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Abstract

Let p, be the Lebesgue plane measure on the unit disk with the radial weight
2] — |z]*)*. Denote by A? the space of the n-analytic functions on the unit disk D,
square-integrable with respect to u,. Extending results of Ramazanov (1999, 2002),
we explain that disk polynomials (studied by Koornwinder in 1975 and Wiinsche in
2005) form an orthonormal basis of Aﬁ. Using this basis, we provide the Fourier
decomposition of Ai into the orthogonal sum of the subspaces associated with dif-
ferent frequencies. This leads to the decomposition of the von Neumann algebra of
radial operators, acting in Ai, into the direct sum of some matrix algebras. In other
words, all radial operators are represented as matrix sequences. In particular, we
represent in this form the Toeplitz operators with bounded radial symbols, acting in
Aﬁ. Moreover, using ideas by Englis (1996), we show that the set of the Toeplitz
operators with bounded generating symbols is not weakly dense in B(.Ai).
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1 Introduction
1.1 Background

Polyanalytic functions naturally arise in some physical models (plane elasticity
theory, Landau levels) and in some methods of signal processing, see
[1-3, 15, 17, 18]. Koshelev [23] computed the reproducing kernel of the n-analytic
Bergman space A>(D) on the unit disk. Balk in the book [4] explained fundamental
properties of polyanalytic functions. Dzhuraev [9] related polyanalytic projections
with singular integral operators. Vasilevski [40, 41] studied polyanalytic Bergman
spaces on the upper half-plane and polyanalytic Fock spaces using the Fourier
transform. Ramazanov [29, 30] constructed an orthonormal basis in A,zl(D) and

studied various properties of A2(D). In fact, the elements of this basis are well-
known disk polynomials studied by Koornwinder [21], Wiinsche [43], and other
authors. Pessoa [27] related Koshelev’s formula with Jacobi polynomials and gave a
very clear proof of this formula. He also obtained similar results for some other one-
dimensional domains. Hachadi and Youssfi [14] developed a general scheme for
computing the reproducing kernels of the spaces of polyanalytic functions on radial
plane domains (disks or the whole plane) with radial measures.

There are general investigations about bounded linear operators in reproducing
kernel Hilbert spaces (RKHS), especially about Toeplitz operators in Bergman or
Fock spaces [5, 44, 45], but the complete description of the spectral properties is
found only for some special classes of operators, in particular, for Toeplitz operators
with generating symbols invariant under some group actions, see Vasilevski [42],
Grudsky, Quiroga-Barranco, and Vasilevski [11], Dawson, Olafsson, and Quiroga-
Barranco [8]. The simplest class of this type consists of Toeplitz operators with
bounded radial generating symbols. Various properties of these operators (bound-
edness, compactness, and eigenvalues) have been studied by many authors, see
[13, 22, 28, 46]. The C*-algebra generated by such operators, acting in the Bergman
space, was explicitly described in [6, 12, 16, 37]. Loaiza and Lozano [24] obtained
similar results for radial Toeplitz operators in harmonic Bergman spaces.
Maximenko and Telleria-Romero [26] studied radial operators in the polyanalytic
Fock space.

Hutnik, Loaiza, Ramirez-Mora, Ramirez-Ortega, Sanchez-Nungaray, and other
authors [19, 20, 25, 31, 32, 35] studied vertical and angular Toeplitz operators in
polyanalytic and true-polyanalytic Bergman spaces. In particular, vertical Toeplitz
operators in the n-analytic Bergman space over the upper half-plane are represented
in [31] as n X n matrices whose entries are continuous functions on (0, +00), with
some additional properties at 0 and +oo.

Rozenblum and Vasilevski [33] investigated Toeplitz operators with distribu-
tional symbols and showed that Toeplitz operators in true-polyanalytic spaces
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Bergman or Fock spaces are equivalent to some Toeplitz operators with
distributional symbols in the analytic Bergman or Fock spaces.

1.2 Objects of study

Denote by u the Lebesgue plane measure and its restriction to the unit disk D, and
by u, the weighted Lebesgue plane measure

o+ 1

dp, (2) - (1= |z*)* dp(2).

This measure is normalized: u,(D) = 1. We use notation (-, -) and || - || for the inner
product and the norm in L?(D, u,).

Let Aﬁ([D), U, ) be the space of n-analytic functions square-integrable with respect
to p,. We denote by A(zn)(ﬂ]), u,) the orthogonal complement of the subspace
A1 (D, ) in AY(D, p,).

For every t in the unit circle T := {z € C: [¢| =1}, let pﬁ“)(r) be the rotation
operator acting in A2(DD, u,) by the rule

(PP (1)) (@) = f(x'2).

In Proposition 16, we verify that .A2(D), u,) is invariant under such rotations, i.e.,
pﬁfo (7) is well defined. The family pf,“) is a unitary representation of the group T in
the Hilbert space .A2(D, u,). We denote by R its commutant, i.e., the von
Neumann algebra that consists of all bounded linear operators acting in ,Lli([lj)7 Uy)
that commute with pﬁ,@ (7) for every 7 in T. In other words, the elements of Rf,“) are
the operators intertwining the representation pg,“). The elements of RSL‘“> are called
radial operators in A2(D, u,).

In a similar manner, we denote by pEz;(r) the rotation operators acting in

A%n)([]), u,) and by RE:; the von Neumann algebra of radial operators in
.A%n)(ID, 1t,). We also consider the rotation operators p* () in L*(D), u,) and the

corresponding algebra R of radial operators.

1.3 Structure and results of this paper

— In Sect. 2, we list some necessary facts about Jacobi polynomials. They play a
crucial role in Sects. 3 and 4.

— In Sect. 3, we recall various equivalent formulas for the disk polynomials that
can be obtained by orthogonalizing the monomials in z and z. Using this

orthonormal basis (b;“,ﬂ) we decompose L?(D, u,) into the orthogonal sum

p,q€No?
of subspaces W(cfx) indexed by different frequencies ¢ in Z.
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— In Sect. 4, we give an elementary proof of the weighted mean value property of
polyanalytic functions and show the boundedness of the evaluation functionals
for the spaces of polyanalytic functions over general domains in C. In the
unweighted case, this mean value property was proven by Koshelev [23] and
Pessoa [27]. Hachadi and Youssfi [14] generalized this property to the weighted
case and used it to compute the reproducing kernel of Aﬁ(ID, Uy)-

— In Sect. 5, extending results by Ramazanov [29, 30] to the weighted case, we

verify that the family (b},?;)pzwg 4<n i an orthonormal basis of A2(D, ).

Using this fact, we decompose A>(DD, 1) into subspaces W(g) NAXD, w,).

— In Sect. 6, we prove that the set of all Toeplitz operators with bounded
generating symbols is not weakly dense in B(A2(D, u,)). This simple result was
surprising for us.

— In Sect. 7, we decompose the von Neumann algebras R<°‘), Rffo, and RE;‘;, into
direct sums of factors. In particular, Theorems 2 and 3 imply that the algebra
Rﬁl‘“) is noncommutative for n > 2, whereas REZ;
N.

— In Sect. 8, we find explicit representations of the radial Toeplitz operators acting
in the spaces A%(D,pu,) and A(zn)([[]),,u“). The results of Sects. 7 and 8 are
similar to [26]. The main difference is that the orthonormal bases are given by
other formulas.

is commutative for every n in

Most of the facts in Sects. 2—-5 are known. We recall them in a logical and almost
self-contained form, emphasizing some aspects relevant for us.

We hope that this paper can serve as a basis for further investigations about
polyanalytic or polyharmonic Bergman spaces and operators acting on these spaces.
For example, an interesting task is to describe the C*-algebra generated by radial

Toeplitz operators acting in A(D, u,).
2 Necessary facts about Jacobi polynomials
In this section, we recall some necessary facts about Jacobi polynomials. Most of

them are explained in [38, Chapter 4]. For every o and f in R, the Jacobi
polynomials can be defined by Rodrigues formula

P (x) = (z_nln)!n (1-x) "1 +x)’”§x—: ((1 —-x)"(1 +x)”*ﬁ)- &)

This definition and the general Leibniz rule imply an expansion into powers of x — 1
and x + 1
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Pyﬁxﬂzzié(ztz> <n:ﬁ)<%;1>k<£§i)mf o

k=0

Formula (2) yields a symmetry relation, the values at the points 1 and —1, and a
formula for the derivative

P (=) = (=1)"PY) () G)
n+oa (n+p
PE(1) = e CORIC) , )
n n
y a+pf+n+1 A

(P ) = T P ), ®)
With the above properties, it is easy to compute the derivatives of Pﬁ,“’ﬁ ) at the point

1. Now, Taylor’s formula yields another explicit expansion for P,(f’ﬂ )

Pﬁlx_ﬁ)(x):z”:<a+ﬁ:n+k><z—_|—z>(x21>k. ©

k=0

Fora> —land f> — 1, we equip (—1, 1) with the weight (1 — x)*(1 + x)”, then
denote by (-,)(_y 1), the corresponding inner product

1 —_
F,8) 11y = / R (1 =01+ .

Then, L2((—1,1), (1 —x)*(1 +x)”) is a Hilbert space, and the set P of the uni-
variate polynomials is a dense subset of this space. Using (1) and integrating by
parts, for every fin P, we get

1
B . o+1,+1
{f, Pff”)(_l,l),a,ﬁ = %V/,P,(I-l )>(_1,1),a+1,ﬁ+1~ (7)

Applying (7) and induction, it is easy to prove that the sequence (P,(f'ﬁ )),fio is an

orthogonal basis of L2((—1, 1), (1 — x)*(1 + x)”), that is, for every polynomial & of
degree less than n

/ | h(x)PP) (x) (1 — x)*(1 4 x)Pdx = 0. (8)
Furthermore

2 P(n+ o+ ) (n+ B+ 1)
Cn+a+p+DI(n+a+pf+1)

(PP PRy = —Omn )

Formulas (1) and (8), and induction allow us to compute the following integral for
p>0:
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/1 PUPI () (1= x)*(1 4 x) de = 24 (<1)" B (ot n+ 1,8+ 1), (10)
—1

where B is the well-known Beta function.

2.1 Jacobi polynomials for the unit interval

The function #—2¢ — 1 is a bijection from (0, 1) onto (—1, 1). Denote by Qﬁf"ﬁ ) the

}(11.[3)

“shifted Jacobi polynomial” obtained from P by composing it with this change

of variables

0P (1) .= P*P (21 — 1).
The properties of Q,(f’ﬁ ) follow easily from the properties of Pﬁ,a’ﬁ ). In particular, here
are analogs of (1) and (6)

-1 _ d"
whiy = SV “fﬁ—< 1—1 "+“t"+ﬁ) 11
QU (1) === (1= 1) P (1= ay o), (1)
“ +B+n+k\/B+n _
@B () — x 1)k, 12
o= (") () e (12)
The sequence (Qﬁ,“'/} )),O,io is orthogonal on (0, 1) with respect to the weight

(1 —1)**, and

Omp '(n+o+1)I(n+p+1)

1
@B ()0 (1) (1 — 1)*Pdr = . (13
/0 00 TN =1) 2n+a+p+D)I(n+a+p+1)n! (13)
Also, here are analogs of (8) and (10)
1
/ hOOFP ()1 —1)*Pdr =0 (°(h)<n), (14)
0
1
/ O (N (1 =) Pdr = (=1)" B (a+n+1,5+1). (15)
0
Substituting in (11) ¢ by fu and applying the chain rule, we get
a}’l
= ((1 - m)"“z"+ﬁ) =l (1 — tu)* 1 QP (1u). (16)
Inspired by (13), we define the function 7 Sf'm on (0, 1) as
TED() = P (1= 02RO (), (17)

where
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B \/(2n+a+ﬁ+l)F(n+a+ﬁ+ l)n!. (18)
! I'n+o+1)I(n+p+1)

Then

1
/ THB (TP (1) dt = S, (19)
0

2.2 Reproducing property for the polynomials on the unit interval

Given n in Ny and o, f > — 1, we denote by Rflq’ﬁ ) the polynomial

RED (1) o (—131)(’;C E ,ia++11}fﬁ++1;) QU p), (20)

Proposition 1 Let n € Ny and o, > — 1. Then, for every polynomial h with
() <n

1 L ho
m/o h(t)RPP (1) (1 — 1) dt = h(0). (21)

Proof The difference h(t) — h(0) divides by z. Denote by ¢(¢) the corresponding
quotient. Therefore, ¢ is a polynomial of degree °(¢)<n—1 and
h(t) = h(0) + tq(t). Then

1 : o, o
o e L U UIU
(—1)"h(0

_ ) ! (o, f+1) o B
B ICETEN] +1)/0 o (1) (L =1’ dr

J— n 1
B (a +(n j—)l B+ 1)/0 g QWP (1) (1 — 1)+ dr.

By (15) and (14), the first summand is 2(0) and the second is 0. O
As a particular case of (21), for f =0 and m <n:
! / 1 "R*O(1)(1 — 1)*dt = Sy (22)
a+1J " ’

Formula (22) was proven in [14] in other way.

3 Orthonormal basis and Fourier decomposition of L?(D,u,)
For each p,q € Ny, denote by m,, , the monomial function

T Birkhauser
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mpq(2) =271
The inner product of two monomial functions is
(mpg,mj) = (o +1) B (p+j+1,0+1)0pgjr (23)

In particular, this means that the family (m,, ) is not orthogonal.

P,q€No

In this section, we recall various equivalent formulas for an orthonormal basis in
L*(D, p,), that can be obtained by orthonormalizing (Mpg),gen,» and whose
elements are known as Jacobi polynomials in z and 7, see Koornwinder [21], or disk
polynomials, see Wiinsche [43], among others. These polynomials, in the
unweighted case, were also rediscovered in [23, 29], and [27], in the context of
polyanalytic functions. We work with a normalized version of the disk polynomials
and define them by

~(o —\—o at] ap — o
b(2) == (~1YT e (1 - 2) = ((1 —zz)"tt ) (24)
where
S0 _ (ac+p+qg+D)(a+p+ DI (a+qg+1) (25)
" (x4 Dplgl(a+p+q+1)°
. 0 _ _ 0 _ . .
Since % (1-2zz)=-2 and§ (1 — zz) = —z, the expression in (24) can be rewritten
Z Z
in other equivalent forms
ot P(1 — —)“*‘1
b () = (—1)7 (0+p+qg+)I(a+p+1)az\© Zz (26)
r (+ Dplg (o +q+1) (1-=2"
& | = ey
b () = (—1Y (“+p+Q+1)F(°‘+‘1+l)a_3”(Zq(l_ZZ) I’) (27)
P4 (a+1)plg' T(a+p+1) (1-=2) '

By (16), bﬁq) can be expressed via the shifted Jacobi polynomials, with coefficients
defined by (18)

(.p—q)
Cq

279QU (o), if p>g;

0y = J Vet
b[’-,q(z) Céot.qu) ( ) 5 (28)
4—P O)\%q—P , if p<g.
G (), it p<q

The two cases in (28) can be joined and written in terms of (17)

W Birkhauser
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(o:lp—ql)
(2) _ min{p.g} |p—g|_p—q(®lp—al) /2 2
b (rt) = Tt ppodermagli b NG7)  (r=0, TeT), (29)

(1 — r2)7°‘/2 1o
e = U= g )

Notice that

(wp—q) _ [(@+p+q+1)(min{p, g})! I'(ee + max{p,q} + 1)
minip.a} (max{p, g})! T'(« + min{p, g} + 1) '

The family (b,(,“g)p 4N, has the following conjugate symmetric property:

BY)(2) = b2)(2). (31)

Applying (12) in the right-hand side of (28), we obtain

B () = (x+p+4g+1)p!q
P (a+D)I(a+p+ DI (a+qg+1)

(32)

min{p,q}
I 1—k

P kzak,
= k' (p — k)t (g — k)!

In particular, (32) implies that b,(ff; is a polynomial in z and 7 whose leading term,
corresponding to k = 0, is a positive multiple of the monomial m,, .

Let P be the set of all polynomials functions in z and Z, i.e., the linear span of the
monomials

P = span{m,, : p,q € No}.

S

For every £ € Z and every s € N, denote by WE” the subspace of P generated by
my, g With p — g = ¢ and min{p, ¢} <s

W?‘? = span{m,,: p—q=2¢, min{p,q}<s}. (33)
The vector space W?A) does not depend on o, but we endow it with the inner product

from L2(D, u,). Obviously, dlm(ngs)) = 5. Let us show that

WE] = span{b?) : p— g =¢, min{p,q} <s}. (34)

Indeed, by (32)

T Birkhauser
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I (ac+1)F(ac+p+l)F(o<+q+l)p!q!b(x)
me F(e+p+q+2) r
4 (35)
plq! mle I'a+p+qg+1-v)

T(atptq+l) ; ) =g =y e

Proceeding by induction on s, we see that the monomials m, , are linear combi-

nations of b,<,°‘_>x,q_‘Y with 0 <s < min{p, g}. Therefore, formula (34) means that the
first s elements in the diagonal ¢ of the table (b,(,fg);;:o generate the same subspace

as the first s elements of the diagonal ¢ in the table (m, ) For example

P,q=0°
@ _ o @
Wiz = span{moy,mi3,m 4} = span{ 02913 274},
WY = span{m o, my 1, m32,ma3} = span{byy, b5, Y3, b3},

In the following tables, we show generators of VV<1°?t (light blue) and W(j%3 (pink)

mo,0 Mo,1 Mo,2 Mo,3 M0,4 0,5 b(()?éo) b(()ill) b((f;) béc,t?)) b(()?l) b((fts) .
. b(a) b(a) b(a) b(a) b(a) b(a) .
mio M1, Mi2 M1,3 M14M1s5 - 1,0 Y1,1 Y12 Y13 Y14 Y15
m . b(a) b(a) b(a) b(a) b(a) b(a) .
2,0 2,1 M2 .2 M2 3 M24 M25 - 2,0 V2,1 Y2,2 Y23 V24 Y25
ms3,0 M3,1 M3,2 ™M3,3 M34 M35 bé‘i)) b:(sal) bgo;) b§“3> béii) b:(saf)) h
M40 M1 Ma2 Ma3 Mag Mas - bffo) bfl) bf&) bf&) bf&) bfg ’

M50 Ms5,1 M52 M5 3 M54 M55 - béao) béaf bécg béad) béif b(5°‘5> -

As a consequence, P = sz Usen Wg = span{bf,fg :p,q € No}.

Proposition 2 The family (bf,ﬁ)pvquO is an orthonormal basis of L*(D, p,)).

Proof The orthonormal property follows straightforwardly from (30) and (19):

2n 1
(@, _ 1 i(p—q—j+k)0 (2lp—ql) (2lj—k])
(B by =5 /0 el dy /0 T minipg) (1) T mingi (1) At

= Op—qj—k - 5min{pyq},miﬂ{i‘k} = 0p,j - Ogk-

By the Stone—Weierstrass theorem, P is dense in C(clos(D)). In turn, by Luzin’s
theorem, the set C(clos(D))|y, is dense in L*(D, u,), and for every f € C(clos(D)),
we have ||f|| < max co5m) |f(2)|. Now, it is easy to see that the set P is dense in
L*(D, p,), that is, the set of all linear combinations of elements of the family is

dense in L?(D, p,). For that reason, (b,%) is a complete orthonormal family. (J

P:q€No

)max{sfl,sfﬁfl}

(@)
Corollary 1 Let £ € Z and s € N. Then, (b g=max{0—¢}

is an orthonorm
P is an orthonormal

W Birkhauser
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basis of Wi“v) .

Remark 1 By Proposition 2 and formula (35)

(4 ) (e+p+ DI+ g+ p!g! o
(Me ik by y) = IFa+p+qg+2)I(a+p+qg+1)° a
0, max{0, —¢} <k<gq.
(36)
The table of basic functions can be expressed as follows:
o o 2
b (2) = hi (1P,
Bo() = hg(ll).
2
bo(@) = 2 g (2P).
(lp=a))
where h,(,‘fg(t) = "“"""” an‘ﬁp[ﬁ}( ). Below, we show explicitly some elements of
this basis
: o+ 3) (e +2
WA =1, B = VATl b)) = L2t )2( )2,

bsyl)(z) = \/Zi?((a+2)zz— 1),

2(a+ 3 +2 +3
by (2) = (@ ai(f )(oc2 ZZZ—Z>,
a+5(a+4)(a+3) ,,
7

a+1 2

1
bg“%(z) = —2(+3)z+ 5) .
Now, for every ¢ in Z, we introduce the subspace ng) associated with the “fre-

quency” ¢ or, equivalently, to the diagonal ¢ in the tables (mp.q) and

(b

P:9€No

)p =vA

seN

Wg“) := clos(span{m,, : p —q = &}) = clos( U Wg’? ) : (37)

Corollary 2 The sequence (béjq q);o max{0,—¢} bS an orthonormal basis of the Hilbert

space W(f“).

The space W?’) can be naturally identified with L? over (0, 1), providing (0, 1)
with various weights.

T Birkhauser
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Proposition 3 Each one of the following linear operators is an isometric
isomorphism of Hilbert spaces:

(1) L2((0,1), (2 + 1) (1 —1)*dr) = W, ki,
f(2) = sgnf(z)h(zz), ie., f(rr):= ‘th(rz), (38)
where ze D, 0<r<l1,7€ T;

@ L2((0,1), (2 + 1) (1 = 1)) = W By,

flz) = {;ZEZ;’ izg’ e, f(rt) =trln(?); (39)

3) L((0,1) = W, ko,

TN (- BT § o B
f(z) :==sgn (z)ﬁh(zz) =1 i h(r?) (40)

Proof In each case, the isometric property is verified directly using polar
coordinates, and the surjective property is justified with the help of the orthonormal

basis of Wg@ (Corollary 2). The function sgn : C — C is defined by sgn(z) := z/|z]
for z # 0 and sgn(0) := 0. O

. ().
Corollary 3 The space L*(D,dp,) is the orthogonal sum of the subspaces W

LA(D,dp,) = D, WY (41)

The result of Corollary 3 can be seen as the Fourier decomposition of the space

L*(D,du,), and each space Wg“) corresponds to the frequency &.
Here, we show the generators of WE)“) (pink) and W(jvl) (light blue)

Mo,0 Mo,1 Mo,2 Mo,3 - bt()c,!o) b(()le) béc,g b(()(,xg) -
mi,0M1,1 M12 M13 bgfyo) bgal) bga2) b§03) .
ma.0 Ma2,1 M22 M2 3 bg?o) bgaf bgog bga?g -

m3.o ™M3,1 M3,2 33 bg,lo) bgaf b:(aa; bgas) .

W Birkhauser
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4 Weighted mean value property of polyanalytic functions

It is known [4, Section 1.1] that any n-analytic function can be expressed as a
“polynomial” of degree n — 1 in the variable z with 1-analytic coefficients, that is,
for any f € A, (D), there exist analytic functions g, g1, ..., gs,—1 in D, such that

f@)=) sz (zeD).

Replacing every g; by its Taylor series, we get another classic form of n-analytic
functions: there exist coefficients 4;; in C, such that

n—1

f: ixdZ (ze D). (42)

=0 j=0

>~

The following weighted mean value property was proved in [14] using a slightly
different method. The mean value property for solutions of more general elliptic
equations was studied in [39].

Proposition 4 Let f € A,(D), such that

/ F@I (1~ oY) du(z) < + oo.

Then
cx +1

/ FROREY(2P) (1 = 2P) du(z). (43)

Proof For 0<r <1, consider

°‘“/f VRS () (1 — [w2)* du(w).

Then, combining (42) with the polar decomposition, we get that

n—1 oo r
=33 (H 1)/ R () (1 _uz)“zudu>
k=0 j=0 0

> (L/ 1(/ k9d0>
2n

The terms in the inner series vanish whenever j # k. Setting ¢ instead of > in the
integral, we have
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n—1 r
1(r) = > Juslo+ 1) /0 AR (1)(1 - 1),
k=0

Take limits in both sides when r tends to 1. Apply Lebesgue’s dominated conver-
gence theorem to get the integral over D in the left-hand side and the integral over
[0, 1) in the right-hand side. By formula (22)

n—1 n—1

1
](1) = Z/lk?k(oc + 1)/ lkRiﬁ?)(l‘)(l — l)adl = Z;Lk’k 5](’0 = /ﬂuo.’() :f(O),
k=0 0 k=0
which proves (43). U

For « = 0, Proposition 4 reduces to the following mean value property that
appeared in [23] and [27].

Corollary 4 Let z € C,r >0, and f € A,(z+ rD), such that

(w)] du(w) < + co.
z+rD

Then

Q=" ronr ('W e )du(W)~ (44)

Proof Denote by ¢ the linear change of variables ¢(w):=rw+z If
f € Au(z+ rD), then f o ¢ € A,(D). Applying (43) to f o ¢, we obtain (44). [

4.1 Weighted Bergman spaces of polyanalytic functions on general complex
domains

Given n in N, an open subset Q of C and a continuous function W : Q — (0, +-00),
we denote by Aﬁ(Q, W) the space of n-analytic functions belonging to L?(£2, W) and
provided with the norm of L?(€, W). The mean value property (44) implies that the
evaluation functionals in Ai(Q, W) are bounded (moreover, they are uniformly
bounded on compacts), and Aﬁ(Q, W) is an RKHS. Here, are proofs of these facts.

Lemma 1 Let K be a compact subset of Q. Then, there exists a number C, w x > 0,
such that for every f in AX(Q, W) and every z in K

If ()] < Cm,W,KHfHAi(Q,W)- (45)

Proof Let r; be the distance from K to C\ Q. Since K is compact and C \ Q is
closed, r; > 0. Put r := min{ry/2,1}, K; :={w e C: dw,K)<r}

W Birkhauser



Radial operators on polyanalytic weighted Bergman spaces Page 15 0of 29 43

cii= (man, 5 0) (mﬁ>

For every z in K, we estimate If(z)| from above applying (44) and Schwarz inequality

1 (2,0) |W - Z‘Z
(@< o O RE (— du(w)
C
<— [f(w)| v/ W(w)du(w)
e Jz4rD
C 1/2 1/2
< ([ ropwonauen) ([ rau)
z+rD z+rD
C
< 1] g2
\/_ A (QW):
Therefore, (45) is fulfilled with C, w x = o |

Vart
Proposition 5 A>(Q, W) is an RKHS.

Proof Given a Cauchy sequence in ,Ai(Q, W), for every compact K, it converges
uniformly on K by Lemma 1. The pointwise limit of this sequence is also
polyanalytic by [4, Corollary 1.8], and it coincides a.e. with the limit in L?(Q, W).
Lemma 1 also assures the boundedness of the evaluation functionals and thereby the
existence of the reproducing kernel. See similar proofs in [26, Proposition 3.3]. [J

We denote by .A2 )(2,W) the orthogonal complement of A2 (Q,W) in
A (Q,W).

Corollary 5 A%H)(Q, W) is an RKHS.

5 Weighted Bergman spaces of polyanalytic functions on the unit
disk

In the rest of the paper, we suppose that n € N and « > — 1. Given z in D, denote

by K(:XZ) the reproducing kernel of A%(D,pu,) at the point z and by K((Z)) . the

reproducing kernel of A?n)(ﬂ]),ux) at the point z. Hachadi and Youssfi [14]

2) . (46)

Their method uses (43) and a generalization of the unitary operator constructed by

Pessoa [27]. Formula (46) implies an exact expression for the norm of K,<,°(Z> , which is

also the norm of the evaluation functional at the point z

computed the reproducing kernel of .Ai(l]]), Uy)

1) (1=w2)"" o)
nz (W) = — \n+l1 Rn—l
(1 —7w)

Z—w
1—zw
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+oa—1 1
KOl = J(n + (” )7 47
nm|wnm ) (@)

Obviously, the reproducing kernel of .A%n)([D, U,) can be written as

(W) = K& (w) = K\, (w). (48)

nz

Unfortunately, we were unable to obtain a simpler formula for Ké;; .

5.1 Orthonormal basis in A,Z,(ID,,ua)

Proposition 6 (b,(,f‘,} is an orthonormal basis of AX(D, ).

)pe No,g<n
Proof Tt is clear that this family is contained in A?(D, u,), and by Proposition 2 is
orthonormal. Using ideas of Ramazanov [29, proof of Theorem 2], we will show the

total property. Suppose that f € A*(D, u,) and (f, b%) = 0 for every p in Ny and
g <n. For r > 0, using expansion (42) and the orthogonality of the Fourier basis on
T, we easily obtain

J— n—1 R
/ Df b[()y; du, = Z Aetp—q.k / b mk+ﬂ—q,kb1<72 du,.
r k=0 7l

The dominated convergence theorem allows us to pass to integrals over D, because

£bY and myi, i b belong to L'(ID, ). Now, the assumption f L BY) =0
yields

N
—

(Micsp—qis BN Jip—qi =0 (p € No, 0<g<n). (49)

T
[=)

For a fixed ¢ in Z with ¢ > —n, we put s=min{n,n+ ¢}. The vector
U’kJFCV,k]Z;rlnax{Oﬁ—g’} satisfies the homogeneous linear system (49) with the s x s
matrix

) (@) n—1

|:<mC+k~,k7 b§+q,q>i| q,k:max{O,fi}.

By (36), this is an upper triangular matrix with nonzero diagonal entries; hence, the
unique solution of (49) is zero. O

Corollary 6 (b\”)

on—1)pen, IS an orthonormal basis of A(zn)([D, Uy)-

s an orthonormal basis of A% (D, u,), and (b;g)

For example, (bl(77‘)l>p€f\l0‘q<4 i 3/peNg

is an orthonormal basis of .A%4)( D, u,)
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b Y 05 B b by b by Uy by -
byt BI7Y D% Bi%3 b1 %o BY7Y By BT B
by b By by L by i) b by Y
b D DS b3 01 b Y 05 063 01

We denote by P\ and sz; the orthogonal projections acting in L?(DD, u,), whose

images are A?(D, u,) and A?n) (D, u,), respectively. They can be computed in terms
of the corresponding reproducing kernels

(PYNGE) = (LKD), (PONE = (.K.).

5.2 Decomposition of A;‘;(D,ya) into subspaces corresponding to different
“frequencies”

We will use the following elementary fact about orthonormal bases in Hilbert
spaces. In the next proposition, we treat them like sets rather than families.

Proposition 7 Let H| be a Hilbert space and By C H| be an orthonormal basis of
H,. Suppose that B, and B are some subsets of B. Denote by H, and Hj the closed
subspaces of H, generated by B, and Bs;, respectively. Then, B, N Bs is an
orthonormal basis of H, N Hj.

Applying Proposition 7 to the Hilbert space L*(D, u,) and thinking in terms of
orthonormal bases (see Propositions 2, 6, and Corollaries 1, 2), we easily find the

intersection of Wé“) and A%(D, u,)

(@) > 1;
WY N AUD, ) = Weminguatgy €2 —n+1; (50)
: {0}, < —n+1.
)

Here is a description of the subspaces Wi ., in terms of the polar coordinates.

Proposition 8 For every & in Z and every s in N, the space W(gag consists of all
functions of the form

f(rr) = 1574 Q>2) (r>0, 7€),
where Q is a polynomial of degree <s — 1. Moreover

W1l = N2 0,1), (ot 1) 11yt a)-

Proof The result follows directly by Proposition (3) and formula (39). Ol
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The decomposition of A>(ID, u,) into a direct sum of the “truncated frequency
subspaces” shown below follows from Proposition 6 and Corollary 1, and plays a
crucial role in the study of radial operators. It can be seen as the “Fourier series

decomposition” of A>(D, u,):

Proposition 9

AD, 1) = B Wemintmse) (51)

E=—n+1"" &min{n,n+&}

Let us illustrate Proposition 9 for n = 3 with a table (we have marked in different
shades of blue the basic functions that generate each truncated diagonal)

b(a) b(a) b(a) b(a) .
b(a) b(a) b(a) b(@) .
b("‘) b(a) b(a) b(@) .

-bg‘j‘} b("‘> b(“)

Define: U c AA(D, ) — @;ﬁ: _n+](]:min{n.n+(§}’

(U,(f)f)gﬁq = (f,bgfzé,q> (> —n+1, max{0,—¢}<g<n-—1). (52)
Here, for —n 4+ 1 <& <0, the components of vectors in C"*¢ are enumerated from
—¢ton—1.

(a)

Proposition 10 The operator U, "’ is an isometric isomorphism of Hilbert spaces.

Proof Follows from Proposition 6 or, even easier, from Proposition 9 and the fact

that (b( ) - : ¢y is an orthonormal basis of wi (see Corollary 1). O

g+¢,9/ g=max{0,—¢ ¢ min{nn+&}

An analog of the upcoming fact for the unweighted poly-Bergman space was
proved by Vasilevski [42, Section 4.2]. We obtain it as a corollary from
Proposition 2 and Corollary 6.

Corollary 7 The space L*(D,pu,) is the orthogonal sum of the subspaces
A(m (D, u,), meN

Lz(Dv :uoc) = (—DmeN‘A(Zm)(D’ :uoz)’
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6 The set of Toeplitz operators is not weakly dense

Given a Hilbert space H, we denote by B(H) the algebra of all bounded operators
acting in H. If H is an RKHS naturally embedded into L?(D, 11,) and S € B(H), then
the Berezin transform of S is defined by

<SKZ7 KZ>H
<KZ7KZ>H ’

Bery(S)(z) := ie., Bery(5)(z) =

The Berezin transform can be considered as a bounded linear operator
B(H) — L*(D). Stroethoff proved [36] that Bery is injective for various RKHS of
analytic functions, in particular, for H = A%(ID). Englis noticed [10, Section 2] that
Bery is not injective for various RKHS of harmonic functions. The idea of Englis
can be applied without any changes to various spaces of polyanalytic and poly-
harmonic functions. For clarity of presentation, we state the result of Englis for

A2(D, i), n>2, and repeat his proof.

Proposition 11 Let H = A*(D, u,) with n>2. Then, the Berezin transform Bery is
not injective.

Proof Let f € H, such that f € H and the functions f,f are linearly independent.
For example, f(z) := z. Following the idea from [10, Section 2], consider the
operator:

Sh = <haf>Hf - <h7f>Hf

Then, S # 0, but (SK.,K.), = |f(z)]> — [f(z)|> = 0 for every z in D. Therefore,
Bery (S) is the zero constant. O

Given a function g in L™(D), let M, be the multiplication operator defined on
L*(D, pu,) by M,f := gf. If H is a closed subspace of L*(D, p1,), then the Toeplitz
operator Ty 4 is defined on H by

TH.g(f) = PH(gf) = PHMgf

For H = A*(D,p,) and H = A(2n>([D7 U,), we write just T,(Z?Q and T(%)g, respectively.

The proof of the following fact is the same as the proof of [26, Proposition 3.18] or
the proof of [7, Theorem 41].

Proposition 12 [f g € L*(D) and T,(f;) =0, then g =0 a.e. In other words, the
function gHT,S?;,), acting from L®(D) to B(A2(D, u,)), is injective.

Inspired by the idea of Engli§ explained in the proof of Proposition 11, we will
prove that for n>2, the set of Toeplitz operators is not weakly dense in

B(A2(D, u,)). First, let us prove an auxiliary fact from linear algebra: bounded
quadratic forms separate linearly independent vectors.
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Lemma 2 Let H be a Hilbert space and f, g be two linearly independent vectors in
H. Then, there exists S in B(H), such that

<Sf7f>H # <Sga g>H

Proof Without lost of generality, we will suppose that ||f||,, = 1. Decompose g into
the linear combination g = A;f + Ak, with 1;,/4, € C, ||h||; =1, h L f. More
explicitly

1

A =Ag, w:=g— Af, Jo =Wl g h:= LY

Define S as the orthogonal projection onto &
Svi=(v,h)yh (veH).
Then, Sf = 0 and Sg = Axh, and hence, (Sf,f), =0 and (Sg, g), = }é >0. O

Theorem 1 Let H = Ai([D), W,) with n > 2. Then, the set of the Toeplitz operators
with bounded symbols is not weakly dense in B(H).

Proof Let f € H, such that f € H and the functions f,f are linearly independent.
For example, f(z) := z. The set

W:={SeBH): (S.f)y= (S u}

is a weakly closed subspace of B(H). By Lemma 2, W # B(H). On the other hand,
for every a in L>*(D)

)

T ) / i, = (TF P

ie, (T : ae (D)} CW. O
Remark 2 An analog of Theorem 1 is true for the space of ,-square-integrable n-

harmonic functions on D, with n>1.

7 Von Neumann algebras of radial operators
7.1 Set of operators diagonalized by a family of subspaces

The theory of von Neumann algebras and their decompositions is well developed.
For our purposes, it is sufficient to use the following elementary scheme from [26].
This scheme is similar to ideas from [12, 28, 46].

Definition 1 Let H be a Hilbert space, U be a self-adjoint subset of B(H), and
(Wj)je ; be a finite or countable family of nonzero closed subspaces of H, such that
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H = @/e ;Wi We say that this family diagonalizes U if the following two
conditions are satisfied.

1. For each j in J and each U in U, there exists Ay; in C, such that
W; C ker(Ay ;I — U), i.e., U(v) = Ay v for every v in W,.
2. For every j, k in J with j # k, there exists U in U, such that Ay ; # Ay .

Proposition 13 Let H, U, and (W;),., be as in Definition 1. Denote by A the

commutant of U. Then, A consists of all bounded linear operators that act
invariantly on each of the subspaces W;, with j € J

A={SeBH): VYjeJ SW)CW} (53)

Furthermore, A is isometrically isomorphic to (—Dje JB(Wj), and the von Neumann

algebra generated by U/ is isometrically isomorphic to @je ,Cly,.

Example 1 Let ji,....jmw€J, Ai,..., 4, € C, and u;,,v; € W, for every k in
{1,...,m}. Then, the operator S : H — H defined by

Sf = Z Ak <fv ujk>"jk? (54)
k=1

belongs to .A. Moreover, every operator of finite rank, belonging to A, can be
written in this form. See the proof of [26, Corollary 5.7] for a similar situation.

Proposition 14 Let H, U, and (W;),., be as in Definition 1, and H, be a closed

subspace of H invariant under U. For every U in U, denote by U|Zl the compression
of U onto the invariant subspace H,, and put

U = {UIZi : Ueu}, Ji=1{jeJ: wnH, £ {0}}.
Then

H, :@jejl(vvijl)v (55)

and the family (W; N H,),, diagonalizes U;.

Example 2 The operators of finite rank, commuting with U |Z: for every U in U, are
of the form (54), but with u;,,v;, € W;, N H;.

7.2 Radial operators in L?(D,u,)

For each 7 in T, we denote by p(*) (1) the rotation operator acting in L*(D, u,) by the
rule

(@ (@) (@) =F("2). (56)

It is easy to see that p(1,17,) = p*(11)p (1), the operators p*)(t) are unitary,
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and for every fin L*(D, u,), the mapping t— p*) (1)f is continuous (this is easy to
check first for the case when f is a continuous function with compact support).
Therefore, (p*), L*(D, u,)) is a unitary representation of the group T. The operators
commuting with p(* () for every 7 in T are called radial operators. We denote the
set of all radial operators in L2(D), u,) by: R*:

R = {SeB(L*D,u,)): YieT pP()s=5p¥ (1)}

Since {p*)(7) : 7 € T} is a self-adjoint subset of B(L*(D, u,)), its commutant R*
is a von Neumann algebra [34].

Recall that the subspaces W?) are defined by (37).

Lemma 3 The family (Wé@)éez diagonalizes the collection {p¥(t): 1€ T} in
the sense of Definition 1.

Proof 1. Lett € T. For every p,q € Z with p — g = &, formula (29) implies
p(“)(r)bf,f‘; = rq*Pb;f; = p@) (57)

P9’

ie., b,(,‘; € ker(t=¢I — p¥(t)). By Corollary 2, the functions bf,‘f; with p —qg=¢
form an orthonormal basis of W?‘). Therefore

w C ker(t1 — p<“)(r)). (58)

¢

2. Let &,& € Z and & # &. Put T = exp—Z-—. Then 17 # 1%, O

i
ISE<

Proposition 15 The von Neumann algebra R consists of all operators that act

invariantly on Wg@ for every & in Z, and is isometrically isomorphic to
(e)

@éeZB (Wé )

Proof Follows from Proposition 13 and Lemma 3. (]

The radialization transform Rad® : B(L2(D, u,)) — B(L*(D, u,)), introduced
by Zorboska [46], acts by the rule:

Rad®)(S) = / p(D)Sp(x) di (0),

where p7 is the normalized Haar measure on T, and the integral is understood in the
weak sense. The condition S € R is equivalent to Rad® (S) = S.

7.3 Radial operators in A2(D,u,)

Proposition 16 The space A2(D, u,) is invariant under p (t) for every t in T.
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First proof The reproducing kernel of .A2(DD, ,), given by (46), is invariant under
simultaneous rotations in both arguments

K@ (tw) =KX (w)  (zweD, teT). (59)
By [26, Proposition 4], this implies the invariance of the subspace. O
Second proof By (56), the elements of the basis (bﬁ;)per\lo,og g<n are eigenfunc-
tions of p(®. ([

For every 7 in T, we denote by p,(f)(r) the compression of p(*) (1) onto the space

A2(D, ). In other words, the operator pﬁfo(r) acts in A2(D), u,) and is defined by
(56). Therefore, (,0,({1>,Ai([[]>, U,)) is a unitary representation of T. We denote by
R,SZ) the commutant of this representation, i.e., the von Neumann algebra of all

bounded linear radial operators acting in A>(D, u,).
Denote by 9, the following direct sum of matrix algebras:

My = Dy Muminfnarey = (@;_MMM) ® (@Eio/‘/‘n)-

For example

N3 =M &My, D M; DMz M;D. ...
NN - e
E=—2 =1 &=0  ¢=1 e=2
According to the definition of the direct sum (see [34, Definition 1.1.5]), 9, con-
sists of all matrix sequences of the form A = (A¢)2- where Ae € M, ¢ if £<0,

{=—n+1>
A: e M, it £>0, and

sup Al < + o,
E>—n+1

Being a direct sum of W*-algebras, 9, is a W*-algebra. We identify the elements
H(Dmi“{”’”*é}. Now, we are
—n b

ready to describe the structure of R,S“). Recall that Uf,“) is given by (52).

of 9, with bounded linear operators acting in (.-

Theorem 2 Let n € N. Then, REI“) consists of all operators belonging to
B(A2(D,u,)) that act invariantly on each subspace W?ﬁﬁn{” ey Jor
&> — n+ 1. Furthermore

RY =@, BV ), (60)

& min{n,n+¢}
and ’Rﬁf‘) is spatially isomorphic to 9,

UPRI (U™ = I, (61)
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Proof We apply the scheme from Propositions 13, 14, with
W=W, U={p): ceT},
and H; = A(D, u,). By (50), we obtain

Ji = {é ez: CfZ —n+ 1}7 Ai(lDaﬂa) N Wéa) = Wgr)llin{n,nJri}'

b(“)

Thereby, we obtain (60). Using the orthonormal basis (b, +k7k)z;fnax{0,_é} of

(o)
& min{n,n+&}°

RS,‘“) — I, by

we represent linear operators on this space as matrices. Define @ﬁf‘) :

oo

@) . @ L@ \]"!
PrS)= (KSbé*"”" Petii >L,k—max{0,—é}> a— (62

In other words, @ﬁf‘) (S) = U,§“>S(U,(f>)*, ie., (Dﬁf‘) is an isometrical isomorphism of

W-algebras induced by the unitary operator U,(,“). O

Radial operators of finite rank, acting in .A2(D, ,), can be constructed as in
Examples 1 and 2.
It is easy to verify (see a more general result in [26, Corollary 4.3]) that if

A2 = AX(D, u,) and S € R, then Ber () is a radial function. For n = 1, the
Berezin transform Ber . is injective. Therefore, if § € B(A3(D, u,)) and the
function Ber 2 (S) is radial, then the operator S is radial.

7.4 Radial operators in Af,,)([[]),ya)

Let n € N. The space A%n)([[]), 1t,) is invariant under the rotation p*(t) for all 7 in
T. The proof is similar to the proof of Proposition 16. Denote the compression of

p (1) onto A(zn)([l]),,ua) by p(,) (7). Let REZ; be the von Neumann algebra of all
radial operators in A(zn)([D, Hy)-

Theorem 3 REZi consists of all operators belonging to B(A(Zn)([l]),,u“)) that are

diagonal with respect to the orthonormal basis (b;ﬁfl);io. Furthermore

Proof Corollaries 2 and 6 give
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) (1 2, (D o) = | CPntar £2 =t L, (63)
{0}, (< —n+1

By Propositions 13, 14 and formula (63), REZ; consists of the operators that act
%)

E+n—1,n—1°

(b;f,z 1),—o- Therefore, the function ¢E ; RE:; — £>°(Np), defined by

invariantly on ch &> —n+1, ie., are diagonal with respect to the basis

D(S) = ((SBL) b 1)) (64)

U Zpn—11)p=0’

is an isometric isomorphism. Ul

8 Radial Toeplitz operators in polyanalytic Bergman spaces

This section is similar to [26, Section 6], but here we use Jacobi polynomials instead
of the generalized Laguerre polynomials.

8.1 Radial functions

Given g in L*(D), define rad(g) : D — C by

rad(9)@) = | 8(s2) e (0 (65)
Given a in L>([0,1)), define a : D — C by
a@@):=a(lz)  (zeD).
The proof of the following criterion is a simple exercise.

Proposition 17 Given g in L®(D), the following conditions are equivalent:

(a) for every 7 in T, the equality g(tz) = g(z) is true for a.e. z in D;
(b) for every 7 in T, the equality p(¥(1)g = g is true a.e.;

(c) rad(g) =gae;

(d) there exists a in L>([0, 1)), such that g = a a.e.

8.2 Radial multiplication operators in L2(D,u,)

Proposition 18 Let g € L™(D). Then, Rad” (M) = M.} .

Proof 1t is verified easily by Fubini theorem. O

Given a in L*([0, 1)), we define the numbers f8,, :;, by
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1 P
useas = [ aWVDT G OT bl 0 (66)

Proposition 19 Let a € L*([0, 1)). Then, M~ € R™, and

Proof Since d is invariant under rotations, it follows directly from definitions that
M commutes with p®(t) for every 1. This is a particular case of [26,
a

Lemma 4.4]. Formula (67) is obtained directly using polar coordinates. U

8.3 Radial Toeplitz operators in .42(D,u,)
Proposition 20 Let g € L°(D). Then, Tn(?g is radial if and only if the function g is
radial.

Proof Follows from Proposition 12 and [26, Corollaries 4.6, 4.7]. O

Given a in L*(]0,1)), we denote by yﬁl‘“)(a) the sequence of matrices

[y (a)()2 4> Where ) (a); € Muingns+cny is given by

n—1
Vizx)(a)cf = [ﬁa‘z,cf,j‘k]j’k:max{o,_é}' (68)
Recall that %) : R(¥) — 9, is defined by (62).

Proposition 21 Let a € L*([0,1)). Then, T ¢ RY and

n,a

Du(T) =3 (a).

,a

Proof Apply Propositions 19 and 20. O

8.4 Radial Toeplitz operators in A(z,,)([[]),ya)

Proposition 22 Let a € L*([0,1)). Then, T((%>)~€REZ;, the operator T;“L is
n),a R

n),a

V> and the corresponding

diagonal with respect to the orthonormal basis (b(d) =0

pn—1
eigenvalues can be computed by

daun(p) = /0 la(\/f) (Tl @) de (p € No), (69)
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n

Proof From Proposition 20, we get T((“))~€ REZ; Due to Proposition 19 and

Theorem 3
)”a,oc,n(p) = (é(n)(T((:));’))p = <T(<Z))’;b;§,371ab1(;ar)ﬁl> = ﬂa,pfrhtl,nfl‘nfh
which is equivalent to (69). O
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