼1

ak þ bkð Þ
ðkÞ! Dkþ1

x þ jyD j
x � n

 !
A½2�;j

n ðx; yÞ ¼ 0: ð43Þ

Remark 2.2 Making use of factorization identity

yLþ
nþ1 yL�

n fA½2�;j
n ðx; yÞg ¼ A½2�;j

n ðx; yÞ

and in view of the expressions (28) and (29), we deduce the following consequence

of Theorem 2.1.

Corollary 2.2 The 2-iterated 2D Appell polynomials A
½2�;j
n ðx; yÞ satisfy the following

integro-differential equation:

ðx þ a0 þ b0ÞDy þ
Xn

k¼1

ðak þ bkÞ
k!

Dð1�jÞk
x Dkþ1

y þ jD�ðj�1Þ2
x Dj�1

y

 

þjyD�ðj�1Þ2
x D j

y � ðn þ 1ÞDj�1
x

�
A½2�;j

n ðx; yÞ ¼ 0:

ð44Þ

Remark 2.3 Differentiation of Eq. (44), ðj � 1Þðn � 1Þ times w.r.t. x yields the

following partial differential equation satisfied by the 2-iterated 2D Appell

polynomials A
½2�;j
n ðx; yÞ:

ðx þ a0 þ b0ÞDðj�1Þðn�1Þ
x Dy þ ðj � 1Þðn � 1ÞDðj�1Þðn�1Þ�1

x Dy

�

þ
Xn

k¼1

ak þ bkð Þ
k!

Dð1�jÞð1�nþkÞ
x Dkþ1

y

þjDðj�1Þðn�jÞ
x Dj�1

y þ jyDðj�1Þðn�jÞ
x D j

y � ðn þ 1ÞDðj�1Þn
x

�
A½2�;j

n ðx; yÞ ¼ 0; n� j:

ð45Þ

In the next section, the recurrence relation, shift operators, differential, integro-

differential and partial differential equations satisfied by certain hybrid families

related to the Appell polynomials are obtained.

3 Results for certain hybrid 2D families

Choosing A1ðtÞ ¼ AðtÞ and A2ðtÞ ¼ t
et�1

in Eq. (5), we obtain generating function

(8) of the 2D Bernoulli–Appell polynomials BA
ðjÞ
n ðx; yÞ.
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Following the same lines of proof as in Theorem 2.1, we obtain recurrence

relation, shift operators, differential, integro-differential and partial differential

equations satisfied by the 2D Bernoulli–Appell polynomials BA
ðjÞ
n ðx; yÞ.

Theorem 3.1 The 2D Bernoulli–Appell polynomials BA
ðjÞ
n ðx; yÞ satisfy the following

recurrence relation:

BA
ðjÞ
nþ1ðx; yÞ ¼ ðx þ a0 �

1

2
ÞBAðjÞ

n ðx; yÞ þ
Xn

k¼1

n

k

� �
akBA

ðjÞ
n�kðx; yÞ

�
Xn

k¼1

n

k

� �
Bkþ1ð1Þ
k þ 1

BA
ðjÞ
n�kðx; yÞ þ jy

n!

ðn � j þ 1Þ! BA
ðjÞ
nþ1�jðx; yÞ;

ð46Þ

where the coefficients fakgk2N0
are given by Eq. (25), Bk are the Bernoulli numbers

and the shift operators are given by the following expressions:

xL�
n :¼ 1

n
Dx; ð47Þ

xLþ
n :¼x þ a0 �

1

2
þ
Xn

k¼1

ak

k!
Dk

x �
Xn

k¼1

Bkþ1

ðk þ 1Þ!Dk
x þ jyDj�1

x ; ð48Þ

yL�
n :¼ 1

n
D1�j

x Dy; ð49Þ

yLþ
n :¼x þ a0 �

1

2
þ
Xn

k¼1

ak

k!
Dk

x �
Xn

k¼1

Bkþ1ð1Þ
ðk þ 1Þ!D

ð1�jÞk
x Dk

y þ jyD�ðj�1Þ2
x Dj�1

y : ð50Þ

The 2D Bernoulli–Appell polynomials BA
ðjÞ
n ðx; yÞ satisfy the following differential,

integro-differential and partial differential equations:

x þ a0 �
1

2

� �
Dx þ

Xn

k¼1

ak

k!
Dkþ1

x

 

�
Xn

k¼1

Bkþ1ð1Þ
ðk þ 1Þ!Dkþ1

x þ jyD j
x � n

!

BA j
nðx; yÞ ¼ 0;

ð51Þ

x þ a0 �
1

2

� �
Dy þ

Xn

k¼1

ak

k!
Dð1�jÞk

x Dkþ1
y

 

�
Xn�1

k¼0

Bkþ1ð1Þ
ðk þ 1Þ!Dð1�jÞk

x Dkþ1
y þ jD�ðj�1Þ2

x Dj�1
y

þjyD�ðj�1Þ2
x D j

y � ðn þ 1ÞDj�1
x

�
BAðjÞ

n ðx; yÞ ¼ 0

ð52Þ

and
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x þ a0 �
1

2

� �
Dðj�1Þðn�1Þ

x Dy þ ðn � 1Þðj � 1ÞDðj�1Þðn�1Þ�1
x Dy

�

þ
Xn

k¼1

ak

k!
Dð1�jÞð1�nþkÞ

x Dkþ1
y

�
Xn

k¼1

Bkþ1ð1Þ
ðk þ 1Þ!Dð1�jÞð1�nþkÞ

x Dkþ1
y þ jDðj�1Þðn�jÞ

x Dj�1
y þ jyDðj�1Þðn�jÞ

x D j
y

�ðn þ 1ÞDðj�1Þn
x

�
BAðjÞ

n ðx; yÞ ¼ 0; n� j;

ð53Þ

respectively.

Taking A1ðtÞ ¼ AðtÞ and A2ðtÞ ¼ 2
etþ1

in generating function (5), we obtain

generating function (9) of the 2D Euler–Appell polynomials EA
ðjÞ
n ðx; yÞ.

Following the same lines of proof as in Theorem 2.1, we obtain recurrence

relation, shift operators, differential, integro-differential and partial differential

equations satisfied by the 2D Euler–Appell polynomials.

Theorem 3.2 The 2D Euler–Appell polynomials EA
ðjÞ
n ðx; yÞ satisfy the following

recurrence relation:

EA
ðjÞ
nþ1ðx; yÞ ¼ x þ a0 �

1

2

� �
EAðjÞ

n ðx; yÞ þ
Xn

k¼1

n

k

� �
ak EA

ðjÞ
n�kðx; yÞ

þ 1

2

Xn

k¼1

ekEA
ðjÞ
n�kðx; yÞ

þ jy
n!

ðn � j þ 1Þ! EA j
nþ1�jðx; yÞ;

ð54Þ

where the coefficients fakgk2N0
are given by Eq. (25), ek are the Euler numbers and

the shift operators are given by the following expressions:

xL�
n :¼ 1

n
Dx; ð55Þ

xLþ
n :¼ x þ a0 �

1

2

� �
þ
Xn

k¼1

ak

k!
Dk

x þ
1

2

Xn

k¼1

ek

k!
Dk

x þ jyDj�1
x ; ð56Þ

yL�
n :¼ 1

n
D1�j

x Dy; ð57Þ

yLþ
n :¼ x þ a0 �

1

2

� �
þ
Xn

k¼1

ak

k!
Dð1�jÞk

x Dk
y þ

1

2

Xn

k¼1

ek

k!
Dð1�jÞk

x Dk
y þ jyD�ðj�1Þ2

x Dj�1
y :

ð58Þ

The 2D Euler–Appell polynomials EA
ðjÞ
n ðx; yÞ satisfy the following differential,

integro-differential and partial differential equations:
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x þ a0 �
1

2

� �
Dx þ

Xn

k¼1

ak

k!
Dkþ1

x þ 1

2

Xn

k¼1

ek

k!
Dkþ1

x þ jyD j
x � n

 !

EA j
nðx; yÞ ¼ 0;

ð59Þ

x þ a0 �
1

2

� �
Dy þ

Xn

k¼1

ak

k!
Dð1�jÞk

x Dkþ1
y

 

þ 1

2

Xn

k¼1

ek

k!
Dð1�jÞk

x Dkþ1
y þ jD�ðj�1Þ2

x Dj�1
y

þjyD�ðj�1Þ2
x D j

y � ðn þ 1ÞDj�1
x

�
EA j

nðx; yÞ ¼ 0

ð60Þ

and

x þ a0 �
1

2

� �
Dðj�1Þðn�1Þ

x Dy þ ðn � 1Þðj � 1ÞDðj�1Þðn�1Þ�1
x Dy

�

þ
Xn

k¼1

ak

k!
Dð1�jÞð1�nþkÞ

x Dkþ1
y

þ 1

2

Xn

k¼1

ek

k!
Dð1�jÞð1�nþkÞ

x Dkþ1
y þ jDðj�1Þðn�jÞ

x Dj�1
y þ jyDðj�1Þðn�jÞ

x D j
y

�ðn þ 1ÞDðj�1Þn
x

�
EA j

nðx; yÞ ¼ 0; n� j;

ð61Þ

respectively.

Further, taking A1ðtÞ ¼ AðtÞ and A2ðtÞ ¼ e�
t2

2 in Eq. (5), we obtain generating

function (10) of the 2D Hermite–Appell polynomials HA
ðjÞ
n ðx; yÞ.

Following the same lines of proof as in Theorem 2.1, we deduce the recurrence

relation, shift operators, differential, integro-differential and partial differential

equations satisfied by 2D Hermite–Appell polynomials.

Theorem 3.3 The 2D Hermite–Appell polynomials HA
ðjÞ
n ðx; yÞ satisfy the following

recurrence relation:

HA
ðjÞ
nþ1ðx; yÞ ¼ðx þ a0ÞHAðjÞ

n ðx; yÞ þ
Xn

k¼1

n

k

� �
ak HA

ðjÞ
n�kðx; yÞ

þ jy
n!

ðn � j þ 1Þ! H A
ðjÞ
nþ1�jðx; yÞ � n HA

ðjÞ
n�1ðx; yÞ;

ð62Þ

where the coefficients fakgk2N0
are given by Eq. (25) and the shift operators are

given by the following expressions:

xL�
n :¼ 1

n
Dx; ð63Þ
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xLþ
n :¼ x þ a0 � Dn�1

x þ jyDj�1
x þ

Xn

k¼1

ak

k!
Dn�k

x ; ð64Þ

yL�
n :¼ 1

n
D1�j

x Dy; ð65Þ

yLþ
n :¼x þ a0 � Dð1�jÞðn�1Þ

x Dn�1
y þ jyD�ðj�1Þ2

x Dj�1
y þ

Xn

k¼1

ak

k!
Dð1�jÞðn�kÞ

x Dn�k
y : ð66Þ

The 2D Hermite–Appell polynomials satisfy the following differential, integro-dif-
ferential and partial differential equations:

ðx þ a0ÞDx � Dn
x þ jyD j

x þ
Xn

k¼1

ak

k!
Dn�kþ1

x � n

 !

HAðjÞ
n ðx; yÞ ¼ 0; ð67Þ

ðx þ a0ÞDy � Dð1�jÞðn�1Þ
x Dn

y þ
Xn

k¼1

ak

k!
Dð1�jÞðn�kÞ

x Dn�kþ1
y þ jD�ðj�1Þ2

x Dj�1
y

 

þjyD�ðj�1Þ2
x D j

y � ðn þ 1ÞDj�1
x

�
HAðjÞ

n ðx; yÞ ¼ 0

ð68Þ

and

ðx þ a0ÞDðj�1Þðn�1Þ
x Dy þ ðj � 1Þðn � 1ÞDðj�1Þðn�1Þ�1

x Dy

�

þ
Xn

k¼1

ak

k!
Dðj�1Þðk�1Þ

x Dn�kþ1
y

þjDðj�1Þðn�jÞ
x Dj�1

y þ jyDðj�1Þðn�jÞ
x D j

y

�ðn þ 1ÞDðj�1Þn
x � Dn

y

�
HAðjÞ

n ðx; yÞ ¼ 0;

ð69Þ

respectively.

In the next section, we consider certain 2D hybrid special polynomials and derive

the recurrence relation, shift operators and differential equations for these mixed-

type polynomials.

4 Examples

Example 4.1 Taking AðtÞ ¼ t
et�1

in the generating function (10), we obtain the

following generating function of the 2D Hermite–Bernoulli polynomials HB
ðjÞ
n ðx; yÞ:

t

et � 1
exp

�
xt � t2

2
þ ytj

�
¼ HBðjÞ

n ðx; yÞ tn

n!
: ð70Þ

Proceeding on the same lines as in the previous section, certain results for the 2D
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Hermite–Bernoulli polynomials can be obtained and these results are mentioned in

the following Table 1.

Example 4.2 Taking AðtÞ ¼ 2
etþ1

in generating function (10), we obtain the

following generating function of the 2D Hermite–Euler polynomials HE
ðjÞ
n ðx; yÞ:

2

et þ 1
exp

�
xt � t2

2
þ ytj

�
¼ HEðjÞ

n ðx; yÞ tn

n!
: ð71Þ

Proceeding on the same lines as in the previous section, the recurrence relation, shift

operators, differential, integro-differential and partial differential equations of the

2D Hermite–Euler polynomials can be obtained. We mention these results in the

following Table 2.

Note Taking y ¼ 0 in the generating functions (70) and (71) of the 2D Hermite–

Bernoulli and 2D Hermite–Euler polynomials, we can obtain the corresponding

results for the Hermite–Bernoulli polynomials HB
ðjÞ
n ðxÞ and Hermite–Euler polyno-

mials HE
ðjÞ
n ðxÞ respectively.

Table 1 Results of the 2D Hermite–Bernoulli polynomials HBðjÞ
n ðx; yÞ

Recurrence

relation HB
ðjÞ
nþ1ðx; yÞ ¼ x � 1

2

� 	
H

BðjÞ
n ðx; yÞ �

Pn
k¼1

n
k

� �
Bkþ1ð1Þ

kþ1 HB
ðjÞ
n�kðx; yÞ

þjy n!
ðn�jþ1Þ! H B

ðjÞ
nþ1�jðx; yÞ � n HB

ðjÞ
n�1ðx; yÞ:

Shift

operators
xL�

n :¼ 1
n Dx;

xLþ
n :¼ x � 1

2

� 	
� Dn�1

x þ jyDj�1
x �

Pn
k¼1

Bkþ1ð1Þ
ðkþ1Þ! Dn�k

x ;

yL�
n :¼ 1

n D1�j
x Dy;

yLþ
n :¼ x � 1

2

� 	
� Dð1�jÞðn�1Þ

x Dn�1
y þ jyDð1�jÞ2

x Dj�1
y �

Pn
k¼1

Bkþ1ð1Þ
ðkþ1Þ! Dð1�jÞðn�kÞ

x Dn�k
y :

Differential

equation

 
x � 1

2

� 	
Dx � Dn

x þ jyD j
x �

Pn
k¼1

Bkþ1ð1Þ
ðkþ1Þ! Dn�kþ1

x � n

!

HBðjÞ
n ðx; yÞ ¼ 0:

Integro-

differential

equation

 
x � 1

2

� 	
Dy � Dð1�jÞðn�1Þ

x Dn
y �

Pn
k¼1

Bkþ1ð1Þ
ðkþ1Þ! Dð1�jÞðn�kÞ

x Dn�kþ1
y

þjD�ðj�1Þ2
x Dj�1

y þ jyD�ðj�1Þ2
x D j

y � ðn þ 1ÞDj�1
x

!

HBðjÞ
n ðx; yÞ ¼ 0:

Partial

differential

equation

 
x � 1

2

� 	
Dðj�1Þðn�1Þ

x Dy þ ðj � 1Þðn � 1ÞDðj�1Þðn�1Þ�1
x Dy þ jDðj�1Þðn�jÞ

x Dj�1
y

þjyDðj�1Þðn�jÞ
x D j

y �
Pn

k¼1
Bkþ1ð1Þ
ðkþ1Þ! Dðj�1Þðk�1Þ

x Dn�kþ1
y � Dn

y � ðn þ 1ÞDðj�1Þn
x

!

HBðjÞ
n ðx; yÞ ¼ 0:
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The results established in Sect. 2 are general and include new families of the 2D

special polynomials related to the Appell polynomials. Results for certain hybrid

members of these families are mentioned in this section. we consider results for the

2-iterated members of these families in the Appendix.

Appendix

I. Taking AðtÞ ¼ t
et�1

in generating function (8) of the 2D Bernoulli–Appell

polynomials, we obtain the following generating function of the 2-iterated 2D

Bernoulli-polynomials B½2�;j
n ðx; yÞ:

t

et � 1

� �2
extþytj ¼

X1

n¼0

B
½2�;j
nþ1ðx; yÞ tn

n!
: ð72Þ

The results for the 2-iterated 2D Bernoulli polynomials are given in the following

Table 3.

II. Taking AðtÞ ¼ 2
etþ1

in generating function (9) of the 2D Euler–Appell

polynomials, we obtain generating function of the 2-iterated 2D Euler polynomials

E½2�;j
n ðx; yÞ:

Table 2 Results of the 2D Hermite–Bernoulli polynomials HEðjÞ
n ðx; yÞ

Recurrence

relation HE
ðjÞ
nþ1ðx; yÞ ¼ x � 1

2

� 	
H

EðjÞ
n ðx; yÞ þ 1

2

Pn
k¼1

n
k

� �
ekHE

ðjÞ
n�kðx; yÞ

þjy n!
ðn�jþ1Þ! H E

ðjÞ
nþ1�jðx; yÞ � n HE

ðjÞ
n�1ðx; yÞ:

Shift operators xL�
n :¼ 1

n Dx;

xLþ
n :¼ x � 1

2

� 	
� Dn�1

x þ jyDj�1
x þ 1

2

Pn
k¼1

ek

k! D
n�k
x ;

yL�
n :¼ 1

n D1�j
x Dy;

yLþ
n :¼ x � 1

2

� 	
� Dð1�jÞðn�1Þ

x Dn�1
y þ jyDð1�jÞ2

x Dj�1
y þ 1

2

Pn
k¼1

ek

k! D
ð1�jÞðn�kÞ
x Dn�k

y :

Differential

equation

 
x � 1

2

� 	
Dx � Dn

x þ jyD j
x þ 1

2

Pn
k¼1

ek

k! D
n�kþ1
x � n

!

HEðjÞ
n ðx; yÞ ¼ 0:

Integro-

differential

equation

 
x � 1

2

� 	
Dy � Dð1�jÞðn�1Þ

x Dn
y þ 1

2

Pn
k¼1

ek

k! D
ð1�jÞðn�kÞ
x Dn�kþ1

y

þjD�ðj�1Þ2
x Dj�1

y þ jyD�ðj�1Þ2
x D j

y � ðn þ 1ÞDj�1
x

!

HEðjÞ
n ðx; yÞ ¼ 0:

Partial

differential

equation

 
x � 1

2

� 	
Dðj�1Þðn�1Þ

x Dy þ ðj � 1Þðn � 1ÞDðj�1Þðn�1Þ�1
x Dy þ 1

2

Pn
k¼1

ek

k! D
ðj�1Þðk�1Þ
x Dn�kþ1

y

þjDðj�1Þðn�jÞ
x Dj�1

y þ jyDðj�1Þðn�jÞ
x D j

y � Dn
y � ðn þ 1ÞDðj�1Þn

x

!

HEðjÞ
n ðx; yÞ ¼ 0:
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2

et þ 1

� �2

extþytj ¼
X1

n¼0

E½2�;j
n ðx; yÞ tn

n!
ð73Þ

The 2-iterated 2D Euler polynomials are given in the following Table 4.

III. Taking AðtÞ ¼ e
�t2

2 in generating function (10) of the 2D Hermite–Appell

polynomials, we obtain the generating function of the 2-iterated 2D Hermite-

polynomials H
½2�;j
n ðx; yÞ:

expðxt � t2 þ ytjÞ ¼
X1

n¼0

H½2�;j
n ðx; yÞ tn

n!
ð74Þ

The results for the 2-iterated 2D Hermite polynomials are given in the following

Table 5.

Note that, for y ¼ 0 the results obtained in this paper coincide with the

corresponding recurrence formulas and differential equations for the 2-iterated

Appell polynomials.

Table 3 Results for the 2-iterated 2D Bernoulli polynomials B½2�;j
n ðx; yÞ

Recurrence

relation
B
½2�;j
nþ1ðx; yÞ ¼ ðx � 1ÞB½2�;j

n ðx; yÞ � 2
Pn

k¼1

n
k

� �
Bkþ1ð1Þ

kþ1
B
½2�;j
n�kðx; yÞ þ jy n!

ðn�jþ1Þ! B
½2�;j
nþ1�jðx; yÞ:

Shift operators xL�
n :¼ 1

n Dx;

xLþ
n :¼ ðx � 1Þ þ jyDj�1

x � 2
Pn

k¼1
Bkþ1ð1Þ
ðkþ1Þ! Dk

x;

yL�
n :¼ 1

n D1�j
x Dy;

yLþ
n :¼ ðx � 1Þ þ jyD�ðj�1Þ2

x Dj�1
y � 2

Pn
k¼1

Bkþ1ð1Þ
ðkþ1Þ! Dð1�jÞk

x Dk
y:

Differential

equation

 
ðx � 1ÞDx þ jyD j

x � 2
Pn

k¼1
Bkþ1ð1Þ
ðkþ1Þ! Dkþ1

x � n

!
B½2�;j

n ðx; yÞ ¼ 0:

Integro-

differential

equation

 
ðx � 1ÞDy � 2

Pn
k¼1

Bkþ1ð1Þ
ðkþ1Þ! Dð1�jÞk

x Dkþ1
y þ jD�ðj�1Þ2

x Dj�1
y

þjyD�ðj�1Þ2
x D j

y � ðn þ 1ÞDj�1
x

!
B½2�;j

n ðx; yÞ ¼ 0:

Partial

differential

equation

 
ðx � 1ÞDðj�1Þðn�1Þ

x Dy þ ðj � 1Þðn � 1ÞDðj�1Þðn�1Þ�1
x Dy þ jDðj�1Þðn�jÞ

x Dj�1
y

þjyDðj�1Þðn�jÞ
x D j

y � 2
Pn

k¼1
Bkþ1ð1Þ
ðkþ1Þ! Dð1�jÞð1�nþkÞ

x Dkþ1
y � ðn þ 1ÞDðj�1Þn

x

!
B½2�;j

n ðx; yÞ ¼ 0:
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Table 4 Results for the 2-iterated 2D Euler polynomials E½2�;j
n ðx; yÞ

Recurrence

relation
E
½2�;j
nþ1ðx; yÞ ¼ ðx � 1ÞE½2�;j

n ðx; yÞ þ
Pn

k¼1

n
k

� �
ekE

½2�;j
n�kðx; yÞ þ jy n!

ðn�jþ1Þ! E
½2�;j
nþ1�jðx; yÞ:

Shift operators xL�
n :¼ 1

n Dx;

xLþ
n :¼ ðx � 1Þ þ

Pn
k¼1

ek

k! D
k
x þ jyDj�1

x ;

yL�
n :¼ 1

n D1�j
x Dy;

yLþ
n :¼ ðx � 1Þ þ

Pn
k¼1

ek

k! D
ð1�jÞk
x Dk

y þ jyD�ðj�1Þ2
x Dj�1

y :

Differential

equation

 
ðx � 1ÞDx þ

Pn
k¼1

ek

k! D
kþ1
x þ jyD j

x � n

!
E½2�;j

n ðx; yÞ ¼ 0:

Integro-differential

equation

 
ðx � 1ÞDy þ

Pn
k¼1

ek

k! D
ð1�jÞk
x Dkþ1

y þ jD�ðj�1Þ2
x Dj�1

y þ jyD�ðj�1Þ2
x D j

y

�ðn þ 1ÞDj�1
x

!
E½2�;j

n ðx; yÞ ¼ 0

Partial differential

equation

 
ðx � 1ÞDðj�1Þðn�1Þ

x Dy þ ðn � 1Þðj � 1ÞDðj�1Þðn�1Þ�1
x Dy þ

Pn
k¼1

ek

k! D
ð1�jÞð1�nþkÞ
x Dkþ1

y

þjDðj�1Þðn�jÞ
x Dj�1

y þ jyDðj�1Þðn�jÞ
x D j

y � ðn þ 1ÞDðj�1Þn
x

!
B½2�:j

n ðx; yÞ ¼ 0; n� j:

Table 5 Results of the 2-iterated 2D Hermite polynomials H½2�;j
n ðx; yÞ

Recurrence

relation
H

½2�;j
nþ1ðx; yÞ ¼ xH½2�;j

n ðx; yÞ � 2H
½2�;j
n�1ðx; yÞ þ jy n!

ðn�jþ1Þ! H
½2�;j
nþ1�jðx; yÞ:

Shift operators xL�
n :¼ 1

n Dx;

xLþ
n :¼ x � 2

n Dx þ jyDj�1
x ;

yL�
n :¼ 1

n D1�j
x Dy;

yLþ
n :¼ x � 2

n Dð1�jÞk
x Dk

y þ jyD�ðj�1Þ2
x Dj�1

y :

Differential

equation

 
xDx � 2

n D2
x þ jyD j

x � n

!
H½2�;j

n ðx; yÞ ¼ 0:

Integro-

differential

equation

 
xDy � 2

n Dð1�jÞk
x Dkþ1

y þ jD�ðj�1Þ2
x Dj�1

y þ jyD�ðj�1Þ2
x D j

y � ðn þ 1ÞDj�1
x

!
H½2�;j

n ðx; yÞ ¼ 0:

Partial

differential

equation

 
xDðj�1Þðn�1Þ

x Dy þ ðn � 1Þðj � 1ÞDðj�1Þðn�1Þ�1
x Dy � 2

n Dð1�jÞð1�nþkÞ
x Dkþ1

y

þjDðj�1Þðn�jÞ
x Dj�1

y þ jyDðj�1Þðn�jÞ
x D j

y � ðn þ 1ÞDðj�1Þn
x

!
H½2�:j

n ðx; yÞ ¼ 0; n� j:
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9. Srivastava, H.M., Özarslan, M.A., Yılmaz, B.: Some families of differential equations associated

with the Hermite-based Appell polynomials and other classes of Hermite-based polynomials. Filomat

28(4), 695–708 (2014)

10. Wani, S.A., Khan, S., Naikoo, S.: Differential and integral equations for the Laguerre–Gould–Hopper

based Appell and related polynomials, Boletı́n de la Sociedad Matemática Mexicana (2019). https://
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