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Abstract
Let la be the Lebesgue plane measure on the unit disk with the radial weight
aþ1
p ð1 � jzj2Þa. Denote by A2

n the space of the n-analytic functions on the unit disk D,

square-integrable with respect to la. Extending results of Ramazanov (1999, 2002),

we explain that disk polynomials (studied by Koornwinder in 1975 and Wünsche in

2005) form an orthonormal basis of A2
n. Using this basis, we provide the Fourier

decomposition of A2
n into the orthogonal sum of the subspaces associated with dif-

ferent frequencies. This leads to the decomposition of the von Neumann algebra of

radial operators, acting in A2
n, into the direct sum of some matrix algebras. In other

words, all radial operators are represented as matrix sequences. In particular, we

represent in this form the Toeplitz operators with bounded radial symbols, acting in

A2
n. Moreover, using ideas by Engliš (1996), we show that the set of the Toeplitz

operators with bounded generating symbols is not weakly dense in BðA2
nÞ.
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Mexico
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1 Introduction

1.1 Background

Polyanalytic functions naturally arise in some physical models (plane elasticity

theory, Landau levels) and in some methods of signal processing, see

[1–3, 15, 17, 18]. Koshelev [23] computed the reproducing kernel of the n-analytic

Bergman space A2
nðDÞ on the unit disk. Balk in the book [4] explained fundamental

properties of polyanalytic functions. Dzhuraev [9] related polyanalytic projections

with singular integral operators. Vasilevski [40, 41] studied polyanalytic Bergman

spaces on the upper half-plane and polyanalytic Fock spaces using the Fourier

transform. Ramazanov [29, 30] constructed an orthonormal basis in A2
nðDÞ and

studied various properties of A2
nðDÞ. In fact, the elements of this basis are well-

known disk polynomials studied by Koornwinder [21], Wünsche [43], and other

authors. Pessoa [27] related Koshelev’s formula with Jacobi polynomials and gave a

very clear proof of this formula. He also obtained similar results for some other one-

dimensional domains. Hachadi and Youssfi [14] developed a general scheme for

computing the reproducing kernels of the spaces of polyanalytic functions on radial

plane domains (disks or the whole plane) with radial measures.

There are general investigations about bounded linear operators in reproducing

kernel Hilbert spaces (RKHS), especially about Toeplitz operators in Bergman or

Fock spaces [5, 44, 45], but the complete description of the spectral properties is

found only for some special classes of operators, in particular, for Toeplitz operators

with generating symbols invariant under some group actions, see Vasilevski [42],

Grudsky, Quiroga-Barranco, and Vasilevski [11], Dawson, Ólafsson, and Quiroga-

Barranco [8]. The simplest class of this type consists of Toeplitz operators with

bounded radial generating symbols. Various properties of these operators (bound-

edness, compactness, and eigenvalues) have been studied by many authors, see

[13, 22, 28, 46]. The C*-algebra generated by such operators, acting in the Bergman

space, was explicitly described in [6, 12, 16, 37]. Loaiza and Lozano [24] obtained

similar results for radial Toeplitz operators in harmonic Bergman spaces.

Maximenko and Tellerı́a-Romero [26] studied radial operators in the polyanalytic

Fock space.

Hutnı́k, Loaiza, Ramı́rez-Mora, Ramı́rez-Ortega, Sánchez-Nungaray, and other

authors [19, 20, 25, 31, 32, 35] studied vertical and angular Toeplitz operators in

polyanalytic and true-polyanalytic Bergman spaces. In particular, vertical Toeplitz

operators in the n-analytic Bergman space over the upper half-plane are represented

in [31] as n� n matrices whose entries are continuous functions on ð0;þ1Þ, with

some additional properties at 0 and þ1.

Rozenblum and Vasilevski [33] investigated Toeplitz operators with distribu-

tional symbols and showed that Toeplitz operators in true-polyanalytic spaces
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Bergman or Fock spaces are equivalent to some Toeplitz operators with

distributional symbols in the analytic Bergman or Fock spaces.

1.2 Objects of study

Denote by l the Lebesgue plane measure and its restriction to the unit disk D, and

by la the weighted Lebesgue plane measure

dlaðzÞ :¼
aþ 1

p
ð1 � jzj2Þa dlðzÞ:

This measure is normalized: laðDÞ ¼ 1. We use notation h�; �i and k � k for the inner

product and the norm in L2ðD; laÞ.
Let A2

nðD; laÞ be the space of n-analytic functions square-integrable with respect

to la. We denote by A2
ðnÞðD; laÞ the orthogonal complement of the subspace

A2
n�1ðD; laÞ in A2

nðD; laÞ.
For every s in the unit circle T :¼ fz 2 C : jzj ¼ 1g, let qðaÞn ðsÞ be the rotation

operator acting in A2
nðD; laÞ by the rule

ðqðaÞn ðsÞf ÞðzÞ :¼ f ðs�1zÞ:

In Proposition 16, we verify that A2
nðD; laÞ is invariant under such rotations, i.e.,

qðaÞn ðsÞ is well defined. The family qðaÞn is a unitary representation of the group T in

the Hilbert space A2
nðD; laÞ. We denote by RðaÞ

n its commutant, i.e., the von

Neumann algebra that consists of all bounded linear operators acting in A2
nðD; laÞ

that commute with qðaÞn ðsÞ for every s in T. In other words, the elements of RðaÞ
n are

the operators intertwining the representation qðaÞn . The elements of RðaÞ
n are called

radial operators in A2
nðD; laÞ.

In a similar manner, we denote by qðaÞðnÞðsÞ the rotation operators acting in

A2
ðnÞðD; laÞ and by RðaÞ

ðnÞ the von Neumann algebra of radial operators in

A2
ðnÞðD; laÞ. We also consider the rotation operators qðaÞðsÞ in L2ðD; laÞ and the

corresponding algebra RðaÞ of radial operators.

1.3 Structure and results of this paper

– In Sect. 2, we list some necessary facts about Jacobi polynomials. They play a

crucial role in Sects. 3 and 4.

– In Sect. 3, we recall various equivalent formulas for the disk polynomials that

can be obtained by orthogonalizing the monomials in z and z. Using this

orthonormal basis ðbðaÞp;qÞp;q2N0
, we decompose L2ðD; laÞ into the orthogonal sum

of subspaces WðaÞ
n indexed by different frequencies n in Z.
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– In Sect. 4, we give an elementary proof of the weighted mean value property of

polyanalytic functions and show the boundedness of the evaluation functionals

for the spaces of polyanalytic functions over general domains in C. In the

unweighted case, this mean value property was proven by Koshelev [23] and

Pessoa [27]. Hachadi and Youssfi [14] generalized this property to the weighted

case and used it to compute the reproducing kernel of A2
nðD; laÞ.

– In Sect. 5, extending results by Ramazanov [29, 30] to the weighted case, we

verify that the family ðbðaÞp;qÞp� 0;0� q\n is an orthonormal basis of A2
nðD;laÞ.

Using this fact, we decompose A2
nðD; laÞ into subspaces WðaÞ

n \ A2
nðD; laÞ.

– In Sect. 6, we prove that the set of all Toeplitz operators with bounded

generating symbols is not weakly dense in BðA2
nðD; laÞÞ. This simple result was

surprising for us.

– In Sect. 7, we decompose the von Neumann algebras RðaÞ, RðaÞ
n , and RðaÞ

ðnÞ, into

direct sums of factors. In particular, Theorems 2 and 3 imply that the algebra

RðaÞ
n is noncommutative for n� 2, whereas RðaÞ

ðnÞ is commutative for every n in

N.

– In Sect. 8, we find explicit representations of the radial Toeplitz operators acting

in the spaces A2
nðD; laÞ and A2

ðnÞðD; laÞ. The results of Sects. 7 and 8 are

similar to [26]. The main difference is that the orthonormal bases are given by

other formulas.

Most of the facts in Sects. 2–5 are known. We recall them in a logical and almost

self-contained form, emphasizing some aspects relevant for us.

We hope that this paper can serve as a basis for further investigations about

polyanalytic or polyharmonic Bergman spaces and operators acting on these spaces.

For example, an interesting task is to describe the C*-algebra generated by radial

Toeplitz operators acting in A2
nðD; laÞ.

2 Necessary facts about Jacobi polynomials

In this section, we recall some necessary facts about Jacobi polynomials. Most of

them are explained in [38, Chapter 4]. For every a and b in R, the Jacobi

polynomials can be defined by Rodrigues formula

Pða;bÞ
n ðxÞ :¼ ð�1Þn

2n n!
ð1 � xÞ�að1 þ xÞ�b dn

dxn

�
ð1 � xÞnþað1 þ xÞnþb

�
: ð1Þ

This definition and the general Leibniz rule imply an expansion into powers of x� 1

and xþ 1
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Pða;bÞ
n ðxÞ ¼

Xn
k¼0

nþ a

n� k

� �
nþ b

k

� �
x� 1

2

� �k
xþ 1

2

� �n�k

: ð2Þ

Formula (2) yields a symmetry relation, the values at the points 1 and �1, and a

formula for the derivative

Pða;bÞ
n ð�xÞ ¼ ð�1ÞnPðb;aÞ

n ðxÞ; ð3Þ

Pða;bÞ
n ð1Þ ¼

nþ a

n

� �
; Pða;bÞ

n ð�1Þ ¼ ð�1Þn
nþ b

n

� �
; ð4Þ

�
Pða;bÞ
n

�0ðxÞ ¼ aþ bþ nþ 1

2
P
ðaþ1;bþ1Þ
n�1 ðxÞ: ð5Þ

With the above properties, it is easy to compute the derivatives of P
ða;bÞ
n at the point

1. Now, Taylor’s formula yields another explicit expansion for P
ða;bÞ
n

Pða;bÞ
n ðxÞ ¼

Xn
k¼0

aþ bþ nþ k

k

� �
aþ n

n� k

� �
x� 1

2

� �k

: ð6Þ

For a[ � 1 and b[ � 1, we equip ð�1; 1Þ with the weight ð1 � xÞað1 þ xÞb, then

denote by h�; �ið�1;1Þ;a;b the corresponding inner product

hf ; gið�1;1Þ;a;b :¼
Z 1

�1

f ðxÞgðxÞ ð1 � xÞað1 þ xÞb dx:

Then, L2ðð�1; 1Þ; ð1 � xÞað1 þ xÞbÞ is a Hilbert space, and the set P of the uni-

variate polynomials is a dense subset of this space. Using (1) and integrating by

parts, for every f in P, we get

hf ;Pða;bÞ
n ið�1;1Þ;a;b ¼

1

2n
hf 0;Pðaþ1;bþ1Þ

n�1 ið�1;1Þ;aþ1;bþ1: ð7Þ

Applying (7) and induction, it is easy to prove that the sequence ðPða;bÞ
n Þ1n¼0 is an

orthogonal basis of L2ðð�1; 1Þ; ð1 � xÞað1 þ xÞbÞ, that is, for every polynomial h of

degree less than n

Z 1

�1

hðxÞPða;bÞ
n ðxÞð1 � xÞað1 þ xÞbdx ¼ 0: ð8Þ

Furthermore

hPða;bÞ
m ;Pða;bÞ

n ið�1;1Þ;a;b ¼ 2aþbþ1 Cðnþ aþ 1ÞCðnþ bþ 1Þ
ð2nþ aþ bþ 1ÞCðnþ aþ bþ 1Þ n! dm;n:

ð9Þ

Formulas (1) and (8), and induction allow us to compute the following integral for

b[ 0:
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Z 1

�1

Pða;bþ1Þ
n ðxÞ ð1 � xÞað1 þ xÞb dx ¼ 2aþbþ1ð�1Þn B ðaþ nþ 1; bþ 1Þ; ð10Þ

where B is the well-known Beta function.

2.1 Jacobi polynomials for the unit interval

The function t 7!2t � 1 is a bijection from (0, 1) onto ð�1; 1Þ. Denote by Q
ða;bÞ
n the

‘‘shifted Jacobi polynomial’’ obtained from P
ða;bÞ
n by composing it with this change

of variables

Qða;bÞ
n ðtÞ :¼ Pða;bÞ

n ð2t � 1Þ:

The properties of Q
ða;bÞ
n follow easily from the properties of P

ða;bÞ
n . In particular, here

are analogs of (1) and (6)

Qða;bÞ
n ðtÞ ¼ ð�1Þn

n!
ð1 � tÞ�at�b dn

dtn

�
ð1 � tÞnþatnþb

�
; ð11Þ

Qða;bÞ
n ðtÞ ¼

Xn
k¼0

aþ bþ nþ k

k

� �
bþ n

n� k

� �
ð�1Þn�ktk: ð12Þ

The sequence ðQða;bÞ
n Þ1n¼0 is orthogonal on (0, 1) with respect to the weight

ð1 � tÞatb, and

Z 1

0

Qða;bÞ
m ðtÞQða;bÞ

n ðtÞð1 � tÞatbdt ¼ dm;n Cðnþ aþ 1ÞCðnþ bþ 1Þ
ð2nþ aþ bþ 1ÞCðnþ aþ bþ 1Þ n! :

ð13Þ

Also, here are analogs of (8) and (10)

Z 1

0

hðtÞQða;bÞ
n ðtÞð1 � tÞatbdt ¼ 0 ð�ðhÞ\nÞ; ð14Þ

Z 1

0

Qða;bþ1Þ
n ðtÞð1 � tÞatbdt ¼ ð�1Þn B ðaþ nþ 1; bþ 1Þ: ð15Þ

Substituting in (11) t by tu and applying the chain rule, we get

on

otn

�
ð1 � tuÞnþatnþb

�
¼ n! ð1 � tuÞa tb Qða;bÞ

n ðtuÞ: ð16Þ

Inspired by (13), we define the function J ða;bÞ
n on (0, 1) as

J ða;bÞ
n ðtÞ :¼ cða;bÞn ð1 � tÞa=2tb=2Qða;bÞ

n ðtÞ; ð17Þ

where
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cða;bÞn :¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ð2nþ aþ bþ 1ÞCðnþ aþ bþ 1Þ n!

Cðnþ aþ 1ÞCðnþ bþ 1Þ

s
: ð18Þ

Then

Z 1

0

J ða;bÞ
m ðtÞJ ða;bÞ

n ðtÞ dt ¼ dm;n: ð19Þ

2.2 Reproducing property for the polynomials on the unit interval

Given n in N0 and a; b[ � 1, we denote by R
ða;bÞ
n the polynomial

Rða;bÞ
n ðtÞ :¼ ð�1Þn B ðaþ 1; bþ 1Þ

B ðaþ nþ 1; bþ 1Þ Qða;bþ1Þ
n ðtÞ: ð20Þ

Proposition 1 Let n 2 N0 and a; b[ � 1. Then, for every polynomial h with
�ðhÞ� n

1

B ðaþ 1; bþ 1Þ

Z 1

0

hðtÞRða;bÞ
n ðtÞ ð1 � tÞatb dt ¼ hð0Þ: ð21Þ

Proof The difference hðtÞ � hð0Þ divides by t. Denote by q(t) the corresponding

quotient. Therefore, q is a polynomial of degree �ðqÞ� n� 1 and

hðtÞ ¼ hð0Þ þ tqðtÞ. Then

1

B ðaþ 1; bþ 1Þ

Z 1

0

hðtÞRða;bÞ
n ðtÞ ð1 � tÞatb dt

¼ ð�1Þnhð0Þ
B ðaþ nþ 1; bþ 1Þ

Z 1

0

Qða;bþ1Þ
n ðtÞ ð1 � tÞatb dt

þ ð�1Þn

B ðaþ nþ 1; bþ 1Þ

Z 1

0

qðtÞQða;bþ1Þ
n ðtÞ ð1 � tÞatbþ1 dt:

By (15) and (14), the first summand is h(0) and the second is 0. h

As a particular case of (21), for b ¼ 0 and m� n:

1

aþ 1

Z 1

0

tmRða;0Þ
n ðtÞð1 � tÞadt ¼ dm;0: ð22Þ

Formula (22) was proven in [14] in other way.

3 Orthonormal basis and Fourier decomposition of L2ðD,la)

For each p; q 2 N0, denote by mp;q the monomial function
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mp;qðzÞ :¼ zpzq:

The inner product of two monomial functions is

hmp;q;mj;ki ¼ ðaþ 1Þ B pþ jþ 1; aþ 1ð Þ dp�q;j�k: ð23Þ

In particular, this means that the family ðmp;qÞp;q2N0
is not orthogonal.

In this section, we recall various equivalent formulas for an orthonormal basis in

L2ðD; laÞ, that can be obtained by orthonormalizing ðmp;qÞp;q2N0
, and whose

elements are known as Jacobi polynomials in z and z, see Koornwinder [21], or disk
polynomials, see Wünsche [43], among others. These polynomials, in the

unweighted case, were also rediscovered in [23, 29], and [27], in the context of

polyanalytic functions. We work with a normalized version of the disk polynomials

and define them by

bðaÞp;qðzÞ :¼ ð�1Þpþq ecðaÞp;q ð1 � zzÞ�a oq

ozq
op

ozp

�
ð1 � z zÞpþqþa

�
; ð24Þ

where

ecðaÞp;q ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðaþ pþ qþ 1ÞCðaþ pþ 1ÞCðaþ qþ 1Þ

ðaþ 1Þp! q!Cðaþ pþ qþ 1Þ2

s
: ð25Þ

Since
o

oz
ð1 � zzÞ ¼ �z and

o

oz
ð1 � zzÞ ¼ �z, the expression in (24) can be rewritten

in other equivalent forms

bðaÞp;qðzÞ ¼ ð�1Þq
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðaþ pþ qþ 1ÞCðaþ pþ 1Þ
ðaþ 1Þp! q!Cðaþ qþ 1Þ

s
oq

ozq

�
zpð1 � z zÞaþq

�

ð1 � zzÞa ; ð26Þ

bðaÞp;qðzÞ ¼ ð�1Þp
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðaþ pþ qþ 1ÞCðaþ qþ 1Þ
ðaþ 1Þp! q!Cðaþ pþ 1Þ

s
op

ozp

�
zqð1 � z zÞaþp

�

ð1 � zzÞa : ð27Þ

By (16), b
ðaÞ
p;q can be expressed via the shifted Jacobi polynomials, with coefficients

defined by (18)

bðaÞp;qðzÞ ¼

c
ða;p�qÞ
qffiffiffiffiffiffiffiffiffiffiffi
aþ 1

p zp�qQða;p�qÞ
q ðjzj2Þ; if p� q;

c
ða;q�pÞ
pffiffiffiffiffiffiffiffiffiffiffi
aþ 1

p zq�pQða;q�pÞ
p ðjzj2Þ; if p\q:

8>>><
>>>:

ð28Þ

The two cases in (28) can be joined and written in terms of (17)
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bðaÞp;qðrsÞ ¼
c
ða;jp�qjÞ
minfp;qgffiffiffiffiffiffiffiffiffiffiffi
aþ 1

p rjp�qjsp�qQ
ða;jp�qjÞ
minfp;qgðr

2Þ ðr� 0; s 2 TÞ; ð29Þ

bðaÞp;qðrsÞ ¼
sp�qð1 � r2Þ�a=2

ffiffiffiffiffiffiffiffiffiffiffi
aþ 1

p J ða;jp�qjÞ
minfp;qgðr

2Þ: ð30Þ

Notice that

c
ða;jp�qjÞ
minfp;qg ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðaþ pþ qþ 1Þðminfp; qgÞ!Cðaþ maxfp; qg þ 1Þ

ðmaxfp; qgÞ!Cðaþ minfp; qg þ 1Þ

s
:

The family ðbðaÞp;qÞp;q2N0
has the following conjugate symmetric property:

b
ðaÞ
p;qðzÞ ¼ bðaÞq;pðzÞ: ð31Þ

Applying (12) in the right-hand side of (28), we obtain

bðaÞp;qðzÞ ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðaþ pþ qþ 1Þp! q!

ðaþ 1ÞCðaþ pþ 1ÞCðaþ qþ 1Þ

s

�
Xminfp;qg

k¼0

ð�1Þk Cðaþ pþ qþ 1 � kÞ
k! ðp� kÞ! ðq� kÞ! zp�kzq�k;

ð32Þ

In particular, (32) implies that b
ðaÞ
p;q is a polynomial in z and z whose leading term,

corresponding to k ¼ 0, is a positive multiple of the monomial mp;q.

Let P be the set of all polynomials functions in z and z, i.e., the linear span of the

monomials

P :¼ spanfmp;q : p; q 2 N0g:

For every n 2 Z and every s 2 N, denote by WðaÞ
n;s the subspace of P generated by

mp;q with p� q ¼ n and minfp; qg\s

WðaÞ
n;s :¼ spanfmp;q : p� q ¼ n; minfp; qg\sg: ð33Þ

The vector space WðaÞ
n;s does not depend on a, but we endow it with the inner product

from L2ðD; laÞ. Obviously, dimðWðaÞ
n;s Þ ¼ s. Let us show that

WðaÞ
n;s ¼ spanfbðaÞp;q : p� q ¼ n; minfp; qg\sg: ð34Þ

Indeed, by (32)
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mp;q ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðaþ 1ÞCðaþ pþ 1ÞCðaþ qþ 1Þp! q!

Cðaþ pþ qþ 2Þ

s
bðaÞp;q

� p! q!

Cðaþ pþ qþ 1Þ
Xminfp;qg

m¼1

ð�1Þm Cðaþ pþ qþ 1 � mÞ
m! ðp� mÞ! ðq� mÞ! mp�m;q�m:

ð35Þ

Proceeding by induction on s, we see that the monomials mp;q are linear combi-

nations of b
ðaÞ
p�s;q�s with 0� s� minfp; qg. Therefore, formula (34) means that the

first s elements in the diagonal n of the table ðbðaÞp;qÞ1p;q¼0 generate the same subspace

as the first s elements of the diagonal n in the table ðmp;qÞ1p;q¼0. For example

WðaÞ
�2;3 ¼ spanfm0;2;m1;3;m2;4g ¼ spanfbðaÞ0;2; b

ðaÞ
1;3; b

ðaÞ
2;4g;

WðaÞ
1;4 ¼ spanfm1;0;m2;1;m3;2;m4;3g ¼ spanfbðaÞ1;0; b

ðaÞ
2;1; b

ðaÞ
3;2; b

ðaÞ
4;3g:

In the following tables, we show generators of WðaÞ
1;4 (light blue) and WðaÞ

�2;3 (pink)

m0,0 m0,1 m0,2 m0,3 m0,4 m0,5
. . .

m1,0 m1,1 m1,2 m1,3 m1,4 m1,5
. . .

m2,0 m2,1 m2,2 m2,3 m2,4 m2,5
. . .

m3,0 m3,1 m3,2 m3,3 m3,4 m3,5
. . .

m4,0 m4,1 m4,2 m4,3 m4,4 m4,5
. . .

m5,0 m5,1 m5,2 m5,3 m5,4 m5,5
. . .

. . . . . . . . . . . . . . . . . . . . .

b
(α)
0,0 b

(α)
0,1 b

(α)
0,2 b

(α)
0,3 b

(α)
0,4 b

(α)
0,5

. . .

b
(α)
1,0 b

(α)
1,1 b

(α)
1,2 b

(α)
1,3 b

(α)
1,4 b

(α)
1,5

. . .

b
(α)
2,0 b

(α)
2,1 b

(α)
2,2 b

(α)
2,3 b

(α)
2,4 b

(α)
2,5

. . .

b
(α)
3,0 b

(α)
3,1 b

(α)
3,2 b

(α)
3,3 b

(α)
3,4 b

(α)
3,5

. . .

b
(α)
4,0 b

(α)
4,1 b

(α)
4,2 b

(α)
4,3 b

(α)
4,4 b

(α)
4,5

. . .

b
(α)
5,0 b

(α)
5,1 b

(α)
5,2 b

(α)
5,3 b

(α)
5,4 b

(α)
5,5

. . .
. . . . . . . . . . . . . . . . . . . . .

As a consequence, P ¼
S

n2Z
S

s2N WðaÞ
n;s ¼ spanfbðaÞp;q : p; q 2 N0g.

Proposition 2 The family ðbðaÞp;qÞp;q2N0
is an orthonormal basis of L2ðD; laÞ.

Proof The orthonormal property follows straightforwardly from (30) and (19):

hbðaÞp;q; b
ðaÞ
j;k i ¼

1

2p

Z 2p

0

eiðp�q�jþkÞh dh
Z 1

0

J ða;jp�qjÞ
minfp;qgðtÞ J

ða;jj�kjÞ
minfj;kgðtÞ dt

¼ dp�q;j�k � dminfp;qg;minfj;kg ¼ dp;j � dq;k:

By the Stone–Weierstrass theorem, P is dense in CðclosðDÞÞ. In turn, by Luzin’s

theorem, the set CðclosðDÞÞjD is dense in L2ðD; laÞ, and for every f 2 CðclosðDÞÞ,
we have kfk� maxz2closðDÞ jf ðzÞj. Now, it is easy to see that the set P is dense in

L2ðD; laÞ, that is, the set of all linear combinations of elements of the family is

dense in L2ðD; laÞ. For that reason, ðbðaÞp;qÞp;q2N0
is a complete orthonormal family. h

Corollary 1 Let n 2 Z and s 2 N. Then, ðbðaÞqþn;qÞ
maxfs�1;s�n�1g
q¼maxf0;�ng is an orthonormal
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basis of WðaÞ
n;s .

Remark 1 By Proposition 2 and formula (35)

hmnþk;k; b
ðaÞ
nþq;qi ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðaþ 1ÞCðaþ pþ 1ÞCðaþ qþ 1Þp! q!
Cðaþ pþ qþ 2ÞCðaþ pþ qþ 1Þ

s
; k ¼ q;

0; maxf0;�ng� k\q:

8><
>:

ð36Þ

The table of basic functions can be expressed as follows:

b
ðaÞ
0;0ðzÞ ¼ h

ðaÞ
0;0ðjzj

2Þ;

b
ðaÞ
1;0ðzÞ ¼ z h

ðaÞ
1;0ðjzj

2Þ;

b
ðaÞ
2;0ðzÞ ¼ z2 h

ðaÞ
2;0ðjzj

2Þ;

where h
ðaÞ
p;qðtÞ :¼

c
ða;jp�qjÞ
minfp;qgffiffiffiffiffiffi
aþ1

p Q
ða;jp�qjÞ
minfp;qgðtÞ. Below, we show explicitly some elements of

this basis

b
ðaÞ
0;0ðzÞ ¼ 1; b

ðaÞ
1;0ðzÞ ¼

ffiffiffiffiffiffiffiffiffiffiffi
aþ 2

p
z; b

ðaÞ
2;0ðzÞ ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðaþ 3Þðaþ 2Þ

2

r
z2;

b
ðaÞ
1;1ðzÞ ¼

ffiffiffiffiffiffiffiffiffiffiffi
aþ 3

aþ 1

r �
ðaþ 2Þzz� 1

�
;

b
ðaÞ
2;1ðzÞ ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2ðaþ 3Þðaþ 2Þ

aþ 1

r
aþ 3

2
z2z� z

� �
;

b
ðaÞ
2;2ðzÞ ¼

ffiffiffiffiffiffiffiffiffiffiffi
aþ 5

aþ 1

r
ðaþ 4Þðaþ 3Þ

2
z2z2 � 2ðaþ 3Þzzþ 1

2

� �
:

Now, for every n in Z, we introduce the subspace WðaÞ
n associated with the ‘‘fre-

quency’’ n or, equivalently, to the diagonal n in the tables ðmp;qÞp;q2N0
and

ðbðaÞp;qÞp;q2Z

WðaÞ
n :¼ closðspanfmp;q : p� q ¼ ngÞ ¼ clos

 [
s2N

WðaÞ
n;s

!
: ð37Þ

Corollary 2 The sequence ðbðaÞnþq;qÞ
1
q¼maxf0;�ng is an orthonormal basis of the Hilbert

space WðaÞ
n .

The space WðaÞ
n can be naturally identified with L2 over (0, 1), providing (0, 1)

with various weights.
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Proposition 3 Each one of the following linear operators is an isometric
isomorphism of Hilbert spaces:

(1) L2ðð0; 1Þ; ðaþ 1Þ ð1 � tÞa dtÞ ! WðaÞ
n , h 7!f ,

f ðzÞ :¼ sgnnðzÞhðzzÞ; i.e., f ðrsÞ :¼ snhðr2Þ; ð38Þ

where z 2 D, 0� r\1, s 2 T;

(2) L2ðð0; 1Þ; ðaþ 1Þ tjnjð1 � tÞaÞ ! WðaÞ
n ; h 7!f ,

f ðzÞ :¼ znhðzzÞ; n� 0;

znhðzzÞ; n\0;

(
i.e., f ðrsÞ :¼ snrjnjhðr2Þ; ð39Þ

(3) L2ðð0; 1ÞÞ ! WðaÞ
n , h 7!f ,

f ðzÞ :¼ sgnnðzÞ ð1 � zzÞ�a=2

ffiffiffiffiffiffiffiffiffiffiffi
aþ 1

p hðzzÞ ¼ sn
ð1 � r2Þ�a=2

ffiffiffiffiffiffiffiffiffiffiffi
aþ 1

p hðr2Þ: ð40Þ

Proof In each case, the isometric property is verified directly using polar

coordinates, and the surjective property is justified with the help of the orthonormal

basis of WðaÞ
n (Corollary 2). The function sgn : C ! C is defined by sgnðzÞ :¼ z=jzj

for z 6¼ 0 and sgnð0Þ :¼ 0. h

Corollary 3 The space L2ðD; dlaÞ is the orthogonal sum of the subspaces WðaÞ
n :

L2ðD; dlaÞ ¼ an2ZW
ðaÞ
n : ð41Þ

The result of Corollary 3 can be seen as the Fourier decomposition of the space

L2ðD; dlaÞ, and each space WðaÞ
n corresponds to the frequency n.

Here, we show the generators of WðaÞ
0 (pink) and WðaÞ

�1 (light blue)

m0,0 m0,1 m0,2 m0,3
. . .

m1,0 m1,1 m1,2 m1,3
. . .

m2,0 m2,1 m2,2 m2,3
. . .

m3,0 m3,1 m3,2 m3,3
. . .

. . . . . . . . . . . . . . .

b
(α)
0,0 b

(α)
0,1 b

(α)
0,2 b

(α)
0,3

. . .

b
(α)
1,0 b

(α)
1,1 b

(α)
1,2 b

(α)
1,3

. . .

b
(α)
2,0 b

(α)
2,1 b

(α)
2,2 b

(α)
2,3

. . .

b
(α)
3,0 b

(α)
3,1 b

(α)
3,2 b

(α)
3,3

. . .
. . . . . . . . . . . . . . .
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4 Weighted mean value property of polyanalytic functions

It is known [4, Section 1.1] that any n-analytic function can be expressed as a

‘‘polynomial’’ of degree n� 1 in the variable z with 1-analytic coefficients, that is,

for any f 2 AnðDÞ, there exist analytic functions g0; g1; . . .; gn�1 in D, such that

f ðzÞ ¼
Xn�1

k¼0

gkðzÞzk ðz 2 DÞ:

Replacing every gk by its Taylor series, we get another classic form of n-analytic

functions: there exist coefficients kj;k in C, such that

f ðzÞ ¼
Xn�1

k¼0

X1
j¼0

kj;kz
jzk ðz 2 DÞ: ð42Þ

The following weighted mean value property was proved in [14] using a slightly

different method. The mean value property for solutions of more general elliptic

equations was studied in [39].

Proposition 4 Let f 2 AnðDÞ, such that
Z

D

jf ðzÞj ð1 � jzj2Þa dlðzÞ\þ1:

Then

f ð0Þ ¼ aþ 1

p

Z

D

f ðzÞRða;0Þ
n�1 ðjzj

2Þ ð1 � jzj2Þa dlðzÞ: ð43Þ

Proof For 0\r� 1, consider

IðrÞ :¼ aþ 1

p

Z

rD

f ðwÞRða;0Þ
n�1 ðjwj

2Þ ð1 � jwj2Þa dlðwÞ:

Then, combining (42) with the polar decomposition, we get that

IðrÞ ¼
Xn�1

k¼0

X1
j¼0

kj;k ðaþ 1Þ
Z r

0

ujþkR
ða;0Þ
n�1 ðu2Þð1 � u2Þa 2u du

� �

� 1

2p

Z 2p

0

eiðj�kÞhdh

� �
:

The terms in the inner series vanish whenever j 6¼ k. Setting t instead of u2 in the

integral, we have
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IðrÞ ¼
Xn�1

k¼0

kk;kðaþ 1Þ
Z r2

0

tkR
ða;0Þ
n�1 ðtÞð1 � tÞadt:

Take limits in both sides when r tends to 1. Apply Lebesgue’s dominated conver-

gence theorem to get the integral over D in the left-hand side and the integral over

[0, 1) in the right-hand side. By formula (22)

Ið1Þ ¼
Xn�1

k¼0

kk;kðaþ 1Þ
Z 1

0

tkR
ða;0Þ
n�1 ðtÞð1 � tÞadt ¼

Xn�1

k¼0

kk;k dk;0 ¼ k0;0 ¼ f ð0Þ;

which proves (43). h

For a ¼ 0, Proposition 4 reduces to the following mean value property that

appeared in [23] and [27].

Corollary 4 Let z 2 C, r[ 0, and f 2 Anðzþ rDÞ, such that
Z

zþrD

jf ðwÞj dlðwÞ\þ1:

Then

f ðzÞ ¼ aþ 1

p r2

Z

zþrD

f ðwÞRða;0Þ
n�1

jw� zj2

r2

 !
dlðwÞ: ð44Þ

Proof Denote by u the linear change of variables uðwÞ :¼ rwþ z. If

f 2 Anðzþ rDÞ, then f � u 2 AnðDÞ. Applying (43) to f � u, we obtain (44). h

4.1 Weighted Bergman spaces of polyanalytic functions on general complex
domains

Given n in N, an open subset X of C and a continuous function W : X ! ð0;þ1Þ,
we denote by A2

nðX;WÞ the space of n-analytic functions belonging to L2ðX;WÞ and

provided with the norm of L2ðX;WÞ. The mean value property (44) implies that the

evaluation functionals in A2
nðX;WÞ are bounded (moreover, they are uniformly

bounded on compacts), and A2
nðX;WÞ is an RKHS. Here, are proofs of these facts.

Lemma 1 Let K be a compact subset of X. Then, there exists a number Cn;W ;K [ 0,

such that for every f in A2
nðX;WÞ and every z in K

jf ðzÞj �Cn;W ;KkfkA2
nðX;WÞ: ð45Þ

Proof Let r1 be the distance from K to C n X. Since K is compact and C n X is

closed, r1 [ 0. Put r :¼ minfr1=2; 1g, K1 :¼ fw 2 C : dðw;KÞ� rg
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C1 :¼ max
0� t� 1

jRða;0Þ
n�1 ðtÞj

� �
max
w2K1

1ffiffiffiffiffiffiffiffiffiffiffiffi
WðwÞ

p
 !

:

For every z in K, we estimate |f(z)| from above applying (44) and Schwarz inequality

jf ðzÞj � 1

pr2

Z

zþrD

jf ðwÞj R
ða;0Þ
n�1

jw� zj2

r2

 !					

					 dlðwÞ

� C1

pr2

Z

zþrD

jf ðwÞj
ffiffiffiffiffiffiffiffiffiffiffiffi
WðwÞ

p
dlðwÞ

� C1

pr2

Z

zþrD

jf ðwÞj2WðwÞ dlðwÞ
� �1=2 Z

zþrD

1 dlðwÞ
� �1=2

� C1ffiffiffiffiffiffiffi
pr2

p kfkA2
nðX;WÞ:

Therefore, (45) is fulfilled with Cn;W ;K ¼ C1ffiffiffiffiffi
pr2

p . h

Proposition 5 A2
nðX;WÞ is an RKHS.

Proof Given a Cauchy sequence in A2
nðX;WÞ, for every compact K, it converges

uniformly on K by Lemma 1. The pointwise limit of this sequence is also

polyanalytic by [4, Corollary 1.8], and it coincides a.e. with the limit in L2ðX;WÞ.
Lemma 1 also assures the boundedness of the evaluation functionals and thereby the

existence of the reproducing kernel. See similar proofs in [26, Proposition 3.3]. h

We denote by A2
ðnÞðX;WÞ the orthogonal complement of A2

n�1ðX;WÞ in

A2
nðX;WÞ.

Corollary 5 A2
ðnÞðX;WÞ is an RKHS.

5 Weighted Bergman spaces of polyanalytic functions on the unit
disk

In the rest of the paper, we suppose that n 2 N and a[ � 1. Given z in D, denote

by K
ðaÞ
n;z the reproducing kernel of A2

nðD; laÞ at the point z and by K
ðaÞ
ðnÞ;z the

reproducing kernel of A2
ðnÞðD; laÞ at the point z. Hachadi and Youssfi [14]

computed the reproducing kernel of A2
nðD; laÞ

KðaÞ
n;z ðwÞ ¼

ð1 � wzÞn�1

ð1 � zwÞnþ1
R
ða;0Þ
n�1

z� w

1 � zw

				
				
2

 !
: ð46Þ

Their method uses (43) and a generalization of the unitary operator constructed by

Pessoa [27]. Formula (46) implies an exact expression for the norm of K
ðaÞ
n;z , which is

also the norm of the evaluation functional at the point z
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kKðaÞ
n;z k ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðnþ aÞ

nþ a� 1

n� 1

� �s
1

1 � jzj2
: ð47Þ

Obviously, the reproducing kernel of A2
ðnÞðD; laÞ can be written as

K
ðaÞ
ðnÞ;zðwÞ ¼ KðaÞ

n;z ðwÞ � K
ðaÞ
n�1;zðwÞ: ð48Þ

Unfortunately, we were unable to obtain a simpler formula for K
ðaÞ
ðnÞ;z.

5.1 Orthonormal basis in A2
nðD,la)

Proposition 6 ðbðaÞp;qÞp2N0;q\n is an orthonormal basis of A2
nðD; laÞ.

Proof It is clear that this family is contained in A2
nðD; laÞ, and by Proposition 2 is

orthonormal. Using ideas of Ramazanov [29, proof of Theorem 2], we will show the

total property. Suppose that f 2 A2
nðD; laÞ and hf ; bðaÞp;qi ¼ 0 for every p in N0 and

q\n. For r[ 0, using expansion (42) and the orthogonality of the Fourier basis on

T, we easily obtain

Z

rD

f b
ðaÞ
p;q dla ¼

Xn�1

k¼0

kkþp�q;k

Z

rD

mkþp�q;kb
ðaÞ
p;q dla:

The dominated convergence theorem allows us to pass to integrals over D, because

f b
ðaÞ
p;q and mkþp�q;k b

ðaÞ
p;q belong to L1ðD;laÞ. Now, the assumption f ? b

ðaÞ
p;q ¼ 0

yields

Xn�1

k¼0

hmkþp�q;k; b
ðaÞ
p;qikkþp�q;k ¼ 0 ðp 2 N0; 0� q\nÞ: ð49Þ

For a fixed n in Z with n[ � n, we put s ¼ minfn; nþ ng. The vector

½kkþn;k�n�1
k¼maxf0;�ng satisfies the homogeneous linear system (49) with the s� s

matrix

hmnþk;k; b
ðaÞ
nþq;qi

h in�1

q;k¼maxf0;�ng
:

By (36), this is an upper triangular matrix with nonzero diagonal entries; hence, the

unique solution of (49) is zero. h

Corollary 6 ðbðaÞp;n�1Þp2N0
is an orthonormal basis of A2

ðnÞðD; laÞ.

For example, ðbðaÞp;qÞp2N0;q\4 is an orthonormal basis of A2
4ðD; laÞ, and ðbðaÞp;3Þp2N0

is an orthonormal basis of A2
ð4ÞðD; laÞ
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We denote by P
ðaÞ
n and P

ðaÞ
ðnÞ the orthogonal projections acting in L2ðD; laÞ, whose

images are A2
nðD; laÞ and A2

ðnÞðD; laÞ, respectively. They can be computed in terms

of the corresponding reproducing kernels

ðPðaÞ
n f ÞðzÞ ¼ hf ;KðaÞ

n;z i; ðPðaÞ
ðnÞf ÞðzÞ ¼ hf ;KðaÞ

ðnÞ;zi:

5.2 Decomposition of A2
nðD,la) into subspaces corresponding to different

‘‘frequencies’’

We will use the following elementary fact about orthonormal bases in Hilbert

spaces. In the next proposition, we treat them like sets rather than families.

Proposition 7 Let H1 be a Hilbert space and B1 	 H1 be an orthonormal basis of
H1. Suppose that B2 and B3 are some subsets of B1. Denote by H2 and H3 the closed
subspaces of H1 generated by B2 and B3, respectively. Then, B2 \ B3 is an
orthonormal basis of H2 \ H3.

Applying Proposition 7 to the Hilbert space L2ðD; laÞ and thinking in terms of

orthonormal bases (see Propositions 2, 6, and Corollaries 1, 2), we easily find the

intersection of WðaÞ
n and A2

nðD; laÞ

WðaÞ
n \ A2

nðD; laÞ ¼
WðaÞ

n;minfn;nþng; n� � nþ 1;

f0g; n\� nþ 1:

(
ð50Þ

Here is a description of the subspaces WðaÞ
n;m in terms of the polar coordinates.

Proposition 8 For every n in Z and every s in N, the space WðaÞ
n;s consists of all

functions of the form

f ðrsÞ ¼ snrjnjQðr2Þ ðr� 0; s 2 TÞ;

where Q is a polynomial of degree � s� 1. Moreover

kfk ¼ kQkL2ð½0;1Þ;ðaþ1Þð1�tÞatjnj dtÞ:

Proof The result follows directly by Proposition (3) and formula (39). h
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The decomposition of A2
nðD; laÞ into a direct sum of the ‘‘truncated frequency

subspaces’’ shown below follows from Proposition 6 and Corollary 1, and plays a

crucial role in the study of radial operators. It can be seen as the ‘‘Fourier series

decomposition’’ of A2
nðD;laÞ:

Proposition 9

A2
nðD; laÞ ¼ a

1
n¼�nþ1

WðaÞ
n;minfn;nþng: ð51Þ

Let us illustrate Proposition 9 for n ¼ 3 with a table (we have marked in different

shades of blue the basic functions that generate each truncated diagonal)

b
(α)
0,0 b

(α)
0,1 b

(α)
0,2 b

(α)
0,3 . . .

b
(α)
1,0 b

(α)
1,1 b

(α)
1,2 b

(α)
1,3 . . .

b
(α)
2,0 b

(α)
2,1 b

(α)
2,2 b

(α)
2,3 . . .

b
(α)
3,0 b

(α)
3,1 b

(α)
3,2 b

(α)
3,3 . . .

...
...

...
...

. . .

Define: U
ðaÞ
n : A2

nðD; laÞ ! a
1
n¼�nþ1

Cminfn;nþng,

ðUðaÞ
n f Þn;q :¼ hf ; bðaÞqþn;qi ðn� � nþ 1; maxf0;�ng� q� n� 1Þ: ð52Þ

Here, for �nþ 1� n\0, the components of vectors in Cnþn are enumerated from

�n to n� 1.

Proposition 10 The operator U
ðaÞ
n is an isometric isomorphism of Hilbert spaces.

Proof Follows from Proposition 6 or, even easier, from Proposition 9 and the fact

that ðbðaÞqþn;qÞ
n�1
q¼maxf0;�ng is an orthonormal basis of WðaÞ

n;minfn;nþng (see Corollary 1). h

An analog of the upcoming fact for the unweighted poly-Bergman space was

proved by Vasilevski [42, Section 4.2]. We obtain it as a corollary from

Proposition 2 and Corollary 6.

Corollary 7 The space L2ðD; laÞ is the orthogonal sum of the subspaces

A2
ðmÞðD;laÞ, m 2 N

L2ðD; laÞ ¼ a
m2NA

2
ðmÞðD; laÞ:
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6 The set of Toeplitz operators is not weakly dense

Given a Hilbert space H, we denote by BðHÞ the algebra of all bounded operators

acting in H. If H is an RKHS naturally embedded into L2ðD; laÞ and S 2 BðHÞ, then

the Berezin transform of S is defined by

BerHðSÞðzÞ :¼
hSKz;KziH
hKz;KziH

; i.e.; BerHðSÞðzÞ ¼
ðSKzÞðzÞ
KzðzÞ

:

The Berezin transform can be considered as a bounded linear operator

BðHÞ ! L1ðDÞ. Stroethoff proved [36] that BerH is injective for various RKHS of

analytic functions, in particular, for H ¼ A2
1ðDÞ. Engliš noticed [10, Section 2] that

BerH is not injective for various RKHS of harmonic functions. The idea of Engliš

can be applied without any changes to various spaces of polyanalytic and poly-

harmonic functions. For clarity of presentation, we state the result of Engliš for

A2
nðD; laÞ, n� 2, and repeat his proof.

Proposition 11 Let H ¼ A2
nðD; laÞ with n� 2. Then, the Berezin transform BerH is

not injective.

Proof Let f 2 H, such that f 2 H and the functions f ; f are linearly independent.

For example, f ðzÞ :¼ z. Following the idea from [10, Section 2], consider the

operator:

Sh :¼ hh; f iHf � hh; f iH f :

Then, S 6¼ 0, but hSKz;KziH ¼ jf ðzÞj2 � jf ðzÞj2 ¼ 0 for every z in D. Therefore,

BerHðSÞ is the zero constant. h

Given a function g in L1ðDÞ, let Mg be the multiplication operator defined on

L2ðD; laÞ by Mgf :¼ gf . If H is a closed subspace of L2ðD; laÞ, then the Toeplitz
operator TH;g is defined on H by

TH;gðf Þ :¼ PHðgf Þ ¼ PHMgf :

For H ¼ A2
nðD; laÞ and H ¼ A2

ðnÞðD; laÞ, we write just T
ðaÞ
n;g and T

ðaÞ
ðnÞ;g, respectively.

The proof of the following fact is the same as the proof of [26, Proposition 3.18] or

the proof of [7, Theorem 4].

Proposition 12 If g 2 L1ðDÞ and T
ðaÞ
n;g ¼ 0, then g ¼ 0 a.e. In other words, the

function g 7!T
ðaÞ
n;g , acting from L1ðDÞ to BðA2

nðD; laÞÞ, is injective.

Inspired by the idea of Engliš explained in the proof of Proposition 11, we will

prove that for n� 2, the set of Toeplitz operators is not weakly dense in

BðA2
nðD;laÞÞ. First, let us prove an auxiliary fact from linear algebra: bounded

quadratic forms separate linearly independent vectors.
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Lemma 2 Let H be a Hilbert space and f, g be two linearly independent vectors in
H. Then, there exists S in BðHÞ, such that

hSf ; f iH 6¼ hSg; giH :

Proof Without lost of generality, we will suppose that kfkH ¼ 1. Decompose g into

the linear combination g ¼ k1f þ k2h, with k1; k2 2 C, khkH ¼ 1, h ? f . More

explicitly

k1 :¼ hg; f iH ; w :¼ g� k1f ; k2 :¼ kwkH ; h :¼ 1

k2

w:

Define S as the orthogonal projection onto h

Sv :¼ hv; hiHh ðv 2 HÞ:

Then, Sf ¼ 0 and Sg ¼ k2h, and hence, hSf ; f iH ¼ 0 and hSg; giH ¼ k2
2 [ 0. h

Theorem 1 Let H ¼ A2
nðD; laÞ with n� 2. Then, the set of the Toeplitz operators

with bounded symbols is not weakly dense in BðHÞ.

Proof Let f 2 H, such that f 2 H and the functions f ; f are linearly independent.

For example, f ðzÞ :¼ z. The set

W :¼ fS 2 BðHÞ : hSf ; f iH ¼ hSf ; f iHg

is a weakly closed subspace of BðHÞ. By Lemma 2, W 6¼ BðHÞ. On the other hand,

for every a in L1ðDÞ

hT ðaÞ
n;a f ; f iH ¼

Z

X

a jf j2 dla ¼ hT ðaÞ
n;a f ; f iH ;

i.e., fT ðaÞ
n;a : a 2 L1ðDÞg 	 W . h

Remark 2 An analog of Theorem 1 is true for the space of la-square-integrable n-

harmonic functions on D, with n� 1.

7 Von Neumann algebras of radial operators

7.1 Set of operators diagonalized by a family of subspaces

The theory of von Neumann algebras and their decompositions is well developed.

For our purposes, it is sufficient to use the following elementary scheme from [26].

This scheme is similar to ideas from [12, 28, 46].

Definition 1 Let H be a Hilbert space, U be a self-adjoint subset of BðHÞ, and

ðWjÞj2J be a finite or countable family of nonzero closed subspaces of H, such that
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H ¼ a
j2JWj. We say that this family diagonalizes U if the following two

conditions are satisfied.

1. For each j in J and each U in U, there exists kU;j in C, such that

Wj 	 kerðkU;jI � UÞ, i.e., UðvÞ ¼ kU;jv for every v in Wj.

2. For every j, k in J with j 6¼ k, there exists U in U, such that kU;j 6¼ kU;k.

Proposition 13 Let H, U, and ðWjÞj2J be as in Definition 1. Denote by A the

commutant of U. Then, A consists of all bounded linear operators that act
invariantly on each of the subspaces Wj, with j 2 J

A ¼ fS 2 BðHÞ : 8j 2 J SðWjÞ 	 Wjg: ð53Þ

Furthermore, A is isometrically isomorphic to a
j2JBðWjÞ, and the von Neumann

algebra generated by U is isometrically isomorphic to a
j2JCIWj

.

Example 1 Let j1; . . .; jm 2 J, k1; . . .; km 2 C, and ujk ; vjk 2 Wjk for every k in

f1; . . .;mg. Then, the operator S : H ! H defined by

Sf :¼
Xm
k¼1

kkhf ; ujkivjk ; ð54Þ

belongs to A. Moreover, every operator of finite rank, belonging to A, can be

written in this form. See the proof of [26, Corollary 5.7] for a similar situation.

Proposition 14 Let H, U, and ðWjÞj2J be as in Definition 1, and H1 be a closed

subspace of H invariant under U. For every U in U, denote by UjH1

H1
the compression

of U onto the invariant subspace H1, and put

U1 :¼ UjH1

H1
: U 2 U

n o
; J1 :¼ fj 2 J : Wj \ H1 6¼ f0gg:

Then

H1 ¼ a
j2J1

ðWj \ H1Þ; ð55Þ

and the family ðWj \ H1Þj2J diagonalizes U1.

Example 2 The operators of finite rank, commuting with UjH1

H1
for every U in U, are

of the form (54), but with ujk ; vjk 2 Wjk \ H1.

7.2 Radial operators in L2ðD,la)

For each s in T, we denote by qðaÞðsÞ the rotation operator acting in L2ðD; laÞ by the

rule

ðqðaÞðsÞf ÞðzÞ :¼ f ðs�1zÞ: ð56Þ

It is easy to see that qðaÞðs1s2Þ ¼ qðaÞðs1ÞqðaÞðs2Þ, the operators qðaÞðsÞ are unitary,
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and for every f in L2ðD; laÞ, the mapping s 7!qðaÞðsÞf is continuous (this is easy to

check first for the case when f is a continuous function with compact support).

Therefore, ðqðaÞ; L2ðD; laÞÞ is a unitary representation of the group T. The operators

commuting with qðaÞðsÞ for every s in T are called radial operators. We denote the

set of all radial operators in L2ðD; laÞ by: RðaÞ:

RðaÞ :¼ fS 2 BðL2ðD; laÞÞ : 8s 2 T qðaÞðsÞS ¼ SqðaÞðsÞg:

Since fqðaÞðsÞ : s 2 Tg is a self-adjoint subset of BðL2ðD; laÞÞ, its commutant RðaÞ

is a von Neumann algebra [34].

Recall that the subspaces WðaÞ
n are defined by (37).

Lemma 3 The family ðWðaÞ
n Þn2Z diagonalizes the collection fqðaÞðsÞ : s 2 Tg in

the sense of Definition 1.

Proof 1. Let s 2 T. For every p; q 2 Z with p� q ¼ n, formula (29) implies

qðaÞðsÞbðaÞp;q ¼ sq�pbðaÞp;q ¼ s�nbðaÞp;q; ð57Þ

i.e., b
ðaÞ
p;q 2 kerðs�nI � qðaÞðsÞÞ. By Corollary 2, the functions b

ðaÞ
p;q with p� q ¼ n

form an orthonormal basis of WðaÞ
n . Therefore

WðaÞ
n 	 kerðs�nI � qðaÞðsÞÞ: ð58Þ

2. Let n1; n2 2 Z and n1 6¼ n2. Put s ¼ exp ip
n1�n2

. Then s�n1 6¼ s�n2 . h

Proposition 15 The von Neumann algebra RðaÞ consists of all operators that act

invariantly on WðaÞ
n for every n in Z, and is isometrically isomorphic to

an2ZBðW
ðaÞ
n Þ.

Proof Follows from Proposition 13 and Lemma 3. h

The radialization transform RadðaÞ : BðL2ðD; laÞÞ ! BðL2ðD; laÞÞ, introduced

by Zorboska [46], acts by the rule:

RadðaÞðSÞ :¼
Z

T

qðsÞSqðs�1Þ dlTðsÞ;

where lT is the normalized Haar measure on T, and the integral is understood in the

weak sense. The condition S 2 RðaÞ is equivalent to RadðaÞðSÞ ¼ S.

7.3 Radial operators in A2
nðD,la)

Proposition 16 The space A2
nðD; laÞ is invariant under qðaÞðsÞ for every s in T.

43 Page 22 of 29 R. M. Barrera-Castelán et al.



First proof The reproducing kernel of A2
nðD; laÞ, given by (46), is invariant under

simultaneous rotations in both arguments

KðaÞ
n;szðswÞ ¼ KðaÞ

n;z ðwÞ ðz;w 2 D; s 2 TÞ: ð59Þ

By [26, Proposition 4], this implies the invariance of the subspace. h

Second proof By (56), the elements of the basis ðbðaÞp;qÞp2N0;0� q\n are eigenfunc-

tions of qðaÞ. h

For every s in T, we denote by qðaÞn ðsÞ the compression of qðaÞðsÞ onto the space

A2
nðD; laÞ. In other words, the operator qðaÞn ðsÞ acts in A2

nðD; laÞ and is defined by

(56). Therefore, ðqðaÞn ;A2
nðD; laÞÞ is a unitary representation of T. We denote by

RðaÞ
n the commutant of this representation, i.e., the von Neumann algebra of all

bounded linear radial operators acting in A2
nðD; laÞ.

Denote by Mn the following direct sum of matrix algebras:

Mn :¼ a
1
n¼�nþ1

Mminfn;nþng ¼ a
�1

n¼�nþ1
Mnþn

� �

 a

1
n¼0

Mn

� �
:

For example

M3 ¼ M1|{z}
n¼�2


 M2|{z}
n¼�1


 M3|{z}
n¼0


 M3|{z}
n¼1


 M3|{z}
n¼2


. . .:

According to the definition of the direct sum (see [34, Definition 1.1.5]), Mn con-

sists of all matrix sequences of the form A ¼ ðAnÞ1n¼�nþ1, where An 2 Mnþn if n\0,

An 2 Mn if n� 0, and

sup
n��nþ1

kAnk\þ1:

Being a direct sum of W*-algebras, Mn is a W*-algebra. We identify the elements

of Mn with bounded linear operators acting in a
1
n¼�nþ1

Cminfn;nþng. Now, we are

ready to describe the structure of RðaÞ
n . Recall that U

ðaÞ
n is given by (52).

Theorem 2 Let n 2 N. Then, RðaÞ
n consists of all operators belonging to

BðA2
nðD;laÞÞ that act invariantly on each subspace WðaÞ

n;minfn;nþng, for

n� � nþ 1. Furthermore

RðaÞ
n ffi a

1
n¼�nþ1

BðWðaÞ
n;minfn;nþngÞ; ð60Þ

and RðaÞ
n is spatially isomorphic to Mn

UðaÞ
n RðaÞ

n ðUðaÞ
n Þ� ¼ Mn: ð61Þ
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Proof We apply the scheme from Propositions 13, 14, with

Wj ¼ WðaÞ
n ; U ¼ fqðaÞðsÞ : s 2 Tg;

and H1 ¼ A2
nðD; laÞ. By (50), we obtain

J1 ¼ fn 2 Z : n� � nþ 1g; A2
nðD; laÞ \WðaÞ

n ¼ WðaÞ
n;minfn;nþng:

Thereby, we obtain (60). Using the orthonormal basis ðbðaÞnþk;kÞ
n�1
k¼maxf0;�ng of

WðaÞ
n;minfn;nþng, we represent linear operators on this space as matrices. Define UðaÞ

n :

RðaÞ
n ! Mn by

UðaÞ
n ðSÞ :¼ Sb

ðaÞ
nþk;k; b

ðaÞ
nþj;j

D Eh in�1

j;k¼maxf0;�ng

� �1

n¼�nþ1

: ð62Þ

In other words, UðaÞ
n ðSÞ ¼ U

ðaÞ
n SðUðaÞ

n Þ�, i.e., UðaÞ
n is an isometrical isomorphism of

W*-algebras induced by the unitary operator U
ðaÞ
n . h

Radial operators of finite rank, acting in A2
nðD; laÞ, can be constructed as in

Examples 1 and 2.

It is easy to verify (see a more general result in [26, Corollary 4.3]) that if

A2
n ¼ A2

nðD; laÞ and S 2 RðaÞ
n , then BerA2

n
ðSÞ is a radial function. For n ¼ 1, the

Berezin transform BerA2
1

is injective. Therefore, if S 2 BðA2
1ðD; laÞÞ and the

function BerA2
1
ðSÞ is radial, then the operator S is radial.

7.4 Radial operators in A2
ðnÞðD,la)

Let n 2 N. The space A2
ðnÞðD; laÞ is invariant under the rotation qðaÞðsÞ for all s in

T. The proof is similar to the proof of Proposition 16. Denote the compression of

qðaÞðsÞ onto A2
ðnÞðD; laÞ by qðnÞðsÞ. Let RðaÞ

ðnÞ be the von Neumann algebra of all

radial operators in A2
ðnÞðD; laÞ.

Theorem 3 RðaÞ
ðnÞ consists of all operators belonging to BðA2

ðnÞðD; laÞÞ that are

diagonal with respect to the orthonormal basis ðbðaÞp;n�1Þ
1
p¼0. Furthermore

RðaÞ
ðnÞ ffi ‘1ðN0Þ:

Proof Corollaries 2 and 6 give
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WðaÞ
n \ A2

ðnÞðD;laÞ ¼
Cb

ðaÞ
nþn�1;n�1; n� � nþ 1;

f0g; n\� nþ 1:

(
ð63Þ

By Propositions 13, 14 and formula (63), RðaÞ
ðnÞ consists of the operators that act

invariantly on Cb
ðaÞ
nþn�1;n�1, n� � nþ 1, i.e., are diagonal with respect to the basis

ðbðaÞp;n�1Þ
1
p¼0. Therefore, the function UðaÞ

ðnÞ : R
ðaÞ
ðnÞ ! ‘1ðN0Þ, defined by

UðaÞ
ðnÞðSÞ ¼

�
hSbðaÞp;n�1; b

ðaÞ
p;n�1i

�1
p¼0

; ð64Þ

is an isometric isomorphism. h

8 Radial Toeplitz operators in polyanalytic Bergman spaces

This section is similar to [26, Section 6], but here we use Jacobi polynomials instead

of the generalized Laguerre polynomials.

8.1 Radial functions

Given g in L1ðDÞ, define radðgÞ : D ! C by

radðgÞðzÞ :¼
Z
T

gðszÞ dlTðsÞ: ð65Þ

Given a in L1ð½0; 1ÞÞ, define ea : D ! C by

eaðzÞ :¼ aðjzjÞ ðz 2 DÞ:

The proof of the following criterion is a simple exercise.

Proposition 17 Given g in L1ðDÞ, the following conditions are equivalent:

(a) for every s in T, the equality gðszÞ ¼ gðzÞ is true for a.e. z in D;

(b) for every s in T, the equality qðaÞðsÞg ¼ g is true a.e.;

(c) radðgÞ ¼ g a.e.;

(d) there exists a in L1ð½0; 1ÞÞ, such that g ¼ ea a.e.

8.2 Radial multiplication operators in L2ðD,la)

Proposition 18 Let g 2 L1ðDÞ. Then, RadðaÞðMgÞ ¼ M
ðaÞ
radðgÞ.

Proof It is verified easily by Fubini theorem. h

Given a in L1ð½0; 1ÞÞ, we define the numbers ba;a;n;j;k by
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ba;a;n;j;k :¼
Z 1

0

að
ffiffi
t

p
ÞJ ða;jnjÞ

minfj;jþngðtÞJ
ða;jnjÞ
minfk;kþngðtÞ dt: ð66Þ

Proposition 19 Let a 2 L1ð½0; 1ÞÞ. Then, Mea 2 RðaÞ, and

hMeabðaÞp;q; b
ðaÞ
j;k i ¼ heabðaÞp;q; b

ðaÞ
j;k i ¼ dp�q;j�kba;a;p�q;q;k: ð67Þ

Proof Since ea is invariant under rotations, it follows directly from definitions that

M
ðaÞ
ea commutes with qðaÞðsÞ for every s. This is a particular case of [26,

Lemma 4.4]. Formula (67) is obtained directly using polar coordinates. h

8.3 Radial Toeplitz operators in A2
nðD,la)

Proposition 20 Let g 2 L1ðDÞ. Then, T ðaÞ
n;g is radial if and only if the function g is

radial.

Proof Follows from Proposition 12 and [26, Corollaries 4.6, 4.7]. h

Given a in L1ð½0; 1ÞÞ, we denote by cðaÞn ðaÞ the sequence of matrices

½cðaÞn ðaÞn�
1
n¼�nþ1, where cðaÞn ðaÞn 2 Mminfnþn;ng is given by

cðaÞn ðaÞn :¼


ba;a;n;j;k

�n�1

j;k¼maxf0;�ng: ð68Þ

Recall that UðaÞ
n : RðaÞ

n ! Mn is defined by (62).

Proposition 21 Let a 2 L1ð½0; 1ÞÞ. Then, T ðaÞ
n;ea 2 RðaÞ

n and

UnðTðaÞ
n;eaÞ ¼ cðaÞn ðaÞ:

Proof Apply Propositions 19 and 20. h

8.4 Radial Toeplitz operators in A2
ðnÞðD,la)

Proposition 22 Let a 2 L1ð½0; 1ÞÞ. Then, T
ðaÞ
ðnÞ;ea 2 RðaÞ

ðnÞ, the operator T
ðaÞ
ðnÞ;ea is

diagonal with respect to the orthonormal basis ðbðaÞp;n�1Þ
1
p¼0, and the corresponding

eigenvalues can be computed by

ka;a;nðpÞ ¼
Z 1

0

að
ffiffi
t

p
Þ
�
J ða;jp�nþ1jÞ

minfp;n�1gðtÞ
�2

dt ðp 2 N0Þ: ð69Þ
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Proof From Proposition 20, we get T
ðaÞ
ðnÞ;ea 2 RðaÞ

ðnÞ. Due to Proposition 19 and

Theorem 3

ka;a;nðpÞ ¼ ðUðnÞðT ðaÞ
ðnÞ;eaÞÞp ¼ hTðaÞ

ðnÞ;eab
ðaÞ
p;n�1; b

ðaÞ
p;n�1i ¼ ba;p�nþ1;n�1;n�1;

which is equivalent to (69). h
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